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NMPENHCJIOBHE

VYBieyeHHe MaTeMaTHKOH Yacro HauyHHaercs € pas-
MbILVIEHH HaJi KaKoi-To ocoGeHHO MOHpapHBLIeHcs 3a-
naueii. OHa MOXeT BCTPETHTbCS M Ha LIKOJIBHOM YPOKe,
H Ha 3aHATHH MaTeMaTHYECKOro KpyXKa, H B XKypHale
WIH KHHXKe. BoraThiM HCTOYHHKOM TakKHX 3azay ciy-
¥KaT pasyipyHble OJMMIIHAAbl— OT WKOJBHBIX H TOpPOJ-
CKHX /10 MeXXIyHapOJAHBIX.

B stoit kHure co6GpaHa MoJHAs KOJJIEKUHs 3anay
3aKJIOYHTEJIbHOTO Typa MareMaTHYeCKHX OJIHMIIHAL,
NpPOBOAHMMBIX IO BCeil ctpaHe ¢ Hayana 60-x ropos. 3a-
JlauK 3aHyMepOBaHH NOApsA; Mo TabJaHyKe, cocTaBJieH-
HOH Ansl Kax[Ooil oJIMMNHAAbl, MOXXHO BOCCTAHOBHTH Ha-
Gopel 3apay, NpenJaraBLIMXCS YYacTHHKAM B KaXXIOH
H3 Tpex napaJsneneii —B 8, 9 u 10 kiaaccax.

K sanauawm, npeanarasuiuMcs Ha onuMnuazax 1961—
1979 rr., npuBeneHH pellleHHs, 3ala4H TOCAEAHHX OJIHM-
nuaj (1980—1987) cHabeHB KpPaTKHMH YyKasaHHSMH.

3anauu nepsblX osumnuax 60-x rosos (OHH Hasbl-
BaJIKChb BCEPOCCHICKMMH) B cpeaHeM [olipoile, HO H
3leCb BCTPeYAlOTCH 3aMbICJIOBAThie TOJIOBOJIOMKH, MOAO<
6paTh KJOY K KOoTOpbiM Heserko. CaMble TpynHbie 3a-
Jauy roMeyeHbl 3Be3J0YKOIL.

Ouenp pasHooGpasHbl 3ajaud H [0 MaTeMaTHye:
CKOMY COJIePIKaHHIO.

IToutH B KaXkpoM BapHaHTe OJHMIHAAHBIX 3anaHHH
BCTpeYaloTcsl TPaAHUMOHHEIE MO (GOpPMY.JIHPOBKE 3anauH
06 OKpPYIKHOCTAX H TpeyroJbHHKaX, KBaJpaTHHX TpexX-
YjleHaX H LenbX YHCNAX, ypaBHEeHHAX H HePaBEHCTBaXx.
KoneuHo, 3T0 He NMPOCTO yNpaXKHeHHs HA NPOBEpPKYy 3Ha-
HHl U IpUMeHeHHe CTAHAAPTHBIX IIKOJBHBIX NMPHEMOB, a
yale BCEro TeOpeMBl, KOTOpble HY¥KHO JI0OKa3aThb, 3a-
Jlau¥ HAa OTHICKAHHE MHOXECTB (reoMeTpHYeCKHX Mect),
MHUHHMYMOB WJIK MaKCHMYMOB, TpeOylolllne HEKOTOPOro
HCCJIeIOBaHus,
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3uauuteNbHO OOJbIle, OAHAKO, 33134 € JaJIeKo He
cTaHaapTHoii QopmynupoBkofi. [lisi moHcKa OTBeTa H
JIOKa3aTeNpCTBa 3Jiech HYXHB HE CTOJIKO IIKOJIbHBIE
3HAHHKS, CKOJIBKO SJPAaBHIi CMBICJ, H30CpETaTesbHOCTD,
yMeHHE JOTHUHO pacCyXaaTh, NepeBecTH HeOGLYHOR
yciopHe Ha NONXONSILUHA MaTEMaTHYECKHH SA3bIK. Ha-
JIeKO He BcerJa pelleHHe TaKoH 3a/auH— lleloYKa H3
HECKOJLKHX €CTeCTBEHHBIX maros. BriBaer, uto, Jaxe
Xopowo pas3obpaBlIHCh B YCJOBHMH, NOJIO He yAaeTcs
HaiTH NPaBHJIbHHIH NyThb pacCyxkJeHHH, DPYKOBOASLLYIO
HIel0, XOTSl TOTOBOE pelleHHe 3aHHMAeT BCEro HeCKOJIbKO
CTPOK (Y4TO H OTJHYaeT KJIACCHYECKYI0 OJHMIHALHYIO
sapauy). HyxHoe coofpaxkeHue BO3HHKaeT HHoOrjza co-
BEpIIEHHO HEOXHAAHHO, WHTYHTHBHO, KaK HEKoe «03a-
peHHe». DTH MOMEHTHl «OTKDHITHAI®» M COCTABJAIOT pa-
JOCTh MaTeMaTHYeCKOro TBOPYeCTBa.

KoueuHno, unesi, noHauasy HeoXHIAaHHasi, MOXeT 3a-
TeM BCTPeTHTbcs ellle K elle pa3. (CkaxeMm, Kpacupasd
HaxoAka B 3ajaye 7 — NPOCJENHTh, KAK MEHSeTCA CyM-
Ma BceX uHces B TalJIHLe-— B HECKOJLKO HHOM IPeJIOM-
JIeHHH OKa3mBaercsl NoJie3Hoil B 3apauax 151, 196, 271
u apyrux.) M nocreneHHo HCKyccTBEHHOe pacCyXKaeHHe
HauHHaeT BOCIPHHHMATBCH yXe KaK MPHBBIYHLIA, cO3Ha-
TeJIbHO NPHMEHfeMBIH MeTOx.

[lpocyenHTh HEKOTOpHE XapaKTepHEIE NPHEMBI pac-
CyKneHHH, MoJie3Hble He TOJBKO B OJHMIIHALHBIX, HO H
B Cepbe3HBHIX MaTeMaTHYeCKHX 3ajauyax — OfHa H3 Ie-
Jiet «Te€MaTHYeCKOro IyTeBOLHTENsi», MOMEILIeHHOTO B
KOHILle KHHIH. B HeM conepiaTcsi TakikKe KpaTKHe CBe-
AeHHsi 00 OTHeJbHLIX MOHATHSIX, TeopeMax, MeTolaXx,
JIMIIb MHMOJIETHO 3aTparvBaeMHX B IUKOJLHOM Kypce
HJIH cefiuac BOBCe B Hero He BXOASMIIHUX, HO [O TpajiH-
LMK CYMTAIOIMXCA H3BeCTHHIMH Ha oJiuMnuazax. 3To,
npexJje BCero, MeTon MaTemaTHuecKoll munykumm ([11),
CBelleHHsl O NeJHMOCTH uenblx uucen (I12), mHorowre-
HoB (I15), kyaccHyecKoe HepaBeHCTBO MeXny Cpei-
HHUMH apHdMeTHYecKHM H reomerpHueckuM ([18); Ho-
Mepa I11, I12, ... 03HayalOT CCEUIKK Ha COOTBETCTBYIO-
mHe TemMH mnyTepoautedsi Ha nam B3rasn o Oyner
NoJie3eH DYKOBOJHMTENISIM MaTeMaTHYeCKHX KPYXKKOB H
TeM, KTO NpeANoyHTaeT 3aHHMAThCAl 3ajadaMH Kakoro-
TO OpefeNIeHHOTO Xapakrepa H Xotell OBl HX pasml-
ckatb. Pasymeercs, nyreBonHTesNb pnaeT JIHIIb HEKOTO-
Py©o BecbMa NpHONH3UTEALHYIO ODHEHTALHI0O B OrpoOM-
HOM pa3HooOpasuK 3ajgay W HAel, BCTPEYAlOLIHXCA B

4



HX pellleHHH, — MHOTHE 3aJayH MOTyT OBITb OTHECEHH!
OLHOBDEMEHHO K HECKOJIbKHM TeMmaM, APYrHe HacCTOJbKO
cBoeoOpa3Hbl, YTO NpH MNonbiTKax OGojiee TOHKOH KJacs
CHUKALKK AJIf KaxAoH MpUULIOCh Obl 3aBeCTH OTAeJNb-
HYIO «TeMy>.

Benb rnaBHasi uesb KIOpH Ka)IOH OJIHMIHAbLl —
nono6paTth HOBLIE 3aJauM, AEMOHCTPHpYIOILHE HIKOJbHH-
KaM CBeXHe, €llle He BCTpeyaBLIHecs HM HAeH, TEMH,
NOCTAHOBKK BONpOCOB. MaTemMaTHKH, YI€HB! XKIODH, PH+
AYMBIBAIOT TaKHe 3aLayH CAMH, YSHAIOT y CBOHX KOJI«
Jier, 4eprnaioT M3 MaJIOM3BECTHHIX KHHT HJIK HOBHIX Ha-
yunbix cratei. (Hepenko kpacuBas snemMma B Hay4YHOH
pabote omHpaeTcsi Ha 3JIEMEHTapHYI0 HJel0, H H3 Hee
poxiaeTcs onHMINHajHAas 3ajaya —TaK BO3HHK/IH 3as
naun 181, 219, 248, 267 u npyrue; a 3anaua 148, crme.
UHaJAbHO TNPHAYMAaHHAfA AJI OJHMIHAAH, OKa3ajach B
TOYHOCTH coOBMajaiollell ¢ JeMMol H3 HayyHOH CTaTbH,
OTHOcsILlelicsl K coBpeMeHHO# anreGpe.)

YacTo, naxe €CJH CIOXKET 3aJauyH HOCHT IIyTOYHBIH,
HrpoBOH XapakTep HJH B3SIT H3 DeajlbHOH IKH3HH, BO<
1poc, NpeajaraeMblil mJisl HCCJIeAOBAHHSA — HANTH ONTH<
MaJbHBIH aJITOPHTM NOBELEHHS, HAWIYUIUyl0 BO3MOX«
HYIO OLIEHKYy, MaKCHMyM WJIH MHHHUMYM, — THIIHYEH IJIs
MaTeMaTHKH.

Bo MHOrux 3ajauax o HepaBeHCTBaX, pa3MelLleHHfX
TOYEK M NOKPHTHAX CNEeLHANHCT y3HaeT JileMMbl M3 aHa-
Ji¥3a, B 3a/layax O 3HAKOMCTBAX, [OPOrax M TypHHpax —
BapHAHTH HJIH YacTHHE CJyYaH TeopeM TeopuH rpados.
XapakTepHble IOCTAHOBKH 3alad O MHOTOKDATHO MOBTO-
PSIOILHXCH OMepauusaX BO3HHKAIOT BO MHOTHX 06JacTAX
MaTeMaTHKH, B YaCTHOCTH B INPOTPAMMHPOBAHHH, TeO«
PHH JHHAMHYECKHX CHCTEM.

Takum o6pasoM, oJuUMIIHANHHE 3ajayd MO3BOJSIOT
NPHOTKPHITh 3aBeCy HAaJ Cepbe3HOH MaTeMaTHKOH —
KJlacCHUeCKO# M coBpeMeHHOH. OTUacTH OHH Jaxe oTpa+
2KaloT MocJIeJHHe MaTeMaTHYeCKHE MOJH, — OHM, Kak H
MOJia Ha OfeXIy, MEHSIOTCA C TOJaMH.

Koneuno, moxroraBnuBasi Habop 3anay nJjisl Kaxxkaom
OJIMMIIMAJH, YWIEHH XKIODH YUYHTHIBAIOT HE TOJIbKO IpH«
BJIEKATEJIbHOCTh (POPMYJAHPOBOK K HAYUHYI0 3HAYHMOCTb
otjenbHEX 3azay. OauMnuaza — 310 COpeBHOBaHHH, L6
HECKOJIbKO NpeNJIOKeHHBIX 3a/ay HYXHO PelHTh 3a 4—
5 qacos, u HaGop 3amay AJs KaXAOro KJacca JOJIXKeH
YUHTHIBATb BOBMOXHOCTH M HHTEpECH YYacTHHKOB: OBHITH
JOCTATOYHO TPYAHBIM, 4TOOH BHIABHJHCH NOGeAHTENH,
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H B TO e BpeMs JOCTaTOYHO IPOCTHIM H pasHoobpas-
HBEIM, 4TOObl YAOBOJIbCTBHE H MOJb3Y MOJNYYHIO OGOJbe
LIMHCTBO yYaCTHHKOB— H  «TeOMeTph», H  «ajrel«
PaucTh», H JIIOOHTeNH KOMOHHATOPHO-JOrHYECKHX 3a-
naf. B BoibOpe 3ajay BHMAHB H BKYChl KOJJIEKTHBA
MaTeMaTHKOB, FOTOBHBHUIHX KaXIyl0 OJHMIIHaly, HO
TaKXe M MHOToJIeTHHe TpPaJULHH OJIMMNIHaZ, Nepeaaro-
uHecs oT MOKOJIeHHs K NOKOJIEHHIO.

* ¥ ¥

VYBileueHHe saHMMaTeJbHBIMH 3aJaYaMH HMeeT B Ha-
1weit crpaHe ray6okue KopHH [61]: spece MOXHO BCIIOM-
HHETb H yuebHukn @. Maruuukoro u JI. diinepa, U MHOroO-
yHcJaeHHble cOopHUKH 8ajay XIX Beka, H H3laBaBIIMACA
c 1894 r. mo 1917 r. B Onecce, a satem B Kuese xyp-
Hall «BecTHHK ONBITHOH (H3UKH M 3JleMEHTapHOH Mare-
MaTHKH», INpejJlaraBUIMii TpyAHble 3akayH <«HA KOH-
Kypc» CBOHM YHTATEJIAM — YUHTEJsIM, CTyJAeHTaM, y4a-
IHUMCS THMHA3HH H peasIbHbIX YYHJIHLIL.

Ilepebie oauMmuaabl WKoJbHHKOB B CCCP 6nun
npoeeneHHl GoJsiee moJsiyseka Tomy Hasan. B 1934—35 rr.
TOPOJICKHe MaTeMaTHYeCKHe COPEBHOBAHHsl IOHBIX Mare-
MaTHKOB coctosyiich B Jlenudrpaae, MockBe u TG6u-
JIHCH, HecKoJbKO nosxe—B Kuee. B mocsesoeHHble
ToAH TpaaHUMH pas3HoO6pa3Hoil paboTEHl CO LIKOJbHH-
KaMH (KpYXKH IIpH YHHBEDCHTETaX, JIeKIHH, OJIHM-
NHaJAbl) OXBATHIBAJH YyXe JEeCATKH ropojos. B KoHle
50-x rojoB Hiesi BOBJEYEHUS] B 3Ty paboTy IIKOJbHHKOB
Bceff CcTpaHBl HOCHJIACh B BO3[lyXe; HHTepeC K HayKe,
npexae BCero MareMartHke M (H3HKe, CTHMYJAHPOBAJICH
NepBBIMH NOJIETaMH B KOCMOC, HayaloM GypHOro passH-
THSl BBIYUCJIHTENIBHOH TEXHHKH.

Cefiuac yxe TpyAHO HaBepHSIKAa ONpENEJHTb, KTO
NepBHIM NpPenJIOKUI coOpaTh BMeCTe LIKOJBHHKOB— IIO-
OGenuTesell MaTeMaTHYECKHX OJMMIHAA H3 pasHHX ro-
pponos. Ilo-Bunumomy, ato 61 Bopuc Hukosaesuu Ile-
JIOHe, 3aMeyaTeNbHBII MaTeMaTHK, 3HTY3HasMy KOTO-
poro o6si3aHbl CBOMM NOSIBJIEHHEM H NepBHE OJHMIHALLI
B Jlenunrpage. Ocenbto 1959 r. Ha ojaHOK M3 TpanH-
LUHOHHBIX TONOJIOTHYECKHX KoHpepeHUHil B TOunHCcH B
3KCKypcHoHHOM aBToGyce psaom ¢ B. H. Jlesone okasas
JIOCh HECKOJIbKO MOJIONBIX MaTeMaTHKOB M3 PasHBIX ro-
ponos, B ux uncie— M. B. T'upcanoB u JI. B. ®ykc H3
Mocksbl, A. C. Ileapu, pabotapwmnii torza B Bopo-
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Hexe. Peup 3amyia o MareMaTHyecKHX OJIMMOHAJAAX B
pasHbIX roponax, o6 ux nobenurensx. U sgece xe 6110
pellleHo ISl Hayajla TPHIVIACHTb HA 3aKJIOYHTESbHBIH
Typ Mockosckoii onMMNuHagb CTaplUeKJIacCHHKOB XOTS
OBl M3 HeCKOJILKMX TOPOAOB H peclyGJHK, Iie NPOBOLH=
JIKChb OJNIMMITHAZAL!, HAMHCAB NHCbMa 3HAKOMBIM MarteMa-
THKaM, a ellle Jyulle — pasociaB O(QHIHAJIbHBIE [PH-
TJIalIeHHsl.

B MockBe 3a ocylecTsieHHe 3Toil HjaeH 0cOOeHHO
aktuBHO B3siess W. B. T'mpcanos, B Te romel— onuu
U3 caMbIX JlefTeJIbHHX PYKOBOAMTeJseli UIKOJbHOTO MaTe-
MaTHuecKoro Kpyxka npu MIY. Ee peanusaunus crana
BO3VOXHOH OJjlaronapsi moanepxke pekropa MIY aka-
nemuka WM. T. IlerpoBcKoro u mepBoro 3aMeCTHTENSI MH+
nuctpa npocBewienuss PCPCP  npodeccopa MIY
A. V. MapkyluieBnua, BIOCJEACTBHH — BHIE-TIPE3HAEHTA
AxkaneMun nmenaroruyecKHxX Hayk. 3jech HeJb3sl He OT-
metutb Takxe HW. C. Ilerpakosa, B Te rogn paGoras-
mero MeroauctoM Munucrepersa npocseltennss PCOCP
flo0 MaTeMaTHKe, MHOTO CAeJIaBLIEr0 AJisi OPraHH3ALHMH
CHCTEMH OJIMMIIHAL,.

B craHOBJIeHHH W pa3BHTHH BCEPOCCHHCKHX H BCe-
COIO3HBIX MaTeMaTHYeCKHX OJIHMIIHAaZ OCOOeHHO BeJIHKa
poab akazevuka A. H. Kosnmoropoea. Auapeit Hmuko-
JlaeBuY ObLU1 OJJHKM M3 DyKOBOLMTeJed MEePBHIX MOCKOB-
CKHX OJIMMNHAJL H IIKOJBHOTO MaTeMaTHYECKOTO KpPyX-
ka npu MI'Y ewe B 30-x ronax. Asropurer A. H. Kon-
MOTOpOBa, ONHOrO H3 KpynHeHmux yueHblx XX B., OKa<
3bIBaJl OrpOMHOE BJIMSIHHE Ha TepecTpoiiKy MareMarHye-
cKkoro 0GpasoBanus, Hayaryw B 60-x romax. dTo H Cy-
INecTBeHHAasi MOJAEPHH3AUHfA [porpaMMm H CTHAS YyyeC-
HHKOB JJIsl MAacCOBOH IIKOJIB, H OpPraHH3alHsl CrelHallb-
HEIX (PH3HKO-MAaTEMATHYECKHX IUKOJ-MHTEDHATOB IIPH
KpYynHeHmux yuusepcurerax. HeomHokpaTHO BBICKA3H-
paBlasicsa A. H. KoamoroposbiM Haesa o audbepeHuHna-
uHd o6pa3oBaHHsl B CTapLIHX KJjaccax—oO NpPefoCTaB-
JIHHH BCEM IIKOJbHHKAM BO3MOXHOCTH BHOOpa Hamnbo-
Jlee NHTepeCYIOUHX HX MPeaMeToB s GoJiee riy6oKoro
H3yueHHs — ellle KOeT cpoero ocymecreienus. [Toanep-
JaB HAel0 OpraHH3allH¥ BCEPOCCHHCKHX OJIHMITHAZA,
A. H. KosmMoropoe Ha AOJIHe TrOABl CTaJ OCHOBHBIM
HayyHbIM DYKOBOIHTEJIeM MaTeMaTHYecKoii OJHMIHajbl.
Ilosanee, Korna Gwur ob6pasoean LleHTpasbHBIH OpPrKO-
MHTET BCEeCOIO3HOH OJHMIHAAbl N0 MaTeMaTHKe, (H3HKe
¥ xumuH, A. H. KonmMoropoB BO3ryiasmii Metoauueckyio
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KOMMCCHIO N0 MaTeMaTHKe NpH OprKoMuTeTe (ero aame-
crurensaMu 6puiH B 60-e u 70-e ronsl M. M. Bammaxos
v H. B. Bacwiber, B kKoHle 70-Xx TromoB— Takxe
H.X.Posos u A. H. 3emisikoB, B 80-e roner— B. B. Ba-
smwios u 0. B. HecrepeHko; mnpejcenartesieM KOMHCCHH
c 1983 r. cran akagemuk AH YCCP npodeccop MI'Y
B. B. Tnenenxko).

A. H. KosMoropoB HeckoJIbKO pa3 NpHe3kaJs Ha 3a-
KJIIOYHTEJIbHEIH TYp, HCIOJHAT OOGSI3aHHOCTH Ipejcena-
Teds Kiopu. C HHM 00CYXAAJHCh BCe NPHHIHIHAJIbHbBIE
BOIIPOCH — COCTaB KIOpPH, (GOpPMH ITIPOBEJCHHS OJHM-
NHaj M HX HayyHas [porpamma, CoAepXkaHue 3ajnauy,
HTOTH oaumnuajg. Auapeir HukonaeBuu cuuTan oueHb
BAaXHBIM yyacTHe B paoTe XKIODH MOJIOJBIX MaTeMaTH-
KOB, B TOM YHCJIe CTYyJeHTOB — nobGenuresiel NpoOILJIHIX
OJIHMNHAJ; TLIATEJbHYIO NMOATOTOBKY K JIEKIHAM H pas-
6opy pelleHuH 3ajay CO IIKOJbHHKaMH; MNooLlpeHHe
(B uacTHOCTH, ynoMuHaHHe B NyGIHKAaLUAX OG ONHM-
NHafax) yuyuresel, YbH YYEeHHKH IOKA3aJH XOpOIlHe
pesynbratel. JKuBo uHTepecosasics Auzapeii Hukonae-
BHY, OTHIOAb He JIMIIEHHBbIH CHOPTHBHOH XXHWJKH, H pe-
8yJIbTaTaMH «CBOHX» yYeHHKOB — IIKOJIbHHKOE K3 @MIII
npu MI'Y. HecomuenHo, cambiii ¢akt, YTOo OJHUMIIHALY
BosrsasisieT akajeMuk A. H. Kosmoropos, nomorarn
NpuBJieyb K yYaCTHIO B OJIHMIIHAZEe MHOTHX TaJIaHTJIH-
BBIX JIIOAeH.

Hrak, pecHoii 1960 r. Ha MOCKOBCKYIO OJHMIHALy
BllepBbie IpHeXaJH T[pPyNNbl LIKOJIbHHKOB H3 JAEBATH
COIO3HBIX pecnyGJIMK H HeCKOJbKHX o6jacteii Poccuii-
ckoii Qenepauun. A B cienyiomem, 1961 r. omHoBpe-
MEHHO CO BTOPBEIM TypoM MockoBcKoii osuMIHanbl Gblia
nposesiena Ilepsass Bcepoccuiickas oJHMNHaga 1Mo Ma-
TEeMaTHKe, Ha KOTOPYI0 COOpaJiiCh KOMaHJH MO YeThipe
yejioBeka u3 OosbmnHcTBa o6iactefi H pecny6snk (OT
YKpauHBl NpHIacuiu ueThipe Komanin). Clepymoliue
OJIUMIIHAJbl CTAJIH YXKe BIIOJHE CaMOCTOSITEJbHBIMH,
xota 1o 1965 r. nposopnnuck Takke B Mockse. Yixe Ha
CaMbIX MepBHIX OJMMIIKHafax B YHcJe nobeauTesel, Kpo«
Me TMPH3HAHHBIX JIHAEPOB — MOCKBHYEH H JIGHHHIDaJ-
1eB, Obtn wxrosbHuKM M3 Kasaunu, Kuesa, EpeBana u
APYTHX TOPOROB H pecnyGJIHK.

[MosiBHNIack BO3MOXKHOCTL (POPMHPOBATH [PENCTABHs
TenbHylo komaHay CCCP Ha MmeXpayHapoLHble Mmarema-
THYeCKHe onuMmnuanbl (mposoasiuuecss ¢ 1959 r.). Kak
TIPAaBHJIO, COBETCKHE LIKOJBHHKH YCIEIUHO BHICTYIAIOT
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Ha 3THX OJIMMIIHagax M B KOMAaHIHOM [iepBeHCTBe 3aHH-
MaKT OJHO M3 [epBHIX MECT.

ITepBrle BeepoccHiickHe OJMMIMANL! IpPHBENH K pac-
LIHpEHHIO reorpauu OJHMIIHALHOrO JABHX(EHHS B CTpa-
He—BO Bcex o0sacTsAX M pecnyGiHKax MNOCTENeHHO
CTaJId TPOBOLMTbCH CBOH OJIMMIIHAAB, NOOGEAHTENH KO-
TOPbIX CTAHOBWJIHCh YYACTHHKAMH 3aKJIOYHTEJbHOTO
Typa. K yyacTHio B MECTHBIX OJMMIHagax H B 3aK/iO-
YHTEJLHOM Type aKTHBHO NOAKJIOYAJNHCh MaTeMaTHKH
U3 pasHpIX ropojos. ¥Yxke ¢ 1960 r. ycraHoBHJIOCH Tec-
Hoe coTpyaHMuyecTBo MeXay MockosckuM u Jlenunrpans
CKHM YHHBEPCHTETAMH. JTO KacalJlochb He TOJBKO OJIHM-
nHaj, HO H Jpyrux ¢opMm paGoThl CO MIKOJbHHKAMH.

MHorne uHTepecHble HauMHaHus ucxoawntu H3 Cu-
6upu. B HoeocuGupckom AkazsemMropojke B 3TH TOAH
NOA PYKOBOACTBOM akazeMuHkoB M. A. JlaBpenTheBa
C. JI. Co6onepa u unena-koppecnonsentra AH CCCP
A. A JlanyHoBa co31aBasiCsl UEHTD NPHUTSAKEHHS IOHBIX
MaTeMaTHKOB H (PH3HKOB BCEH a3HATCKOH 4YAacTH CTPaHBL:
no pesygbtataMm BcecnOupcKod 3a0YHOH OJIMMIHALBI
GoJsibLIyl0 TpyNNy LIKOJHLHHKOB NPHIJIALIAJNH B JIETHIOW
1KOJy, a 3aTeM JIyyllHe K3 HHX MOTJIH NOCTynarh B
coznannyio npu HI'Y ¢usuko-marematnueckyro wmxoJy-
uHtepHat. Ilo wWHHUMAaTHBEe TpyNNBl aKaaeMHKOB B
1963 r. Takue mWKOJNBl GBUIK CO3AAaHBI NPH MOCKOBCKOM,
Jlennnrpanckom, HoBocnbupckom n Kuesckom ynuBep-
CHTeTaX, Mo3JHee —H B JPYrHX pecnyGJHKax; 3TO
TaKXe HeMaJo Croco6CTBOBAJNO MOMNYJSIPHOCTH OJIHM-
nHaz (BCTyNHTeJbHBIE 5K3aMeHH B 5TH IIKOJH INPOBO-
BATCH, KakK NPaBHJIO, HA OOGJACTHBIX H peclyO0JHKaHCKHX
OJINMITHAAAX).

Bosbiyto poJsib CHIpajio npHcOefHHeHHe K OJHMIIHa-
AaM  (H3HKOB, OCOOEHHO — aKTHUBHOH Tpynnmbl KOMCO-
mosbiies u38 MOTU (3namenuroro Ha Bcio crpaHy PH3-
Texa), onupasiueiics Ha noanepxky LUK BJIKCM. Bos-
rJaBJslyl 3Ty Tpynny wMoJionofi npenojaBaTesb Marema-
THkH A.T1.CapuH (B Hee BXONMJIH, B YaCTHOCTH, XOPOLIO
H3BeCTHBle IIKOJBHHKAM M0 XypHany «KpaHT» (H3HKH,
toraa eue crygents JI. . Acsnamasos, 10. M. Bpyk,
H. 111. CinoGonenkwnii).

Ecin yxXe npenaBaTbCsi BOCIOMHHAHHSIM, HYXHO CKa-
3ath, 4t0 ob6benuHenuo ycwnuit MI'Y u MOTH npexn-
LiecTBOBAJIK ropsiuve AHCKyccuH. [lejo B TOM, 4TO B
MO®TH npugymanu ceow cHcteMy (H3HKO-MaTeMaTH-
YeCKHX OJIMMIIHAJ: CTyJAeHTaM, acHpaHTaM H mpenoja-
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BaTeNsiM, Pa3be3kaBIIHMCA HA 3MMHHE KaHHKYJIH, BpY+
qaloTCsl 3afaYH M HHCTPYKUHMH, KaK I[IPOBECTH OJIHM+
nHagy B POOHOM ropoje, a BCe PabOTH IIKOJbHHKOB
OHM TpHBO3AT B MOCKBY Ha mpoBepKy (M, KOHEYHO, HA
®ustex!). B Tex roponax, rie yxe HMeJHCb CBOH MHO-
rojleTHHe OJIMMITHANHBlE TPALHLMH, «KOHKypEHLHs» pa3-
HLIX OJIAMIHA[ Kasanach MHOTHM HeHYXHOH. Anjpeit Hu-
KosaeBnd KoJiMOTOpOB ellle ZoJro BCIOMHHAJ, KakK «Je-
HUHrpanibl He no3pojuiH CaBHHY» NpPOBOOHTH Yy cebs
¢usnKo-MatemaTuueckyo onumnuazy MO®TH no Ttakoit
cxeMe. Brumo peleHo nmpoBoauTh OJHMIHAAH MO MaTe-
MaTHKe K (M3HKe [0 eJHHOH MHOTOCTylleHYaToif cH-
cTeMe, IPH KOTOpOH IJlaBHAf poJib B OGJIACTHEIX, TOpoa-
CKHX, PAHOHHBIX H LIKOJBHHIX OJHMIHanaXx OTBOAHJIACH
MeCTHHIM y4YeHBIM, IIpelioflaBaTesifiM H CTyleHTaM BY3O0B,
yuntenam. JIns pykoBoacTBa oJmMmHaznofi 6bur o6paso-
BaH LIEHTpaJbHHK oprkomurer. B Hero Bouwtu npexpcra-
sBurenn Munucrepersa npocBemennsi, LIK BJIKCM, o06-
mectBa «3HaHue». IIpencenareneM OprKOMHTETa OOJTrHe
roabl 6bL1 3aMeuatesbHblii Gu3nk akagemuk M. K. Ku-
KOHH, NMPHHUMABIIHKA, HECMOTPS HA CBOIO 3aHATOCTD, XH«
Befilllee yyacTHe BO BCeX OJIMMIHAAHHIX W LUKOJBHBIX
Aenax.

Ha nepBbix onnMnuanax B MockBe 3aK/IOUHTENbHHIH
Typ no matrematuke (B MIY) u o¢usmke (B8 MOPTH)
NpoBOLWJICA [IOYTH OJHOBPEMEHHO, C TAaKHM pacyeroM,
YTO6B €ro Yy4YaCTHHKH MOIJIH [OllacTb Ha OJHMNHAAY
nmo oGoum mnpenMmeraM. ITo HHMUHAaTHBE AKTHBHCTOB H3
MOTH noGeautesnn onuMnuagbl NPHUIJIAMIAIKCL B MO-
Joaexubit jareps 11K BJIKCM «Opanenok». Cranu pe-
TYJIIpHO MPOBOLHTBCS BCECOIO3HBIE 3a0YHBIE OJIHMITHAAH
uepes raserbl «Komcomosbckasi mpaBia», «YuHTelbCKas
rasera» M MeCTHHle MOJIOJleJKHBIE Ta3eThl— HX Mo6enH-
JleJIH NpHIJallajuch Ha OYHHIE pecny6JHKaHCKHe H 006-
JlacTHele onnMnuans (cM. [4, 12, 14, 16, 17]).

Bosbmyio nomows opranusatopaM MeCTHBIX OJHM-
NHaJl OKashblBaJiH pacchiiaeMble H3 MOCKBBI CIIHCKH pe-
KOMeHJOBaHHBIX 3aay, a TaKXe CTapllIHe TDPaAHIHOH-
HBIMH TIOE3AKH CTYLEHTOB, aCOHPAaHTOB W TNpenojaBaTe-
JI€l BeLYLUHMX BYy30B CTpPaHLl Ha OJIHMIHAnB B KauecTBe
npencTasuTeNiell  HeHTpaJbHOrO OprkoMuTera. Kpowme
PaboTel B XKiOpH OGNACTHBIX M peclyOJIHMKAHCKHX OJIHM-
IHaj, UM TOpy4ajsoch W MHOrO JPYTHX JeJ: NpPOBECTH
IIpHEMHbIE 3K3aMeHB! B LIKOJH-MHTEPHATH, paccKasaTb
O BY3aX U BCTYNHTEJBHEIX 9K3aMeHaX, o6CyNuTb ¢ Me-
10



CTHHIMH MaTeMaTHKaMH H YYHTEASMH NOCTAHOBKY pa«
6OTEI CO INKOJILHHKAMH, NPOYECTb JIEKIHH; €CTECTBEHHO,
JJIS 3THX TNoe3noK BuIOHpaJuch Te, KTO obsajan yxe
JAOCTATOYHBIM ONBITOM. JTH TNOE3AKH HMeJH OGoJiblioe
BOCIHTATENIbHOE 3HAYeHHe JJIg CaMHX CTYAEHTOB H
a4cnMpaHToB; MHOTHE M3 HHX NO3[Hee CTaJH aKTHBHLHIMH
opranusaropaMu pa6oThl cO WIKOJbHHKAMH.

Hano sameruts, uTO, NOMHMO 5HEPrHH W BpEMEHH
MOJIOAbIX YYEHHX, Bcsl 3T pabora — ocoGeHHO MOe3nKH
Ha OJHMNMAAH, OpraHM3aLusl JIETHHX IIKOJ — Tpebo-
BaJjia HeMashX (uHaHcoBbX 3arpar.’ M1 tor ¢akr, uro,
NOMHMO OpPTraHOB HapoAHOro 0o0pa3oBaHHsf, €e aKTHBHO
noazepxnsaiu pekropu MI'Y, MOTH u npyrux Bysos,
MunucrepctBo BHcero o6pasoBanus, AKalleMusi Hayk,
LK BJIKCM u uenbii psin Apyrux OpraHu3aumii, ne
HMEBUINX NPSIMOTO OTHOIUEHHS K LIKOJIbHHKaM, OTpaxal
Bceobllee BHUMaHHE K Pa3BHUTHIO HAyYHOro NOTEHLHaJa
CTpaHbl, XapakrepHoe mJjs Tex JeT. (OTyacTH ero MOX-
HO CpaBHHTb C HbIHellHeli BceoOllefi yBJIEYEHHOCTbIO
HHPOPMATHKON M KOMINbIOTEpH3allnedl, HO €CTb, KOHEUHO,
CYLIECTBEHHLIE OTJHYHS — 3HAYHTENbHO GoJiblLiIKi, 0b1ile-
rocyllapCTBEHHHI pa3Max, Heo6XOAMMOCTb CYLIECTBEHHO
6OJIbIIHX CPEACTB, OTCYTCTBHE MHOTFOJIETHErO NpeaBapH-
TEJILHOTO ONBITA, KaKOH HMeJCs Yy MaTeMaTHKOB.)

Eile onHa Tema, KOTOpPYI0 HYXHO 3aTPOHYTb, pac:
CKa3biBasi O Pa3sBHTHH OJIMMIHAJHOTO ABHXXEHHS H ApY-
THX BO3HHKIIHX B 60-e ronel ¢opM paboTH CO IIKOJbHH-
KaMH, — BHIIYCK y4YeGHOH H HAy4yHO-NMONYJSPHOH JIHTe-
parypu. B Te rogm (x coxaneHuio, auimib xo 1962 r.)
BHIXOAWJIH NpeKpacHble nepuonpnyeckue cOOpHHKH «Ma-
TEMaTHYECKOE MPOCBEIIEHHE», aJPECOBAHHEIE CTYIEHTaM,
yyuTeasM, JIOOUTENsM MaTeMaTHKH, Tie 00CyXaaJjHch
Takxe H neparoruyeckue sompochl. C 30-x romoB H3zas
BaJjlacb cepus Opouop «[lonyssipHble JieKIHH 10 Mare-
MaTHKe», aiPecOBaHHHX B MNEPBYI0 OyYepelb IUKOJbHH-
KaM. ¥Y>Xe BHIWIH NepBble BHINycKH «BubnuoTeKH Mare-
MaTHyeckoro Kpyxka» [33]—([40], orpaxaBiuine OmmT
LIKOJBHOTO MarteMarnyeckoro Kpyxka npu MIY. Has
HaYHHAIOUIMX  <«OJHMIIMaJHHKOB» 1O  HHHLIHaTHBE
A. H. Konmoroposa 6bl1 H3nan Ham He6oJsbinoi c6op-
Huxk [5].

ToBopsi o suTeparype AJisi IIKOJbHHKOB, HEJB3S He
BCNIOMHHTb, KOHEYHO, H O TEPBHIX H3NAaHHAX KHHI
[20] —[22] u3s cepun «Bubnuoreuka (pusHKO-MaTEMaTH-
YecKOH IIKOJIb», CJYyXHBIIHX OGpa3LOBLIMH NOCOCHSMH
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s yyeHHkoB Bcecow3Holt 320YHOH MaTeMaTHYECKOH
wkonnl npu MIY. Axanemux M. M. Tensdann, koto-
pOMy npHHauJexata HAess CO3MaHHA TaKoH MIKOJbI
(1964 r.), u ceiiuac sABNAETCA €¢ HAYYHHIM PYKOBOAHMTE-
Jem. B3MII oxpBaTtuia yxe He COTHH, KaK HHTEpHaTHI,
a TLICAYH, MNO3JHEE — NECATKH THICAY ILIKOJbHHKOB U3
caMbiXx aJIeKHX MECT.

Toraa e, B cepenune 60-x ropoB, GblI0 3aayMaHo
co3nallie exeMecsyHOro (H3HKO-MaTeMaTHYECKOTO XYp-
HaJla JJis1 LIKOJIbHHKOB, XOTsl BBIXOOHTBH 3TOT XypHaJ
«KBant» nayasn gume B 1970 r. B ero opranusaumu
OCHOBHYI0 POJIb CHITPaJl KOJIJIEKTHB MaTeMaTHKoB H QH-
3HKOB, C()OPMHPOBABILHICH BOKPYr OJHMIHAIH; MHOTHE
M3 HHMX CTaJH aKTHBHEIMH YJIEHAMH DENKOJIJIETHH, a aKa-
nemuku M. K. Kukoun u A. H. KosmMoropos — nocrosH-
HbBIMH PYKOBOAHMTENSIMH PeNakUHH xypHanaa. (B 1985 r,
nocne xoHymHe M. K. Kukomna, Ha nocrax rsaBeOro
penakropa «KBanra» u npexncenarenss llenrpasbHoro
OPrKOMHTETa OJIUMIHaJh ero  3aMeHH] aKaJeMHK
0. A. Ocunbsan.) «KBaHT» cBsizaH c oJuMnuagaMu He
TOJIbKO T'€HETHYEeCKH, HO M CyLIECTBEHHOH 4acTbl0 CBOETO
COZLepXaHusl, KpyroM yurareneii um abropoB. IloGenu-
TeJIM KOHKypca «3anayHHk KBaHTa» moJyyaloT npuria-
IleHHA Ha pecny6HKAaHCKHE OJHMIIHagH—B 3TOM OT-
HoweHny «KBaHT» 3aMeHHJ M NepeBes] HAa MNOCTOSIHHYIO
OCHOBY 3a0YHble osiuMnuanbl 60-x ronos.

Hecarnaerne 1966—1974 rr.— nepuon «GoOJbUIHX»
OJIUMIHAJ, NPOXOAHMBIIHX B Pa3JIHYHEIX CTOJIHIIAX COIO3-
HbIX pecnyOiaMK H HecKosbkKux ropoaax Poccuu. Hle-
crasi Bcepoccuiickas onumnuapa 1966 r. npoxoauna B
Boponexe — 31ecb BnepBbie cOOpaJsiuch TNPENCTaBHTENH
Bcex obaacreit PCOCP u Bcex pecny6uuk. Caenyromas
onumnuana B TOuaHCH yxe Ha3sbBasiack 1-it Bcecoros-
Hoit. Ilo cymectBy, Bce ogaumnuann 1961—1966 rr.
MOXHO ObIO Obl CYHTATbh BCECOIO3HBIMH — Ha HHX OBLTH
npeacTaBuTesn GOJILIIHMHCTBA COKIO3HBIX pecnybiuk. Ot-
cyer HoMepoB ¢ TGHaHCcKo# oauMnuank 1967 r. cBs3aH
C TeM, YTO B 3TOM rojy GHo o6pa3oBaHo MuHHcTep-
crBo npocseutennss CCCP, kotopoe npuHano Ha cebst
(YHKUHH TJaBHOTO OpraHH3aropa OJHMOHAl YXe IO
TpeM npexMeTam: MateMarHke, ¢pu3uke H XHMHH. Xouer-
Cfil OTMETHTb NOCTOSIHHYI 3a60oTy 06 OJMMIHanax co
CTOpOHH MuHHcTpa mpocBemenuss M. A. IlpokodpbeBa u
ero 3amecturenss M. U. KonnakoBa, a Takxe ¢ Gnaro<
AApHOCTbIO BCNOMHHTBL PaGOTHUKOB MHHHCTEPCTBA, 3aHHs
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MaBLIHXCH B T€ TOAH MaTeMaTHYeCKUMH OJIHMIIHaNAaMH,
H. A. EpmonaeBy u JI. M. INamkoBy. OJuMnunana, cras
BCECOIO3HOH, ellle HEeCKOJIbKO YBEeJHYHIACh— Tenepb Ha
3aKJIOYHTEJIbHEI Typ npue3»xajd KOMaHjih 1o 4 yeJo«
BeKa u3 BceXx obnacreit He Toabko Poccuu, HO H YKpau-
Hbl, Kaszaxcrana u ppyrux pecny6iuk ¢ 06MacTHHIM Je-
JgeHueM. Kpome Toro, 6wuio pelleHo npuraamarb JIo-
NONHUTENIBHO nobenuTeneil (nosy4yuBIINX NepBhe W BTO-
prie npeMuH) npenbayllell OJHMIHanbl, YTOOH JaTh
BO3MOXHOCTb  6oJiee TNOJIHO NpencTaBHTb  CHJbHbBIE
KOMAaHAH, TaK YTO YHCJIO NPHE3NHX YYacTHHKOB 60Jib-
IUKX OJIMMINIHAA, BKJOYasi PyKoBOAHTeNeli KOMaHH, 25—
30 ujeHOB XIOpPH, JIEKTOPOB, UJEHOB OPTKOMHTETa,
HHorpa poxoxpuio no 800 yesnoBexk.

BapbupoBanach u ¢opma nNpoBENEHHs OJHMNHAL.
B 1968 r. mo JexuHrpanckoli TpanHuMu GBUIO pelleHO
nonpo6oBarb NpOBECTH OJUMIKHany B YCTHOi opme:
BMECTO TOro YTOOH 3amHCHIBaThb pELIeHHs, YYACTHHK
ONMMNHAAH THXOHbKO paccKa3hiBaeT CBOE pelleHHe
rpynmne H3 AByX — TpPEX YJIEHOB XIOPH; €cJIH HailneHa He-
TOYHOCTb — Y HETO OCTaeTCs elle BO3MOXHOCTb MNOIY-
Marh Haj 3ajayell (Ha Kaxaylo 3amayy Haercs Tpu No-
NHTKH). ¥ MHOrHX HeJEeHHHrpajlLeB 3Ta CHCTEMa BHI3bls
Bajla COMHEHHsI— KaK CpaBHHBaThb TpeGOBAaHUS pa3HbIX
YJIEHOB XIOPH, He BO3HHKHYT JIH SI3LIKOBHIE TPYRHOCTH,
HE/IONOHHMaHHe, — ¥ [JI51 CTPaXOBKH PEIUHJIH TaKOH 3KC-
NIepUMEHT NpPOBECTH BO BTOPOH M3 IBYX HHe#l cOpeBHO-
BaHuH, a B NepBHH COXpaHHTb OOHYHYIO (GOpPMY NHCh-
MeHHO#M paborbl. XOTH OYEHb YETKO OpraHH30BaHHHIA
«yCTHBIA Typ» NpoWIeN INIaAKO H BCEM NOHpaBHJCH, HO
6e3 GCoJibwiofi TIpynnel ONHTHLIX JIEHHHIPaAUeB €ro
0oJibliie HUKOr[a He pellajiich NOBTOPATD.

Bce cnenylollne oJMMnuaabi, ogHako, no ob6pasny
MeXAYHapOIHbIX, OBUIO peElleH0 NMPOBOAMTbL B ABa MOHf,
yro6bl NaTh BO3MOXKHOCTb TEM, KTO CJjyyaiiHo norep-
neJ Heylnayy B NepBH [eHb, NONpPaBUTL CBOM JeJa, a
IJIaBHOE, NOJIHEE HCHOJBb30BaTh IHH, OTBEJEHHBIE Ha 3a-
KJIIOYHTENbHEH TYp, Kyla MHOrHE IIKOJLHHKH NpHEXatH
3a Thicsiyu KHJaoMeTpoB. Ilpu Takoil cucTeMe BO3MOXHO
H O6ojbliee pa3HooOpa3He B NpenjaraeMbx 3ajauax.
Hanpumep, B Pure (1971 r.) BO BTOpOIi N€Hb cOpeBHO-
BaHui npexcepartess xiopu S M. Bap3nunp u ero 3a-
mectuteas M, WM. BammakoB NpPeJIOXHIH YCTPOHTh
«HUCCJIEIOBATENbLCKHE Typ»: YYaCTHHKH HOOJ/OKHB GbUIH
BHOpaTh oAHy, CaMyl0 HHTEPECHYI0 3aAayy H B Heil
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NOCTapaThCs NOJYUHTb BO3MOXKHO Gosee CHIBHEI pe3ysibe
TaT. IJTOT 3KcnepuMeHT, onobpennuit A. H. Kosmoro-
POBHIM, Tpolllesl BeCbMa YCHEIIHO; K HeMy BO3Bpaila-
JHch (mpaBjia, B MeHee NOJHOH (opme) H HAa HeKoTo-
PHX ClefyIOUHX OJHMNHAnAX.

K coxalJienuio, H2 BCECOIO3HHIX OJIHMIIHAaAax He yna-
JIOCb OCYLIECTBHTH HI€I0, HEONHOKPATHO BHICKA3bIBAB-
myiocsi A. H. KoJMOroposhM: ofHH H3 IHEH COPEBHO-
BaHUH HauaTth O JIEKUMH HA 3apaHee HEH3BECTHYIO yya-
CTHHKaM TeMy H 3aTeM NpeMJIOXKHTh Ha 3Ty TeMmy
HECKOJIbKO 3ajay, POAOJKAIOMHUX pa306paHHbie Ha JieK-
LHH (TakoH sKcnepHMeHT Ohll yCNeUIHO NPOBENEH JIHLIb
B 1985 rony Ha 1-# Bcecolo3Holt MateMarHyecko# OJIMM-
nuane nas yyamuxcs CIITY — sekumio Ha Temy «reo-
MeTpuuecKkHe BeposiTHOCTH» npouuran A. H. IMnotkun).

K cepenune 60-x ronoB copMHpoBaJCsl KOJIJIEKTHB
MareMaTHKOB H3 Pa3HHIX TopOLOB, MIPaBLIMX IVIaBHY:O
posb B MOATOTOBKe W MpoBejneHuH onumnuan. Hasosem
HeKoTOpHX M3 Hux: M. H. Bammakos, 10. H. Honum,
A. H. Inorkun (Jlenunrpan), A. K. Tonnero (Kues),
I'. 1. &puaman (Hosocubupck — Omck), I'. A. ToHosn
{(Epepan), A. . Bennyrupze (T6uaucn), M. H. Ce-
poB (Bonorma-— IlerposaBonck), E. A. Mopo3sosa,
B. M. Anekcees, H. B. Bacuanes, B. JI. I'yrenmaxep,
M. C. Oy6eon, A, A. Eropos, B. M. Heaes, H. H. Kon-
crautunos, 10. I1. Jlucos, JK. M. Pa66or, A. Il. CabuH,
B. A. Ckeopuos, JI. B. ®ykc (Mockea). Pasymeercs,
COCTaB NOCTOSIHHO paboTaiolieli METOAHYECKOH KOMHC-
CHH M XKIOPM MEHsuUicd, K HEMY NPHCOEIUHSIUCL HOBHIE
aKTHBHHE NOMOIIHHKH H3 MOCKBH H APYTHX TOpOJIOB.
HasoBem elle psn MareMaTHKOB M3 TeX, KTO y4acTBO-
Ban B 70-¢ TOAH BO MHOTMX OJIUMIHanax H OKa3al cy-
LleCTBEHHOe BJHsIHHEe Ha HX nposepenue: B. B. Aunek-
ceen, A. A. Bepsunbiu, M. H, Bepuwreiin, I'. A. Tanbne-
pun, M, JI. I'epeep, A. I, Teitn, A. H. 3emasnkos,
HU. H. Kaymosa, A. B. Koueprun, A. I. Kymnupenxo,
C. A. Mazsypos, H. X. Po3os, C. B. ®omun, C. A, Tpe-
cxos, B. M. Xapaawmos, I'. H. SIkoBaes.

B mnocsnenHue rofkl B OpPraHM3amM{ OJHMIIHAL OCO-
6eHHo akTuBHYl0O poab wurpaior B. B. Basunos,
0. B. Hecrepenko, C. B. Kousrun, JI. I1. Kynuos,
C. B. Pesnuyenko, U, H. Ceprees, A. M. Cuaunsko,
I0. I1. Conoebes (Mocksa); A. C. Mepkypnes, H. IO, He-
useraeB  (Jlenunrpan); A. B. Axpxanc (Pura),
B. U. Bepuuk, U, K. Xyk (Muuck), . I, ®naac,
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E. H. Xyxpo '(Hosocu6upck), H. B. Kapraumos (Kues);
b. U. Ynnuk (Kuwunes).

Kakne e 3ajaud craBuiu nepen OJHMIHANaMH €e
opraHusatoph? IlomMuMo BhisiBaeHus nobexnutenen, ¢op-+
mupoBanusi komauah CCCP Ha MexIyHapoIHYIO OJIHM=
nnapy, NpHUBJIEYEHHS OJAPEHHLIX H CEPbe3HO YBJIEKalo-
LHuXcsl HaykoH IIKOJbHHKOB B Belylllne BY3H CTpaHBH,
BaX(HOH LEJbI0 ONMMNHanH OBUIO pPa3BHUTHEe HHTepeca
IIKOJILHHKOB K MAaTeMaTHKe, BOBJIEYEHHE B NOCTOSIHHYIO
pabory ¢ HUMH GoJsiblliero uucia npenonasaTenell H CTy-
JEHTOB BYy30B, Hay4YHbIX COTPYAHHKOB, yuHTeJeH, ycTa-
HOBJIEHHE NOCTOSHHBIX KOHTAKTOB MEXAY SHTY3HAcCTaMH
MaTeMaTHYeCKOro npoceeileHHsi. B camom neJse, oHM-
n¥aja Mrpaja poJib <«CBfI3YIOLIEro CTEPXHS» pasfiny-
HHX ¢opM paGoTH €O INKOJbHHKAMH, BO3HHKLIHX MNOYTH
onHoBpeMeHHO B 1963—1965 Fr. M NOJyYHBIUHX 3aTEM
LIMPOKOE pacnpoCcTpaHEHHE — TAKHX, KaK 3a04yHHeEe KOH-
Kypchl, JIeTHHe Jiarepsi, CneuHaJH3HPOBaHHLIE (PH3MKO+
MaTeMaTHYyecKHe, 3a0YHbie MaTeMaTHYeCKHEe IIKOJILL

Ha 3akaountesbHOM Type, 42 H Ha APYrHX sramax
OJIUMNKanH, rae co6HpaloTcsi YYaCTHHKH H3 pasHbIX ro-
poIoB, CaMbiM UEHHHIM sIBJSIETCS BO3HHKalwIjee obiie-
HHE MeXXy B3POCJIBHIMH H IOHHIMH MaTeMaTHKaMH.

Bonbmoe 3HaueHue HMeeT COTPYNHHYECTBO YJIEHOB
XIOpH, Npue3xarmmux u3 Mocksbl, JleHuHrpaga u npy-
THX FOpOJOB, ¢ MaTeMaTHKaMH H3 ropojaa, rae npoBo-
aurcs onumnuana. (Kak npaBuio, onuH M3 HBYX «cTap-
LIHX» 10 KaXIOMy KJaccy, a TakKxe [pencenarelb
XKIODH H3 FOpO2a-YCTPOHTENs.) YuYacTHe MECTHHIX Mare-
MaTHKOB — HX COBETH, NpejJioM(eHHble HMH 3alayd—
BO MHOTHX CJIyYasiX cnoco6CTBOBAJIO yCnexy OJHMIIHaIHL.
B cBowo ouepenb, HMH ¢ oxo6GpeHHeM BOCNPHHHMAJHCh
TPaiMUMH LEHTPaJbHOrO MKIOPH: TINATeJbHAsi MOAro-
TOBKA 3anay; MHOTOKpaTHast NpoBepKa paboT LIKOJb+
HHKOB, NO3BOJISIIOLLAsi BLISIBHTH HOBBlE HAEH pelleHHuil u
BO3HHKLIHE <HIOAHCHI»; OTKPHITHIl H JNEMOKpPATHYHBIH
CTHJb BceX 06cyxneHull; NOAPOGHEII HHAMBHAYaJbHBIH
pa3bop pabor, npoxonsluii B arMmocdepe nobpoxena-
TEJIbHEIX OTHOLIEHHH MEXIY YJIEHAaMH XXIOPDH H yYaCTHH«
KaMu. Oco6eHHO BHHUMATEJbHB OblIH YJIEHH JKIOPH
«6OJIbIINX» ONMMIHKAA TPH TNpoBepKe paboT BOCbMH<
KJIaCCHHKOB M Y4EHHMKOB M3 CEJIbCKHX «[laJleKo He Mare-
MaTHYECKHX» MIKOJ, aBTOPH KOTOPHX HMCIHTHBAJMH 60Jibe
IUHe TPYAHOCTH B 3alHMCH pelleHnil HenpHBHIYHEIX
3anay. B otsHume ot sk3aMeHOB, TpeGoBaHHA K 0GopM«
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JeHHio pabor Ha osuMnuaje OBUIM IOCTaTouHO JinGe-
pPajbHBIMH: CKaX€eM, €CJIH H3JIOXKEHbl BCE OCHOBHBIE JIO-
THYeCKH BaXHble 3TaNbl, a [ETaJH BHIKJIANOK OCTaJHCh
JIb B YePHOBHKAaX — OLEHKa He cHuxanach. Iloapo6-
Hee Ha paboTe XIOPH MH He OyneM OCTaHaBJIHMBaThb-
Cfl— OHa B OCHOBHBLIX YepTax cjlefoBaJjla JaBHUM Tpajk-
uusim Mockosckoit onuMnuansr (cm. [9], [13]).

B HayyHOli mnporpaMMe BCECOW3HBHIX OJHMNHaI,
KpoMe caMux copeBHOBaHui H pasbopa pabor, npeny-
CMaTpHBAeTCH JOMOJHHTEJILHOE BpEMSI JJIi BCTPeY €O
IIKOJbHHKAMH; MECTHHIE H INPHE3)XHE YYeHble BHICTY-
NaT NEepEfl HUMH C JEKIHSMH. MOXHO TOJBKO N03a-
BHIOBATb INKOJBHHKAM, KOTOPHIM JOBEJOCh CJyLiaTh
nekuuu A. H. KosnmoropoBa. He pa3 B kauecTBe JieKTO-
POB BLICTYNIAJIH H MOJIOALIE, HO YyX€ NOJYYHBIIHE H3Be-
CTHOCTb MaTeMaTHKu — ObiBIIME NOOenuTesiu OJUMNHal.
Jlns BOCBMHKJIAaCCHHKOB YacTO YCTPaHUBaJHCh 3aHATHA
B BHAE <«MaTeMaTHYeCKOr0 KpyXkKa» (OJHO M3 HHX
o6uyHo Ben H. H. Koucrantunos). Ha oaumnuany
ILJSl BCTPEY CO CBOMMH Y4YeHHKaMH INpHE3XajH npeno-
nasatesny B3MII. TpapuumonHoil crajsa BcTpeua ¢ pen-
Kojulernell xypHasa <«KsaHT».

Ilpn Bceii 3aHATOCTH YJIEHH JXIOPH CYHTAJIH OYEHb
BaXXHbIM HaliTH BpeMfl 1Jis1 oOCTOATENbHEIX Oecen ¢ Me-
CTHHIMH pabOTHHKaMH HapoaHOro o6pa3oBaHHsl H PYKO=
BOJAHTEISIMH KOMaHI — YUMTEJNSIMH, METONHCTAMH M Mas
TeMaTHKaMH, DpHexaBIIUMU co Bceli crpanb. Peyb mina
He TONbKO 00 OJHMOHaje M KOHKPeTHhx paborax
HIKOJIbHUKOB, HO H O pPa3sHooGpasHbX BONPOCaX, CBA«
32HHBIX C NOJIOXXEHHEM AeJl B MAaccoBOil LIKOJE, O CO=
AepXaHLH H pa3yiuyHbiX (OpMax MOMNONHHUTEIBHOIO Mas
TeMaTIiyeckoro o6pasoBaHus.

O ToM, Kak NpOXoAmJa Kaias OJHUMIHANA -— HACH-~
HIeHHBIH pa3HOOOpa3HbBIMH BNEYATJIEHHSIMH, SKCKypPCHS«
MU, BCTpeyaMH NpPa3gHHK AJIS €€ YYACTHHUKOB, 3aBep-
IMAIOLIMICH TOPXKECTBEHHBIM HarpaxzieHneM mnobenutes
Jieff, — MH, KOHEYHO, HE HMeeM BO3MOMHOCTH 3]eCh
pacckasartb (cM. [78—80]).

C 1975 r. B CBSI3H C OpPraHM3aLHOHHHMH TPYRHO-
CTaAMH ORUI0O DPHHSATO peLIeHHe H3MEHHTb CTPYKTYpy
ONMUMNUanHOH «NHpPaMHILI»: BKJIIOYHTb B Hee pecny6-
aukanckue oysuMnuansl 8 PCOCP u apyrux GoJsbuiux
peenyOnpKax, a YHEIO YYACTHHKOB 3aKJIOYHTENbHOro
Typa cokparutb. (Hamo ckasartb, YTO MaTeMaTHKH BO3-+
paxcaqm nNpoTHB TaKOr0 H3MEHEHHs, — YK CJHLIIKOM
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MHOrO «fipycOB» HYXHO MpeonoJierb YYacTHHKAM — HO
GHU3MKH H XHMHKH €ro NOJJAEpXaJii: OHH MOJIyYHJH Bo3-
MOXHOCTb, KaK NPHHATO HAa MEXIYHAaPOAHHIX OJIHMIIHA-
laxX, NpOBOAHTL IJisi BCEX YYACTHHKOB <«3KCIEpPHMEH-
TaJbHBIH TYp».)

Bcecorosnass Maremartuueckas OJMMNHANA HIKOJIBHH-
KOB NPOXOAMT TENEPb B NSTh 3TaNOB: IIKOJbHLIH, TOPOA-
CKOH M pailoHHBI, 06sacTHOH, pecnyGaIHKaHCKHH M 3a-
KJIIOYHTEJNbHE — Beecolo3ublil. Ha Hero npuriawaior
IIKOJBHUKOB 8—10 knaccoB — noGenurenel pecnyO6iue
KaHckux oaumnuan: 48 or PCOCP, 12 or YkpauHs, mo
6 or Benopyccuu, Kasaxcrana u ¥Y3Gekucrana, no 3 or
IPYruX COIO3HEIX pecny6iHK, ropofioB Mockshl, JleHuss
rpaga H ropoia-yCTpoMTeNsi OJUMIHANH, KpPOME TOro,
KOMaHAB psAna (U3UKO-MaTeMaTHYECKHX IIKOJI-HHTepHas
TOB, @ Takxe nobequTeNH 3aKJIOYHTEJbHOrO Typa mpe-
OBIVIIEro roga — Bcero okoJio 150 IIKOJBHHKOB.

Koneuno, npu stom onumnuana npuoGpena eme Go-
Jee «CNOPTHBHHI» Xapakrep. K crapelM Tpajguuusam,
KOTOpHlE BO MHOTOM COXPaHHJHChb, N00aBHIHCH H HCe
KOTOpHIE HOBLIE; CpeIH HHX — «MaTeMaTHyecku#i Goh»
Mexny COOpPHEIMH KOMAHAAMH MIOPH M IIKOJbHHKOB.
(Eci KoMaHAy >XIOpPH Bo3rJiapisier ObBIUHH YEMITHOH
Heckoabkux osumnuay C. B. Kowsarws, oHa, Kak mpa-
BHJIO, OIEpXXUBaeT TPYAHYyI0 nobeny.)

Ceiiyac (QyHKUHH «CBA3YIOIIErO CTEPXKHSA», KOTOPHE
B 60-e u 70-e ronbl BBLIIOJHSJ 3aKJIIOYHTEJbHHH TYyP,
3HAYHTENBHO!H CTENEHH NOJIXKHH OLITH OTHECEHH K IpeA-
LIECTBYIOLIUM 3TanaM — pecnylJIHKaHCKUM U 06J1acTHBIM
onuMnuagaM, rie pabora yacro BO3rJIaBJASETCA MOJIO-
AHMH YYEHRIMH — OHBIIMMH NO6EIHTENSIMH OJHMITHA/L,
CaMbIM MaccOBHIM M, GBHITB MOJET, TJIaBHLIM B «IHpA=
MUAE OJHMNHan» SBJISIETCH HE BEpIIMHA, @ CKOpee es
OCHOBaHHe — LIKOJIbHbIE, pPaiiOHHLIE, TOPOACKHE H 00aas
CTHBIE OJHMNHAAH, NPOBOLMMHE MECTHHIMH MareMaTHs
KaMH H  YYHTeJMH — HACTOALIUMH  3HTy3HacTamda
cBoero nena. Benp Maremaruka HyHa He TOJbKo 6yny-
OIUM YYeHBIM, H OCHOBHas LeJb OJHMIOHAaRHOrO JBHIKes
HHSl — HE <«BHIpPALlHBaHHE OJHMIHAIHBIX YEMIHOHOB», a
8apoXIEHHe U Pa3BHTHE NOCTOSHHOrO MHTEPECA K Mare-
MAaTHKe, paclIHpeHHE KPyro3opa LIKOJBHHKOB. Jta pa-
6oTa ycnemlHo TNPOBOAHUTCH TaM, Tjle OJHMNHAILW
COCTaBJISIIOT YacThb NPOAYMAHHHX, XOPOWO OpPraHH30BaHe
HEX 3aHSITHH cO IUKOJbHHKaMH H CTyneHTaMu — Gynay-
wuMu yuutensmu [11]. Ilo WroraM 3akJI0YHTENLHOrO
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TYpa 33 HECKOJIbKO JIET MOXHO OTYacTH OLEHUTb pes
3yJbTAaTH 3TOH paboThl; OTMETHM, B YACTHOCTH, IOCTOSH-
CTBO YCIEXOB JICHHHTPAaALEB, yNaYHblEe BHICTYIJICHUSA
mxoJabHUKOB JlarBuu u Besopyccuu3a nmocsienHue ronbl.

Koneyno, no6parbcsi A0 BEpPXHHX CTyHeHeH OJHM-
nHajgHOH NHpaMUAH — NEJIO He NpOocToe: NOMHMO Mare-
MaTHYeckux cnocobHocreil U GOJIBIIOH NOATOTOBHTEJb=
Hoit paGote, A5 noGen Ha oJnuMmMnHagax TpebyroTcs
ocofble KayecTBa «CHOPTCMeHa-MHoroGopua», yMeHHe
OLICTPO MEpEeKJIIYAThCH € ONHOH 3anayd Ha Apyrylo—
YepThl Xapaxrepa, BOBce He o0s3areJbHBIE Jaxe A
npogeccuoHasa-MaTeMaTuka. B cBA3H € 3TUM MBI XOTHM
NpHBeCcTH OAMH ab3am W3 IPeAHCJIOBHS, HANHCaHHOTO
A. H. KonmoropoBelM — penakropoM kHuru [5]; B TO#
Uiy uHOH (opme Anppeit HukosaeBuu nocTOSIHHO BbI-
€Ka3biBaJl 3Ty MBICJIb Iepel YYacTHHKaMH OJIMMIIHa.

«Halma crpana Hyxgpaercs B 6GoJbLIOM YHCJIE XO-
pOIIO TMOATOTOBJNEHHHBIX M TaJAHTJUBLIX MaTE€MaTHKOB.
Ouenp BaxHO, YTOOH mnpodeccHi0 MareMaTHka BHIOH-
panu Te NpEeACTaBHTENH HaleH MOJIOLEXH, KOTODHIE
Moryt paborarb B 3TOH oO6sactH Haubojiee nNpOAYK-
TuBHO. OIHHM M3 nyTell NpuUBJEYeHHS OJAaPEHHOI MOJO-
JEXH K MareMaTuKe fBJSAIOTCS MaTeMaTHyeckHe OJIUM-
nuanb. Yyacrtve B IIKOJbHEIX H MareMaTHYECKHX KpYyx-
Kax M OJIUMIIHajax MOXET NOMOYb KaxKIOMy OLEHHThb
CBOH cOOCTBEHHEIE CHOCOGHOCTH, Cepbe3HOCTb M NPOYy-
HOCTb CBOHX YBJeYeHHH MarteMaTukod ... )Kejas yura-
TeJsIM COOpHHKa BCSYECKHX YCIIEXOB B peIleHHH 3ajnay
u noben Ha IUKOJBHHX, TOPOICKHX, Bcepocchuiickux
OJIMMNNanax, s X04Yy B TO e BpPeMs 3aMeTHTb, 4TO
nyTH K cepbe3Hoii pabore B 06JacTH MaTeMaTHYECKOH
Hayku pasHooOpasHel. OmHUM Jierye paercsi pelieHue
3aMbICJIOBAaTHX 3aj1ay, APyTrH€ BHAyajle He BBLINEJAITCS
Ha 3TOM NONpHIIE, HO, ABHrasch MeLJIEHHO, OBJIaIeBaIOT
TJ1y60KO H CEpbe3HO TEeOpHeH U HEeCKOJIbKO MO3[Hee -Ha-
yuaworca paborath caMoCTOsITENbHO, B KoHeuHOM cyere
npy BbIOOpe MaTeMaTHKH KaK IIpeJMETa OCHOBHHX HH-
TepecoB H paGoTH Ha joJiroe Oyayllee KaXXAbH JOJIXKEH
PyKOBOACTBOBaThbCs COOCTBEHHOH CaMOOUEHKOH, a He
YHCJIOM NpeMHHi H TNOXBAaJbHbIX OT3LIBOB Ha OJHM-
nuagax.»

* ok %
XoTsi mNOJIE3HOCTh YBJIEYEHHS] «CINOPTHBHO» CTOpO-
HOH oJiuMnHaj M He6Ge3ycl0BHA, HO B ONBITE NpPeXHHX
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ONMMMHAM eCThb M HENpeXOlAllAs LEHHOCTh: 3TO — HHTE-
pecHbie 3ajauyH. 3a nocjefHHe rojbl BHIIJIO HECKOJbKO
c6opHukoB Takux 3anau [9], [41]. Muorue u3 onuM-
NHAJHBIX 3a1ayY 3aCJyXHBAIOT 3HAYHTEJBHO GoJiee IJy-
6okoro o6ayMbIBaHHS, YeM NO3BOJISIET HECKOJILKO HacoB,
OTBEIEHHBIX Ha copeBHOBaHHAX. OcOGEHHO 3TO OTHO-
CHUTCl K HEOJHOKPAaTHO MpeAJiaraBIIHMCS Ha BCECOH03-
HBIX OJIMMIIHANaX <«HCCJENOBAaTENbCKHM» 3ajnadyamM, pe-
wenust (uaM 06Go6lIEeHHs) KOTOPHIX— MO CYLIECTBY He-
Gosbline HayyHble paGoTH, COJAEpKAIIHE HMHTEPECHBIH
pesyabrar. 3ayacTyl0 TaKHE 3ajayd NpPEeACTaBJEHBl
B BHIE CEPHH YCJOXHSIOMHUXCA BONpPOCOB; uX OoJblne
Bcero B onumnuanax 70-x romoB. MHorue u3 3THX 3anay
OTHOCATCA K NHUCKpETHOH MareMaTHKe, Ille HETPHBHAJb-
HHE pe3yJbTaT HEepengKO OCHOBAH Ha XHTPOYMHEIX, HO
BIIOJIHE 3J1eMEHTAPHHX KOHCTPYKLHSX H PacCyXJIEHHSIX.

Tema onHoit w3 Hux (158)— o0 <«mepekm0YaTENbHBIX
cxeMax» — Ohlia, NO-BHAMMOMY, BIEpBHE NpeNJOXEHa
A. H. KonMmoropoBsM Ha CTyZ€HYeCKOM CeMHHape B
1957 r. (OCHOBHYI0O KOHCTPYKUHIO, H300paiKeHHyI0 Ha
pucyHKe 3 K YCJOBHIO 3alayd, NPHAYMaJ YYacTHHK
9TOro ceMuHapa, ogHoKypcHuK aBTopoB 0. I1. OdpmaH).

Ilpucnannass B pemakuuio KypHana «Keaut» cTy-
JeHToM H3 T. YepHoBun . TypkeBHueM 3agaya O KOM-
MyTHUpYIOIHX MHOrousieHax (251) saunTepecoBana cle-
nupanucroB no ajare6pe M aHajdu3ly, B TOM uHCNE, —
H. H. bepriureiina — OH ¥ nepexnesiaj eeB OJHMIHAIHYIO
sajgayy, no6aBMB HECKOJBKO IPOMEXYTOYHBIX «CTY-
nexHek» (myHKToB). 3aTeM AasbHEHIUNM H3yuyeHHEM 3TOil
TEMbl 3aHHMaJIUCh Y4eHHKH 145-# MateMaTHyeCKOH IIKO-
abl r. KueBa nox pykosoxcreom A. K. Toansiro v @MII
npu MI'Y («x0JIMOropoBcKO» LIKOJB-HHTEpHATa) TNOA
pykosoactsom A. I1. Becesoba.

JIIOGONBITHRI, XOTH, NOMXAJNYH, M YHHKAQJbHHI CJy-
yai npou3olues ¢ 3anayeil 128 — RoBOJBHO HCKYCCTBEH-
HbIM Ha BHJ <UHKJIHYECKHM HepaBEHCTBOM» — IPONOJI-
JKasi el0 3aHHUMaThCsl, OMH M3 nobenuresell oJHMNHaAbI
B. I'. Hdpundenpn cpenan cBOIO nepBylo HayyHyIo pa-
6oty (cM. KOMMEHTapuil K pELIEHHI0 3ajayH).

Mpbl He MoxKeM, pasyMeercs, NOAPOOHO pacckasarb
0 KaXIOH HHTEPECHOH 3a1aye BCECOI3HHX OJIMMIHUAL.
B konue kHuru (c. 284) nepeyHcNEH psijl KPaCHBBLIX 3a-
a4y pa3Hoil TPyRHOCTH — YKa3aHH HX aBTOPH, HOMepa
B KHIT€ M 1JIA HEKOTOPHIX — «KJHUKa», N0 KOTOpoH HX
BCIOMHAT 3HaTOKH, PasymMeercs,, 3TOT CIIHCOK, OTpaxar-«

19



mufi MHEHHe aBTOPOB H MX KOJJIEr, OTYaCTH NPOH3BOJIEH:
Ipyrue MaTeMaTHKH COCTaBuJu OH ero uHavye.

Pewenuss MHOrHX 3a1ay 3anucaHbl B KHHTE€ KOPOTKO,
HHOFZa 3TO CKOpee nonpobHHE yKa3aHHus, pa3oGpaTthbes
B KOTOPHIX M JOBECTH pellleHHe N0 KOHIA CTOMT OInpe-
JeJIEHHOTO TpyAa. MH NpHBOAMM, KaK HpaBHJIO, JHIIb
OJHO M3 BO3MOXHHX pelleHHi, KOTOpOe NoKa3aJoch HaM
GoJsiee NOyYHTENbHHM (HJIH NO3BOJISIIOIIKHM TNOJYYHTH 6O-
Jee obmu#t pesyiabrar). JIuiib K OTAENBbHBIM 3anayaM
JaHH JBA pelleHHsi, OCHOBAHHHE Ha pa3JIMYHEIX HIesX.
B KoMMeHTapusX K pelleHHsIM OTHEJBHEIX 3azay (nocie
3HauyKa V) o6cyxnaloTcs BO3MOXHEE 000GLICHHS.

Co6paHHble B 3TOH KHMre 3anayH— HTOr PaGOTH
6OJIbIIOTO KOJUIEKTHBA MaTEMAaTHKOB pa3HbIX IOKOJe-
HHUll, CO MHOTHMH H3 KOTOpPHIX aBTOPOB CBfI3BIBAET MHO-
rosieTHsas Apyx6a. Mu xorenu GH BHPa3uTh UM IJyy6o-
Kylo 6J1arogapHoCTb.

IToaroToBka KHurd OBUTA HayaTa HECKOJBKO JIET Ha-
3ax no uHUHatuBe akagneMmuka A. H. Koamoroposa. Ilo
NEPBOHAYaJbHOMY INIaHY B He€ NOJKHB OBUIM BOHTH
Jumwb 3anayd onauMnuap 60-x U 70-x romoB, B KOTOPHX
aBTOpbl HpPHHHMaJH HenocpeacTseHHoe yyactue. [Ilo
npenjioxceHuio pepakropa kuurd A. I. CaBuHa, akTHB-
HOe yyacTHe KOTOpOro B OJIHMNIHamax Ha MNPOTAXEHUH
vke 30 ser poixHO OHTH 0c0060 OTMEYEHO, B KHHUTY
6L noGaBiieHbl, B KayecTBe 3a4ay AJs CAMOCTOSITENb-
HOTO pelIeHHsl, 3afayd TNOCJEIAHHX BCECOIO3HHX OJIHM-
nuan. (Kpatkue ykasanusi X HuM, HanucanHbie A. A, Ero-
POBLIM, B OCHOBHOM CJIEAYIOT pelieHHAM, OnyGJHKOBaH-
HEIM B XypHaje «KBaHrt».) Cpenn BeTepaHOB OJIHM-
NHAMHOTO JABHXKEHHS MBI CYMTAeM HEOOXOAHUMEIM Bhifie-
autb H. H. KoHcraHTHHOBa, 3HTY3Ha3My KoToporo o00s-
32aHH CBOHM IOSIBJIEHHEM M Ppa3BHUTHEM HOBHE (OpPMHBI
paboTh O IIKOJbHHKAMH, NPOAOJNKAIOUIHE TPagHLIHH
nepshix onumnuan [81].

Mu npu3HaTenbHE BCeM, YbH COBETH M IOMOILb
NOMOIJIM [pH NOArOTOBKE KHUTH, NpeXae BCero
M. U. Bammakosy, B. JI. 'yreamaxepy, )X. M. Pa6-
Goty, 10. I1. ConoBbeBy, A. B. Cocunckomy, B. M. Tu-
xomupony, A. K. Toansiro, 1. B. ®ykcy.

Mul GRUIH GH pafibl NOJNYYUTh OT YMTATeNed NMHcbMa
C 3aMeYyaHusMH, HOBHIMH pElleHUSMH M pesyJbTaraMil
npocb6a npuCEVIaTh HX B ajapec PEIAakKmHH XypHAasa
«KBanr»; 103006 Mocksa K-6, ya. I'oppkoro, 32/1.
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YCJIOBHUSA 3ANAY

ITeppasn Bcepoccuitckans onumMnuana,
1961 r. (Mocksa)
Knace
8 1 234 8a
9 6a 789 10
10 11 127 66 86

1. lana ¢urypa, cocrosimass u3 16 oTpe3koB
(puc. 1). Ilokaxwure, 4To HeJb3si MPOBECTH JIOMaHYIo,
NepeceKkaUlyl0 KaxAibi U3 OTPe3KOB POBHO OAHH pa3.
(/lomanas moxer GHTb HE3aMKHyTOHl u camomnepece-
Kamleics,, Ho ee BepIUHHH He JOJIXKHHL JIeKaTh Ha OT-
pe3Kax, a CTOPOHH — IPOXOAMTh Yepe3 BepIIHHBI (-

rypsL
ypbi.) \ 2

Puc. 1 Puc, 2

2. C ueHTpaMH B BepIIHHAX NPSAMOYrOJBHHMKA MO+
CTPOEHB! YeTHpe OKpyxHocTd 1, 2, 3, 4 ¢ paguycamu
r, ry, rs, ry, npudeM ry 4 r3=re+ rs <<d; d— guaro-
Hanp npsiMmoyroibHuka (puc. 2). ITposoastcs ase mapw
BHELIHHX KAacaTeJbHBIX K OKpPYxKHocTsM 1, 3 u 2, 4. Io-
KaxuTe, YTO B YETHIPEXYrOJbHHK, 06pa3opaHHbIi 3THMHU
YETHIPbMSi TMPSIMBIMH, MOXHO BIIHCATb OKDYXHOCTb.

3. Hokaxute, uTo cpedd JIOOHX 39 mocienoBaTeNbs
HHIX HATypaJibHHIX 4HCeJ 00s3aTesIbHO HaHAeTCsl TaKoe,
y KoToporo cymma mucp aenaurcs Ha 11.

4. Ilana Tta6bauua 4 X 4 KJETKH, B HEKOTOPBIX KJIET-
Kax KOTOpO# paccTasisiloTcs 3Be3fA0uKH. Jlokakure, 4ro
MOXHO TaK pacCTaBUTb CEMb 3Be3Jl04YeK, YTO MpH

2



BHLIMEPKUBAHMH JIIOGEIX ABYX CTPOK M JOOBIX ABYX CTOJG-
LOB 3Toi TabJHLB B OCTABLIKMXCSA KJETKax Bceraa Oyner
X0Tst 6Bl ofHA 3Be3nouka. JlokaxkuTe, UTO €CJH 3Be3-
JIOYEK MEeHblle YeM CeMb, TO BCErja MOKHO TaK BhlYepK-
HYTh JBE€ CTPOKM W ABA CTOJOLA, YTO BCE OCTABLUMECS
KJIeTKM OyAyT MyCTHIMH.

5. a) Jlana ueTBepKa NOJIOXKHTEJbHHX uucen (a, b,
¢,d). U3 Hee nonyyaercs Hosas (ab, bc, cd, da) mo
CIEAYIOLIEMY NPABWIY: KaxKAOe YHCJIO YMHOXKAeTcsl Ha
cregyiomee, 4erseproe — Ha mepsoe. M3 Hopoil uwer-
BEPKU IO 3TOMY 2Ke NpPABWIY NoJy4Yaercsl TPeTbs M T.A.
JlokaxuTe, 4TO B NOJYYEHHOH MOCJIEAOBATENbHOCTH YeT-
BEpOK HHMKOraa He BcTpetutcs (a, b, ¢, d), Kpome Ciy-
yas, korla e = b=c=d =1

6) Ian npousBosbHb HabGop u3 uucen 1 u —1 nuau-
Hoii 2%, M3 Hero moJsiyyaercsi HOBHI NO CJeAyloLleMY
NPaBWIIy: KaxIoe YHCJIO YMHOXXAeTCs Ha caelymwinee
83 HHM; mocJelHee 2F-e YHCJIO YMHOXKAETCs Ha IepBOE.
C HoBuiM HaGopoM u3 1 u —1 mpojesLIBaeTCs TO XKe ca-
Moe M T. A. Jlokaxute, 4YTo B KOHILe KOHHLOB IOJY4YHUTCS
Ha6op, COCTOAILMIH N3 OAHHX €AMHMIL

6. a) Touku A u B aBuxyTCs paBHOMEpHO H C paB-
HHIMH YIJIOBEHIMH CKOPOCTSIMH IO OKDPY2KHOCTSIM C L€H-
TpaMy O; 1 O, COOTBETCTBEHHO (MO YacoBOH CTpelKe).
Jokaxwure, yro BepmunHa C NPaBUNBHOTO TPEYTOJbHHKA
ABC Takxe JIBHXETCSi PaBHOMEDHO 10 HEKOTOPOH OK-
PYKHOCTH.

6) PaccrosHus or ¢uxcupoBaHHo#t ToukH P mio-
CKOCTH A0 ABYX BepuinH A, B DPaBHOCTOPOHHEro Tpe-
yrosbunka ABC pasuni AP =2; BP=3. Onpeaenure,
KaKoe MakKCHMajibHoe 3HayeHue MOXKeT HMeTb PacCTosi-
Hue CP.

7. B knerku Tabsuubl m )X n BOHCAHB HEKOTOpLIE
uncsia. Paspemaercs onHOBpeMeHHO MEHATh 3HAK y BCeX
YHCeJl HEKOTOpOro cTosi6la HJIH HeKoTopol cTpokH. Io-
KaxHTe, YTO MHOrOKDAaTHBIM MNOBTOPeHHeM 3TOfi omnepa-
L¥H MOXHO NpeBpaTHTh AaHHYI Tabauuy B Takyio, y
KOTOpO#1 CyMMBl YHCeJ, CTOSUIHX B JIOGOM CTOJOLE H
B J106OH CTPOKE, HEOTPHLATEbHEL

8. n Touek coenvHEHH HeNepeceKaloIMMMCS OTpe3-
KaMH TaK, YTO U3 KAXKAOH TOUKH MOXKHO NMPOHTH B Kax«
JIYyI0 U3 OCTAJbHHIX IO 3TUM OTpe3KaM, NpHYeM HeT Ta-
KHX NIBYX TOYEK, KOTOPHE COEAMHSJHCh Obl ABYMsl pas-
HLIMH nyTsMH. [lokaxwure, 4To OCILIEE YHCJIO OTPE3KOB
PaBHO n— 1,
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9. a, b, p—mobue nenwve uncna. Jlokaxwure, 4TO
HafinyTCsi Takue B3aHMHO npocThe k, [, uTo ak -+ bl ne-
JIUTCA Ha p.

10. Koas u Ilers neast 2n -+ 1 opexos, n = 2, npu-
YeM KaXAHH XO4eT moJyyuTbh Bo3MoxHO Gosbuie. Ipex-
nojiaraloTcst TPH cnocoba jpenexka (KaXKABH MPOXONHUT
B TpM 3ramna).

1-ii sran: Ilers penut Bce opexu Ha ABE YacCTH, B
Kaxno# He MeHbIe JIBYX OPEXOB.

2-ii sran: Konst menut KaxAyo 4acThb CHOBA Ha JiBe,
B Ka¥Joif He MeHbllle OLHOTO opeXxa.

(1-#t m 2-it sTanuw o6uiMe AJs BCEX TPeX Crnoco6oB.)

3-it stan: npu mnepsoM cnocobe Kons Geper 6oJib-
Ulyl0 ¥ MeHbLUYIO 4acTd; npu BTopoM cnocobGe Koast Ge-
per obe cpefiHue 4YacTH; npu TpeTheM cnocobe Kouas Ge-
per au6o GoJiblllyl0 U MeHbIIYIO YacTH, Ju6o obe cpen-
HHe yacTH, Ho3a npaso BHGopa otanaer [lere oauH opex.

Onpepennre, Kakol cnoco6 caMulfi BHFOAHLIH AJIS
Kousn u kaxkoii HauMeHee BHICOLEH [JIsi HEro.

11. Jlokaxure, 4To AJA JIO6HX Tpex GeCKOHEUHBIX
nociefoBaTeNIbHOCTEH HATYyPAJIbHEIX YHCeJT

al, a2, ee ay a," ce ey
by, by oo.y bpy oeoy
Cl, 02. @00y Cn' LA

HalilyTca Takhue HOMepa p W ¢, 4TO Qp =>aq, bp = b,
Cp = Cq.

12. B npsmMoyronbHuK co cropoHamu 20 u 25 6po-
caor 120 kBagpatos co cropoHo#i 1. Ilokaxkurte, yTO
B NpSIMOYTOJILHUK MOXHO IOMECTHTH Kpyr auamerpa I,
He mnepecekawouuiicas HA ¢ OAHHM H3 KBAaAPATOB.

Bropas Bcepoccuiickas oauMnuana,
1962 r. (Mocksa)

Kaace
8 13 14 15 16 17
9 18 19 20 21 17
10 22 23 24 25 26

13. Ha npomonxenusix cropoH AB, BC, CD u DA

BHINYKJIOro YeThipexyrojbHuka ABCD B3aTH Touku A’,
" —_ —> —>  —> —_>

l_i';, c, 9_: tak, ytro BB'=AB, CC' =BC, DD’ =CD «u

AA’ = DA. Jlokaxure,4T0 IIOIAAb YETHIPEXYroJbHHKA
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A’'B’C’'D’ B 5 pa3 GoJsibuie mJjomajd YeTbpeXyroJibHHKa
ABCD.

14. Ha nnockocTH 3afaHbl OKPYXKHOCTh § W IpsMas
l, npoxoasimas uepes ueHTp O OKpyKHOCTH s. Yepes
Touky O TpOBOAUTCS NPOH3BOJIBHAS OKPYXHOCTb S C
EeHTpoM Ha npsimoit I Haiiiure MHoxecTBo TOouek M,
B KOTOPHX O0Lias KacaTeJbHasi OKPyKHocTel s ¥ s’ Ka-
caeTcsi OKpPyKHOCTH §’.

15. JlaHe Uesibie TOJIOXWTENbHEIE YUCIA @, 04y,
az, ..., Qo9 Qioo. H3BECTHO, YTO @) > Qo, G2 = 3G, —
— 200, a3;=3a;—2a,, ..., Qo0 = 3099— 2ags. JlOKa-
XKHTE, YTO g0 => 2%.

16. Jokaxute, uro He CyllecTByeT LeJHX ulcel a,
b, ¢, d Takux, uro snipaxeHue ax®-+bx2+cx+d
paBro | npu x==19 u paBHo 2 npu x = 62.

17. B xaxnayo KineTky kBajpaTHoit Tabauum n X n,
rie n HeueTHO, BIHCaHO OAHO W3 yuces 1 wiau —I (mpo-
M3BOJIbHEIM o6pazoM). Ilon kaxawM cronbuoM mnuLIeT-
csl TIpou3BeJieHVNe BCEX YHCeJ, CTOSIIUX B 3TOM CTOJIOIE,
crpaBa OT KaxAOH W3 CTPOK NHIIETCS MPOH3BeleHUe
BCEX uMcels, CTOSNHUX B 3To#l crpoke. JlokaxuTe, 4TO
CyMMa BCex 2n HAaNHMCAHHHIX MNPOU3BENEHUH He pPaBHA
HyJI10. *)

18. TlocTpoiiTe TpeyrosbHUK IO ABYM CTOPOHAM TaK,
4TOGE! MEAHAHbl, NMPOBEAEHHLIE K STHM CTOpOHaM, fepe-
CEKaJIUCh NOJ, MPSAMEBIM YIJIOM.

19. a, b, ¢, d— noJOXKVTENIbHEIE YHCJIA, NPOH3BE/E-
Hue KoTopux paeHo 1. Jlokaxwure, 4To

@+ b2+ 2+ d*+ab+ac+ad + be + bd + cd > 10.

20. JlaH npaBWIbHBIN NATHYroNbHUK; M — npowus-
BOJIbHAsl TOYKA BHYTpPHM Hero (WK Ha ero rpaHuue). 3a-
HyMepyeM pacCTOsHHUS OT TOYKH M fo CTOpOH NATH-
yroJibHHKa (WJIH WX NPOJOJIKEHHH) B MNopsijKe Bo3pa-
CTaHUuslI N << re << r3 << ry << r5. Hailigute Bce mosioxe-
HHufl TOYKM M, NpH KOTOPHIX BeNHYMHA r3 TPUHUMAET
HauMeHblllee 3HAUeHMe, U BCe NMOJIOXKEHHs TOYKH M, mpu
KOTODHX BeJNWYMHA r3 M(pHHUMaeT HauboJibllee 3Ha-
YyeHue.

21. BospMeM n106oe 1962-3HauHOe 4uCio, Aeifuieecs
Ha 9. Cymmy ero umudp oGosHauum 4Yepe3 a, CyMMy
nudp uucna a ueped b, cymmy uugpp b—uepes c. Uemy
paBHo c?

*) B 8 kaacce 3ajaya npejgiaranace LJs n = 25,
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22. Vs cepenunst M ocropanusi AC paBHOGeapeH-
Horo rtpeyrosibHuka ABC onymeH nepneHaukynsp MH
Ha cropony BC. Touka P — cepenuna orpeska MH. Jlo-
Kaxwre, yto AH _| BP.

23. Kakyio wHauGosibliyio mJollafL MOXeT HMeTb
TPEYroJIbHUK, CTOPOHEI KOTOPOro @, b, ¢ 3aKJIOYEHH B
CIIEAYIOIMX Npefeax:

0<a<<I<H<2< <3P

24. x, y, z— npoM3BOJIbLHLIE NMONAPHO HePABHHIE Ile-
Javie uyucna. Jlokaxwre, uro (x—y)5+(y—2)°+
+(2— x)® menurcs Ha 5(y — 2) (2 — x) (x — y).

25. Ilpo umcna aq, ay, ..., Gn U3BECTHO, YTO Qg =
=ap,=0 " 4T0 @ap—1—2ay + aryq1 =0 npu Bcex k
(=1, 2, ..., n—1). Iokaxure, 470 Bce d HEMOJO-
KHUTEJBHHL

26. JlaHH MOJIOXKMTENbHBIE YHCIA @), G2 .y Om,
by, by, ..., by, npuuem a4+ az+ ... +@m=0b1+
+ b2+ ... 4 b, Jokaxwure, urto B myctylo Tabuuuy
H3 m CTPOK M n CTOJIGLOB MOXKHO NocTaputh He GoJiee
yeM m + n— 1 NoJIoXHUTeJbHOE YHCJIO TaK, YTOOHI CyM-
Ma uucen B i-fi cTpoke paBHsANach a;, a CyMMa 4ucen
B k-M cTosbue paBHAJIACH bg.

Tpervsn Bcepoccufickas onuMnuapna,
1963 r. (Mocksa)

Knacc
8 27 28 29a 30 3la
9 32 33 34 316 28
10 35 36 37 296 28
11 38 28 39 40 296

27. U3 natH JaHHBIX OKPYXKHOCTell Jo6hie YeTHpe
NIPOXOAAT uepe3 OnHy Touky. Jlokaxwre, 4TO Haijercs
TOYKA, Uepe3 KOTOPYIO NPOXOASIT BCE NATH OKPYKHOCTeH.

28. B maxMaTHOM TYDHHMpe yvacTBoBaJiO 8 4YeJoBeK
H Bce OHH Ha6Gpanu pasHoe Kojuyectso oukos. lllaxma-
THCT, 3aHSBLIHH BTOPOe MecTo, HaGpas CTOJIBKO XKe 04-
KOB, CKOJIbKO YeThlpe mocyiefHux BMecTe. Kak chirpainu
MexXAy coGoft HIAXMATHUCTH, 3aHSBIUHE TpPeTbe H CeJllb-
Moe MecTa?

29. a) Kaxpas w3 auaroHaseH BBHIIYKJIOrO YeTHpex-
yronbHuka ABCD penut ero miomapb nomoJiaMm. Jloka-
xwure, uyto ABCD — napassenorpamm,
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6) Hau punykasit wmecruyronbiuk ABCDEF. Hs-
BeCTHO, 4To kaxpasa us auaronaned AD, BE u CF pe-
JIUT ero mJjoulaae nonoiam. JloKaxwure, YTO TH AUaro-
HaJU 1mepeceKalTcsl B OAHOH TOYKe.

30. HarypanbHue uncyia @ u b B3auMHo mnpocthl. Jlo-
Kaxurte, 4Yto HaubGoJbIIUH oOmMWH [enuTesp uYHces
a-+ b v a?+ b2 pasen 1 uin 2.

31. Ha okpyxHoctu aBe Toukdn A u B 3adwuxkcupo-
BaHB, a Touka M npoberaer Bclo oxpyxHocTb. H3 ce-
peaunn K orpeska MB onyckaercs nepnenauxynsp KP
na npsamyio MA.

a) Jloxkaxwure, uro Bce npsiMbie KP npoxonsT uepe3
OIIHY TOUKY.

6) Hafinute MHoOXecTBO Touek P.

32. Jlan paBHOCTOPOHHMI TPEyroJIbHUK CO CTOPOHOI
1. Ilpn xakoM HauMeHbiIeM d OTPE3OK AJIMHBL d MOKeET,
CKOJIb35l KOHIIAMH IO CTOPOHAM TPEYroJIbHHKA, 3aMecTH
€ro ILeJTHKOM?

33. lllaxmaTtHas pocKa pasmepoM 6 6 mnokphra
18 koctsiMu nomuHO pasmepoM 2 X 1 (Kaxpaasm KoCTb
NIOKpHBaeT ase kKjaerkKH). Jlokaxwure, yto mnpu JoGoM
TAKOM MNOKPHTHH MOXHO pa3pe3aTh AOCKy Ha JBe YacTH
N0 rOPHU3OHTAJIbLHOM HWJIM BEepTHUKAJLHON JIMHUH, He Io-
BpenuB HA OAHOH KOCTH JOMHHO.

34. JlaHH n pa3NuUYHBLIX HOJIOXKHUTEJbHBIX YHCENT @,
Qs, ..., an. F13 HUX COCTABJISIIOTCA BCEBO3MOXKHLIE CyM-
Mbl ¢ JIOOHM yucjioM charaeMbx (ot 1 go n). Joka-
XHTE, UTO CPeAM 3THX CyMM HalieTcs mo KpaiiHe# Mmepe
n(n - 1) /2 nonapHo pa3JivYHBbIX.

35. B Tpeyronbuuke ABC mpoBeeHBl GHCCEKTPUCH
u3 BepuwinH A u B. 3arem u3 pepuwnHe C npoBeAeHSH!
npsiMble, mapaJjJjieJbHBle 3THM Guccekrpucam. Touku D
u E nepeceueHust 5THX HPAMBIX € GHMCCEKTpHCAMH CO-
eauHeHbl. Okasanock, yro npsMue DE uw AB mnapas-
JenpHb. Jlokaxkure, uto tpeyrosbHuKk ABC pasHoGen-
PeHHBI.

36. Ilana GeckoHeuHasi apupMeTHUECKast MPOrpecs
CHsl, 4JieHH KOTOPO# — LleJible HOJIOXHTEJbHBIE YHcIa.
Onvn w3 Hux — nosmmit KsaapaT. JlOKaXuTe, UTO Npo-
rpeccusi copepxur GecKOHEYHO MHOrO KBaApATOB.

37. [lan npaBusbHbI 45-yroJbHHK. MOXHO Jiu pace
CTaBHTEL B ero BepuuHax uudpu 0, 1, ..., 9 Tax, yro6ui
ANt 060K napmh pasnuuHEX nubp HaumIack CTOPOHA,
KOHILEl KOTOpOii 3aHyMepoBaHH STHMH IH(paMH?
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88. Haiinure Takue BellleCTBeHHHE uucna a, b, p, ¢,
49TO6H PaBEHCTBO

(2x — 1)2 — (ax + b)® = (x>} px + ¢)*°

BHIIOJIHAJIOCHh NPH JI06BIX X.

39. B xoHpmax nuamerpa OKpYXXHOCTH CTOAT .M~
Huobl. Kaxnas w3 nosyuuBlumMXcst MOJIyOKpYMKHOCTe#
JeJIATCS TIoNoJIaM, M B €e cepefyHe MULIETCS CyMMa YH-
CeJl, CTOSILUMX B KOHUAX (mepphifi miar). 3ateM KaXzaas
H3 YeThIpeX NOJYYHBIIMXCS AYr JEJHUTCS NomoJiaM, H B
€e cepedHe MUUIETCs YMCJIO, PABHOE CyMMe Ywmced, CTOsi-
myx B KoHuax ayru (Bropoél mar). Takas omepauus
nposentBaerca n pas. Haiinute cymMmy Bcex 3anucal-
HBIX 9HCelI.

40. Maun pasHOGenpeHHBIH TpeyroibHUK. Haiinure
MHOXECTBO TOYEK, JeXallhX BHYTPH TpeyroJbHHUKa,
PACCTOSHHE OT KOTOPHIX [0 OCHOBAHHSI PABHO cpelHEMY
reoMeTPHYECKOMY PAacCCTOsSHHA N0 GOKOBHIX CTOPOH.

UerBeprass Bcepoccuiickas oaumnuapna,
1964 r. (Mocksa)

Kunace
8 41 42 43 44 45a
9 41 46 47 48 49
10 50 51 4563, 6 52 53
11 54 55 52 53 44

41. B TpeyronbHUKe Be BHICOTHI He ME€HbLIE CTOPOH,
Ha KOTOpHE OHH omylleHw. Haiinure yryiel Tpeyrofb-
[IHKa.

42. Nokaxure, yro m(m - 1) He sBiasercs cTe-
TIeHbIO IeJIOr0 YMCJIA HH NPH KAKOM HAaTypaJibHOM mi.

43. ¥ kaxpgoro u3 uyucen ot 1 mo 1000000000 noa-
-CYHTHIBAETC CyMMa ero uudp, y KaxAoro U3 mMojyyus-
pierocs MWIiHapAa 4uceJl CHOBA NMOACUYHTHIBAGTCA CyM-
Ma ero nudp ¥ T. 4. 00 TeX NOp, M0KA HE MNOJYYlUTCH
MWUIHApA OAHO3HAYHEIX uucesn. Kakux umces moayunrt-
cs GoJsbwe: 1 unu 2?

44. Jlan npousBoJbHHi Habop n HeJBX YHCEN
ay, Qg, ..., O2ry1. V13 Hero mosyuyaercss Hoshlii Habop:
ay +ag as + as an— + an an +a,

) , 9 e ) » ) H H3
5TOro Habopa — CJIeAyIOINUi [0 TOMY K€ NPaBHIY HT. A.
Jlokaxxure, 4To ecqy Bce MNOJNYHaIOLIMeCs YHCHA LeJble,
TO BCe NepBOHAYaJIbHEE YHCJIa PABHEL,
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45. a) B pumnywiom wmectuyronbhuke ABCDEF ece
yrasl pasHH. Jlokaxure, YTO

AB — DE=EF — BC=CD — FA.

6) O6paTHO, AOKAXKHTe, YTO U3 WIECTH OTPE3KOB,
IJIMHH KOTOPHIX @1, @2, Gs, Qa, Gs, Qg YAOBJIETBOPAIOT
COOTHOUIEHUSIM @i — Q4 = Qs — O3 = O3 — ds, MOXHO
MOCTPOUTH BHINYKJIBIH  INECTHYrOJLHUK ¢  paBHBIMH
yraamu.

46. PemuTe B LeJIBIX YACIAX ypaBHEHHE

’\/x —I—'\/x+'\/x—|- —I-'\/f =Y.

1964

47. U3 pepiuyH BLINYKJIOro YeThipexyronbinka ABCD
onyileHH NEepHeHJUKY/Nspe Ha ero auaroHand. Jlokas
¥KHTEe, YTO YETHIPEXYroJbHHK, OOPA30BAHHLI HX OCHO+
BAaHUSIMH, NIoA0OEH HCXONHOMY.

48. Haiinute Bce HeueTHhle HATypaJbHHE N, [LJiS KO+
TopuX (n— 1)! He nenutcs HA nZ

49*. Ha nyiockocTd HapucoBaHa cerb, oOpa3oBaHHas
H3 INpPaBWJIbHBIX LIECTHYTOJLHUKOB CO CTOpoHOH 1
{puc. 3). )Kyk, npurasic 1o JIMHHAM CeTH, [PONOJ3 HB

Puc. 3

wa A B y3en B no Kparyaitmemy mytH, pasHomy 100,
onaxmre, YTO NOJIOBHHY BCEro MYTH OH NOJI8 B ORHOM
HanpasJleHNH.

50. OKOJIO OKpYXHOCTH ¢ LeHTpoM O ONHMCAH HTHI
ﬁexyronbnax ABCD. NokaxuTte, ut0 cymma yrios AOB

COD pasna 180°.

51. @, b ¥ n— uUKcHUPOBAHHEIe HATYDAJIbHLIE YHCJIE,
Mspectio, uro npu smoGom HaTypanbhoM k (k we b)



yHcao @ — k" penwtcs Ges ocratka Ha b — k. Jloka-
XKHTe, YTO @ = b".

52. B BLIpaxeHHH Xj:Xg: +4. X, AJIA YKA3aHUSA IO
PAnKa NeHCTBHH paccTaBysOTCA CKOOKH M pe3yJbTaT
3anuchHBaeTcs B BHAe ApPo6H:

x,l x,z eoe x,k

xll x,z oo x!"_k

(upu sTOM Kaxnpasi u3 GyKB Xy, X2, ..., X, CTOHT JIHOO
B uucautese Apo6u, nuGo B 3HameHaresne). CKOJNbKO
pas3iMYHBIX BHIPAaXKEHHH MOXHO TakuM o6pasoM mOJY-
YHTH IPH BCEBO3MOXKHLIX cOcO6aX pacCTaHOBKH CKOOOK?

53. Ha xakoe HauMeHbLIee YHCJIO HemepeKpHBalo-
Iuxcs TeTpasapoB MOXKHO pa3buTn Ky6?

54. Haiipure HaubosbiiMi NOJNHBIA KBAaApaT TaKoH,
YTO INOCJe BHYEPUYHBAHHS MABYX €ro NOCIEAHHX LHu(p
nosyyaercss cHosa noJHwii Ksaapart. (Ilpeanonaraercs,
YTO OfHA W3 BHIYEPKHBAEMHIX LU(p — HE HYJb.)

55. ABCD — onucannas tpaneuus;; E—Touka nepe-
ceyeHuss auaroHaneit AC u BD; ry, rs, rs, r4— paguych
OKpYXHOCTeH, BnucaHHbix B Tpeyronvuuku ABE, BCE,
CDE, DAE coorserctsetHo. Jlokaxure, 4To

ITstasn Bcepoccufickas onumnuana,
1965 r. (Mocksa)

Kaace
8 56a 57 58 59 60
9 61 62 63 64 65
10 566 66 67a 68a 69
11 63 676 70 686 71

56. a) Kaxpoe u3 umcen xj, Xz, ..., X, MOXeT He3a-
BHCHMO OT OCTAlbHHX NPHHUMAaThL 3HayeHue 1, 0 uam
—1. Kakoe HauMMeHbllee 3HAUEHHEe MOMXKET HMETb CyMMa
BCEBO3MOXHBIX NMONApHBIX NPOU3BEIEHHH 3THX n YHCes?

6) Kakoe HauMeHbLIee 3HAYEHHE MOXKET NPHHHMATh
CyMMa BCEBO3MOXHEIX NOMAPHHIX MNPOM3BEAEHUH n UH-
CeNl Xy, X2, +.., Xn, KAXKIOE U3 KOTOPHIX MO a6CONIOTHOI
BeJIMUMHEe He MNPEBOCXOAUT €JHHMILI?

57. Nmeercs mocka 3 3 KJIeTKH H 9 KapTouek pas-
MEpOM B OJHYy KJIETKy, HA KOTODBHIX HAaNHMCaHLl KaKHe-TO
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yucaa. JlBoe wrparmoiux no ouepenH KIaayT aTH Kap-
TOYKH Ha KJeTKd Aocku. ITocyie Toro, Kak Bce KapTOUKH
pasjioKeHH, mnepBbil (HAYMHAIOIMH)  NOACYUTLIBAET
CYMMy IIeCTH YHCeN; CTOSINMX B BepXHeH M HHUxKHel
CTpOKaX, BTOPOH MNOACYWTHIBAET CYMMYy IIECTH YMcCeJ,
CTOAWMX B JieBOM U MNpaBoM cronbuax. BrmrpeiBaer
T0T, y Koro cymma Goabuie. Jlokaxwure, uTO npH Ipa-
BMJILHOH MIpe NepBOro BTOPOH He CMOXKeT BHIUTPATh He-
33aBHCHMO OT TOro, KakKWe YHCJA HaNHCaHbl HA KapToy-
Kax.

58. Okoso TtpeyrosbHuka ABC onucaHm OKpYyX-
HocTb. XopAw, coepuHsiomue cepenuny ayru AC c ce-
peaunamu ayr AB u BC, nepecekaior cToponn AB u
BC B toukax D u E. Jlokaxurte, uto orpe3ok DE na-
pansenen cropoHe AC M TPOXOAWT Yepe3 LEHTp BIH-
caHHo#t OKpyXHOCTH TpeyroabHuka ABC.

59. Homep aBTOGycHOro Guyieta — mIeCTH3HAYHOE
yucno. BuseT HasmBaeTcs CYaCTIUBHIM, €CIH CyMMa
- Tpex uMpp Homepa pas-

T AT A" ~ ~ Ha cyMMe TOCTERHHUX

~ lad ] a a n
n A ~ a a o . T1pex uundpp. JHoxaxure,
A A S T N YTO CyMMa BCexX HoMe-
"o AT\ "a=> ~ _  poB cuacTBHIX Guie-

TOB HenuTcs Ha 13.
60*. Ha maneHbKOM
e W0 “— Gfm,~ OCTPOBE CTOHT MNPOMKEK-
" ."." . " TopJyiKoTOpOro ocBe-
. 11aeT OTPe30K IOBEpX-
noen - A A A HOCTH MOpSl JJIUHOH @
~ n " A A - (puc. 4). IIpoxexrop
~ °~ ° ~ & =~ o  DABHOMEPHO BpalLaeTCs
Puc. 4 BOKPYr  BepTHKaJbHOM
OCM TaK, YTO KOHeI] €ro
Jyuya nepeMelnaercss co ckopoctbio v. Jlokaxure, 4TO
KaTep, HMeIMi MakKCcUMaJibHyl0 CKOpocTh v/8, He cMo-
KET NOJOHTH K OCTPOBY, HE TMOMNAB B JIy4Y NPOKEKTOpPA.
61. B naponHoii npyxuHe 100 uYesoBeK, M KaxAmi
BeYep HAa [eXypcTBO BHIXOAAT Tpoe. Jlokaxkurte, 4TO
HeJIb3s1 TAK OPraHH30BaTh rpaduK AeXypcTB, YTOOH Jii0-
Oble 1Ba YEJOBEKA [EKYPHJM BMECTe POBHO OJHH pas.
62. Kakoe HauGosibiiee 3HayeHWe MOKET NMPHHHUMATD
IJIVHA OTpe3Ka, BhICEKaeMoro OOKOBHIMH CTOpPOHaMH
TPEeyroJbHHKA HA KacaTeJbHOH K BIHCAHHOH OKpyX-
HOCTH, TNpOBeNEHHOH NapaJijielbHO OCHOBAHWIO, €CJIH Ie-

PHMETp TpeyrosibHHKa paseH 2p?
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63. n? uncen xy (i,j=1, 2, ..4, B) YLOBIETBOPAIOT
cHcTeMe M3 n® ypaBHeHHii:

x,,+x,k+xk,=0 (i, j,k=l, 2, ceey n).

Jlokaxute, 4yTO CylleCTBYIOT TaKHE YHCJIA G;, Q2 sse
seey Qn, YTO Xy = @; — @; AJNA JOOBX i H j.

64*. MoxHo yin pasmecTuth 1965 Toyek B KBaapare
€O CTOPOHOH 1 Tak, yToGH J0GOH NMPSIMOYTOJIBHHK ILIO-
maau 1/200 co cTopoHamu, mapajfesbHEIMH CTOPOHAM
KBajpara, copep:;ajl BHYTPH XOTs Ohl OfHy H3 S3THX
TOYeK?

65*. OkpyriieHHeM 4YHCJIa Ha3HIBaeTCsl 3aMeHa €ro
OIHHMM M3 ABYX OnMMaHIIHX KeJEX YHCeJ.

Janul n uncen. JloKamuHTe, 4yTO MOMHO TaK OKpYyr-
JINTb HX, YTOOBl cymMMa JIOGHX m OKpYrJeHHHX 4YHCesN
(1 < m < n) otauyanace OT CyMMH 3THX e HEOKpyr=
JIEHHBIX 4YHces He Gosiee yeM Ha (n - 1)/4.

66. Typucr, npuexapmuii B MOCKBY Ha noesje, Bech
neHb 6ponun mo ropoay. IloyxueaB B Kade Ha OnHO#
U3 mJjomajefl, OH pellny BepHYTbCS Ha BOK3aJ H IpH
STOM HATH TOJBKO MO YJHLAM, NO KOTOPHIM OH LIej
0 3TOrO HeyeTHOe 4YHCJIO pa3. JloKaxkure, yYyTO OH
BCerlla MOXKET 3TO CAeJaTb.

67. a) Hekas kommuccusi cobupanacs 40 pa3. Kax«
AbH pa3 Ha 3acefaHusX npucyTcTBoBaau no 10 yeno-
BEK, NpHYeM HHKaKHe [Ba H3 YJIEHOB KOMHCCHH He OBLIH
BMecTe Ha 3acefaHusix GoJiee OHOrO pasa.

JlokaxkuTe, YTO YHCJO 4JeHOB KOoMHCCHH OoJibiie 60.

6) Iokaxwure, 4T0 H3 25 yeJOBEK HeJb3sl COCTABHTH
6osbme 30 KomuccHii no 5 yesoBeK B KaxjoH, 4TOGH!
HHKaKue JBe KOMHCCHH He uMesan OGojbwie OnHOro oG-
LIET0 YJIeHa.

68*. Jlann pnBa B3aUMHO NPOCTHIX 4YHcaa p >0
g > 0. Llesnoe uyHC/IO n Ha3bHIBaeTCs XOPOIUHMM, €CJIH €ro
MOKHO NPEACTaBUTb B BHIe n=pX-+ qy, TAe X U Yy —
HeJible HeOTpHLATeJbHHE YHCHAa, M MJIOXHM — B MPOTHB-
HoM cayyae. a) JloKaxuTe, YTO CyLieCTByeT TaKoe Lie-
Joe YHCJAO €, YTO H3 JBYX HEJHX 4YHcesJl n H C—n
BCEria OAHO Xopouiee, a apyroe — mnjoxoe. 6) CKoJbko
BCEro IJIOXMX HEOTPHLATEJbHBIX 4HCeJs?

69. Camouser-pa3BeiYdK JieTaeT Mo KPyry € HEHTPOM
B Touke A. Paguyc kpyra 10 KM, CKOpOCTb camoJsieTa —
1000 KM/4y. B HeKOTOpbHIi MOMEHT M3 TOYKH A BHNy«
cKaeTcsl pakeTa, KOTOpasi MMEET TY e CKOpPOCTb, YTO
H caMoJieT, W ympaBafieTcsl TaK, YTO OHa BCe BpeMs
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RaxoAHTCA HA mpsMo#, coepHHsIoNIeH CaMOJIeT ¢ TOYKOH
A. Yepe3 Kakoe BpeMs NocJe 3amycKa pakeTa JOTOHHT
caMoJier?

70. okaxuTe, YyT0 CyMMa JJHH peGep MHOrorpas-
AHKa GoJblue 3d, rie d — paccrosiiue Mexay HaubGouee
YyAaJleHHbBIMH BepPIUHHAMH MHOrOrPAHHHKA.

71*. Ha nnanere, umetomeit ¢opmy wapa, KuBer
ONMH XMHTeJlb, KOTOPHHA MOKeT nepefBHrathCsi IO NO-
BEPXHOCTH IJIaHETH CO CKOPOCTBIO, He GoJbLiel u; K
9TOH NJlaHeTe moAJieTaer KOCMHYyecKuii kopabJib, KOTO-
PBlii MOXKET ABHraTbCsl €O CKOpOCThIO v. JlOKaxkmure, yTO
ecyiH v/u > 10, To ¢ Kopabasi MOXHO YBHIETb KHTeJs
NJaHeThl, KaK Ob TOT HH NBITAJCS CKPHTbCA.

Hlectas Bcepoccuiickag oaumMnHuana,
1966 r. (Bopomnex)
Kuaace
8 72 73a 74 75a 76
9 77 736 756 718 79
10—11 756 80 81 82 83

72. Ha Kaxpofi M3 njaHeT HeKOTOpPOH CHCTeMB! Ha-
XOINHUTCS aCTpoOHOM, Habuioparomiuii Onukaiylo nJa-
HeTy. PaccTosHHsi Mexay mnjaHeTaMH IoNapHoO pas-
JuyHbl. JloKaxKuTe, YTO €CJIH YMCJO IUVIaHET HeYyeTHo, TO
KaKylo-HHOyZlb IUIaHeTy HHKTO He Habiionaer.

73. a) Toukn B u C Jnexar BHyTpu oTpe3ka AD.
Hoxkaxure, uto ecnu AB paBHo CD, 10 nas JoGoft
TOYKH P nJIOCKOCTH BHINOJHSIETCS HepaBeHCTBO: PA -
+ PD = PB + PC.

6) Ha ninockoctu ormeuens TOoukH A, B, C u D.
H3BecTHo, yt0 ns1s Jito6Goii Touky P BHINOJIHsieTCs] Hepa-
BeictBo PA 4- PD = PB 4 PC. JlokaxuTe, 4TO TOHYKH
B u C nexar na orpeske AD u AB=CD.

74. CymecTByloT JHM TaKue HaTypalibHEE YHCJIa X H
Yy, 4asi Kotophx x2-4-y ® y? - x— KBajpaTh LEJBIX
gucen?

75. a) BOCbMHKJIAaCCHHKH NOCTPOEHH B ILIEPEHTy.
Tlepen KaXkKablM H3 HHX CTOHT CEMHKJACCHHK, KOTOPHIH
HHKe ero poctoMm. JloKaxurte, yTo eciH LIEPEHTy BOChb-
MHKJIACCHHKOB BEICTPOMTB IO POCTY H LIEPEHrY CEeMH-
KJIACCHHKOB TOK€ BHICTPOMTb IO POCTY, TO MO-TNpeXHeMy
Ka)JHfi BOCBMHKJACCHHK GyjeT BHIIE CTOSIIEro mepen
HHM CEMHKJAaCCHHKA.

6) Ilonk conjat BHICTPOEH B BHIE NPSIMOYTOJbLHHUKA
TakKuM 06pa3oM, YyTo B KaXKAOH LiepeHre COJAATH CTOAT
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no pocty. JloKamkuTe, 4TO €Ci¥ B KaKJOH KOJIOHHE mes
PECTPOHTbL COJIZAT TOXE N0 POCTY, TO B KaiKAOH Ie-
peHre OHM NO-NpexHeMy OYAyT CTOSITh 1O POCTY.

76. Ha kneryatoii 6ymare HapHCOBaH NPSMOYroJib
HHUK ABCD, cTOpOHB KOTOPOrO JIEXAaT Ha JIHHHAX CeT-
Ky, npuiem AD B k pa3 Gosnbuie AB (k— uenoe 4ucio).
PaccmaTpuBaloTCsi BCEBO3MOXKHBIE NYTH, NPOXOAsILHe
10 JHHHAM CeTKH M KpaTyaiiiuM o6pa3oM BelyluHe H3
A B C. Jlokaxure, 4yTO CPeLH 3THX NyTel TaKHX, B KOs
TOPHIX nepsoe 3BeHo JexuT Ha AD, B k pa3 GoJbure,
YeM TaKHX, B KOTOPHIX mepBoe 3BEHO JieKUT Ha AB.

77. Yucna a;, as, ..., Gn TakKoBhb, 4T0 0<< a) <<
K<, <az<<2: .00 G < 00 < 205
Jlokaxute, 4T0 B cymMMe S=-a;+ Qo+ ... =,
MOXHO TakK BHOpaTh 3HaKH, 4To6n 6bui0 0 << s < a;.

78. Jlokaxurte, 4TO B BHIYKJBI Y€THPEXYroJbHUK
omany S U nepuMerpa P MOXHO NOMECTHTb KPYr pa-
auyca S/P.

79. B nekotopoMm ropoze aasi JoGHX Tpex nepe-
kpectkoB A, B u C ecTb nyTh, Befymuit u3 A B B u He
npoxoasiuuit yepes C. Jlokaxkute, uto ¢ Jwo6oro nepe-
KpeCTKa Ha Jwoboll npyroit Benyt no Kpafineii Mepe aBa
HenepeceKalmMXCsl NyTH (NepeKPecTOK — MEeCTO, TIhe
cxoiATcsl NO KpakHell Mmepe JABe YJHUH; B ropoje He
MeHbIlIe ABYX NepPeKPeCTKOB).

80. Hau tpeyroseHuK ABC. PaccMaTpHBAaIOTCSl Bee-
Bo3MOxkHble TeTpasaphl PABC, y KOTOpHX HaHMeHbIIeH
u3 BecoT siBasercis PH (H —nmpoekuuss Toykd P Ha
nynockocts ABC). Haiinu-

Te MHOXECTBO To4yeK H. =¥ <¥
81*%. Ha njockoctH pa-
Hel 100 touek. Jlokakute,
YTO HX MOKHO MOKPHITB He-
CKOJIbLKUMH  HenepeceKalo- A
IHMHCS KPYramH, cymma
JNHaMeTPOB KOTOPHIX MEHb- A B
we 100 u paccrosinue Me- Puc. 5
XKLy JI0o6LIMH OByMSl H3
KOTOpPHX OoJipllle €OHHHIH (PacCTOsIHHe MeXAy HAByMs
HelepeceKaIUMHICs KPyraMH — 3T0 PacCTOsIHHE MeXAy
HX GAHXafHMH TOYKAMH).

82. M3 nsyx Touek A H B, paccrosinme MeXAy KO-
TOPLIMH paBHO d KM, OLHOBPEMEHHO B TeyeHHe OMHOH
CeKyHJH HalJI0LalT 3a CaMOJIETOM, JIETALUIMM N0 Ips-
Mol ¢ nocrosiHHO#M ckopocThio (puc, 5), M3 Ttouku A
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COOGHIMIH, YTO CaMOJIET CMECTHJICA 3a STY CEeKyHRy Ha
yrol a, a U3 TOYKH B —YTO CaMOJIET CMECTHJCH Ha
yron f (yrme o u f octpee). Kakyio Haumenenyw
CKOPOCTb MOT' HMETb CaMoJieT?

83*. Hamucano 20 umcen: 1, 2, ..., 20.JIBoe urpaios
WHUX 0O oyepeld CTABAT NEpeN STHMH YUCJIaMM 3HAKM
«+» HIH «—>» (3HAK MOKHO CTaBHTb I€pel JIOGHM
¢Bo60AHEM yuciom). IlepBbifi cTpeMuTcst K TOMy, 4TOOH
NOJIyYeHHad nocjie pacCTaHOBKH BceX 20 3HAKOB CyMMa
Ohula KaK MOKHO MeHblue N0 Monysio. Kakyo nan6obe
my.’}(; N0 MORYJI0 CYMMy MOXeT obecneyutb cefe BTO=
poii?

l-1 Bcecowsnass oauMnuapa,
1967 r. (T6uaucu)

Knace
8 84a 85a 86a 87 88
9 876 86a 856 846 88
10 90 866 91 92 93

84. a) B ocrpoyrossHom TpeyrosbHuKe ABC Hau-
6onbwas us Bricor AH paBHa menuane BM. Jlokaxute,
uto yros ABC He Goabite 60°. .

6) B ocrpoyroabtom Tpeyroabhuke ABC BHCOTa
AH paBHa menuane BM u paBHa Guccektpuce CD. Jlo-
KaXHTe, y10 TpeyroJbHHK ABC npaBHIbHHIL.

85. 2) B HEKOTOpOM HATYpaJIbHOM 4YHCJe NPOH3«
BOJBHO nepectaBun uudpr. Jlokaxure, yto cymma

999 ... 9.
HNOJIYYCHHOrO yucja € HUCXOAHBIM He paBHE “~———
1967 ungp

6) Lludppbl HeKOTOPOro yucsa IepecTaBHIH M CJO-
2KUIH TONy4yeHHOE YHCJO C HCXOZHHM. JloKaxKuTe, YTO
ecnd cyMma paBHa 100, To HcXonoHOe YHCIO AEJIHIIOCH
Ha 10.

86. a) Tlpoxektop ocsemaer yroa 90°. JlokaxuTe,
9TO DPACNOJIOKEHHHIE B YeThHipeX NPOMU3BOJIBHHIX TOYKAX
MJIOCKOCTH NpOKeKTOpa MOXHO HanpaBHTh TaK, 9TOOH
OCBETHTb BCIO NJIOCKOCTh.

6) B xaxnoii 43 BOCbMH TOUEK NPOCTPAHCTBA CTOMT
NPOXEKTOp, KOTOPhIfi OCBellaeT OKTAaHT (TpPeXxrpaHHHIi
{yTOJI CO B3aUMHO NepNeHAUKYJISPHHIMH pe6paMH) ¢ Bep-
WHHOK B 3Toit TouKe. JIOKa)uTe, YTO MOIKHO HAIPABHTH
g}):;xex’ropa TaK, 4YTO6H OHH OCBETHMJIH BCE€ IIPOCTpPaH-

- »
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87. a) MoXHO JH Ha OKPYHOCTH pacHOJNOXHTb
gucna 0, 1, 2, ..., 9 Tak, yTo6H JIOGHE [Ba COCELHHX
OTJIMYAJIHUCh Ha 3, 4 unu 5?

6) MOXHO JIM Ha OKDYXHOCTH PachoJIOXKHTb YHC/A
1, 2, 3, ..., 13 TaK, yT06H J106HIE BA COCEXHHX YHCJ]IA
OTJIHYaNuCh Ha 3, 4 uiu 5?

88. JlokaxHTe, YTO CymeCTByeT YHCJO, AeJsiuieecs
Ha 5'9% u He cogepxaiiee B cBOefi 3alHCH HH OJIHOrO
HyJIsl.

89*, Haiinute Bce mape wesibix 4Hcesl X M Y, yHOB-
JIETBOPSIIONHX yPaBHEHHIO

*tx=y'+y@r+y+y.

90. B nocienoBaTeNIbHOCTH LeJHX  (MOJNOXHTENb-
HBIX) YHceJ KaXKAblil yjeH, HayHHasi C TPeTbero, paBeH
MOAYJIO Pa3HOCTH JABYX NpeibIAYLIHX.

Kakoe HauO6oJiblIee YHCJIO YJIEHOB MOXKET HMETb Tas
Kasl nocJefoBaTeJqbHOCTb, €CJIH Kax/AhH ee wieH He npe-
BocxonuT 19677

91. «<KOPOJIb-CAMOYEHFIIIA». Ha waxmaTHO#R
nocke pasmepoM 1000 1000 crout 4epHHI KOpoJb K
499 Genbix Japmeft. Jlokaxwure, YTO NPH HNPOHU3BOJLHOM
HayaJIbHOM PAaCHoJIOXeHHH (Hryp KOpoJb MOXKET CTaTh
nox yzap ©enoit JsagbH, Kak 6b HH HrpajH Oenbie,
(Xonn penaoTcsl TaK e, KAK U B OOBMHBIX WIaxe
MarTax.)

92, Tpu nocjenoBaTellbHbie BEPIIHHH poM6a Jexar
COOTBETCTBEHHO Ha crtopoHax AB, BC, CD nmaHHOro
Keagpata co ctopoHo#i 1. Haiigute niaomanp ¢urypy,
KOTOpPYKW 3alOJHAIT YeTBepThie BEPLIMHBH  TaKHX
pomM6OoB.

93*, HatypanbHOoe 4ucio k o6lafgaeT TakuM CBOfi-
CTBOM: €CJAH n JEJHTCS Ha k, TO H YHCJIO, 3alHCHBae«
Moe TeMH e LIudpaMH, YTO H n, B 0OpaTHOM MNOpsAKe,
penutcsl Ha k. JlokaxuTe, yTo k— neauTenb 4ucia 99.

2-1 Bcecow3Hafl oawMnuazna,
1968 r. (JIenunrpan)
Knace ITucbmerHNA TYp Ycruuft TYP
-~ 8 94 95 96 97 98 105a 106 107 108 109
9 99 100 101 97 102 110 111 105a 108 109
10 103 95 104 97 96 1066 112 113 114 109

94. B BocbMHyroJibHHKe BCe YIVIH paBHBH, a JUIHHH
CTOPOH — Llesible YucJa. JloKaXKuTe, YTO IPOTHBONOJOMNK«
HHE CTOPOHH BOCBMHYIOJbHHKAa PaBHEI MeXay co6ofi.
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95. Kakoe u3 unces Goawwe: 31! uam 1714?

96. Ha knetyaroii 6ymare cO CTOPOHOI KJeTKH 1 cM
HapucoBaHa OKpyHOCTb panmuyca 100 cM, He mpoxoxs-
masi yepes BepPIUMHBI KJIETOK M He Kacalollasicsi CTOPOH
K1eToK. CKOJBKO KJETOK MOXeT IrepeceKaTb 3Ta OK-
PYyHOCTB?

97. CpelH CTYyHLEHTOB, NMOCTYNHBIIHX B YHHBEPCHTET
JpyxO6H HaponoB, poBHO 50 4eJIOBEK 3HAIOT AHIJIHICKUM
A3BIK, poBHO 50 yejoBeK 3HAWT (paHUy3cKHil SA3BK H
poBHO 50 yesOBeK 3HAIOT HCNAHCKHE A3HK. JloKaxwure,
YTO CTYHNEHTOB MOXHO pa36uTth Ha 5 (He 06s513aTeNBHO
pPaBHBIX) rpynm Tak, YTo6H B KaxOoH rpynne O6buIO
poBHO 10 yesoBeK, 3HAIOLIKX AHIVIMACKHH $I3BIK, POBHO
10 yesnoBek, 3HawUX QPAHIY3CKHE $SI3HK, H POBHO
10 uyenoBeK, 3HawoLuX HcnancKuit s3wmK. (IIpeanona-
raercsi, YT0 HEKOTOphle H3 CTYLEHTOB MOryT JHGO He
3HAThb HH OAHOrO M3 3THX S3HKOB, JHO0 3HaThL J06oe
KOJIHYECTBO K3 HHX.)

98. IlokaxuTe TOXIECTBO:

2 4 6 20
x’—l+x’—4+x’—9+ +x’—100_

1 1 1
=1 (g=hermteoaeTy T TesoE)-

99. B npaBWIbHOM n-yrojbHHKe (n =>5) pa3HOCTb
Mexny HauboJbuiell M HaHMeHbLIEH JHaroHaJsIMH paBHa
cropoHe. Haiinure n.

100. ITocsienoBaTesIbHOCTD @1, Qg as, ... 00paso-
BaHa Mo cJelymoLieMy NpaBHIY:

a=1, ae=al+al‘, ceey Q=0y_;+} a':_‘ .

Jokaxure, 4TO @yp0 > 14.

101. BHyTpH OCTPOYrOJIbHOrO TpeyroibHuka ABC
B3siTa TOYKa O, a BHYTPH OCTPOYTOJBbHOTO TpeyrojibHHKa
A’B’C’ —rtoyka O'. M3 Toukn O onylleHH nepneHau-
Kyasipel: OA,—mua cropony BC, OB, —Ha ctopony CA
B OC,—na cropoHy AB. TouyHo Tak xe M3 TOukKH O’
onyLienH nepnenukyaspu O’A; va B'C’, O’'B| na C'A
B O’C} na A’'B’. Okasanocs, uro Ol O'A’, OB, || O'B’
OC, | 0°C’ u OA,-O'A’ = OB,-0’B’ = 0C,-0'C".

Iokaxure, uro O’A}|0OA, O’B{llOB, O'C{|OC u
O'Al-0A=0Q'B;-0B=0'C;- OC,
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102*. JlokauTe, ytO JI060e HaTypaJbHOE YHCIO,
He npeBocxopsiitee nl, MOXHO NPEACTABHTb KaK CyMMY
He Oojiee n claraeMblX, CpefH KOTOpHIX HET ABYX OfHe
HaKOBBIX, H KaxJoe fBJsieTCs AeluTeNieM 4Hcaa nl.

103. B tpeyrosbhuke ABC B3sau Touky D Ha cro«
pore AB u Touky E Ha AC. Ilpu 31OM OKasasoCh, YTO
DE|\BC, AD=DE=AC, BD = AE.

Ilokaxwute, 4to AauHa BD paBHa [JIHHE CTOPOHH
NPaBUNBHOTO AEeCATHYTOJbLHHMKA, BMHCAHHOTO B OKpyX-
HocTh paguyca R = AC.

104. Ha pe6pax AB, AC, AD terpasgpa ABCD mo-
CTPOEHB, KaK Ha AuaMmeTpax, waph. Jlokaxwure, 4TO
5TH 1apH NOKPHBAKT TETPA3AP.

105. a) B knerkax KBanpaTHO# Tabauum 4 X 4 pac-
cTaBjiellbl 3HaKH «+4» H «—», KaK NI0OKa3aHO Ha pHc. 6.
Paspemlaercssi OXHOBPEMEHHO MEHATb 3HaK BO BCEX
KJIETKaX, pachojioXKeHHBX B ONHOH CTPOKe, B OLHOM
cToifue WIK Ha NpsMOM, nmapaJsJiesbHOM
KaKoi-HuOyAbL AHaroHajd (B YaCTHOCTH,

B JI06o# yrioBo# Kiaerke). JloKaxute, sl b
YTO CKOJABKO OB MBH HH NpPOH3BEJH + |+ +{+
TakuxX NepeMeH 3HaKa, HaM He YHACT- +{+1+]+
Cfi nosiyuHTh TaGlMUy M3 ORHMX WO~ [T
coB

6) Ha Bcex KaeTKax maxMaTHOM

nocky 8X 8 paccraejieHH IUIIOCH, 3a Puc. 6
HCKJIIOYEHHEM OLHOM He YIJIOBOH KJIETKH,

rie CTOMT MHHyc. Pa3spemaercsi ofHOBpeMEHHO MEHSTHb
3HAK BO BCeX KJeTKaX OLHOH TrOpH30HTAJH, ONHOMN
BEepPTHKaNH MWJIH OAHOH pauaroHaJu (B YacTHOCTH, B
Ji06oil yrioBoH KieTKe; AMaroHaJsb — JIHHHSA, N0 KOTO<
poil XonMT wWwaxMmaTHHi cJOH). JIOKaxHTe, 4TO CKOJIBKO
6Bl MBI HM TIPOH3BEJIH TaKHX NepeMeH 3HaKa, HaM He
yAacTcst NOJYYHTb JOCKY ¢ OAHHMH IVIIOCaMH.

106. Menuane pasbusaior TpeyrodbHHK ABC Ha
LIeCTh TPeyronbHHKOB. OKa3allochb, YTO YeTHpe H3 OK=
PYKHOCTeH, BNHCAHHBIX B 3TH TPEYrOJbHHKH, PaBHEL
Jlokaxure, yro TpeyroJbHHK ABC npaBunbHBI.

107. JlokaxuTe, 4yTO ypaBHeHHe

4 x+1l=py

HMeeT pelleHHe B LEJHIX yucaax (x,y) Ans GeckoHey-
HOTO 4YHCJa NPOCTHIX p.

108. IMocne BucTymyieHHE 20 (QHrypHCTOB KaXablid
H3 9 cynefl N0 cBoeMy YCMOTPEHHIO paCnpenelisieT cpefH
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HUX Mecta ¢ 1-ro mo 20-e. Okasanoch, 4TO y Ka»J0ro
@urypucra Mecrta, NpPHCBOEHHEIE €My Pa3HBIMH CYAbsIMH,
oriuyalorcsi He Gosee yem Ha 3. IlomcyuraeM cymmbr
MEeCT, MNOJyYyeHHBIX KaXABM (HIypHCTOM, M pacroJo-
SKMM 3TH YHCJIa B NOPsAKe BO3pPacTaHHA: € << €2 <<
<KL << ... << C. Kakoe Haubojsbliee 3HayeHHE MO-
JXeT HUMETb C;?P

109*. M3secTHO, yTO cCpegH uHCen @y, Az, ..., Qn
BCTpeyaTcs no pasy uucaa 1, 1/2, 1/3, ..., 1/n u
cpenv uucen by, b, ..., bp—TOXe. HM3BecTHO, Kpome
TOro, 410 &y + b =az+ b= a3+ bs > ... =2an+
oF bn. JlOKaxuTe, 4YTO aGm+ bm << 4/m pns BceX m oOT
1 jo n.

110. Ha crtone y yuurens crost Bech. Ha Becax
CTOSIT THPH He 00si3aTeJIbHO OLHOTO Beca, Ha KaxJo# u3
KOTOPHX HaNHCaHH (aMHJIHH OJHOrO WJIH HECKOJBKHX
[YYeHHKOB. YueHHUK, BXOAS B KJacC, INepecTaBjsieT Ha
APYTyl0 4allKy BecoB KaKAyI I'MpI0, HA KOTOpPOH Hamu-
caHa ero amunus. JloKaxkuTe, 4TO MOMKHO BINYCTHThb
B KJacC TaKHX y4YeHHKOB, YTOOH B pe3yJnTaTe mNepese-
cHa He Ta yalika BecoB, KOTOpasi mepeBellMBajla BHa-
nase.

111. Topox umeeT B IJlaHe BHJ NPsSIMOYrOJbHHKA,
pa3bUTOr0 Ha KJeTKH: n  YJHL MapajjelbHE APYr
J1pyry, m LPYrHX IlepeceKalT HX IOJ NPSIMEIM YIJOM.
Ha ynunax roposa—HO He Ha nepeKpecTKax — CTOST
MUJMIHOHepH. KaxXIHil MUIHIHOHEpP coofLiaer HOMep
NPOXOASILEr0 MHMO HEro aBTOMOGHJIS, HaNpaBJIEHHE €ro
ABHXEHHS M BpeMs, Koraa OH mnpoexast. Kakoe Hau-
MeHbIllee YHCJIO MHJHIHOHEPOB HYKHO pPacCTaBUTh Ha
yaunax, yto6bn MO0 KX NOKa3aHHSIM MOKHO OBUIO OOHO-
8HAYHO BOCCTAHOBHTb INyTh JIIOGOr0 aBTOMOOHWJS, €4y~
Liero no 3aMKHYTOMY Mapupyry (MapLipyT He mpoXo-
LHT 1O ONHOMY H TOMY € YYacCTKy YJHIH ABaxAH)?

112. BnucanHast B TpeyrobHHK ABC OKpYXHOCTb
Kacaercs1 ctopoHnl AC B Ttouke K. JloKaxuTe, 4yTO mpsi-
Masl, cOefHuHsmas cepeguHy ctopoHbl AC ¢ LEHTpOM
BIIHCAHHON OKPYXXHOCTH, JeauT oTpe3oK BK nomosam.

113. ITocnenoBaTedbHOCTh YHCEN @), Qg, a3y .., dn
YAOBJIETBOPSIET CJEAYIOMHM YCTOBHSM:

al=0l la2|=lal+ll, la3l=la2+llx eee

RN lanl=lan—l+ll~
a+a+ ... +an 1
n S—3-

JOoKaxnTe, YTO
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114. an BHINYKaH§T yeTHpexyroidbHuk ABCD, nnu-
HH BceX CTOPOH H JHaroHajiell KOTOPOrO paLHOHAJBHH.
Ilycts O — TOYKa mepeceuenusi puaroHalei. Jlokaxure,
4T0 pauHa oTpe3ka AO — panHOHAJbHOE YHCIO.

3-1 Bcecowsnas oauMnuara,
1969 r. (Kues)

Knacc 1-f neus 2-f nennb
8 115 116 117 122 123 124a
9 118 119 115 124 125 126
10 119 120 121 125 126 128

115. Ha ocuosauuu AD tpaneuun ABCD Hamace
Takasi Toyka E, yTo nepumerpn TpeyrojbHekoB ABE,
BCE u CDE pasub. Hdokaxkure, yto BC=AD/2,

116. B ueHTpe nojs, umetollero ¢opmy Kpazapara,
HaXOAMTCA BOJIK, a B BeplIHHaX KBajapata — yeThipe
cobaky. Boak wMoxer Oeratb IO BCeMy INOJIO, a CO-
6aKkyd — TOJIBKO N0 CTOpOHaM KeajpaTa. M3sectHo, uto
BOJIK 3anupaer cobaky, a gBe cob6aKM 3afMpaloT BOJIKA.
MakcumanbHag cKopocTh Kaxjo#i cobaku B 1,5 pasa
6Gonplle MaKCHMaJbHOH CKOPOCTH BOJKa. JloKaxwure,
yT0 c06aKH HMEIT BO3MOXHOCTL HE BHIIYCTHTH BOJIKA
H3 KBajpara.

117. JaHa KoHeuyHasi NOCHeJOBATEJbHOCTh HyJel H
enHnHul, o6sagamoiasi AByMsl CBOHCTBaMHu:

a) ecii B HEKOTOPOM NPOM3BOJIBHOM MeCTe MOCjie<
JIOBaTeJILHOCTH BHAENHTH 5 mubp noapsag u B J06GOM
JIpyroM MecTe TOXe BHUIEJNHTb 5 KHQp moapsim, TO 3TH
nsTepkH GyAyT pa3jiHyHB (3TH NSTEPKH MOryT Iepes
KpbiBathesi, Hanpumep 0110101);

| S

b

6) ecqii K MNOCJHeLOBaTeNbHOCTH NO06aBHTh cnpaBa
Jo6yio mudpy 0 uau 1, T0 CBOACTBO a) MepecTaer Bhi-
NOJHATBCS.

Jokaxute, 4T0 nepsasi 4Yersepka wHdp Haiefi no-
C/1eI0BaTeJIbHOCTH COBNAfaeT ¢ MNOCJenHeH YeTBepKO#.

118. a, b, ¢ ¥ d— DoJloOXHUTeNbHEE yucaa, J{oka«
JHUTE, YTO cpeil HEPABEHCTB

at+b<c+d,
(a+b)(c+d)<ab+-cd,
(a4 b)cd < ab(c+ d)

ecThb X0TsA OBl OHO HeBEpHOe,



119. KakoBo HauMeHblIee HaTypasbHOE YHCIO a,
JUIs. KOTOpOro HafiieTcsi KBaApaTHHH TpexwjieH ¢ me-
JBIMH KO3((HIHEHTaMH M CTapiuuM Ko3ddHUUeHTOM a,
HMEIOINHUH JiBa Pa3JIMYHBIX TOJOXKMTENIbHBX KOPHS, MeHb-
LIMX eLHHHIBIP

120. lano HarypaJbHOe 4YHCJIO n. Buinumem Bce

npobu Bua —pl?, rie p H g B3aUMHO NpOCTH, 0 < p <<

< g<n, p+ qg>n. JoKkaxuTe, 4T0O cyMMa BCeX Ta-
KHX Jpo6eit paBHa 1/2.

121*%. B npocTpaHCTBe pacnojiokKeHb n TOYEK Tak,
410 Jo6ble TPH K3 HHX SIBJISIIOTCS BEPIIHHAMM TPEYroJibe
HHKa, OJWH H3 yrJoB Kotoporo GoJdeme 120°. Iloka-
¥KHTe, YTO 3TH TOYKH MOXHO 0003Hauuth OykBamu A,
Ay ..., A, Takum 06pa3oM, YTO KaxAHH U3 YIJIOB
AidjAe, the 1 <i<j<k<n, 6yner Gosabume 120°

122, Yerhlpe passIHYHBIX LEJHX TPEX3HAYHHIX YHCJA,
HayuHawWKXCs ¢ OfHOH W TOoM Ke mubpH, 06aagaioT
T€M CBOHCTBOM, YTO HX CyMMa AeJIMTCS Ha TPH H3 HHX
6e3 ocratka. Haiipute atu uncia.

123. B HeKOTOpPOM roCynapcTBe CHCTEMa aBHAJIMHHEH
ycTpoeHa TaKum o6pa3om, uto Jw6oit ropox coefHHeH
aBHaJMHUAMH He OoJiee yeM C TpeMsl APYTrHMMH H H3
Jo6oro ropoja B Jo60# Apyroil MOXKHO npoexath, CHe-
JiaB He 6oJiee OLHON mepecaakH.

Kakoe MakcHMalbHOE YHCJIO rOopoJOB MOXeT OHITh B
STOM rocynapcrBe?

124. PaccmaTpuBaercsi BBINYKJBH NSITHYTOJbHHK, Yy
KOTOpPOro AJIHHBI BCEX CTOPOH PaBHEL

a) JlokaxuTe, 4TO BHYTPH Hero Haillercsi TaKasa
TOYKa, Jiexalasi Ha HaubGosbuied AHAroHasid, H3 KOTO-
poli Bce CTOPOHH BHOHH NOX YrjaMmH, He NpeBHINAO-
LXHMH IPSIMOTO.

6) Jlokaxute, 4TO KpPYyrH, NOCTPOEHHble HAa €ro CTO-
pOHax KakK Ha AMaMeTpax, He MOKPHBAIOT NATHYrOJbHUK
LIeJIHKOM.

125. Ha nocke HamucaHo ypaBHEHHe

B4 o2+ o x4 =0.

IBoe wurpator B TaKylo urpy. Ilepsmii cTaBHT Ha Jio-
60e U3 MyCTHIX MeCT LeJioe YHCJIO, OTJHYHOE OT HyJst
(nonoxuTeNbHOE HJH OTpHUATENbHOE). 3aTeM BTOpPOM
CTaBHT LieJIOe YHCJIO Ha ONHO M3 ocTaBluuxcs mecT. Ha-
KOHell, NepBHH CTaBHT LeJoe YHCJIO HA NOCJIefHee CBO-
6onHoe Mecto, JlOoKaiKuTe, YTO NepBHIi MOXET Hrparb
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TakK, 4To6bl HE3aBHCHMO OT X0Jia BTOPOIO BCE TPH KOpHA
NOJNyYHBIIEroCcsi YpPaBHEHHsi OKa3alHnch LeEJLIMH YHCe
JIaMH.

126*. B poswrpeile neppeHcTBa CTpaHbl no  ¢yr-
6osy yuactByloT 20 komann. Kakoe HanMeHbliee YHCJIO
Hrp JOJ2KHO OHITH chirpaHo, 4ToGEl cpeiH JIOOGEIX Tpex
KOMaHJ HauUlkCh [Be, y>Xe CHIFpaBlilHe MeXay coboi?

127. hy— anodema npaBHJABLHOTO k-yroJibHHKa, BIH«
caHHoro B Kpyr paauyca R. Jlokaxwure, 4TO

(n+ l)hn+l — nh, > R.

128*%, JlokaxkuTte, YTO JAJA JIOOHIX IOJIOXKHTEJbHHX
yKucen aj, Az, ..., Qp BHINOJHSETCH HEPaBEHCTBO

a [+73
az+as + a3+ a, + ...
Qn-—2 apn__ an n
i o an—|+an+ an-t-a; + a; +aa > 4°

4-51 Bcecowsnas oamMnuaja,
1970 r. (Cumobeponosn)

Knacc 1-A pennb 2 nenn
8 129 130 131 132 133a
9 134 135 1336 136 137
10 138 139 1336 136 140 141 142 143

129. lana okpy:kHOCTb, ee anamerp AB u Touka C
Ha stoM auaMerpe. [TocTpoliTe HAa OKpY2KHOCTH [1Be TOu-
ki X u Y, cCHMMeTpHUHLIE OTHOCHTEJIbHO nHaMmerpa AB,
AAsi KoTopHX npsmasi YC nDepneHiMKyJsipHa mpfi-
moit XA.

130. [oxaxwure, YTO e€CH NPOH3BeLEeHHe TPeX IO0Jo-
XKHTEJbHBIX YHCeJ paBHO 1, @ cyMMa 3THX YHCEJ CTPOro
Gosblle CyMMEI HX OGpaTHEIX BEJHYHMH, TO POBHO OAHO
H3 3THX yHceJs GoJsiblue 1.

131. CKOJIbKO B BHIMYKJIOM MHOTOYrOJIbHHKE MOXET
GHITb CTOPOH, PaBHBIX MO AJHHe HauOoJblueld awmaro-
HaJH?

132. Lludpel HeKOTOpOro ceMHaiUATH3HAYHOTO YHMC-
Ja 3andchiBaloTcst B ob6paTHom mnopsiake. IloayueHHoe
YHCJIO CKJaAbBaeTcsi € INepBoHauaJbHHIM. JlOKaxwure,
yto XoTs Obl 0jHA M3 UHDP HX CyMMH Oyzner YerHoOM.

133. a) 3amok umeer ¢opmy (B nJaHe) PaBHOCTO-
poOHHEro TpeyrosbHHKa co cropoHodt 100 merpos. On
pasznenied Ha 100 TpeyrosibHbHIX 3as0B, Bee cTeHH 3anoB
HMeIOT OAMHaKoBylo MJHHY — 10 Merpos, B cepenune
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KaxJ0f CTeHB MeX1y 3aNaMH ciefnana asepb. Jloka«
JKHTE, YTO €CJIH YeJIOBEK 3aXoueT MPOHTH NO 3aMKy, Mo«
O6LiBaB B KaxjoM 3ajle He GoJiee OZHOro pasa, To OH
CMOXeT ocMoTpeTh He OGoJee 91 3ana.

6) Kaxnass cropoHa @paBHJIBHOIO TPEYroJibHHKA
pasbura Ha k paBHBIX 4Yacrefi. Uepe3 TOYKH AeneHHS
NpoBeJieHH INpsiMBle, NapajJjelbHble cropoHaM. B pe«
8yJbTaTe TPEYTroJBHHK pa3bumics Ha k2 MalieHbKHX Tpe-«
yroabHHukKoB. HasoBeM <uenoukofi» nocjienoBarelibs
HOCTb TPEYyroJibHHYKOB, B KOTOpPOIi HH OAHH TPeyroJbHHK
He NoABJsieTcs ABAaX/AHl, @ KaXAbH NMOCHeAyOIHNA HMeeT
obmyo cropoHy ¢ npeamaymum. KakoBo HauGoJbliee
BO3MOXKHOE YHCJO TpPeyroJbHHYKOB B <LENOYKE»?

134. IlaTb OTpe3KOB TaKOBH, YTO M3 JIOGHX Tpex
MOXHO COCTAaBHTH TpeyroJbHHK. JloKaure, YTO XOTH
6Ll ONHH H3 3THX TPeyroJIbLHHKOB OCTPOYTIOJIbHbIM.

135. B ocrtpoyrosibHOM TpeyronbHuke ABC Guccek-
tTpuca AD, mennana BM u Bhicora CH nepecekaioTcst
B onHOl TouKe. Jlokasath, yto yron BAC Gosblue 45°.

136. M3 uudp 1 u 2 cocraBuNM NATh n-3HAYHEIX YH-
cesl TaK, YTO y KaXAbIX ABYX YHcea coBnanu uuppu
pOBHO B m paspsiiax, HO HH B OLHOM paspsije He CO+
BNaJH Bee NaTh ynces. Jlokaxure, 4To

2 m 3
ST SE

137*. Jlokaxure, 4TO H3 JIOOBIX JBYXCOT WLEJIEIX YH<
ceJl MOXKHO BHIGpaTh CTO YHCeJ, CyMMa KOTOPHIX JEJIHT+
csl Ha cTO.

138. B Tpeyronbuuke ABC uepe3 cepenuHy M cro«
poHnl BC u uentp O BhnHCAHHOH B 3TOT TPeyroJbHHK
OKpPYXHOCTH mnposesfiena npsMas MO, Koropas mnepeces
Kaer Boicory AH B Touke E. JloxaxkHTe, YTO OTpe3oK
‘AE paBeH pajgHycy BNHCAHHO# OKPYIKHOCTH.

139. Hokaxure, yTo IJIs KaXJAOro HaTypaJbHOro
yHcaia k cyllecTByeT 6GeCKOHEYHO MHOTO HaTypaJsibHBEIX
yHces f, He COAepXKalluX HyJleH B JNeCATHYHOH 3amHCH
H Takux, 4To { H k! MMeIOT OAMHAKOBHE CyMMBI LH(P.

140. [IBa paBHHX MeXay co60OH NpsMOYroJbHHKa
PACIOJIOXKEHH TaK, YTO HX KOHTYpH NepeceKaloTcst B
BOCBMH Toukax. JloKaxuTe, YTO MJowazb obmied gacru
STHX MNpPSIMOYTOJbHHKOB OoJblle MOJOBHHH IJIO{agH
Ka)10ro u3 HHX.

141. Ha kxaproukaX HaNHCaHH BCe MsATH3HAYHLIE
yucna or 11111 mo 99999 sKiouHTeNbHO, 3ateM STH
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KapTOUYKH NOJIOXKEHH B OJHY LENOYKY B NPOHU3BOJIEHOM
nopsnke. Jokaxure, uyTo mnoJsyuuBileecss 444 445-3nay«
HOe YHCJI0 He MOKeT GHITh CTeneHbIO NBOHKH.

142*, Bce HaTypa/jibHBE YHCJA, B JECATHYHOA 3anHcH
KOTOpHIX He GoJsiblle n uupp, pa3bHTH Ha ABE TPYNIH,
B nepsyio rpynmy BXOASIT BCe YHCIA C HEYETHOH CyM-
mMoii uudp, Bo BTOPyI0O — ¢ 4erHoil cymmoi mudp. Ho-
Kaxure, y1o eciu 1 << k <<n, 10 cyMmMa k-X creneHei
BCeX YHCesl NepBofi rpynnsl paBHA CyMMe k-X CTeneHed
BCeX YHCeJ BTOPOH IpynnblL

143*. BepmiuHH npaBHJILHOIO £-YroJbHHKAa TOKpa+
LleHBl HECKOJbKHMH KpackaMu (Kaxknasi OJHOA Kpa«
CKoMfl) TaK, YTO TOYKH OJHOTO H TOro e IBeTa CJy-
aT BepUIHHAMH NPaBHJBHOIO MHOroyrojibHHKa. Jloka-
JKHTE, YTO CPelH 3THX MHOTOYIoJIbHHKOB HaHayTCs ABa
PaBHBHIX.

b-1 BcecowsHnas oduMNnHazna,
1971 r. (Pura)

Kanace 1-fi nenb 2-fi neHn
8 144 1452 146a 147 152a, 6 153 154
9 144 145a 148 147 1466 156a, 6,8 1528 155
10 149 1456 150 147 151 156 157 158

144. Ioxkaxurte, uro nns Jo6oro HaTypajJbHOTO n
Rafijercsi 4YHclo, cocTaBjeHHoe H3 wupp 1 u 2, nensis
meecs Ha 27,

145. a) Jlau TpeyrosbHHK AA2As. Ha ero cropone
A1A; B3sThl Toukv B; u D, Ha cropoHe AsAz-— TOUKH

) i) Dy Az
Pue. 7.

By, v D, Ha ctopoHe A3A;—Toukn Bs B Dy TaK, uro
ecaM nocTpouTh napajtenorpaMmul A;BiCiDy, A3BsCoDy
8 A3BsCiDj, 10 npsmbie A Cy, ACa B AsCs nepecekyrcs
B onHoil Touke O. Jlokaxmure, uto ecau A By =A;D, u
AzB; = A3Ds, 10 A3By=A\D; (puc, 7),
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6) Hau Bunykawifi MHoroyroabHuk A;A; ... A,. Ha
ero cropoHe A A; B3sATH TOYKH By, u D, Ha cTopoHe
AA3;—ToukM By u D3, ..., Ha ctopoHe A,A; — TOYKH
B, n D, TaK, 4To €CIH NOCTPOHTb NapaJjylesorpamMMbl
A.B\C\D,, A3ByCoD,, ..., AnBaCnD,, 10 npsimbie A,C,,
ACy, AsC, ..., AnC, nepecekyTcss B ofiHOR Touke O.
Jlokaxwure, 4To paBHE NpPOH3BeNEHHs NJHH

AIBI'AzBQ'A;gBa‘ eee ‘Aan=A1D|‘A2D2‘ oo 'AnD .

146. a) [Boe urpaior B Takyio Hrpy. [lepBhifi 3amH«
CblBaeT OAMH Moj ApPYrHM ABa psaaa no 10 uHcen Tak,
4yTo0OH BBHINOJHAJOCH CleAyIoillee MPaBHIO: €CHH YHCIO
b 3amHcaHo MoOx YHCIAOM @, @ YHCJIO d-— MOA YHCJIOM
¢, 0 a + d = b + c. Bropoit urpox, 3uasi aTo NpaBHJIO,
XOYeT ONpenesyHTb BCe HanHCaHHBe yHcaa. Emy paspe-
wmaercss 3afaBaTh NEpBOMY HIpoKy Bonpochl THna «Ka
KO€ YHCJIO CTOHT B NIEpBOH CTpOKe Ha TpeTbeM MecTe?»
i «Kakoe 4HCJIO CTOHT BO BTOPOH CTpPOKe Ha .AeBsi«
TOM MecTe?» H T. I. 32 KaKoe HaHMeHbluee YHCJIO Ta«
KHX BONPOCOB BTOPOH HI'POK CMOXKET y3HaTb BCe YHCJa?

6) B Ttabanue m X n 3anHcaHbl YHCyla Tak, 4YTO AJSA
JOOLIX JBYX CTPOK H JIOOHIX ABYX CTOJA6LOB CyMMa YH-
cell B ABYX IPOTHBONOJIOXHBIX BeplIHHaxX o6pasyemMoro
‘HMH NpsSIMOYroJibHHKAa paBHAa CyMMe YHcell B JABYX Ipy-
THX ero BepliHHax. YacTh YHCesN CTEpJH, HO MO OCTaB-
WHMCS MOXHO BOCCTaHOBHMTh cTepThie. JlOKaxkHTe, 4TO
OCTaJIoCh He MeHblue YeM m + n— 1 yHces.

147*. B KBazparte co cropoHo#l 1 pacnoJioxeHO He-
CKOJILKO KPyroB, JHAMETP KaX<JIOr0 H3 KOTOPHIX MeHbLle
0,001. Paccrosinne mMexny JOObIMH JBYMSi TOYKAMH JIIO-
Onix nByX KpyroB He paBHo 0,001. Ilokaxure, yTo 0G-
Hlasi mioiaib, NOKpPHTasi Kpyrami, He npebeiuaer0,34.

148*. B TpH cocyna HaJHTO IO LEJIOMY YHCJY JIHT-
poB BoAH. B J060# cocyn paspellaercsi mepenHTb
CTOJILKO BOZLBI, CKOJIBKO B HEM yXe COJEPXKHTCH, H3 JIIO-
Goro mpyroro cocyna. Jlokaxute, YTO HECKOJbKHMH Ta-
KHMH NepeJIHBAHHSAMH MOXHO OCBOGOAMTb OJMH H3 CO-
cynoB. (CocyaH HOCTATOYHO BEJNHKH: KaXKIHi MOXeT
BMECTHTb BCIO HMEIOLLYIOCS BOZY.)

149. Jlokaxure, YTO €CJAH LJs YHCEN py, P2, §1, Qo
BHIIOJHEHO HepaBeHCTBO (g1 — g2)2 + (p1 — pe) (p1gs —
— p2q1) << 0, TO KBajgpaTHEE TpexwieHH x2 - pix - gy
H x2 -+ pox -} g2 MMeIOT BelleCTBEHHbIE KODHH H MeXay
ABYMsi KODHSIMM KaXZI0l'o U3 HHX JIEXKHT KOPeHb APYroro,
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150. ITpoekunu Tena Ha ABe NJIOCKOCTH — Kpyru. Jlo«
KaXWTe, 4TO 3TH KPYIH HMEIOT paBHHE paiHyCHl.

151. Tlo Kpyry BHIHCAaHO HECKOJbKO uHces. Ecan
JUIsi HEKOTOPEIX YeTHpeX HAYLIHX MOoApPAf uucen a, b, c,
d oxaswiBaercs, 4to (a —d) (b — ¢)<<0, To uncna b u
€ MOXHO IOMEHATh MectaMH. Jlokaxkure, 4TO TaKyiO
OMepaumui0 MOXKHO Mpojesath JHIIb KOHEYHOe YHCJOo
pas.

152. a) Jlokaxwure, yTo npsimas, pasbuBawoinas JaH-
HBI{ TPEYToJIbHHK Ha [iBa MHOTOYIOJIbHHKA paBHOK MJO-
IaJH H paBHOrO NepHMeTpa, NPOXOAUT Yepe3 LEHTP OK-
PYXHOCTH, BIIHCAHHOH B TPEyroJibHHK.

6) JokaxuTe aHaJOrHYHOE YTBEpXKieHHe AJs Inpo-
H3BOJIbHOTO MHOrOYFOJIbHHKa, B KOTOpBI MOXHO BIIH-
CaThb OKPYXHOCTb.

B) Jlokaxute, YTo BCe NpsIMble, AeNsIIUE OXHOBpE-
MeHHO M IJIollanb, H NepHMETP TPEYroJbHHKA momnoJam,
nepeceKaroTcsi B OJHOH TOYKeE.

153. Jlokaxute, yto H3 25 pas3jHYHBIX MOJIOKHTE b
HBHIX YHCeNl MOXHO BhIOpaTh ABa TaKHX YHCJA, YTO HH
OLHO H3 OCTaBIUHXCS HE PaBHO HH CyMMe, HH Pa3HOCTH
(Mexny GOJIBIIMM H MeHbIIMM) BHOGpDaHHEIX YHCEJ.

154. a) B BepuinmHe A; npaBuJbHOIO 12-yrosibHHKA
AjAg ... A2 CTOMT 3HaK MHHYC, 8 B OCTaJIbHBIX —
naoce. Paspemaercss onHOBpeMeHHO MeHATb 3HaK Ha
NPOTHBOIOJOXKHHH B JIOOBIX 1IECTH MOCJEN0BATENbHEX
BEpIIMHAX MHOIOYroJibHHKA. JlOKaxuTe, 4TO 3a He-
CKOJIbKO TaKKX onepauMii Helb3s AOOHTbCS TOro, YTOGH
B BepliHHe A, oKa3salcs 3HAK MHHYC, @ B OCTaJIbHBIX
BEPIIHHAX — MJIIOCHL.

6) Jlokaxute TO Ke YyTBepKIEHHe, ecJIH paspe-
[IaeTcsi MEHsITh 3HAKH He B LIECTH, 2 B YeThIpeX MocJe-
JIOBATEJNbHBIX BEPLIHHAX MHOrOYroJbHHKA.

B) JlokaxxHTe TO Ke yTBepxkKIeHHe, eCJIH paspelnaer-
csi OJHOBPEMEHHO MEHSITh 3HaK B TPeX MOCJACHOBaTeNb-
HBbIX BEPLIHHAX MHOTOYTrOJIbHHKA.

155%. Ha GeckoneyHom aucre kneryaroii Gymarn N
KJIETOK BHIKpalleHo B YepHHIi LBer. JlokaxuTte, 4ro U3
JIUCTA MOXHO BHpe3aTh KOHEYHOE YHCJIO KBaJpaToB Tak,
yto 6y1yT BHIOJHEHHl JABA YCJIOBHS:

1) Bce uepHbie KJeTKH OyAyT JleXaTb B BhHIpe3aHHHIX
KBauparax,

2) B mobom BhIpe3aHHOM KBajipaTe IJIOLIafb Yep«
HbIX KJIETOK cOCTaBHT He MeHee 1/5 m He Gonee 4/5 nao-
IaAH 3Toro Kpaaparta.
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VenoBusM 3anaw 156—158, npensarasliuMcs Ha BTOPOR meHb
onUMNuaAH ydeHnkaM 10 Kaacca, O npeanociaH TaKOi TEKCT:

«Bam mpepnaraloTcsi Tpu 3anayd. BepHoe pemenue JoGoft M3
HHX TpeACTaBJsieT CephesHbe TPYRHOCTH H TpeGyeT MHOIO BpeMeHH.
Brifepure ofHy M3 STHX 3aflal M NOCTapafTech NPOABHHYTLCS B Hek
KaK MOMKHO AaJiblue.

Ilepen okonyanuem paGoTH COCTaBbTe «CBOAKY Pe3yJbTATOB® IO
sTOl 3anave, KOTOPYX BH pellany: NepeyHcsaHTe AOKasahHbe Bamn
¢dakTH, yKaXKuTe NPHUMEpH, B KOTOPHX Bam ynmanoch pa3sobpaTbes.
cpopMyupyiiTe rHNOTE3H, KOTOpHe BaM KaxyTca BepHHIMH.»

156. Ky6 ¢ peGpoM AnuHH n pas3bur Ha n® enHHHY-
HHX KyOuKoB. BriGepeM HecKoJBKO KyOHKOB H IpoBe-
JleM 4epe3 LEHTP KaX<Aoro H3 HHX TPH NpsMHe, mapaj-
JeneHble pebpam. Kakoe HauMeHbmiee YHCIO KyGHKOB
MOXHO BHIOpaTh TaK, YTOGH mNpoBefeHHHE yepe3 HHX
npsiMble NepeuepKHyJH BCe KyOHKH?

a) VYkaxuTe oTBeT AJisl MaJieHbKHX 3HA4YeHHH n: AJ4
n=2,3,4.

6)* IlonpoGyfite Hafith oTBer mpu n == 10.

B)* Pemnrte obmyio 3anauy. Ecin Bam He ymactes
HaliTH TOYHLI OTBeT, NOKaXHTe KaKHe-JHOO HepaBeH-
CTBa, OLEHHBAIOLIHE CBEPXY H CHHM3Yy YHCJO OTMEYeHHBIX
KyOHKOB.

r)* 3amerbTe, YTO 3Ty 3amayy MOXKHO copMyJHpO-
‘BaTh Tak.

PaccMoTpuM BceBO3MOXHHEE Habophl (xj, Xxg, X3), TAe
Kaxnas u3 OyKB xj, X, X3 IPHHHMAaeT OJHO H3 n 3Haye-
nuit 1, 2, ..., n. Kakoe HauMeHbillee YHCJO HaGopoB
HYXHO BHIOpaTh, YTOObl AN KaXAOro H3 OCTAJbHBIX Ha-
GopoB cpeny BEIOpaHHHIX HalleJicsi TaKoH, KOTOPHH oOT-
JIUYAETCsT OT HEro TOJbKO B OJHOM MecTe (3HauyeHHeM
TOJILKO OJHOH M3 KOOPAMHAT X3, X2, X3)? IlonpoGyiite
HailitH otBer AJisi Gosee ofilefi 3anauM, Korpa paccmar-
puBalorcsi HabGophl He M3 TpeX, a H3 YeTHpeX HJH GoJib-
wero yucaa 6yKs.

157. a) Paccmorpum dyHkuuio f(x,y)=x2+ xy 4+
+ y2. Jlokaxwure, uto ans Jo6oH ToukH (x,y) Hafi-
JlyTCsi TakHe LeJHe yucaa (m, n),uro f(x—m,y—n)=
=(x—m)? (x—m) (y—n)+(y—n)? < 1/2.

6)* OGo3nauum yepe3 f(x, y) HaHMeHblIEE H3 yKce
f(x —m,y — n) npu Bcex ueNBIX m H n. YTBepXKIeHHe
3ajayd a) COCTOSAJIO B TOM, YTO AJs BCEX X, Y BHIIOJ-
HeHo HepaBeHCTBO f(x, y) << 1/2.

Hoxaxure, uTo Ha camoM neje BepHo GoJsiee CHJIb-
noe nepapeHcrso f(x, y) << 1/3. Hafinure Bce Toukw, Anst
KOTOPBIX JIOCTHraercs paBeHCTBO f(x,y)==1/3.
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B)* Paccmorpum oOymkumio fo(x, y)= x? + axyP
+ 4%2(0 << a << 2). Haitnute kakoe-nu60 4HCyIO ¢ 3aBHCSH«
niee OT a TaK, yToOH A4S BceX (X,Y) BHINOJHANOCH He-
paBeHctBo |fa(x,y) |<<c. Tlocrapaiireck HafiTH TOUHYIO
OLIEHKY.

158. Ilepekmouatens ‘(puc. 8,a) ¢ nByMs BXOLaMH
H ByMsi BHIXOJJaMH MOXET HaXOJHTbCH B JBYX pasJiHys
HBIX COCTOSIHHSX.

Ha puc. 8,6 usobpaxena cxema TenedoHHOll CBS3M
C TpeMsi BXOAAaMHM M TPeMs BHIXOAaMH, Kotopas o6na-
JlaeT TaKHM CBOWCTBOM <YHHBEpCAJbHOCTH»: MEHsS CO~
CTOSIHHSl NepeKJIoyartesiel, MOXKHO OCYLIeCTBHTb Jio6oe

B 1 2 3 14 S 6 7 8
3 Y.
Z
17J3
A B
y
12 3 P 2 3 4 5 6 7T ¢
P 8
Puc. 8

H3 NIeCTH COeJHHEHHH TPeX BXOIOB C TpeMsi pasJiH44
HBIMH BbIXOJdMH, T. €.

123 123 123
I AR N N
123 312 231

123 1 f i
yid

» , 321, 132
(ITposepbTe 3T0. 3aMeTbTe, yTo OGHlEE YHCIO Pa3JIHY«
HEIX COCTOSIHHH 9TOH cxemMmu paBHO 23 =8, NOCKOJBKY
KaX/JHf U3 nepekjiouateseil MOXeT HAXOAHTbCH B ABYX
COCTOSIHHSIX. )

a) IlocTpofiTe cxeMy C ueTHIpbMsi BXOLAMH H ue«
ThipbMsi BBIXOJIaMH, KOTOpas Obl1a Ol <«yHHBEpPCAJbe
HOil», T. e. ocymlecTBJs1a Gul JioGoe U3 24 BOSMOMKHEIX
CcoefHHEHUH BHIXOJ0B ¥ BXO40B,

DN €= s
= D
L= W
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6) Kaxkoe MuUHHMAJIBHOE 4YHCJIO TepekniodaTtesedl
HyKIIO /1A TAaKOH CXeMHI?

B)* HasoBeM cxemMy ¢ n BXOA2aMH H n BHXOJaMH
n-yHHBEpCAJIbHOH, €CIH OHa ocynlecTBiasier Jio6oe u3
nl=1-2. ... -n BO3MOXHEIX COENHHEHHH £ BXOIOB O
n pasJUYHBIMH BHIXOJAMH.

Ha puc. 8,8 nzo6paxena cxema ¢ BOCEMbIO BXOAaMH
H BOCEMBbIO BHIX0JaMmH, rie A U B —4-yHuBepcalbHHE
cxembl. JIoKaxure, YTO OHA fABJsAETCH 8-yHHBEpPCAJBHOM.

OueHnte cBepXy H CHHM3y YHCJO nepekJiouateleli B
MHHHMAaJIbHOH n-yHHBepCaJbHOH cxeMme.

6-1 Bcecow3Has onumnuaga,
1972 r. (Yensbunck)
Kaace I-& nenb 2-% neHn

8 159 160 161 166 167 168

9 162a 163 161 164 169 170 171

10 162r 163 165 164 166 172 173
159. B npsamoyronbnuke ABCD touka M — cepe-
nuHa croporn AD, N —cepepuna croporn BC. Ha
npojoJikeHHH otpe3ka DC 3a Touky D Gepercst TOUKa
P. O6Go3Hauum TOuKy mnepeceueHHss npsmeix PM n AC

yepe3s Q. Jlokaxure, yto £ZQNM = LMNP.
160. HHa npsimolt nano 50 orpeskoB. Jlokaxute, YTO

BCPHO X0TSi OB OZHO H3 CJeAYIOLIHX yTBepKAEHHH:

a) HeKOoTOphle BOCEMb OTpe3-

2 KOB HMelOoT 0OIIyI0 TOYKY;
// \ 6) Hafizercss BoceMb OTpe3-
a 3 KOB, HHKaKHe [Ba M3 KOTOPHIX

/ \ / \ He HMeIOT obulell TOYKH.
161. Hafinute mnauGosbliee
/'"\ AN /4'\ HeJoe YHCJIO x TaKoe, 4TOGH
YHCJ0

—————————————————— 42 _|_ 41000 _|_ 4*

SIBJISJIOCh TIOJIHBIM  KBaZpaToM.

162. a) Ilycrb a,m, n— narypanbubie yucaa,a > 1,
Ilokaxure, yto ecniu @™ -+ 1 neaurcs Ha a* 41, To m
AeJINTCS Ha H.

6) Ilyctb a, b, m, n— HaTypaJbHble YHCIA, TPHIEM
a B3aUMHO mnpocto ¢ b H a > 1. Jlokaxure, 4To ecJaH
a™ -+ b™ penurcss Ha a® -+ b", To m HENHTCH HA n.

163. TpeyronbHast Tabauua CTPOHTCH MO CJEAYrO-
uieMy npaBuJly: B BepXHel CTpoOKe HalHCAaHO HaTypalib-
HOe 4YHCJIO a, a fanee moj KaMAbBIM YHCJIOM £ cJeBa
nuwercs k2%, a cnpasa —uucno k-4 1. Hanpumep, npu
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a = 2 noJsyyaercsd Tabauua, u3obpaxceHHas Ha pwuc. 9.
Jlokaxute, uTo B Kaxioi CTpOYKe TaKOH TabaHUbl Bce
YHCJIA Pa3JIHYHHL.

164*. JlaHo HecKoJbKO KBajpaToB, CyMMa ILIoIlajed
Kotoprix paBHa 1. Jlokaxwure, YTO HX MOXKHO NOMECTHTb
6e3 Ha/OXKeHHH B KBajpart IJIOMAAH 2.

165. O —Touka nepeceueHHsi OHAroHaJell BHIMYKs
Joro vernipexyrosbHuka ABCD. Jloka)kute, 4To Npss
Masi, NpoXOonsllasi 4epe3 TOYKH MepeceyeHHss MeIHaR
TpeyroibiukoB AOB u COD, nepneHgHKyJsipHa Npsi-
MOH, npoxoasilell uepe3 TOYKH nepeceyeHHsi BHICOT Tpes
yronbinkoB BOC u AOD.

166. Kaxnas M3 AeBATH NpsAMbIX pa3GHBaeT KBals
paT Ha [Ba YeTHIPEeXyroJibHHKa, NJOIAAH KOTOPHX OTe
Hocatcs kKak 2:3. Iokaxwute, yTo mo Kpaiineit Mepe Tpu
M3 3THX LEBATH NPSAMBIX NPOXOIAT Yepe3 ONHY TOUYKY.

167. CemuyronbHuk A1A2A3A,A5A6A; BiHCaH B OK-
pyxHocTb. JlOKaX{HTe, YTO €CJIH LIEHTP 3TOH OKpY¥XK+
HOCTH JIEKHT BHYTPH CEMHYroJIbHHKa, TO CyMMa YIJIOB
npu BepiinHax A,, A; 0 As mMenbiue 450°.

168*. Ilpoe urpaior B chaenyioulyro urpy. OnuH Ha-
3biBaeT UHGpy, a Apyroil BCTaBJsSET ee IO CBOEMY
YCMOTPEHHIO BMEeCTO OJHOH M3 3Be3[oYeK B Clenyloiier
Pa3HOCTH:

3areM nepBHfl Ha3blBaer enle oaHy LHdpy H Tak
nanee 8 pas, moka BCe 3Be3NOYKH He 3aMEHATCA Ha
gudpe. Tor, kTOo HaswBaer uUHQPH, CTPEMHTCH K TOMY,
4yTo6El Pa3HOCTb MOJIyYHJach KaK MOXHO Gosiblue, a BTO-
poii — uto6H OHa cTajla KaK MOXHO MeHbule. Jloka-
JKHTE, YTO:

a) BTopoff MOXeT pacCTaBJsATh YHCJIA TaK, 4TOOH
NOJIyYHBLIASICS MPH 3TOM Pa3HOCTh crana Obl He GoJblie
4000 He3aBHCHMO OT TOro, Kakue LHGpPH Ha3bBaJ mep-
BHII;

6) nepBHII MOXeT Ha3bBaTh UHQPH TakK,yToGH pas-
HocTb crasia He MeHblle 4000 He3aBHCHMO OT Toro, Kyaa
paccTapJisieT 3TH UHQpPH BTOPOIL.

169. Ilyctp x, y— MOJIOXKHTEJbHBIE YHCNA, §-— HaH-

i 1 "
MeHblllee H3 qHcea X, y -+ rilrt Haiinpute naunGoJbluee

BO3MOXXHOe 3HaueHHe s. [IpH KakHX X H Y OHO JHOCTH-
raercsi?
170. Touka O, nexalnasi BHYTPH BHIYKJOTO MHOIO+
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YyronbHHKa, obpas3yeT € KaXXALIMH IBYMsI €ro BepIlliH-
HaMH paBHOGeApeHHHIH TpeyroJbHHK. JloKaxute, 4TO
8Ta TOYKa pABHOyJaJleHa OT BeplLIHH MHOTOYrOJIbHHKA,
171. MoxHo s pacctTaBHTh UHQpH 0, 1, 2 B Kiet-
Kax Jucra Kieryatofi 6ymarn pasmepom 100X 100 kne-
TOK TakhuM o6pa3om, yTo6bl B KaXKIOM MpSAMOYroJbHHKE
3 X4 KneTKH 0Ka3ajoChb TPH HyJisl, YeThipe €JHHHUBI H
NATh JIBOEK?
172. CymMmMa HOJOXKHTENbHBIX YHCEN X, Xo, ¢e.y Xn
pasna 1. ITyctb s — HaubosbLlee H3 yHCe
Xy X2 Xn

Tdx " 14+x4x " T4x+x4+ .0 +x0°

Haiiaure Haumenbllee Bo3MOXHOe 3HaueHue s. IIpu Ka-
KHX 3HAayeHHSX X, X2, «.., Xn OHO JOCTHraercs?

173*. Korja 3aKOHUMJCSt XOKKeHHBbIH TYpHHP (B OJHK
Kpyr), oKasaJjioch, YTO AJs Jiio6ofi rpynnmbl KoMaHJ
MOX>XKHO HaliTH KOoManay (Moxer OHITh, H3 3TOfl XKe rpyn-
nH), Kotopass Habpalla B Hrpax ¢ KoMaHOaMH 3Toit
rpynnbl HeYeTHOE YHCJIO OYKOB. JloKaxkwuTe, YTO B Typ-
HHpe YyyacTBOBaJo YeTHoe uHcso Komaui. (ITopaxxe-
HHe— (0 OYKOB, HHUbsi— 1 OUKO, BHHIpHIL—2 OYKa.)'

7-5 BcecowsHas oJuMNOHaa,
1973 r. (Kuumnnes)
Kuaace 1-t penn 2-%t nenn
8  174a 175 176 182 183 184
9 1746 177 178 179 185 186 184
10 180 177 181 187 188 184

174. Ha cyne B KauecTBe BeELIECTBEHHOIO JOKa3a-
TeJbCTBA NpelbsiBiieHo 14 MoHer. Dkcnepr O0GHapyxXui,
yro MOHeTH ¢ 1-#i mo 7-10— ¢anbiuuBLe, a ¢ 8-# no
14-10 — Hacrosmue. Cyn e 3HaeT TOJBKO TO,YTO (aljib-
WHBEE MOHETH BeCAT OAMHAKOBO, HACTOSIIHE MOHETHI
BeCSiT OJIMHAKOBO W YTO (hasbliHBEE MOHETH Jerie Ha-
crosnux. B pacnopsixeHun skcnepra — yaineyHnlie BeCHl
6e3 rHpb.

a) JKcnepTt XxoyeT HOKa3aTh CyAy, 4TO MOHeTH ¢ 1-ii
no 7-10— ¢anpuuere. Kak oH MoXer 3TO cnesarb, HC-
NOJIb3y5 TOJILKO TPH B3BeLIHBaHHS?

6) Ilokaxwure, YTO C NOMOLILIO TPEX B3BELIMBaHMM
OH MOXeT AOKa3aTh jJaxe OoJsibiie: YTO MOHeTH ¢ 1-i
no 7-i0— ¢anpmnsue, a ¢ 8- no 14-10 — Hacrosuue,

175. JlokaxHTe,YTo AEBATH3HAYHOE YHCJIO,B 3aMHCH
KOTOpOro y4acrBylor Bce HHQPL, KpoMe HyJsd, H KOTO-
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poe okaHyuBaercss LHQpoH 5, He MOXKeT OHITh NOJHBM
KBaJpaToOM ILIeJIoro YHcJa. )

176. Hano n Touek, n > 4. IlOKaxHTe, YTO MOXKHO
COEHHHTb MX CTPEJKAaMH TaK, YTOOH H3 KaX{IOH TOYKH
B KaXAyl0 MOXHO GBUIO nonacts, mpoiias JHO60 Mo O+
HOH cTpesiKe, JIH6O No AByM (KaK[ble ABE TOUKH MOXK-
HO COENHHHTb CTPEJKOH TOJLKO B OLHOM HanpaBJIeHHH;
HATH NO CTPEJKE MOXKHO TOJNbKO B yKa3aHHOM Ha Heil
HanpasJIeHHH).

177. Jan yron c BepminHo# O H OKpYyXHOCTb, Ka-
capouascs ero cropoH B Toukax A u B. U3 Touku A na-
pannensio OB mpoBefeH Jy4, nepeceKamowuii OKpyX-
Hocte B TouKe C. Otpe3ok OC mnepeceKaeT OKPYXHOCTb
B touke E, a npaMeie AE u OB nepecekaiorcs B TOYKe
K. Hokaxwure, uto OK = KB.

178. Ie#icTrBuTeNbHHE 4YHCIA 4, b, ¢ TAKOBH, YTO
JUIS BCEX YHCEN X, YAOBJIETBODSIOLIHX yclIoBHIO —1 <<
<< x << 1, BBINOJTHEHO HEPaBEHCTBO

lax?+bx+c|< .

Ilokakure, YTO TNpH STHX 3HAYEHHSX X BHINOJNHEHO
TaKXe€ HepaBeHCTBO

le+bx+al<<2.

179. TenHucHas ¢QenepallHst MPHCBOMJIA BCeM BXOAS-
IIHM B Hee TEHHHCHMCTaM KBalH(}HKaLHOHHHE HoMepa:
CHIbHeHIeMy — NepBHIf HOMep, cllefyoUleMy MO CHie —
BTopoft H T. A. H3BecTHO, 4yTO BO BCTpeuax TEHHHCH-
CTOB, KBaJIM(UKALHOHHHE HOMEpa KOTOpHIX pas3JyHYaloT-
ca GoJsee, yeM Ha 2, Bcerga noGexnaaer CNOPTCMEH C
MeHbLIHM HOMepoM. TypHHp, B KOTOpoM YydacrBylor 1024
CHJIbHEHIUNX TeHHHCHCTA, NpPOBOAHTCH NO OJHMIHHCKON
CHCTEeMe: YYaCTHHKH OYepejHOro Typa pa3GHBaloTCH No
Kpe6GHI0O Ha NMape H B clAefYIOUHH Typ BHXOAHT noGe-
OHTENb B KaxJo#f nape, Tak 4YTO YHCJO YYAaCTHHKOB
nocje Kaxaoro Typa yMmeHeuaercs Basoe. TakuM o6pa-
30M, MocJie AecsToro Typa OynaeT BHIsiBJeH nobGeiHTeNb.
Kaxoit HaHGOMBILHA HOMED MOXET OH HMeTb?

180. KpanpatHeifl Tpexunen f(x)==ax?® -} bx + ¢ Ta-
KOB, 4YTO ypaBHeHHMe f(X)=x He HMMeeT BeLleCTBEeHHHX
xopHeii. Jlokaxure, 4to ypaBHeHHe f(f(x))=x Takxe
HE HMeeT BellleCTBEHHBIX KOpHEe#.

181. Ha GeckoneyHoMm KaetyatoM JHcte Oesoit Oy-
Mard n KJIeTOK 3aKpalieHO B YepHBIH uBer. B MOMeHTH
BpeMeHH { =1, 2, ,.. MPOHCXOAHT OAHOBpEMeHHOR Hepe-
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KpalllHBaHHe BCEeX KJETOK JIHCTA MO CJEeAyLleMy Inpa-
BUJIy: Kaxjaas kinerka K nproGperaer TOT LBET, KOTO-
pHIil MMeJIO B NpeablAyIiHii MOMeHT GOJIbLIMHCTBO H3
TpeX KJIleTOK: caMoit kjleTkH K H ee cocemell cnpaBa H
cBepxy (ecnu ABEe MJIH TPH M3 3THX KJIETOK ObuiH Ge-
aeiMH, T0 K cranoBurcs Gesoif, ecqiM aBe HJIH TPH M3
HHX OBUIM 4YepHHIMH —TO uYepHOH). a) Jlokaxure, uro
yepe3 KOHEYHOE BpeM$ Ha JINCTe He OCTAaHeTCs YepHBIX
kJeTok; 6) JlokaxHTe, YTO YepHEHIE KJIETKH HCYE3HYT He
No3e YeM B MOMEHT BpeMeHH [ = n.

182. Ha cTopoHax oOCTPOYroJbHOro TpPeYroJibHHKa
ABC BO BHELIHIOIO CTOPOHY MOCTPOEHBI TPH MOAOOHBIX
Mexay coboit ocTpoyroseHbX TpeyronbHuka AC,B,
BAIC, CBlA (HpH 3TOM 4A31C= AABC] = AA]BC;
£ZBA,C = £ZBAC, = £B,AC).

a) JlokaxkHre, YTO OKDYKHOCTH, OIIHCAHHEIE BOKpYT
tpeyrosbunkoB ACB, BA,C u CB,A, nepecekaworcsi B
OfHOIl TOYKe.

6) Iokaxmure, uTO0 B TOH XK€ TOUKEe MEpPeceKalTcs
npsimeie AA,, BB, u CC;.

183. N yenoBek He 3HAKOMbI Mexay coboii. HyxHo
TaK NMO3HAKOMHUTb APYT C [PYroM HEKOTOPHIX H3 HHX,
yToOHl HH Y KaKHX Tpex JiojJeil He OKa3ajlocb OJH:IAKO-
BOTO YKCJia 3HAKOMBIX. JIOKa)XHTe, YTO 3TO MOXKHO Cle-
Jiath Npwu Jo6om N.

184. Koposs o6oies maxmatHylo Aocky 8X 8, mno-
6GLIBaB Ha KaXJOM NoJie POBHO ONMH pa3 M BEPHYBILIHCH
nocJeHUM XOAOM Ha HCXOAHOe moJie (KOpOJb XOAMT
no o6buHbIM npaBuiaM). Korja HapHcoBajid ero myTs,
COE/IMHWB OTPEe3KaMH LEHTPHl MoJiell, KOTOpEHE OH Mo-
CJIEAOBATENIbHO TPOXOAMJ, TO TNOJY4YHJach 3aMKHYyTas
JoMaHas 6e3 camonepeceyeHHH.

a) IlpuBeaute nmpuMep, NOKasHBAIOIIHHA, YTO KOPOJb
MOr ‘clesaTb pPoBHO 28 XOJ0B 1no rOpHM3OHTaJH H Bep-
THKaJH.

6) JokaxuTe, 4yTO OH He MOr CAeNlaTb MEHblle, YeM
28 TaKHX XON0B.

B) Kakylo Han6oJbliyl0o U KaKylo HauMeHblLlylo AJiH-
HY MOXKET HMeTb NyTb KOpOJSf, €cAH MAJIHHA CTOPOHBI
KJIeTKH paBHa 1?

185. lan TpeyrosibHUK C mioitazaplo 1 H CTOpOHaMu
a, b, c¢. HssectHo, uto a = b > c. JloKaxure, 4TO
b>4/2.

186. Jlay BRIyKAHH 7-YyTOJIBHHAK € TONAapHO Hemna-
Pale/IbHLIME CTOPQHAMY H TOYKA BHYTPH Hero. Jloka-
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WHTE, YTO Yepe3 3Ty TOUKY HeJb3s NMpOBecTH GoJibiie n
NPAMBIX, Ka)K[asi H3 KOTOPHIX AEJHT NJOIAAb r-yrodb-
HHKa [0MnoJaM.

187. Ilokaxure, 4TO eClnH xj, Xz, X3, X4, X5— IOJIO-
KHUTEJIbHBIE YHCJIA, TO

rtxet+ x5+ x4+ w2 >
= 4 (x1xp + xox3 + x3%4 + X405+ X5%)).
188. B mpocrpaHcTBe 3agaHEl 4 TOYKH, HE JIEXKalllHe
B 0[HOI MNIOCKOCTH. CKOJILKO CyUIleCTByeT PpasIHYHBIX

napaJijieielMnenos, AJs KOTOPHIX 3TH TOYKH CJyHar
BepUIMHAMH?

8-1 Bcecowsnas onuMmnuana,
1974 r. (EpeBan)

Kanacce 1-f nenv 2-ft menn
8 189a, 6, B 190 191 197 198 199 200a
9 190 192 189r 193 201 202 2006
10 194 195 196 193 203 204 2006

189. Ha kaproykax HamHcaHBl 4YHCJIA, Kaxjaoe H3
KOTOpHIX paBHO «-1» uiau «—1», Pa3pemaercsi, ykasas
TPH KapTOYKH, CNPOCHTB: «UeMy paBHO NpoH3BejeHHe
yycesl Ha 3THX KapToykax?» (caMH ypcia HaM He Coo6-
mawor). Kakoe HanMeHbllee 4YuCIO TAKHX BOIpOCOB
Hajno 3ajarb, YToObl y3HATH INpOM3BeJeHHMe 4YHcea Ha
BCeX KaproykKaxX, €CJH YHCJO KapToyek paBHO: a) 30;
6) 31; B) 32? B kaxioM ciyyae AOKaxHTe, YTO MEHb-
LUHM YHCJIOM BOMPOCOB OGOHTHCH HEJb3Sl.

r) Ilo oxpyxHocTH Hamucano 50 uucels, Kaxaoe H3
KOTOpBIX paBHO <«+1» uau «—I». Tpebyercs y3Hnarn
NpoH3BEACHHE BCEX 3THX YMces. 32 OAHMH BOIMPOC MOXKHO
y3HaTb NPOH3BEJAEHHe TpeX CTOAIMX noiapsja uuces. Ka-
Koe HauMeHblllee YHCJO BONPOCOB HeOGXOAHMO 3aAaTh?

190. Cpean uucen Bupa 36* —5¢, rae k& v | — Haty-
paJibHBIe HHCJa, HafijiuTe HaHMeHbllee NO aGCOJIOTHOI
BeauynHe. Jlokaxure, 4TO HaiijleHHOE YHCJO JEHCTBH-
TeJILHO HaHMEeHblllee.

191. a) Kaxnas M3 CTOPOH BRINYKJOIO LIECTHYTOJIb-
HUKa HMeeT AJHHy Gojbwie 1. Bcerna nin B HeM Haii-
JeTCs AHAroHaNp AJUHE Gosblue 2?

6) B Boinykjom wecruyronmbiike ABCDEF pivHEI
nuaroHaneit AD, BE u CF Goablue 2. Becerga au y Hero
HalizeTcss cTopoHa AJMHHE Gonblie 1?
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H92. JlaHH ABe OKpPYXHOCTH pajauycoB R H r, Kas
caiolipecs BHellHMM oO6pasoM. CTposATcs pasiuyHHe
rpaneuny ABCD Ttak, uToGHl Ka)Jas M3 OKPYXKHOCTell
Kacajacb 06eHx GOKOBHIX CTOPOH M OJHOIO M3 OCHO-
paHuil Tpaneuud. Hafiiure HauMeHpLIyl0 BO3MOXKHYIO
AJUHy GOKOBO# cTOpoHH AB.

193*. Ha nyiockocTH JaHBEI n BEKTOPOB, AJIMHA KaX-
zgoro u3 Koropex paBHa 1. CymMa Bcex n BEKTOPOB
paBHa HyJIeBOMY BeKTopy. JloKaxure, 4TO BEKTOPHI
MOXHO 3aHyMepoBaTh TaK,YTo6Hl NpH Beex k=1, 2, ...
..., N BHIOJHAJOCH CJelylollee yCJIOBHE: CymMMa mep-
BHIX k& BEKTOpOB MMeeT JJIMHY He GoJiee 2.

194. Ipu kakux AeficTBUTENbHHIX a, b, ¢ PaBEHCTBO

lax+by+cz|+bx+cy+taz|+]ex+ay+bz|=
=|x|+lyl+lz]

BEPHO IR BCEX AEHCTBUTEJbHBIX X, Y, 2P

195. Jlan xBagpatr ABCD. Toukn P m Q nexar co-
OTBETCTBEHHO Ha cTopoHax AB u BC, npuuem BP = BQ.
Ilycte H — ocHOBaHMe NepNEHAHKYJSpa, ONYIEHHOro H3
ToukH B Ha orpesok PC. Ilokaxure, uro yron DHQ
npsMoi.

196. 3a1aHO HECKOJIBKO KpPaCHBIX M HECKOJbKO CH-
HUX TOoYeK. HekoTophle M3 HHX COeAMHEHB OTpe3KaMH.
HasoBeM TOuKy <«oco6oii», ecan GoJiee MNOJIOBHHH M3
COEAUHEHHBIX C Heil TOYEK HMMEIOT LBeT, OTJIMYHBI OT
ee nBera. Ocobble TOUKH paspellaeTcsi NMEepPeKpallluBaATh:
Ha Ka)JlOM miary BeiOupaercs Jilo6ast ocofasi TOuka MU
nepexkpaiunBaercs B Apyroil user. Jlokaxure, YTo uepes
HECKOJIbKO ILAaroB He OCTaHeTCH HM O HOH 0co60i TOYKH.

197. Ha#inute BCce HaTypasbHEE YHCIA n M E Takue,
410 n" nmeer k uudp, a k% umeer n uudp.

198. Ha xaterax CA u CB paBHOGeapeHHOro mnpsi-
MoyrosisHoro Tpeyrosibinka ABC BHOGpaHH COOTBET-
ctBeHHO ToukH D u E tak, yro CD = CE. Ilpononxe-
HHfl NepNneHAuKyJaspoB, ONyweHHbX U3 Toyek D u C Ha
npaMylo AE, nepecekaor runotesy AB cOOTBETCTBEHHO
B Toukax K B L. Jlokaxure, uto KL = LB.

199. Ha maxmaTtHoi#i gocke 8) 8 nxBoe wurpainor B
Mrpy <«KOLUKH-MBILKH», ¥ NepBoro ogHa ¢HIIKa — Mbll-
K3, Yy BTOPOro HECKOJIbKO (pulleK — Kolrek. Bce ¢umku
XOASAT OJMHAKOBO: BNpaBO, BJEBO, BBEPX HJIM BHH3 Ha
OAHY knerKy. EciiM MBIIKa Okasallach Ha Kpaw JAOCKH,
TO OYepelHHIM XOJOM OHa CNpHIruBaer ¢ jocku. Ecnu
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KOlIKa M MBINKA NONAJaloT Ha OAHY M Ty e KJETKY,
TO KOILKa ChelaeT MBIIIKY.

Hrparomue XxoAsT mo ouepead, NpHYeM BTOpo# ne-
pelBHraeT CBOMM XOJOM BCeX CBOMX KOLIEK cpasy (pas-
HHIX KOLIeK MOXHO NpH 3TOM C/ABHraTth B pasHHX Ha-
npaenenusx). Haunnaer memika. OHa crapaercs CIpBIr-
HYTb C JIOCKH, @ KOIIKHM CTapaioTCsi HO 3TOTO €€ CBHeCTb.

a) Ilycte Kowek Bcero ase. Meiuka yxe NOCTaB-
JIEHa Ha KaKylo-To KJeTKy He Ha Kpawo. MoxXHo JH Tak
NMOCTABHTL KOIIeK Ha Kpamw MOCKH, 4TOGH OHH CyMeJH
CHECTb MBILIKY?

6) Ilycts Kowek TpH, HO 3aTO MBIIKA HMeeT JIHIL-
HHUR XOA: B nepBHIi pa3 OHA AeJIaeT /ABA XOAa MOAPSI.
Jokaxure, 4TO MBIlIKa CMOXeT Yy06exaTb OT KOLIEK,
KakoBo OBl HH GBUIO HauaslbHOe pacnofiox<eHue ¢HLIeK.

200. a) Hoxaxwre, yto uucaa 1,2,3, ..., 32 MOXHO
paccTaBUTb B TaKOM NOpsAKe, YTOGH HH MAJIs KakKHK
JIByX 4YHMCeJ HMX NOJyCyMMa He paBHfJacb HH OJHOMY
U3 4MCeJI, IOCTaBJEHHBIX MeXI1y HUMH,

6) Moxno snu umcna 1, 2, 3, ..., 100 paccraBurs
B TaKOM mopsjke, 4yroGH HH AJI KaKHX OBYX 4HcesJ HX
noJlycyMMa He paBHfJlach HH OJIHOMY H3 4HCeJI, NOCTaB-
JIEHHBIX MeX1y HHMH?

201. Haiinure Bce TpexsHauHble uucaa A, obnanaio-
e CcJIeAYIOLUM CBOMCTBOM: cpefHee apHpMeTHYeCKoe
BCeX YHCeJ, MOJY4YaloIHXCH M3 uyHcia A pPasiHYHBIMH
nepecTaHoOBKaMH ero uuop, pasHo A.

202. JlaH BBIMYKJBLIA MHOTOYTONBHHK, B KOTOpHIA
Hesib3i TOMECTHThP HHKAaKOH TPEeyroJIbHHK mjomanu 1,
Jlokaxure, YTO 3TOT MHOTOYIOJbHHK MOXHO NOMECTHTH
B TpeYyroJibHHK IJowany 4.

203. Ha otpeske 0 << x << | 3anana o¢yukuus f. Hs-
BECTHO, YTO 3Ta (PYHKUHS HeoTpHuarteJpHa H f(l1)=1.
Kpowme Toro, ana JIOGHIX ABYX YHCEN X| U X2 TAKHX, 4YTO
x>=0, x2=0 u x| + x; << 1, BHIOJHEHO HEpPaBEHCTBO

Flxy %) = F(x) + F (x).

a) Joxaxwure, 4To KakoBa 6bl HH Gputa GyHKuus f,
YOOBJIETBOPAIOLLAs NEPEYHCIeHHBIM YCJIOBHAM, AJS BCeX
x GyJieT BHIOJIHEHO HepaBeHCTBO f(x) << 2x.

6) BepHo JsiH, 4TO JJIfl BCeX X

F(x)<<1,9x?

204. Ilan Ttpeyromsuuk ABC nnowanu I, Ilyers A,
B; u Cy—cepenunn cropon BC, CA ¥ AB coorBer-
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cTBeHHO. Kakylo MHHMMaJbHYIO IUIOIAZBL MOXET HMeTh
obmas yacte TpeyrossHukoB A;B1Cy v KLM, eciu Tou-
KH K, L u M JAexaT COOTBETCTBEHHO Ha oTrpeskax AB,
CA] n BC]?

9-3 Bcecows3sHas oauMnHana,
1976 r. (CaparoB)
Kaace 1-# penn 2-fi neHb
8  205a 206 207 208a 213 214 215
9 209 206 210 2086 216 215 217
10 211 212 2056 208 214 218 219

205. a) M3 rtpeyronbiuka ABC noBopoTOM BOKpYT
IEeHTPa ONHCAHHOH OKPYXHOCTH Ha HEKOTOpHIH yroi,
Mmenbiiuil 180° mnoayumnu tpeyronsHuk A;BiCi. Coort-
BETCTBYIOLNE APYr APYTy NpH moBopote orpe3ku AB H
A;B, nepecekatorcs B To4uke Cp, BC u B,C;—B TOYKe
Ay, CA u C,A;—B Touke B,. Jlokaxure, YTO TPeyroJb-
HHUKH A3BsCs u ABC nogoGHBL

6) U3 uerwipexyrossauka ABCD, BnucaHHOroO B OK-
PY>KHOCTb, TOBOPOTOM BOKPYr IIEHTPa Ha HEKOTOPHI
yroJ, MeHeliuii 180°, TNOJYyYWJIH YeTHIPEXYTOJLHHK
A\B\C\D,. JlokaxuTe, YTO TOYKH NepeceyeHHs COOTBET-
CTBYIOIIMX APYr ApPYry NpH noBopore npsmbix: AB H
AlBl, BC u Blcl, CD n C]D], DA wu D|A1, cllyKar
BepILHHAMH NapaJjiesiorpaMmma.

206. Hau tpeyroseHHk ABC mnnomaau 1. Ilepswiit
HrpoKk BHIOHpaer Touky X Ha ctopoHe AB, Bropoii — Y
Ha cropoHe BC, 3atem nepBmii—Z Ha cropone AC.
Ilens mepBoro — nosiyuuts TpeyroibHuk XYZ wuaunGoss-
weil nuoutanH, BTOpPoro— HaHMeHbweil. Kakyio Hau-
Gosblllyl0 MJIOLIAAL MOXKeT obecrneyHTb ceGe nepBhHIH?

207. Kako#f HauMeHbLIH{I NepHUMETP MOXET HMeTb
BBHINYKJIBIH 32-yrONIbHHK, BCe BEPLIHHEI KOTOPOrO JexaT
B y3Jax KjeTyaTtofi 6yMard co CTOpPOHOR KJIeTKH 1?

208*, a) B kBagpare 7 )X 7 KJIETOK HYXHO OTMETHTBb
LEeHTPH R KJIETOK TaK, YTOOHW HHKAaKHe YeTHpe OTMe-
YeHHble TOYKHM He FBJIAJINCh BepIUMHAMH TPSIMOYTOJb-
HHKa CO CTODOHAMH, NapasjieJibHBEIMH CTOPOHaM KBaj-
pata. Ilpn KakoM HaubosblieM k 3TO BO3MOXHO?

6) Pewute anajiorMyHylo 3ajadyy AJsi KBajpaTa
13 X 13 xaeTok.

209. B BuinykaoM mectuyronsuuke A;A;A3A4AsAs
cepeAMHbl AMaroHaneit AgAs;, AjAs, AlAs AzAds, Asds,
AsA; 0603HaUNM COOTBETCTBEHHO yYepes Bj, By, Bs, By,
Bs, Bs. Iloxaxure, 4TO €CNIH  LIECTHYIOJbHHK
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B\B3B3B4BsBs BbINyKNEIi, TO €ro mJowmajis B 4YeTHpe
pasa Mensniie miuoiiagn A;A24:AsAsAs.

210. Hokaxwure, 4yro u3 uudp 1 u 2 MoxHO cocra-
BUTb 2"+! ymcels, Kaxjoe M3 KOTOPHIX 2"-3HAYHO M KaX-
ABle B2 H3 KOTOPBHIX pa3jiMyaloTcsi He MeHee yeM B 27}
paspsiax.

211. B nyockocTH gaHO KOHEYHOE MHOXECTBO MHO-
TOYTOJIbHHKOB, KaxJbple [Ba H3 KOTOPHIX HMeEWT 06Iyio
ToYKy. JlOKaxKute, 4TO HEKOTOpas NpsMas MepeceKaer
BCE 3TH MHOTOYTOJIbHHKH.

212. Jlokaxurte, YTO MIJISi MNOJOXHTEJBHBIX 4, b, €
HMeeT Mecrto HepaBeHcTBO  ad -} b3 4 ¢34 3abc >
> ab(a 4 b)+ be(b+ c)+ ac(a+ ).

213. Tpu Myxu Moni3alOT MO CTOPOHAM TPEYroJibHHKA
ABC Tak, 4to LeHTP TsKecTH o6pa3yeMoro HMH Tpe-
yroJibHUKa OCTaeTcf Ha OAHOM Mecrte. JIOKa)kure, UTO
OH COBNAfaeT C LEHTPOM THAKECTH TpeyrosibHuka ABC,
eCJIM HW3BEeCTHO, YTO OfIHA M3 MyX INPONOJ3jia no Beei
rpanvie TpeyrosbHHKa. (LleHTp TsHXKecTH TpeyroibHu-
Ka — TOYKa MepeceyeHUs ero MeaHaH.)

214. Ha nmocke HanmucaHO HECKOJIBKO HyJiel, eIHHHI
n nsoek. Paspeliaercs crepere nBe HepaBHble LHGPH
H BIHCATL BMECTO HHMX LH(QpPY, OTIHYHYIO OT CTEPTHIX
(Mecto 0 ¥ 1 —udpy 2, BMecto 1 1 2— 0, BMecTo 0
u 2—1). llokaxwure, YTO ecliH B pe3yJbTaTe TaKHX
onepanuii Ha [JOCKe OCTaHETCR OAHO YHCJO, TO OHO He
3aBHUCHT OT NOpPSAJKA, B KOTOPOM TNPOM3BOAMJIHCH CTH-
paHus.

215. Jana ropusoHTa/ibHas TOJIOCA Ha INIOCKOCTH,
Kpas KOTOpOH — napaJiie/ibHele npsiMble, H n NpPSMBIX,
nepeceKaroliux 3Ty Io-
Jgocy. Kaxare nase us
5THUX MpSMBIX Nepeceka-
IOTCA BHYTPH TNOJIOCH H
HHUKaKHe TpDH M3 HHX He
UMe: 0T oblell TOUKH. ., 4 -
PaccMoTpuM BcE NYTH,
HayHHAIOHIHeCS Ha HHX-
Helt KpOMKe IIOJIOCH,
HIyliHe MO JaHHBIM NpSAMBIM H 3aKaHYHBAIOIIHeCs Ha
BepxHeil KpoMKe mNoJjiockl, o6Jsanalolllie TaKHM CBOH-
CTBOM: HJsi IO TAKOMYy NYTH, MBI BCe BPeMs NOJHHMAaeM-
csi BBEpX; AOHAA N0 TOYKHM nepeceueHHs INPSAMBIX, MH
06s13aHBl TepexoAuTh HA JApyrylo npsmyilo (puc. 10),
JlokaxHTe, YTO CpeaM TaKHX nmyTeh

Puc. 10
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a) ecthb He MeHee n/2 nyreii 6e3 OOLIMX TOUEK]
6) ecTb nmyTh, COCTOSLIMA HE MEHEE YEM H3 f1 OTpe3«
KOB;

) ) o n
B)*' €CTh IyTh, NMPOXOASAUIHH HE 6oJiee 4eM 1o -—-+

2
-+ 1 npameim;

r)* ecTb MyTh, NPOXOASLIMA NO BceM n MpPSAMBIM. *)

216. Ilynsi KaKHX HaTypasibHHX B MOXHO COCTaBHTb
Ky6 pasMepamu kX kX k u3 6elblX H 4YepHHX KyOH«
koB 1X1X 1 TaK, 4ro6u Ass J1o6oro Ky6uka pOBHO
Ba H3 ero cocegeil UMeJH TOT e IBeT, YTO H OH caMm?
{IBa KyOMKa CYHTAIOTCH COCEJHHMH, €CJIH OHH HMEIOT
obulyro rpasb.)

217. IlaH MHoroulteH P(x) c

a) HaTypasJbHHLIMH KO3} HLNEeHTaMH;

6) uennMH Ko3dHUIHEHTaMH.

OGo3naunm yepe3 a, CyMMy IH(p B NECATHYHON 3aNHCH
yucaa P(n). Ilokaxute, 4T0 Haifercss YHcIO, KOTOpoe
BCTpeyaeTcsi B MOCJAELOBATENbHOCTH 41, Q2 +ssy Any -«
6GecKOHeYHO MHOro pas.

218. B uemnuoHate Mupa H EBponn yuyacteyior 20
KoMaHn., CpegH HHMX HMeeTcsl kB eBpomefCKHX KOMaHj,
pesyJbTaTH BCTpeY MeX/1y KOTOPHIMH Ha YeMIHOHaTe
MHpa HAYT B 3auer uemMnHoHata EBponu. YeMnuoHat
NpPOBOJAUTCSA B ONHH KpYT.

Ilpy kakom HauGoJsiblieM k MOXKET OKasaThcf, YTO
KoMaHaa, HabpaBiuas crporo HauGoJibliee KOJHYECTBO
OouKoB B ueMmnuoHate EBponk, HaGeper CTPOro HauMeHb-
niee KOJIMYECTBO OYKOB B HEeMNHOHATe MHPa, €CaH 3TO:

a) YyeMNHOHAaT MO XOKKelo (AOMYyCKaloTcs HHYbH)?

6) uemnuoHaT mo BoJeHOosy (HHYbHX He GhiBaer)?

219. a) JlaHH BelUeCTBEHHLIE 4YHCIA 4y, Az, by, bg
H NOJNIOXHTeNbHEIE YHCIA p1, P2, q1, g2 JloKaxwure, yto
B cnenytoutedt Tabaune 2 X 2

a+b ai+b

p+a pitqs

az4b;  as+bs

p2+q1 patqa
Haijercs 4uca0, KOTOpoe He MeHblue HHC/Aa, CTOSILUEro
C HHM B OJHOH CTPOKE, H He OGoJibllie YHCJAE, CTOSLIEro
C HHM B OJHOM cTOJIbIIE.

*) B BochbMOM Kjacce mpegJiarajHCh BONDOCH a), 6) M r), mpH«
UeM 3 n=20; B 9 Knacce BODPOCH 6), B) H r) AaA ofmiero
Cayuas n OpAMHX,
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6)* JlaHH BellecTBeHHHE YHCJA3 @1, d3, ss.5 Om,
b1, b2, «evy bn M NONOXKHTENLHLIE YHUCAA i, P2y «eey Pms
g1, G2, +.s, gn. CocTaBsena tabunua m X n, B KOTOpOii
Ha nepeceueHuH i-# ctpokH (i=1, 2, ..., m) H jTo
cronbua (j=1, 2, ..., n) CTOUT YHCIO

a,+b,
ritq ‘

Jlokaxure, YTo B sTOR TabaMue HaiAercs 4YHCJIO, KOTO-
poe He MeHbLie JiI060ro YHCJa, CTORILEro ¢ HUM B OAHOM
CTpOKe, U He 6oJiplue JIOGOro YHcsaa, CTOSLIETo € HUM
B OJHOM croJibie.

10-1 Bcecowsnas oauMNnuaga,
1976 r. (IywanGe)

Kaace 1-A nenn 2-% newb
8 220 221 222a, 6 223 229 230 231
9 2226 224 223 225 230 232 231

10 223 226 227 228 225 233 234 231

220. Ha crone nexar 50 npaBuJbHO MAYLIHX 4acOB.
JloKaXkuTe, YTO B HEKOTOPHIl MOMEHT CyMMa paccrosi-
HUH OT LEHTpa CTOJIA [0 KOHLUOB MHHYTHBIX CTPCJIOK
oxkaxercs GoJblie CYMMB PacCTOSIHHM OT LIeHTpa cioja
JiO LLEHTPOB 4YacCOB.

221. B crpouky noapsa nanucano 1000 ymcen. ITog
HeHl NUIIETCS BTOpas CTPOYKA YMCEJ MO CJAEAYIOllemy
npaBMily: MOJA Ka)ABIM YHCJIOM @ TNepBOH CTPOYKH Bhl-
DHCHBAeTCsl HAaTypaJibHOE YHCJO, YKasbiBawollee, CKOJb-
Ko pa3 a BcTpeuaercs B nepBofi crpouke. M3 Bropoii
CTPOYKH TaKHM e O6pa3soM IOJIy4aeTCH TpeTbs: MNOA
KaXXABIM YHCJIOM b BTOpOH CTPOYKH BBINMCHIBAETCH Ha-
TypajbHOE YHCJIO, YKasnBaloliee, CKOJIbKO pa3 b Becrpe-
yaercsi BO BTOpOH CTpOuYKe. 3aTeM M3 Tperbeld CTPOYKM
TaK e CTPOHTCA 4YeTBepTas, M3 4eTBepTod — nATas M
TaK jaJee.

a) Joxkaxmure, 4TO HeKOTOpas CTpPouKa COBNazaer
€O caenyolled.

6) DoJsiee Toro, snokaxure, 4to 11-1 cTpouKa coBna-
aaer ¢ 12-i1.

B) IlpuBesnte npumMep Takoii mnepBOHAYAJNbHOH
cnlxl)qi;m. Aaa xoropoit 10-m ¢Tpoyka He COBNajaer
ﬁ ot * 0
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222, Ha naockocTH HaHBl TPH OKPYHOCTH OLHHAKO<
BOTO pajiyca.

a) JlokaxuTe, 4TO €CJAH BCce OHM TMEPECEKAIOTCH B
ofHOll TOuKe, KaK NOKasaHo Ha puc. ll,a, 10 cymma
owmeuennnix 1yr AK, CK, EK paBna 180°.

Puc. 11

6) JlokaxkuTe, 4TO €CJIH OHM pACMOJIOXEHH TaK, Kak
YI0OKa3aHo Ha pucyHke 11,6, To cyMMa OTMEYEHHHX Ayr
AB, CD, EF pasua 180°.

223. HatypasneHbie yucna x;, xp Mensuie 10000. HMc-
X0 M3 HHX CTPOMTCS TNOCJEI0BaTENbHOCTL X1, Xz,
3, ..., Xn, TIE YHCJIO X3 PABHO |X; — Xp|, UHCIIO X4
PaBHO HaWMeHblleMy M3 4HCeN |Xx; — x|, |xe— xsl,

X1 — x3|, YHCIO x5 paBHO HaHMeHblleMy M3 YHCea
Xy — Xef, le—xal. |x1—x4|, |x2—x3|, Ixz—x.sl,
X3— X4| W TaK panee (Kaxpaoe cjeiylollee YHCJIO paB-
HO HauMeHbllefl M3 aGCOJIOTHBIX BEJNHYMH pasHOCTeiH
MeXJy npeAbayltuMu uucinamu). Jlokaxkure, yto 06%-
3aTeNbHO X1 = 0.

224. MoxHO JM BepuIMHH Ky6a 3aHyMepoBaTb pas-
JIMYHBIMH TPEX3HAYHBIMH YHCJIAMH, COCTaBJIEHHEIMH H3
puadp 1 1 2, Tak 4To6BH HOMepa JiIOOBIX IBYX COCELHHX
BepIIHH pasfinyajich HE MeHee 4eM B ABYX paspspax?

225*. Ha nnockocTH AaHbl BeKTOpH @, b, ¢, d, cyMMa
KOTOpHIX paBHa 0. JloKaxXHuTe HepaBeHCTBO

lal+Ibl+lcl+IdI=la+d|+1b+dI+]c+dl

226. B npasusibHOM 1976-yrosibHHUKe OTMEYEHHl cepe-
IHHBl BCeX CTOPOH M CepefMHBl Bcex AHaroHasnei. Ka-
Koe HauboJjbluee YHCJIO OTMEUEHHHIX TOYEK JIEXKHT Ha
OIIHOH OKPYXKHOCTH?

227. Ha xBagparHoM Jucre GymMarn HapuCOBaHH N
NIPAIMOYTOJILHHKOB CO CTOPOHAMH, NapalulesibHBIMH CTO-
PoHam nucta. HHKakue gBa H3 3THX NpPSMOYTOJILHHKOB
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He HMeloT OOLIMX BHYTPEHHHX ToueK. JlOKaxwure, yTO
€CJIH BhIpe3aTb BCe INPSMOYTOJbHHKH, TO KOJHYECTBO
KyCKOB, Ha KOTOpble pachnajercss OCTaBllasics 4Yactb
Jucra, He 6oJiee n 4 1.

228. Ilo TpeM NpsIMONIMHEHHLIM NOpOraM € NOCTOSIH-
HEIMH CKODOCTSIMH WAYT TpM nellexona. B HavanbHuii
MOMEHT BPEMEHH OHHM He HaXOAMJHCh Ha OJHOH NpsIMOIi.
Jlokaxute, YTO OHH MOTYT OKa3aTbCsi Ha OJHOH HPAMOH
He 6oJiee IBYX pas.

229. Ha wmaxmarHo#t jocke pasMepa 99X 99 orme-
yeHa ¢urypa (sra ¢urypa 6yler pasHoil B nyHKTax a),
6), B)). B kaxnoii kierke Qurypbl @ CHAHT MO XKYKY.
B Kakoii-To MOMEHT XyKH B3JIeTeJH H CeJlH CHOBa B
KJeTkH TOH e ¢urype @; npH 3TOM B OJAHY KJETKY
MOIJIO CeCTh HECKOJBbKO KyKoB. Ilocie nepesera JiroGhie
JBa XyKa, 3aHMMaBlUHe cOCelHHE KJEeTKH, OKa3aJHCh
CHOBa B COCEJIHHX KJIETKaX HJIH NONAaJH Ha OIHY KJETKY.
{CocenHHMH Ha3HIBAIOTCA KJETKH, HMMeollde oO6LlyK0
CTOPOHY WJIM O611YI0 BepIUHHY.)

a) Ilyctp ¢urypa @ -—3T0 «leHTpaJbHbIl KpecT»,
7. e. obbennHeHne cpeiHeil BepTHKanu U cpelHeil ro-
pusonraju (puc. 12,a). JloKaxkure, 4T0 B 3TOM clayyae
KaKOH-TO XYK BEpHYJIC Ha MecTo JHGo nepeseres B CO-
CEHIOIO KJIeTKY

DAY

a 6
Puc. 12

6) BepHo su yTBepxAeHue, ecan ¢urypa-—sto
«OKOHHAsi paMa», To eCTb OGBbeANHeHHe LEHTPaJIbHOro
KpecTa ¥ BCeX TPaHHYHBIX KJIeTOK HockKM (puc. 12,6)?

B)* BepHo Jnu yTBepxIeHHe, eciH ¢urypa—3To Bcd
JAocka?
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230. Bynem HasbBaTh TPEYroJbHHK «6OJBIINM», €CJIH
JJIHHBI BCEX €ro cropoH O6oJdiple 1. JlaH npaBHJIbHBIN
TpeyrosibhuKk ABC co cTOpoHO# AJHHBI 5. JloKaxure,
9TO:

a) us Ttpeyrospiuka ABC MmoxHo Bbipesats 100
«G6OJIBLIHX» TPEYrOJIbHHKOB;

6) tpeyroibHHK ABC MOXHO ULeJHKOM paspe3aTb
He meHee yeM Ha 100 «6OJBLINX» TPeyrONbHHUKOB.

B)* TpeyronbHUK ABC MOXHO paspe3aTb He MeHee
yeM Ha 100 «GoJIBIIHX» TPEYroJibHHKOB, cobJiiojas cie«
nywlllee ycloBHe: Jio6be ABa «60JbIIHX» TPEYroJbHHKA
an6o He mepecekarorcs, JHOO HMEOT POBHO OAHY 00«
Lly}0 BepIUKHY, JHOO CTOPOHE OJHOTO M3 HHUX SABJAETCHA
cropoHoii apyroro. (Takoe pa3pesanve Ha3blBaercs
TPHAHTYJSILHEH.)

r)* pewnre 3agayu 6) M B) AJf NPaBHJIBHOTO Tpes
YTOJIbHHKA CO CTOPOHOH HJIMHH 3.

231. JlaHo HarypanbHoe uyucio n. llocienoBatedibe
HOCTb HATypaJibHbIX YHCEN aji, G2, +44y Ax (B =>n), Ha«
30BeM YHMBEpCAJBLHOH JAJNA AAHHOTO n, eClIM M3 Hee
MOXHO IOJYYHTh BLIYEPKHBAHHEM YacTH YJEHOB JO«
6yio nepecTaHoBKy uucea 1, 2, ..., n (T. e. mo6ylo mno-
CJIE0BATENBHOCTL K3 n YHces, B KOTOPYIO Kaxkjaoe H3
umcea 1, 2, ..., n BXOAHUT No ojaHoMy pa3y). Hanpumep,
niocsenoBatesnbHocts (1, 2, 3, 1, 2, 1, 3) sABasieTcA yHH-
pepcaipHOH il n==3, & MOCJENO0BATEIbHOCTh
(1, 2, 3, 2, 1, 3, 1) He yHuBepcalbHa, TaK KaK M3 Hee
HHKAaKHM BbluepKMBAaHHEM HeJIb3si MNOJIYYUTb Ilepecras
HoBKy (3, 1, 2), Llenp 3tofi 3apaun— NOJYYHTh OLEHKY
YHCJIA YIEHOB caMOH KOPOTKOH YHHBepcaJibHOH mocJe-
JIOBATEJIBHOCTH (JJIsi JaHHOTO n).

a) IlpuBenure npHMep YHHBEpCANbHOH NOC/EOBa«
TeJILHOCTH H3 n? YJIeHOB,

6) IlpuBenutre npuMep yHHBepcaJbHOH NociaenoBa-
TEJbHOCTH U3 ni—n 4 1 YneHos.

B)* JlokaxuTe, YTO Jlo6as yHuBepcasibHas IoCJae[0-
BAaTEJLHOCTh COCTOMT He MeHee yeM H3 n(n+1)/2
YJIEHOB.

r)* Jlokaxure, 49T0 npH n==4 camas KopoTKas
YHUBEpcaJbHAS NOCIENOBATEJLHOCTH COCTOMT H3 12
YJICHOB.

n)* IlonpoGyiite HaltTH AJNA AAHHOTO N KakK MOXHO
6oJlee KOPOTKYK) YHHBEPCAJbHYK IMOCJIeA0BATebHOCTD.
{OKwopn ymeer cTpoHTh YHHMBEPCAJBHYK NOCIELOBATE/lb~
HOCTb H3 12 ~— 21 + 4 4JIEHOB,)
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232. Ha OKpyXHOCTH pacnoJIOXeHH 1 AeHCTBHTENb+
HHX UHCeJl, CyMMa KOTOpPHIX paBHa HyJ10. OfHO M3 3TuUX
uyces paBHO 1.

a) Jlokaxure, YTO €CThb ABa COCEJHHX YHCJa, pas«
JIHYaloLMXCcs He MeHee yeM Ha 4/n.

6)* IlokaxuTe, YTo €cTh YHCJO, OTJHYAKOLLEecs Of
CpenHero apu()MeTHYeCKOro ABYX CBOHX cocelle He Me-
Hee yeM Ha 8/n2.

B)* OueHKy, NpeJIOXKEHHYI0 B NpPEABAYLIEM NYyHKTE,
MOXHO yayuwutk. Ilonpo6yiite 3aMeHnTh B Hell gmcio 8
KaKHM-HHOYAb GOJIBIIHM YHCJIOM TaK, YTOOBl yTBepKie-
HHe 3ToH 3anayu MO-IpexHeMy BLINOJIHSAJIOCH IJIsi BCex
HaTypaJIbHbIX YHCEJI.

r)* Jlokaxwure, uto Misi n = 30 Ha OKPYKHOCTH €CTh
YHCJIO, OTJIHYalolleecsi OT CpefHero apH(MeTHYECKOro
JABYX CBOMX cocelieil He MeHee yeM Ha 2/113. [Ipuseaure
npuMep Habopa u3 30 yHCes Ha OKPYXKHOCTH, B KOTODOM
HY OJHO YMCJIO HE OTJIMYaeTcs OT CpelHero apu¢pMerH-
YECKOTo IBYX CBOHMX coceleil Gosiee yem Ha 2/113.

233. B BeplIHHAX NPABHJIBHOTO n-yroJbHUKA C HeH-
TpoM B Touke O paccraBiedbl yucia (1) u (—1). 3a
OIMH 1ar paspellaeTcss W3MEHHUTb 3HAK Yy BCeX YHcel,
CTOSIIHX B  BepUIMHAX KAaKoro-iu6o IpaBHJIBHOTO
k-yronbHuKa ¢ meHTpoM O (IpH 3TOM MBI IONyCKaeM H
2-yroJibHUKH, NMOHUMasi NOA 2-yTroJLHHKOM OTPE30K C ce-
penunoii B Touke O). Ilokaxure, YTO B clyuyasx a), 6),
B) CylLIeCTByeT TaKoe MNepBOHayallbHOe pachoJioXKeHHe
(+1) n (—1), uTo M3 Hero HM 3a KaKoe YHCJIO IIAroB
HeJIb3sl NOJIYYHTh Ha6op M3 oAHUX (+1):

a) n=15;

6) n=230;

B)* n— ao6oe yncio, Gosbliee 2;

r)* Ilonpo6yiiTe NOsicHUTP AJs IPOU3BOJIBHOIO n,
geMy paBHo HaunGoubiuiee uncno K(n) pasiuyHBX pac-
craHoBoK (+-1) u (—1), cpean KOTOpPLIX HH OAHY
HeJb3si MOJYYHTh M3 APYroii 3a HECKOJbKO waros. Jlo-
Kaxure, Hamnpumep, uto K(200)=2%0,

234*. Ha cdepe pamuyca 1 npoBefieHa OKPYKHOCTb
Gosibloro Kpyra, KoTtopylw Mu OyAeM Ha3biBath 3KBa-
Topom. Ham 6yaer ynoGHO WCHOJNB30BaThb M Apyrue
reorpaduyeckue TEPMHHH: MOJIOC, MEpHAMaH, Napaj-
Jiedb.

a) 3apanuM Ha 3TO# chepe QYHKUMLO f, craBsylo
B COOTBETCTBHE KaXJOH TOYKe cdepn KBaapar pae-
CTOsIHUS OT 39TOH TOYKH JI0 JUIOCKOCTH SKBATOpA.
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IlpoBepbTe, uTo 3Ta (QyHKUHA obnanaer caenyOUHM
CBOICTBOM:

(*) ecnn My, Mz, M;— KOHIb TpeX B3aHMHO Ieps
NeHAHKYJISIPHBIX paauycoB coepbl, To f(M;)+4
+ M)+ [(M3) = 1.

Bo Bcex clefylINUX NyHKTax [— NpPOM3BOJIbBHAS HEOT+
purarelibHasi QyHKIHs Ha cdepe, KoTopasi obpalnaercs
B 0 BO Bcex TOYKax 3KBaropa H o6Janaer CBoOii-
CTBOM (%).

6) Ilyctb M 1 N — TOYKH OJHOTO MepHIHaHa, pac-
NIOJIOXKEHHBIE MEXJy CEeBEpPHLIM MOJIOCOM M 3KBaTOPOM.
Joxaxure, yto ecqn Todyka M panplie OT IJIOCKOCTH
sKBaTOpa, YeM Touka N, to f(M)> f(N).

B) Ilycte M u N — npousBoJibHble TOukH cdepsl. J1o-
Kaxure, YTO ecJM TouKAa M JaJibllie OT IJIOCKOCTH 3IKBa-
Topa, ueM N, to f(M)> f(N).

r) JHokaxwure, uto ecyid Toykn M u N Jexar Ha of-
Ho#t mapaaneny, 1o f(M)==f(N).

1) Joxaxure, uro ¢yHKkuus f copnanaer ¢ (yHk-
uueii, onucanHoil B MyHKTeE a).

11-9 Bcecow3Hasa oauMOHKAana,
1977 r. (Tanaun)

Kaace 1-ft geHb 2-# nenn
8 235 236 2376 238 243 244a, 6 245 246
9 237a 239 235 240 247 248 249 250

10 237a 239 241 242 235 251 244a, B—p 246

235. Ha miockocTn paHa HecaMonepeceKaroumascs
3aMKHyTasi JiOMaHasi, HHMKAaKHe TpH BEpLIMHLI KOTOpOH
He JiexxaT Ha osnHOH npsimoii. Hazosem napy necocenHux
3BeHbeB 0COOEHHOH, €CH NPOJOJIJKEHHE ONHOTO M3 HHX
nepecekaetr apyroe. JlOKaxkure, yTo YHCJIO OCOOEHHLIX
nap uyeTHO.

236. Ha mnuiockocTH OTMEYeHO HECKOJBKO TOY€K, He
JieXalllHX Ha OJHOH NpsIMOH, H OKOJO KaxaoH Hamu-
caHo unrcyo. HMI3BecTHO, YTO ecjd nMpsiMasi NIPOXOAKT 4e-
pe3 nBe uin GoJiee OTMEYEHHBLIX TOYEK, TO CyMMa Bcex
YyHces, HanMCAaHHBIX OKOJIO 3THX TOYEK, paBHA HyJIIO.
Jlokaxwure, yTO BCe HHUCNa PaBHbI HYJIIO.

237. a) B okpyXHOCTb BIHcaHbl TPEYroJibHUKH T M
Ty, npuueM BeplIHHB TpeYroJibHHKa T SIBISAIOTCH cepe-
JHHAaMH 1yr, Ha KOTOpble OKPYKHOCTb pa3CHBaercsi Bep-
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WIHHaMH TpeyroJbHHKa To. JloKaxure, 4TO B MIECTH-
yronbuuke T((1T; Auaronanu, COegHHSAIOLIHE NPOTHUBO-
NONOXKHbIE BEPILUVHDI, NapaJJiesibHbl CTOPOHAM TPEYroJb-
HHKa T H nepeceKaloTcsi B OJHOH TOYKE.

6) Orpesok, coenunsiomuii cepenunbl ayr AB u AC
OKpPYXXHOCTH, OMNHCAaHHOH OKoJsio TpeyroJdbHuka ABC, ne-
pecekaer ctopoul AB m AC B toukax D u K. Joka-
XHuTe, 4T0 TouKH A, D, K u uentp O BNHCAHHOH OKPYX-
HOCTH TpeyronbHHKa ABC — BepuiuHbl poM6a.

238. ITo OKpYKHOCTH PACTONIOXKEHO HECKOJBKO 4Yep-
HBIX M Gesqbix ¢umek. JIBoe no ouepenH NpoAE/bIBAIOT
TaKyl0 Onepaniuio: nepeblii yOupaer Bce uepHble (HHUILKH,
uUMeroine Genoro cocefa (XoTsi 6bl C OA4HOH CTOPOHBI),
a BTOpOH mnocye 3toro y6upaer Bce Oesible (HUIIKH,
HMelollHe yepHoro cocena. Tak oHM fesaloT A0 TexX mop,
NOKa He OCTauyTcs Bce (HIUIKH OZHOTO IBETA.

a) Ilycrb Brauase Guuto 40 ¢uinek. Moxer Ju cay-
YUThCS, YTO NOCJAE TOrO, KaK Kax Akl clenaer ABa X0Aa,
Ha OKPYXHOCTH OCTaHETCsl OfiHa ¢(HIUKa?

6)* Ha okpyxHocTH cHauajna 6bio 1000 ¢uek.
Yepes Kakoe HaHMeHblee YHCJIO XOLOB Ha OKPYXKHOCTH
MOXET OCTaTbCsl OHA (QHUIIKa?

239. Jlana OGeckoHeuHasi YHCJIOBasi MOCIENOBaTelb-

. a
HocTb {a.}. M3BectHo, uto lim (a,,“ — T") =0. Jloka-
n-»oo

xkute, uro lim a,=0.
n-»oco

240*. B uekoTopoil cTpaHe M3 KaxJAOro ropoja B
Jo6o# 1pyrofi MOXHO NpoOexaTb, MHHYSl OCTaJbHblE Io-
pona. HMsBectHa CTOMMOCTb KaXXJOro TaKOTroO npoe3za.
CocraBiieHs JBa MapLIpyTa MNOE3AKH 1O Tropojam
cTpanbl. B Kaxnblit U3 3THX MapLIPyTOB KaXAbli ropos
BXOOUT pOBHO no ouHoMmy pasy. [Ipu cocraBieHuH
MaplIpyTa PyKOBOACTBOBAJNHCh CNENYIOLIHM MPHHIHAOM:
HayaJbHBIH NyHKT MaplipyTa BbIGHpaeTcss NPOH3BOJIBHO,
a Ha KaxZOM cJelyiolieM llare cpeay rOpOLOB, yepe3
KOTOpble MapLIpyT elle He NPOXoAaHuJ, BhIGHpaeTcs TOT,
foesgKa B KOTOpPHIH H3 Mpelblayliero ropoja HMeeT
HaHMeHbLIYI0 CTOMMOCTb (€CJM TaKHX TOpOJOB He-
CKOJIbKO, TO BbIGHMpaeTcst JI060H M3 HHMX); M TaK JO TeX
nop, noka He 6yayt npoiijenn Bce ropoaa. Ilpu cocras-
JIEHHH BTOPOrO MaplIpyTa HauanbHbIl TOPOA TOXE BHI-
6upaercsi TNPOH3BOJIBHO, @ Ha KAaXJAOM ClelyiolieM
lare cpeid rOpOAOB, Yepe3 KOTOpble MaplLIPYT elle He
NpOXOANJ, BLIOHpaeTcs TOT, Noe3[Ka B KOTOPDHH H3 mpe-
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ZhayHiero ropoga umeer HauGoJbllylo cToMMOCTb. Jo-
KaxuTe, 4uro oOllasi CTOHMOCTb Ipoe3sa IO NepBOMY
Mapuipyty He GoJblie OOMieH CTOMMOCTH INpoesZa no
BTOPOMY MapLIpYTy.

241. B Kaxj0il BepliMHEe BHIYKJIOTO MHOTOrpaHHHKa
M cxonmrces 3 pe6pa. HispecTHO, 4TO Kaxkaasi ero rpaHb
SIBJIIETCS. MHOTOYTOJIBHHKOM, BOKPYF KOTODOTO MOXHO
ONHCAaTh OKPYXKHOCTb. JIOKakwre, YTO BOKpDYr 3TOro
MHOTOrPaHHHKA MOJHO onHcaTh cpepy.

242*%, Hanucan MuorouseH X104 «x9 4 =x8 4 ..,
... +%x2+ «x+ 1. IBoe urpator B Takyw Hrpy. Cha-
yajia nepBblii 3aMeHsieT JI0GYI0 M3 3Be3J04YEK HEKOTO-
PbiM YHCJIOM, 3aTe€M BTOPOH 3aMeHsIeT YHCJIOM JOGYI0
M3 OCTaBLIMXCA 3Be30YeK, 3aTeM CHOBA MNepBLId 3aMe-
HS€T ONHY H3 3Be3JI0YEK YHCJIIOM M T. A. (Bcero 9 Xo-
o). Ecniy y nosnyyeHHOro MHorodjieHa He Oyner ne-
CTBHTEJIbHbLIX KOpHel, TO BHIHIpbiBaeT INepBHI HrpoK,
a ecan Oyzner XoTsi 6bl OAMH KOpPeHb — BHIMTphIBA€T BTO-
poii. Moxer Jnu BTOpoil HrpoK BHIMIpaTh INpH J106OH
Hrpe nepBoro?

243. 3a KpyranM croJioM cuast 7 rHomoB. [lepen
KaXIblM CTOMT KpPYy»XKa. B HeKoTopble M3 STHX KpyXeK
najguro MoJioko. OoHH H3 THOMOB pasJiUBaer Bce CBOE
MOJIOKO B KPYXKH OCTaJIbHbIX NOPOBHY. 3aTeM €ro co-
ce CnpaBa ReJaeT TO e caMmoe. 3aTeM TO Xe camoe
Jenaer cJeAyolHH cocel cnpaBa W Tak jaJee. [locae
TOro, KaK mnOCJHeNHHH, cenibMOfl THOM pasJjui BCeM
OCTAJIbHBIM CBO€ MOJIOKO, B KaXXIOH KpyXKe 0Ka3asuocCh
CTOJIKO € MOJIOKa, CKOJIbKO Obuio B Heil BHauaJse. Bo
BCEX KpYyXKax BMecte MoJioka 3 sutpa. CKOJBKO MO-
JIOKa GbUI0 NEPBOHAYAJIBHO B KaXIO0# KpyKKe?

244. BbyneM HasbBaTh 2n-3HaYHOE UHCJIO OCOGHIM,
€CJIH OHO CaMO SIBJSIETCS TOYHHIM KBajApaToM, M YHCJA,
06pa3oBaHHble €ro NEepPBLIMH LH}paMH M €ro nocijen-
HUMH n uudpaMHi, TaKxe SIBJIAIOTCS TOYHHIMH KBaapa-
TaMH (NpH 3TOM BTOpOe n-3HAYHOE YHCJIO MOXET Hau-
HaTtbcAd ¢ HUPpH 0, HO He NOJKHO OHITb PABHO HYJIIO,
a neppoe He MOXET HaUHHATbCA C HYJIs).

a) Ha#inure Bce aBy3HauHble M 4YeTHIpEX3HauHkble
ocobhie YHCIIa.

6) BoaMoXHBl J¥W luecTH3HayHble OCOOGHE YHciaa?
(Iokaxure, yT0 WX HET WJIM NpHBEAMTE NPHMEp TaKOro
yHcaa.)

B)* JlokaxHuTe, UTO CyllecTByeT XOTsl GH omHO 20-
3HayHoe 0co60e YHCIO.
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r)* Ilokaxure, uro cyulectByer He Gosiee 10 oco-
6b1x 100-3HaYHBIX YHCEJ.

n)* Jlokaxute, 4TO cyllecTByeT XoTsi 6bl ofHO 30«
3HayHoe oco6oe YHCIIO.

245%, JlaHo MHOMECTBO TOJIOKHTEJbHBIX  YHCEN
{ai, as, ..., a.}. Jlis Kaxaoro ero NOAMHOXECTBA Bhl«
nHUleM CYMMY BXOASILIHX B Hero uwmcesa (paccMarpw-
BalOTCA CyMMbl H3 OAHOrO, IBYX, ..., 1 CJAraeMbx).
Jlokaxkute, YyTo Bce BHINHCAaHHbBIE YHCIa MOXKHO TakK
pa3buTh Ha n rpynn, yToGbl B KaXKJIOH rpynne OTHOLIe-
HUe HauGOJbLIEro YHCJIA K HaHMeHbllleMy He MpPEBOCX0+
auso 2.

246. HMmeercst ThiC YA  OHJAETOB € HOMEpPaMH
000, 001, ..., 999 u cro smukoB ¢ HoMmepamu 00,01, ...
..., 99. Buser paspewaercs onyckaTb B SILIHK, €CJH
HOMEp sfilMKa MOXHO MNOJYYHTb H3 HOMepa 3TOro Ou-
JieTa BhiYepKHBaHHeM ofHO# w3 uuop. Iokaxwure, 4ro:

a) MOXHO pasJIOXHTb Bce GujeTh B 50 SIIHKOB;

6) Hesb3si pa3yOKHTb Bce OuneThl MeHee yeM B 40
SALHKOE;

B)* Hesib3Al pa3yIoNKHTh Bce OHJeTH MeHee yeM B 50
SILL{UKOB;

r)* Ilycts OujleTH MMEIT YeThIpEX3HAYHHE HOMepa
(ot 0000 mo 0001) u Ouser paspellaercss ONycKaTb B
AUHK, HOMEP KOTOPOrO0 MOXHO HOJIYYUTb M3 HoMepa G-
JeTa BBYEPKHBaHHEM KaKHX-in6o aByx uudp. Iloka-
XKHTE, YTO BCe YEThIpeX3HauHble OMJIETHI MOXHO pasJo-
Hurb B 34 slIMKA.

n)* Kakoit MUHHMAaJBHEIT Ha6op SILIMKOB NMOTpebyer-
CHt AnA k-3HauHbIX GujieroB (kK =4,56, ...)?

247. Ilan KBanpaTHBbli JIHCT KJeTyarod Oymaru
100 X 100 kuetok. IlpoBeneHO HeCcKOJNIBKO HecaMmormepe-
CEeKamoWMUXCs JIOMAHbX, HAYLIHX MO CTOPOHaM KJeToK
H He HMeIHX OOMHX ToueK. IDTH JIOMaHBeE HIyT
CTpPOr0 BHYTPHM KBajJpaTa, a KOHLAMH BRXOAAT Ha ero
rpanuuy. Jlokaxwure, yro KpoMe BEpLIHH KBajparta Haii-
IeTca y3esq (BHYTPH WJAM Ha rpaHMue), He NpHHajJe-
Hamui HY OJHOH JIOMaHOi1.

248*%, JlaHW HaTypaJbHHIE YHCAA X, X3, ..., Xn H
Yi, Y2 eeer Ym. CyMMBL X1 4 X2+ ... 4%, H Y+
+y2+ ... +ym paBHBH Mexay coG0H u MeHbuie mn.
Jokaxure, uyto B paBeHCTBE X+ X2} ... +xp==
=+ Y2+ ... +Ym MOXKHO BHIYEDKHYTb YacTh CJa-
raeMhx Tak, yto6bl CHOBA MNOJYYHJIOCb BEDHOE paBeH-
CTBO.
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249. Ha nnockoctu paHo 1000 KanpatoB c¢o cropo-
HaMH, napajJieJbHbIMH ocsM KoopauHar. Ilycte M —
MHOX€CTBO LEHTPOB 3THX KBajparToB. JlOKaxXuTe, YTO
MOXHO OTMETHTh 4acTb KBAaApATOB TaK, 4To6bl Kaxnas
TOUKa MHOXecTBa M mnonaJjia He MeHee YyeM B OJHH H He
6osiee YeM B YeThlpe OTMEUEHHBIX KBaJpaTa.

250. Ha crojie crosiT yalleyHble Bechl ¥ 1 THPb pas-
JnuHbiXx Macc. I'upu no ouepeny craBsiTcs Ha YallKH Be-
cOB (Ha KaxXIoM wmiare co crojia Gepercs Jiobasi rups
¥ [00aBJIsSETCS Ha TY WM APYIYIO YallKy BECOB).

a) JlokaxuTe, YTO THPH MOXHO CTaBHTb B TaKOM IO-
psilKe, yToObl CHayajla nepeBecusa JieBas YalllKa, 3aTeEM
npasasi, IOTOM CHOBa JieBasi, CHOBa IpaBasi M TaK paliee.

DToil NOCJIEeNOEBATENBHOCTH pPE3YJIbTAaTOB B3BeLIUBa-
HUl conoctaBum cyoBo M3 6ykB L u R: LRLRLR ...
3necp GykBa L o603HauaeT, YTo MepeBecusa JeBas
vaulka, a O6ykea R o3Hauaer, 4YTO MepeBecHJia IpaBasi
yalka.

6)* Ilokaxwure, uTo AJsi Jio6Oro cjioBa AJIHHL n H3
6ykB L ¥ R MOXHO B TaKOM NOpsilKe CTaBHUTb T'MpPH Ha
YaIIKHY BecoB, YTOOB! 3TO CJIOBO COOTBETCTBOBAJIO MOCJe-
JOBaTeNbHOCTH Pe3yJIbTATOB B3BeLIMBaHUH.

251%. Mb GyneM paccMaTpuBaTh MHOTOYJIEHHBl OT
OZHOTO NEPEMEHHOTO X CO CTAapLUMM KoaddumuertoMm 1.
Bynem roeopurh, YTO [Ba TaKHX MHoroujeHa P u
KOMMYTHPYIOT, eciii MHorowreHsl P(Q(x)) u Q(P(x))
TOXECTBEHHO paBHHI (T. €. NOCJe PacCKpPHITHA CKOGOK
H IpHBeleHHs K CTaHLAPTHOMY BHAY Bce Koa(p¢u-
IHEHTHl 3THX MHOTOYIEHOB COBMNAjaloT).

a) Ias Kaxuoro yncjia o Halaute BCE MHOTOUJIEHH
Q creneHu He BhHIlE TpeX, KOMMYTHpPYIOLUIHE C MHOro-
yneHoM P (x)=x*> — a.

6) Tlyctp P— MHOrOuJeH cTeneHH 2, k— HaTypaJib-
Hoe yucno. Jlokaxure, 4ro cyulectByer He GoJiee Of-
HOro MHOTOYJIeHa CTeneHH Rk, KOMMYyTHpylollero c P.

B) Hailinure mMHorouJsieHn! creneseil 4 u 8, KOMMyTH-
pymouine ¢ NaHHbBIM MHOTrouJieHoM P creneHd 2.

r) MHorounesnl R ¥ Q KOMMYTHPYKT C OIAHHM H
TeM e MHorouneHoM P cremenu 2. Jlokaxwure, YTO OHH
KOMMYTUPYIOT MeXAy co6Oi.

1) Jlokaxure, 4TO cyllecTByeT GeCKOHeYHas nocJe~
JAOBAaTEJIbHOCTD MHOTOWJIEHOB Pa, P3, Py ..., Py, ...,
rae P,— MHOrouneH creneHu k, B KOTOpo#l JioGhe nBa
MHOroYJjieHa KOMMYTHPYIOT H MHorouwseH P, HMMeer BHI
Py(x)= x2—2.
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12-51 Bcecow3anass onuMnuazna,
1978 r. (TaukeHT)

Kanacc 1-# geHn 2-f nenn
8 252 253 254 255a, 6 260 261 262 263
9 252 253 256 257 260 261 264 265
10 258 259 2558, r, g 287 260 266 267 268

2§_2. OGosnauum Yepes a, wejoe uMcio, GiHxaiiee
k 4/n. Haiigure CyMMy

1 1
ottt

253. Buytpn uerbipexyrojibhika ABCD ormeuyeHa
Touka M takas, uto ABMD — napasnenorpamm. Jloka«
x)ure, uyro ectu ZCBM= /ZCDM, 10 ZLACD =
= ZBCM.

254. JlokaxHuTe, YTO HH HPH KaKOM HaTypaJbHOM
m qucio 1978™ — 1 ne nenurcs Ha 1000™ — 1.

255. Ha nsockoctw (WM B NpPOCTPAHCTBE) 3aaHO
KoHeqyHoe MHoxectBo Ko, K Hemy po6aBnsiorcss Bce
TOYKH, KOTOpble MOXHO NOJIyYUTb CHMMETPHYHBIM OT-
paxKeHueM OJHON TOUYKH 3TOTO MHOXKECTBA OTHOCHTEJILHO
apyroii. IlosyuenHoe MHOMXecTBO o6o3nauaercsi K. AHa-
JIOTHYHO U3 MHOXecTBa K, nosyuyaercs Ki, u3 K;—Ks
H T. [

a) Ilycts mHOxecTBO Ky COCTOMT M3 JABYX Touek A
u B Ha paccrosinuu 1. TIpy KakoM HauMeHblIeM n B
MHOxecTBe K, HaiifieTcs TOuKa, HaXOAsllasicsi Ha pac-
crosinun 1000 ot Touku A?

6) Ilycte Ko COCTOMT M3 TpeX BepLIUH NpPaBHJIBHOTO
TpeyroJbHuKa nuomanu 1. Hajinure niowanp HaumeHs-
HIer0 BHINYKJIOTO MHOTOYFOJIbHHKA, COJlepKallero MHO-
xectBo K, (n=1,2, ...).

B cnenyromux nyHkrax Ko— MHOXECTBO M3 YeThl-
pex TOueK, SBJSIOMHMXCH BepPUIHHAMH NPaBHJbLHOTO Ter-
pasppa eiHHHYHOrO oObeMa.

B) PaccmMoTpuM HauMeHbIIM#H BbINYKJBIH MHOrOrpas-
HHK, cojepXalluil Bce ToukM MHoxectBa K;. CkoJibke
H KaKMX rpaHefl y 3TOro MHOTrOTpaHHHKa?

r) YUemy paBeH o6beM S3TOrO MHOTOrpaHHHKa?

n)* Haiigure 06beM HaUMEHBIUETO BLIMYKJIOr0 MHO-
rorpaiHuKa, coAepxamlero MHoxectBa K. (npu n==
=23 ...).

256. laubl nBe KyukKu cnudeK. B Hauajse B ofHOR
Kyuke (m CcOH4Yex, B Apyroii —n cnuyex, m > n, JBoe
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HIPOKOB TI0 oyepeny GepyT H3 KyuKH CNUYKH. 3a onuH
X0i Hrpok OGeper W3 ofHOH KydKu Ji06oe (OTJIHuHOE
OT HyJIsI) YHCJO CIHYeK, KPaTHOe YHCIy CIHYEK B npy-
rofi Kyyke. BoiurpbiBaeT WrpokK, B3fIBIUIMH NOCJIELHION
CIHYKY B OLHOW M3 Ky4YeK.

a) Jlokaxure, 4TO €CJM m > 2n, TO MrpoK, JeJalo-
il nMepBHH XOZ, MOXeT obecneynTh ceGe BHIUTPHILIL

6) Ilpu Kakux o BepHO clefyiollee YyTBepiKIeHHe:
€cM m > an, TO UIpoK, AeJalolluil nepBblil X04, MOXeT
obecneynTb ce6e BLIUTpHILI?

257*%. JlokaxxuTe, YTO CYIIECTBYeT TakKasi GeCKOHey-
Hasl OrpaHvyeHHasi NOCJeI0BATeNbHOCTD Xg, YTO JJIS JIO-
OblX pasyMYHHX m ¥ Kk BbINOJHEHO HEPaBEHCTBO

1
Vom — 28 | 2 75y -

258. Ilyctp f(x)= x> — x + 1. Jlokaxmure, yro AJs
J6oro HarypasnbHOro ymcia m > 1 wncaa m, [(m),
f(f(m)), ... nonapHo B3aHMHO NMPOCTHL

259. Jlokaxkure, 4YTO CYyLIECTBYeT TakKoe 4YHcIO A,
uyto B rpaduk QyHKuMH y=A sinx MOXHO BNHcaTb He
MeHee 1978 mnonapHo HepaBHbIX KBagpatoB. (Ksampar
Ha3blBaeTcsi BIHCAHHHM, €CJHM Bce €ro BepLIMHBbI INpH-
Hazajexart rpaduky.)

260. Tpu aBroMaTa neyaTalOT HAa KapToukKax Haphl
HaTypaJibHHIX yHceJ. ABTOMaThl paGoTaloT CJEAYIOLHM
o6pa3zoM. IlepBriii aBTOMaT, NPOYHTAB KapTouKy (a;b),
BbllaeT HOBYI Kaptouky (a - 1;b -+ 1); Bropoii, npo-
yntaB KapTouky (a;b), Buaaer kaptouky (a/2; b/2)
(oH pabGoTaer TOJBLKO TOrna, KOrda a W b ueTHHE);
TPeTHHl aBTOMAaT No ABYM KaprtoukaM (a;b) u (b; c))
BhHJaeT Kaptouky (a;c). Kpome Ttoro, aBTOMaThi Bbl-
Jlal0T 06paTHO BCe MPOYHTAHHBIE KAPTOUKH.

IlycTe nepBoHayaJbHO WIMEETCsl OfHAa KapTouka c na-
poit umucen (5;19). MoxHO JH, WCROJB3Yysi aBTOMATH
B Jo60M mopsiake, NOJAYYHTb Kaptouky: a) (1;50)?
6) (1;100)?

B) IlycTh mnepBOHauaJbHO HMeeTCs OJHA KapTOYKa
(a;0), a< b, a Mb XOTHM NoJyunTh KapTouky (l;n).
Ilpu Kakux n 3TO MOXHO cHelaTh?

261. B okpyHOCTh pajHyca R BNHCaH n-yroJibHHK
njaomianu S. Ha xaxzaoft cTopoHe n-yrojibHHKa oTMe-
uyeHo no Touke. Jlokaxure, YT0 NEPHUMETP N-YroJbHUKA
C BepIUMHAMH B OTMeYeHHBIX TOYKaX He MmeHbule 2S/R.
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262. OuiuKa CTOHT B yIJIy IIAXMaTHOH JOCKW pas-
MepoM n X n KieToK. Kaxihit H3 [BYX HrpalomHX No
ouepeiM INepeLBHTaeT ee Ha cOCejHee Noje (HMeloliee
o0llyl0 CTOPOHY C TeM, HAa KOTOPOM CTOHT (HILIKa).
Bropo#i pa3 xoauTb Ha mojsie, rae ¢uUIKa yxe noGu-
Baja, Hesb3sl. IlpowWrpoiBaer ToT, KOMy HeKyna XOAMTb.

a) JlokaxuTe, YTO €C/IH n YeTHO, TO HAYMHAIOHIHA
HIPY MOXKeT AOOHTbCS BLINIPLILIA, a €CJH 1 HeYeTHo, TO
BHIUIPLIBAET BTOPO#L.

6) Kto BhiWrpbiBaer, eciu mnepBOHayYajbHO (HILKA
CTOHT HEe Ha YIJIOBOM NOJie, a Ha CoCellHeM C HHUM?

263. Ha nnockocTH 3aaHO HECKOJIbKO HemepeceKalo«
[IHXCA OTPe3KOB, HHKaKHe [Ba M3 KOTOPHX He JIeXAaT Ha
oAHo! nmpsiMoil. MH XOTHM NpOBECTH ellle HeCKOJNBKO OT+
Pe3KOB, COEAHHSIOIIHX KOHUH [3aHHHX OTpe3KOB TakK,
yTOOH BCe OTpe3KH BMecTe O6pa3oBajii OAHY HeCaMo-
nepecexaollyrocs Jomanyio. Becerga am 310 MoxkHO clie-
aars?

264. Yucna x;, xo ..., X» NPHHAAJEKAT OTPE3KY
lla; b], rae 0 << a << b. JloKaxuTe HEpPaBEHCTBO

(xe+ x4 ... +x,,)(-;ll—+;l;.+.” +}17)<(a:;bb)’n2'

265*. Jlano npocroe uucio p > 3. Paccmorpum Ha
KOOp/JHHAaTHON NJIOCKOCTH MHOXecTBO M, cocrosiee H3
TaKHX TOYEeK C LeJHMH KOOpAHHATaMH (X,y), uto 0 <<
<x < p, 0<<y < p. Iokaxure, YTO MOXKHO OTMETHTb
P pas’HYHBIX TOYEK MHOXKeCTBAa M TaK, 4TOGH HHKaKue
yeThipe H3 HUX He JIeXaJIH B BepLIHHAX MapaJjiiesiorpam-
Ma U HHKaKHe TPH H3 HHX He JieXaJlu HAa OJHOM NpAMOH.

266*. okaxure, uTo AJs JioGoro TeTpasjpa cyile-
CTBYIOT TaKHe [Be IJIOCKOCTH, YTO OTHOUIEHHWe IJIOoa-
f:/ei NpOeKUHii TeTpa’sfpa Ha 3TH IJOCKOCTH He MeHblle

2

é67. Paccmotpum n uucen ay, @s, ..., @n IloJ0XHUM
a+a -+ ... +a
by =——2 - E (g k=1, 2, ..., n),

C=(al—bl)2+(a2—b2)2+ e +(an._bn)2-
D=(a —b,P+(@a—b)P+ ... +(a,—0b,)

Tlokaxure HepaBeHcTBa C << D << 2C.
268*. PaccmoTtpum nocJie[0BaTeNbHOCTD qHced

xa=(14+42 4+4/3)". Kaxpoe wus HuX npusogutcs
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K BHAY

%=, + 1,42 + 5,43 41,4/,

TO€ @n, In, Sa, In— LeJble ynucaa. Haiinute npepenn

lim L2, lim 32, lim 22,
n>co In n>oco 4n na>o In

13- Bcecow3Has oNuMNHARa,
1979 r. (T6unucu)

Knace 1-fi nenp 2-# nenp
8 269 270 271 274 275 276 277
9 269 272 271 278 279 280 281
10 273 272 271 276 275 282 283

269. Kakoe HauMeHblllee 3HAYeHHe MOXKeT HMeTb OT-
HOLIeHHe NJollafeil AByX paBHOOeApEHHHX NPAMOYTroJb-
HLIX TPEyroJIbHWKOB, TPH BEPLUHHLI OJHOTO H3 KOTOPLIX
JIeXKAT Ha TPEX pa3HBIX CTOPOHAX APYroro?

270. Kenrypy npurraer no yray x =0, y =0 xoop-
IuMHaTHOH miockoctH Oxy chepylomum o6pasoM: H3
TOYKH (X; Y) KEHTYpPy MOXKeT NPBIrHyTb B TOYKY (x— 5;
y+7) uwmn B Touky (x-+ 1;y— 1), npuyeM npwHrath
B TOYKH, V KOTOpPHIX OfHa U3 KOOpAHHAT OTpHLATeNbHA,
He pa3pewaerca. M3 Kakux HayaabHbIX TOYeK (X; YY)
KeHrypy He MOXeT NONacTbh B TOYKY, HAXOASAILYIOCS HA
paccrosnur Gosbwe 1000 or Hayana xoopauHar? Ha-
PHCyiiTe MHOXECTBO BceX TaKHX ToueK (x; Y) W Halnute
€ro nJouias.

271. B napsiaMeHTe Y Kax[oro ero yjeHa He Oonee
Tpex BparoB. Jlokaxkure, 4TO NapJaMeHT MOXHO Das-
OHTb HAa ABe ManaThl Tak, YTO y KaxAOTro NapiaMmenTa-
pusi B ofHOil ¢ HHUM najare 6yzer He Oonee OOHOTO
Bpara. (Cunraercs, yro ecqiu B—ppar A, o A—
Bpar B.)

272. B TeTpaiu HanHcaHO HeCKOJIbKO uwces. Paspe-
Iaercsi NPHINHCATh K YyXXe HanmHCAHHBIM YucaaMm Jioboe
YHCJIo, paBHOE cpeaHeMY apugpMeTnyecKoMy IBYX HJIH
HECKOJNIbKHX H3 HUX, €CJIH TOJIbKO OHO OTJHYHO OT BCeX
yxe HanucaHHbX. Jlokaxkure, 4to, HaYWHAsA C OBYX YH-
ceq 0 ¥ 1, C NOMOLILIO TAKMX TPHNHCOK MOXHO MOJY-
YUTh:

a) yucyo 1/5;

6)* soboe paunHOHaJbHOE YHCIO Mexay O u 1.
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273. Y6uBalomas nocJaeioBaTeNbHOCTh X, IOJIOKH-
TeJIbHLIX YHCEJ TaKOBa, YTO NpH JIOGOM HATYpPAJbHOM n
x,,a

PR S R P

n

JloxaxuTe, 4To npH J060M HATYPAALHOM n
X X X,
Attt +<S

274. Ha nnockocTH [aHO HecKOJbKO Touek. JlJs1 He-

—_

KoTopuiX map A, B 3THX Touek B3sATH BeKTopul AB, npu-
YeM TaK, YTO B KajkAO#l TOUKe HAYWHAETCH CTOJIBKO Ke
BEKTOPOB, CKOJBKO B Hel 3akKaHuuBaercsl. JloKaxure,
YTO CyMMA BceX BEIOpPAHHEIX BEKTOpPOB pagHa 0.

275. Kakoe HauMeHbllee 4HCNO ¢HIIEK HYXKHO TO-
CTaBHTb HA MOJSA INAXMATHOH NOCKU pasMepoM

a) 8 X 8 knerok,

6) n X n Kl1eTok
IJist TOro, 4YToOHl Ha KaxjoH NpsAMoO#, mpoxonsiulie# de-
Pe3 LUEHTP NPOU3BOJILHOIO MOJIS W NapaJijiesibHOH Kakoii-
JH60 CTOpOHEe HWJH AMATOHAJH AOCKH, CTOsJA XOTS Ohl
onHa ¢uwka? (DuULIKH CTABATCA B LEHTPH NOJEiL.)

276. Hafitu x u y u3 CHCTEMH ypaBHeHHi

iy NPy oy,
Vi—ety? " AT=A1
(@ u b — nannble 4ncna).

277. MMeetrcst HECKOJbKO KBAApaToOB, CyMMa IJIOIA-
Jeil KOTOphIX paBHa 4. JloKaxuTe, 4yTO TAKHMH KBanpa-
TAMH BCErja MOXHO NOKpHITb KBajpaT mnJjolianu .

278. Jloxaxute, YTO AJA JIOOHX 4HCEN Xy, X2, ...
.»s Xn, NpUHAAJEXkAMmMKX oTpe3Ky [0; 1], BunosHsercs
HepaBeHCTBO

(e, F 2+ ... +xn+1)2>4(xf+x§+ e +22).

279. HatypanbHble yHcia p U g B3aHMHO NPOCTLL
Otpesok [0; 1] pa3but Ha p -} g OAHHAKOBLIX OTPE3KOB.
JloKaxuTe, YTO B KaXIOM H3 3THX OTPE3KOB, KpoMe
IBYX KpaHHHX, JIEXHT DOBHO OAHO H3 p -} g—2 yuced

1 2 p—1 1 2 g—1

po p,-.-, p 1) qv q' ceay q .
280. Yepes Touky O B mpocTpaHcTBe nposeneHo 1979
npambix Iy, I, ..., ligze, HUKAKHE [OBE H3 KOTOPHIX He

B3aMMHO mNepnengukyaspHe. Ha npsamoit [, B3sta
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npou3sofbHas Touka A, ornanunas or 0. Ilokaxkure, uto
MOXHO BHOGpaTh TOYkH A; Ha [, i=2, 3, ..., 1979,
TakuM o6pasoM, 4TOOH ciaenyiomue 1979 nap npsMex
6bH B3aHMHO NEpPNeHAHKYJ/APHbIMH:

Ady Ll Ay Ll ooy Ap Ay Ly e
ey A1977A1979 -L 11978! A1978Al -L 11979’ A1979A2 -,L ll'

281*%, KoHeuHass 1NoOCJEf0BATENbHOCTD @y, @2, «++y Qn
H3 yucea 0 B 1 OOJIKHA YyAOBJETBOPATb CJEAYIOIEMY
ycJoBHIO: AJis Jo6oro uesoro £ ot 0 jo n—1 cymma

Qa4 + A p o + cee + Q,_ 0,

ABJISIETCS] HEYETHHIM HCJIOM.

a) IlpugymaiiTe Takyw mNOCIeNOBATEJbHOCTb HNA
n =25,

6) Hokaxute, yTO TaKasd MNOCJeLOBATEJbHOCTb Cy-
LIeCTBYET AJ1s1 Hekotoporo n > 1000.

282. Bunykinii uernpexyronsuuk ABCD paspesan
CBOHMH JHATOHAJISIMH HA 4YeTHpe TpeyroJbHHKA. JloKa-
HTe, YTO ecJH PaJHyChl BCEeX YeTHpeX OKpYKHocTeill,
BIIHCAHHKIX B 3TH TpPEYroJbHHKH, PaBHH Mexay coboii,
TO yeThipexyroqbHHK ABCD — poM6.

283*. Ha npsMoli no nopsiiKy pacnoJsioXeHbh TOYKH
A, A, ..., A, TaK, UTO RJIHHH OTPE3KOB A;A,, AzAs, ...
ey An1A, une npeBocxomsat 1. Tpebyercs oOTMeTHTB
k—1 us Touek Az, ..., An—; KpacHHM LBETOM T2K,
yro6H AJHHH JIIOOWX ABYX H3 R uyacTedl, Ha KOTOpHE
orpe3ok AA, pa3buBaerc KpPacHHIMH TOYKaMH, OTJIHYa-
JIUCh He 6oJiee yeM Ha 1. JlokaiKHTe, UTO 9TO BCEraa Mox-
HO clleJaTh:

a) pia k=3;

6) nas Kaxporo HaTypaJybhoro k<<n—1.

14-1 Bcecow3nana osquMIOHuAafNa,
1980 r. (CaparoB)

Kunace 1-# pene 2-fi nens
8 284 285 286 287 293 294 295 296
9 288 289 286 290 295 297 298 299
10 291 289 292 290 300 301 302 303

284. JIpy3naunnle yuciaa ot 19 no 80 BHIHCAHH nox-
psan. Henutesa Jd  nojdyyawileecs uucio 192021 , ..
... 7980 na 1980?
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285. BeprukanpHass cropona AB xBappata ABCD
paszesieHa Ha n OTPe3KOB TaK, YTO CyMMa IJIHH OTpe3-
KOB C YeTHHIMH HOMEepaMu paBHa CyMMe IJIHH OTpe3KOB
C HeYeTHHMH HoMepamu. Uepe3 TOYKH [eJIeHHs npoBe-
JEeHH OTpe3KH, napajuenpHuie cropoHe AD, a 3atem
Kaxpnasi M3 NOJIYYHBUIMXCA n MOJOCOK auaroHasabio BD
pas3buTa Ha [BE YaCTH — JIEBYI0 H MpaBylo.

JlokaxuTe, 4To CcymMMa mJjomajeii JeBbX vacreit
C HeYeTHHMH HOMepaMH paBHa cyMMe mJomajed mnpa-
BHIX uYacTell € UYeTHHIMH HOMepaMu
(Ha puc. 13 sTH uacTH 3aWTPUXO- T
BaHb!).

286. I'pys, ynakoBaHHHIiI B KOHTei- ,
Hephl, HYXHO JIOCTaBUTb Ha OpOH« A

ot ucno woureimencn ne. wensie |20
v __

35, obmas Macca rpy3a 18 TOHH.
HiMeeTcs ceMb TpaHCHOpPTHHX KopaG-
Jeit «Ilporpece», Kaxamii W3 KoTO- Puc. 13
PhHIX MOXeT JOCTaBUTh Ha OpPOHTY

3 ToHHH rpy3a. MssectHo, uT0 3TH KOpalJH MOTYT O«
HOBPEMEHHO HOCTaBHThL JIOOHE 35 M3 HMEIOmHXCSA KOH+
TefiHepoB. JlokaxkuTe, YTO OHM CMOryT [AOCTaBHTb HA
OpOHTy cpasy Becb HMelOLLHiiCs TPy3.

287. Touku M u P — cepepuHn cropod BC u CD
BHNYKJOro 4erwipexyronbnuka ABCD. H3Bectro, uTO
AM 4 AP = q. [lokaxuTe, YTO IVNIOIAAb YETHIPeXyroJb-
Huka ABCD wmenbiue a?/2.

288. FiMeer Jsu ypaBHeHue x2+4-y3 =2* penleHus
B NpOCTHIX YHCJIAX X, Y, 2?

289. Ha pmamerpe AC HeKOTOpOil OKDYXHOCTH AaHa
Touka E. ITpoBenuTe uepe3 Hee xopay BD Tak, yTo6n
nomanp YeToipexyronbiuka ABCD 6nia HanGoJbllei.

290. Ha Gepery 6oJsibLioro Kpyrioro osepa pacnoJo-
3KEHO HECKOJIbKO HaceJIeHHBIX NyHKTOB, MeXny HEKOTo-
PHIMH H3 HHX YCTAHOBJIEHO TemJIOXOAHOe COOGHIEHHE.
H3BecTHO, 4TO [Ba NyHKTa CBsI3aHH peHcoM TOrna M
TOJILKO TOTHQ, KOraa JBa CJeAYyloHlHX 3a HHMH IIDOTHB
4yacoBOH CTpeJKH NyHKTa peiicoM He cBs3aHH. JloKa-
XHTe, yTo M3 JiI0Goro NyHKTa B J060fi APYyroH NyHKT
MOKHO A0OGPaThCs TEIVIOXOZOM, IpHYeM He GoJsiee yeM
¢ ABYMA nepecangKaMH.

291. llecTH3nauHoe YHCJIO, 3amMHUCaHHOE IIECTbIO OT-
JIMUYHHIMH OT HyJisi Pa3JHYHBIMH LHQpamH, mesJHTCH Ha
37. JdokaxuTe, YT0 nepecTaHOBKaMH LHQp 5Toro yucaa
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MOXHO MOJYYMTh emie No Kpafine#t mepe 23 pasinuHBIX
IIeCTH3HAYHHX YHCJA, Aeasmuxca Ha 37.
292, Pewmute CHCTEMY ypaBHeHHH:

sinx+ 2sin(x+y+2)=0,
siny+3sin(x+y+2)=0,
sin 2+ 4 sin (x + y -+ 2)=0.

293. Ha njaockoct pano 1980 BekTOpOB, MNpHYEM
CpenH HHX ecTb He KoJuiHHeapHble. M3BecTHO, 4TO CyM-
Ma Jo6bix 1979 BeKTOpOB KOJIHHEapHa € BEKTOpPOM, HE
BKNIOYEHHLIM B cyMMmy. Jlokaxwure, 4To cyMMa BCeX
1980 BekTOpOB paBHa HYJIEBOMY BEKTOpY.

294. O6o3nauuM 4Yepe3 S(n) cymMMmy BceX LH}p Ha-
TYpPaJbHOTO YHCNA n.

a) Cymecrsyer JU HaTypaJbHOE n Takoe, YTo n -+
-+ S(n)=1980?

6) Jlokax<uTe, 4TO XOTA OLl OAHO M3 JIIOOBIX ABYX
MOCJIeIOBATENbHBIX HATypaJbHHIX YHCEJ TNPeACcTaBHMO
B BHIe n -+ S(n) 4JMA HEKOTOPOro TPeTbero HaTypalb-
HOrO 4YHCJIA n.

295. Hexkoropbie kneTku OeCKOHEYHOTO JIHCTA KJIeT-
yatoii ymaru okpameHH B KpacHH LBeT, OCTAJbHHE B
CHHHH, npHYeM TaK, YTO KaXKAHi NpPAMOYTOJIbHHK H3
6 kyierok pasmepoM 2K 3 colepXHT B TOYHOCTH [Be
KpacHble KiaeTKH. CKOJIbKO KpacCHbIX KJETOK MOXeT CO-
Jepxatbh npsMOYroJbHHK H3 99 KJIeToK pa3mepoM
IX11?

296, Kopotbiuku, mpoxusawpoumue B LlBeToyHoM ro-
poae, BAPYr craju Gosieth rpunnoM. B onuH aeHb He-
CKOJIbKO KODOTHIEK NPOCTYAHJIHCh H 3a00JeJIH, H XOTsA
NMOTOM yX€ HHKTO He NpOCTyXaJicdA, 3[0pOBbie KOpo-
THLIKY 3a0oJeBaJjid, HaBellass CBOHX GOJBbHHX J[py3efl.
H3pectHo, uTO KaxaHil KOpOTHINKA G6OJeeT TI'pHNNOM
POBHO [leHb, NMpPHUEM I@OCJE 3TOTO y Hero mno KpaitHe
Mepe eme OAHWH JeHb e€CTb HMMYHUTET —T. €. OH 3/0-
poB u 3a6osieTh ONsATH B 3TOT AeHb He MoxeT. HecmoTpsn
HAa 3NHAEMHIO, KaXIHH 310pPOBHI KOPOTHIIKA exe-
JHEBHO HaBeHlaeT BCeX CBOMX GOJbHHX npy3ei. Korxa
Hayanach SNHIEMHs, KOPOTHIUKH 3a0BVIM O NPHBHBKAX
H He JeJlaiT WuX.

Jlokaxure, 4TO:

a) ecld N0 TNEpBOrO [Hs INHAEMHH KaKHe-HHOyIb
KOPOTHIKH CA€JIaJIH NPUBHBKY H HMEJH B NepBHii JeHb
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HMMYHHTET, TO SMHAEMHA MOXKET NPOAOMAKATLCA CKOJb
YTOLHO [OJITO;

6) eciu xe B nepBblll [ieHb UMMYHHTET2 HH Yy KOro
He GBUIO, TO SMHAEMHs] PAHO WJIH MO3AHO KOHYMTCH.

297. O6o3nauuM uepe3 P(n) npousBeleHHe BcexX
UHGp HATYpanbHOTO UHCAA n. MoxeT JH NOCJAeROBa-
TeJIBHOCTh (np), 3alaHHas peKyppeHTHOH (opmyJon
Nkyy = Mg + P(ny) W cBouM mnepBHM uJieHoM Ny € N,
0Ka3aTbCsl HeOrpaHHYEHHOMH?

298. Jlan mpaBusbHHi Tpeyronbuuk ABC. Hekoro-
past npsiMas, napassenpHas mnpsMoii AC, nepecexkaer
npsmMue AB u BC B Toukax M ©u P COOTBETCTBEHHO.
Touka D —ueutp TpeyronbHuka PMB, touka E — ce-
penuna orpeska AP. Omnpepenute YriH TpPeyroJbHHKA

299, Ilycty nnuubl peGep NpsSIMOYTOJIbHOTO napaJiie-
Jienunena paBHH X, Y H 2 CaHTHMeTpoB (x <y < 2),
a p=4(x+y+2), s=2xy+4yz+x2) u d=
=4/xZ+ 4%+ 22 — COOTBETCTBEHHO €ro NepuMeTp, MIo-
AaAb NOBEPXHOCTH M JJIHHA auaroHaau. Jlokaxkute, uTO

1(1 1

z>-31— -ip+/\/d2—%s).

300. MHOxecTBO A COCTOMT H3 LEJMHX UHCeN, ero
HAHMEeHbLINH 3JeMeHT paBeH 1, a HanbGoJabLIHH 3/eMeHT
pasen 100. Kaxnwuit sneMent A, Kpome 1, paBeH cymMMe
IBYX (BO3MOXHO, PaBHHX) 4HCeJ, NpHHaAtexaiux A.
YKaxuTe cpeiu BceX MHOXKeCTB A, ynOBJIETBOPAIOMHX
STHM YyCJIOBHSIM, MHOXECTBO C MHHHMAJIbHHIM YHCJIOM
9JIEMEHTOB.

301. Hokaxure, yto cymecTByeT GeCKOHEYHO MHOro
yuces B, Ansi KOTOpHIX ypaBHeHHe

[+ + [y = B

HMeeT no KpaiiHell Mepe 1980 pelieHHH B HAaTypaJbHBIX
yucaax x, y ([z] ob6o3nauaer HauGoJibllee LeJOe UHCIO,
He NpeBOCXoAsliee YHUCaa 2).

302. B Terpasgpe ABCD pe6po AC nepneHRHKY-
nsipio BC, a AD nepnernukynsipio BD. Jlokaxure, yto
KOCHHYC yrya Mexany npsMEMH AC u BD wMeHble yeM
CD/AB. ‘
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303. Yucno xe<|[0; 1] 3anucano B Buge GeCKOHey-
Holi necaTuyHoit apo6u. IlepectaBuB ee mepBue 5 uudp
nocJe 3ansaTofl B TPOH3BOJBHOM HOPALKe, NMOJYYHM HO-
BYI0 GeCKOHeYHYW HReCATHUHYI0 Apobb, OTBEYAIOUIYIO
HEKOTopoMy gncJay xj.IlepecTaBHB B NeCATHYHON 3anMCH
gycaa x; Bubph co 2-i no 6-10 nocse 3anATOH, NOJYYHM
LEecATHYHYI0O 3anuch 4YUCAa xz. Booline, necsiTHYHAsA
3a0HCh YHCIA Xpyp NOJYYAETCS NEepecTaHOBKOH HHGD B
3anucH X, ¢ (k4 1)-it no (k- 5)-10 nocne 3anATo.

a) Jlokaxwure, YTo KaK OH HM nepecTaBssaTh HHGPH
Ha KaXaoM uiare, NOJyYalomascsi NOCAen0oBaTeJNbHOCTb
YHCeN X, BCerAa HMeeT HEKOTOPLIH Npene.

O6o3raulM 3TOT npefes yepes y.

6) BriicEHTE, MOXKHO JIH C HOMOLIbIO TAKOro Hpo-
Lecca M3 PALHOHAJBHOIO YHCJAA X HOJYYUTb HppalHo-
HasnbHOE YHCJIO Y.

B) [Ipugymaiite Takywo Apobb x, IJsA KOTOpO# OmH-
CaHHHI{ npolecc Bcerga NPUBOAMUT K HDPAIHOHAJbHEM
YHCJaM Y, KAKOBH OBl HA OBUIM MEepPecTAHOBKH MNATEPOK
uubp Ha KaxaoM luare.

15-1 Bcecolo3dHass oxuUMNOHALnaA,
1981 r. (Anma-Ara)

Kuace 1-ft nenn 2-ft neun
8 304 305 306 307 315 316 317 318
9 308 307 309 310 319 320 321 322
10 311 312 313 314 323 324 325 326

304. Jlse onuHaKoBHE ImaxMaTHHeE m#oCKH (88
KJETOK) HMMEIT OOUIMi LeHTp, NpHYeM OQHA H3 HHX No-
BEPHYTa OTHOCHTEJIbHO JApYroit Ha 45° OKOJIO LeHTpa.
Hafigure cymMapHylo nyomane BCeX NepeceueHHH uep-
HHX KJETOK 3THX ABYX [OCOK, €CJH IJOmapnb OxHOIl
KJeTKU paBHa l.

305. Ha oxpy:xHocTd AaHH Toukd A, B, M u N. U3
ToykH M nposenenn xopan MA, u MB,, nepneHauKy-
JspHue OpsaMeiM NB u NA cooTBeTcTBeHHO. JloKaxure,
gro npsaMue AA, ¥ BB, napajienbHh.

306. bynem roBopuTh, uTo 4Hcs0 o6snanaer cBoii-
cteom P(k), ecnu oHo pasnaraercsi B npoH3BeieHHE k
NOCJIeAOBATEJIbHBIX HATYpaJbHLIX YHCEN, GOJBLIMX 1.

a) Hahigute & Takoe, nJs KOTOPOTO HEKOTOpOE YHC-
a0 N o6najaeT opHOBpeMeHHO CBoficTBamu P(R), u

Pk + 2).
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6) ﬂoxaxm're, uyTo YuceN, O6MafalOMHX OQHOBpe-
MenHo cBoiictBamu P(2) u P(4), He CyILleCTBYeT.

307. B tabauue 4 cTpokn. B nepBoit H3 HHX 3anHe
CaHbl NpPOM3BOJIbHHE HATYypajbHbE YHCJIA, CPEAH KOTO«
pHX MOryT 6HTb W opuHaKoBHe. BTopasi cTpoka 3amoj-
HfAETCsl TaK: (JIEBA HaNpaBo NpPOCMAaTpHBAIOTCA YHCJA
NnepBOM CTPOKH H IO/ YHCJIOM g 33aNHCHBAaeTCH YHCIC k,
C/H @ BCTPETHIIOCH B nepeoil CTpOKe B k-H pas. AHa-
JIOTHYHO 1O BTOPOH CTPOKe 3anMHCHIBAETCA TPEThbs, a IO
Tperbeil — yeTBepTas.

Jlokaxure, 4to BTOpasi M 4eTBepTasi CTPOKH Bcerna
NOJy4alTCsl OAHHAKOBHIMH.

308. 3anano yuciao a. Hainure nHaumeHbliee 3Haye-
HHE MJIOIMAAH NPSMOYTOJBHHKA CO CTOpPOHAMH, Napaji-
JIeJIbHHIMH ocssM KoopavHaT Ox u Oy H comepiKauiero
¢urypy, onpesensieMylo CHCTEMOH HEpaBeHCTB

{yg_xzo
y=x*—2x+a.

309. TlpaBunbHiie Tpeyronbiuku ABC, CDE w EHK
(BepIIHHH YyKa3aHH HNpPOTHB 4YacOBOH CTPeJIKH) C Mo-
napHo o6GWMMH BEPLIHHAMH U E pacnosioReHH Ha nJjo-

CKOCTH TakK, 4YTO AD= DK JloKaxure, YTO TPEYroJb+
HHK BHD TOX€e npaBHJbHHI.

310. B HexoropoM mnocenke 1000 xxuteneii. Exe-
JIHEBHO KAXAbIi M3 HHUX AEJUTCS Y3HAHHBIMH BYEpa HO-
BOCTSIMH €O BCEMH CBOHMH 3HaKOMbIMH. M3BecTHo, 4TO
Jq6as HOBOCTb CTAHOBHMTCS H3BECTHOH BCeM XXHTEJIAM
1I0CeJIKA.

Jloxkaxure, 4T0 MOXHO BHOpaTh 90 xuTesefl TaK,
4YTO €cJIH OLHOBPEMEHHO BCEM HM COOGLIHTH KaKYIO-TO
HOBOCTb, TO 4epe3 10 nHell OHA CTAaHET H3BeCTHOH BceM
XHUTENIAM NOCeNKa.

311. IIpo uHcna a@ H b HM3BECTHO, YTO HepaBEHCTBO

acosx+bcos3x > 1

He umeeT peluienwil. JloKaxure, uto |b|<C 1.

312. Touku K u M— cepenunn cropou AB u CD
BHNYKJOro 4Yernpexyroibunka ABCD, touku L u N
pPacnojioxeHn Ha J[BYX JApPYrHX CTOpPOHax Tak, 4YTO
KLMN — npsimoyroaibHHK. JloKaxuTe, UTO mJjomanb ye-
ToipexyroibHuka ABCD saBoe GoJiblle INIOIMAAH Npsi-
MoyroJibHHKa KLMN.
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313*. Haiinure Bce nocsief0BaTeNLHOCTH HATypalib-
HBIX 4ncen (@,) Takue, UTO BHINOJHEHH CJeAYIOIIHe 1Ba
ycnoBus: -

a) npu Jwo6oMm n angn'\/n;

6) npu JMOOKX PA3JIHUYHEX m U K PasHOCTb Qm— Qg
IeJIMTCSl HA m — H.

314*. MoxHO Ju BCe KJETKH KaKoH-HHOyAb NpsaMo-
yroJibHOH TaGJHIH OKpacHTh B GesHii ¥ 4epHH nBeTa
TaK, 4TOOH OeJIHX H YepHBIX KJETOK OBUJIO NOpOBHY,
a B Kax/[OH CTPOKe W B KaxuoMm croJsbue Ouuio Gojee
3/4 KJeTOK OAHOrO LBETa?

315. Jokaxxwure, yTo ecyin ueTnpexyrosibHukn ACPH,
AMBE, AHBT, BKXM, CKXP cyTtb napaJjejorpamMmsl,
TO H ueThipexyroJbHHK ABTE — napaanenorpamMm (Bep-
IIHHB BCEX YeThIpeXyroJbHUKOB HepeyHceH:E MpOTHB
1acOBOH CTpeJIKH).

316. Pemmnre ypaBHeHHe

x}— P =xy 1 61

B HaTypaJIbHHIX YHCJAX X, Y.

317. B ¢yt6osbHOM TypHHpe 18 KoMaua CHrpaJju
Mexay coboit 8 TypoB — Kaxnas KOMaHAa cHrpana C
BOCEMbIO pa3sHLIMH KOMaHZamH. JloKaxwure, 4TO HaHmyT-
cs TPH KOMaHAB|, He CHrpaBlliHe Mexay co60if MoKa Hu
OZHOro MaTya.

318. Touku C;, A,;, B, B39TH COOTBETCTBEHHO Ha
croporax AB, BC u CA tpeyronbhuka ABC TakK, uro

ACl . CIB=BA| : A|C=CB| . BIA= 1/3.

Tokaxwure, uto nepumerp P Tpeyronphuka ABC H me-
pumerp p TpeyronpHuka A,;B,C; cBs3aHH HepaseH-
CTBaMH

1 3
'-2—P<P<TP.

319. Ilokaxure, YTO eCJIH IOJIOXKHTEJbHHE UYHC/IA
X, Y YyIOOBJETBOPSIOT YypaBHeHHI0O X2 -+ yd=x—y, TO
&4y <1,

320. YueHHKy HYXHO CKONHpPOBAaTh BHINYKJHI MHO-
TOYroJIbHHK, noMemamomuiics B Kpyre papuyca 1. Cha-
Haljla yYeHHK OTJIOXKHJ NEepBYI0 CTOPOHY, H3 ee KOHUa
HpoBeJl BTOPYIO, H3 KOHIA BTOpPOH — TpeTbio H T. L. 3a-
KOHYHB HOCTPOEHHe, OH OGHApYXHWJ, UTO MHOTOYTOJILHHK
He 3amKHyscs, a nepBasl M NOCJEAHsS HAPHCOBAHHME
HM BCPIIKHH ypnaneHH Ha paccTOfHWe d ogHa OT ApY-
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roii. M3BecTHO, 4TO yriH YueHMK OTKJIANKIBAN TOYHO,
4 OTHOCHTEJbHAs NOTpPeilHOCTb NPH  OTKJaALBAHHH
JUIMHBI KaX[IOH CTOPOHBI He mnpeBblillajga 9ucna p. Jlo-
KaxwuTte, 910 d << 4p.

321. B kaxnoit BepiinHe KyGa 3amucaHo 9HcIo. 3a
OOMH 1ar K JBYM 9ucJaM, pa3MelleHHBIM Ha OIHOM
(nr06om) peGpe, npubabasercs no enuHHIe. MoXKHO JH
3a HECKOJIbKO TaKHX IIaroB CHeNaTh BCE BOCEMb THCEJ

Puc. 12

paBHBIMH Mexay coboit, ecsu BHadaJse ObIH HOCTaB-
JieHH YHucJa, KaK Ha pHc. 14,a? Kak na puc. 14,6?
Kak na puc. 14, 6?

322. Haiinure xota OB ONHO HAaTypaJbHOE YHCIO 1
TaKoe, 9T0 Kaxpuoe u3 qucen n, n+ 1, n+2, ..., n+
+ 20 umeer ¢ wunciom 30030 =2-3-5.7-11-13 ob6mui
Jeaurteib, GOJbIIKA enHHHLLBL.

323. HarypasabHbie gucna ot 100 no 999 Hanmucanu
Kaxnoe Ha cBoell KkapTtouke. KapTouku mNoJioXKeHbl HA
CTONl 4HCJIaMHM BHH3, NepeMellaHbl H CJOXKEHB 3aTeM
B OJHY cronKy. DByneMm, OTKphBas HOCIEIOBATEBHO
KapTOYKH M3 3TOH CTONKH, COPTHPOBATh HX, PaCKIann-
Bas Ha KyYKH 9HCJaMH BBEPX B COOTBETCTBHH C MJIaA-
wei uundpoit HanucaHHOro yHcia. B nepBoii Kyuke OKa-
KYTCA BCe YHCJa, OKaHYuBawlnuecs Ha 0, Bo BTOpoOi —
oKaHguBawlHecs Ha | u 1. n. CJOXHM Bce KyYKH B
OJIHY CTONKY, NOJIOXXHMB NOBepX NepBOil KYyYKH BTOpYIO,
3aTeM TPETbIO M B KOHIIE KOHLOB jecsatyio. Ilonydus-
LIYIOCA CTONKY KapTOyeK NepeBepHEM H PaccopTUpyeM
elle pa3, HO Temepb, OTKpHIBasi KapTouku, GyneMm pac-
KJaAhBaTh HX HAa KYYKH B COOTBETCTBHH CO BTOpPO#t
muppo#i. ClOKHM ONATh NOJNYYHBIIHECH KYYKH B OIHY
CTONKY, KaK yKa3aHO pamblle ([0 BO3pacTaHHIO BTOPOil
uudpbl) M paccoprHpyeM KX B mocjenHHil pas, packnia-
AbiBasi M cobupasi KyuKH yXe B COOTBETCTBHH CO CTap-
wHMH (HQppamu. B kakoM nopsjake GYNyT pacnosioxeHsd
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KapTOuKH B CTOMKE, MOJydeHHOH mnocne 3Toil copTi-
POBKIL.

324. B npaMoyrospHuke 3 cM X4 CM PacnoJOXeHo
6 Touek. Jlokaxure, yTo Haiifiercs Napa TOYEK, ylaJieH-
HBIX 07Ha OT jpyroii He Gosee ueM Ha 4/5 cm.

325. a) Hafinure HaMMeHbillee BO3MOXKHOE 3HaYeHHe
MHOTOYJIeHa

P(x, y) =14+ 1% -+ x*y* — 3x%2

6)* JloKakute, 94TO 3TOT MHOIOYJeH HeJb3f Tpej-
CTaBuThb B BHJle CYMML! KBaJIpaTOB MHOIOYJIEHOB OT M-
PEMEHHBIX X, Y.

326. Orpe3xku AD, BE, CF cnyxat GOKOBbIMH peb-+
pamu npasuJbHOM TpeyrosbHoii npuambl. Ha ee ocHoBa-«
Hun ABC wHaiinure Bce TOUKH, paBHOyJaJeHHbie OT
npamuix AE, BF, CD.

16-9 Bcecows3Has osumnuara,
1982 r. (Onecca)
Kaace 1-A Rmenb 2-ft nenn
8 827 328 329a 330 337 338 339 340
9 331 332 333 334 341 342 343 344
10 835 332 8296 336 345 346 347 348

327. Ha okpyxHoctu ¢ ueHtpom O, pannyca ry B3fTHI
Toukh M u K. B ueHtpanssmit yron MO,K Bnucana
OKpyxHOCTb ¢ uenrpom O, paaumyca rp. Hainure nao-
wanb yernipexyronbHuka MO;KO,.

328. B umcaoBHX nocaenoBareabHocTX (@n) (b))
KaXJbil uJieH, HaYHHasl C TPETbEro, paBeH CyMMe ABYX
NpeALIAYLIMX, NpuueM a; =1, ap=2 ¥ b)=2, by= 1L
CKOJIbKO CylecTBYET YuceJ, BCTpeyaiollHXcs Kak B
nepBoil, TaKk H BO BTOPOil TNOCJHENOBATENbHOCTAX?

329, a) Ilycre m u n— HarypaJbHbie uyHcaa. Jloka-
JKHTE, YTO ecsIM JUJI HEKOTODHIX HEOTPHUATENEHBIX lie-
NHIX UHCed By, By ..., kouncno 28 4 2R . 4 9Fa
peautcss Ha 2" — 1, TO n>m.

6) CyiuecTByeT Jii HaTypajbHOe YHCJO, AEJsALLEecs

Ha 111 ... 1 u wuMewomlee cymmy wLudp, MeHbLIYIO
m
yem m?

330. Kaxnoil BepiinHe Ky6a NOCT@BJEHO B COOTBET+
€TEHe HEKOTOPOE HEOTpHuaTeJbHOe NAEHCTBHTEJNbHOE YHC-
Jlo, NpHYeM CyMMa Bcex 3THX yMces paBHa 1. JlBoe wr-
paor B cneaywomyio Hrpy, Ilepenii BHGupaer Jio6yio
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rpaup Ky6a, Bropofi BbiGupaer ApYryio IpaHb H, HaKo-
Hel, nepBbifi BHOMpaeT Tperbio rpaHp Ky6a. Ilpu atom
BHIOMpATh TIpaHM, NapaJjJesbHble YyXe BHIOPaHHLIM,
Hesb3sl. Jlokaxkute, 4TO mepBbiil MIPOK MOXeET Hrparthb
TaK, 4To6bl YHCJO, COOTBeTCTBYMOllee oOlleit BepliHHe
Tpex BbiOpaHHBIX rpaHefl, He mnpesocxonmio 1/6.

331. OnHaxab Tpoe MaJIbYMKOB BCTPETHJHCh B GHO-
auvoreke. Onun 13 HuUx ckasan: «Tenepsp 1 Gyly XOIMTb
B 6M6aHOTEKy Yepe3 neHb». BTopoii 3asBuJ, 4t0 OH OY-
et xoautb B GUOIMOTEKY Yepe3 1iBa IHA, a TPETHil —
uto GyAeT XonHMTh B 6ubamoreky gvepes tpu aHf. Cubl-
LIaBIUKH KX pa3roBop OHOGJHOTEKapb 3aMETHJ, 4TO MO
cpenam B OuGauoTEKe BHIXOAHOM neHb. MaJsbunku oT-
BETHJIM, YTO eCJIH Y KOro-aubyab W3 HHX Jata HpuUxoja
nonajetT Ha BHIXOAHOHA JleHb 6GUOJHOTEKH, TO OH NpHAeT
HA CJeAyIOUiM# AeHb M NaJbHElIUHi OTcYeT NocemeHud
Oyner BecTH yxe ¢ atoro nus. Tak ManbyMKu H MOCTy-
nuan. Oanaxbl B NOHENEJbHHK OHH BHOBb BCE BMECTE
BCTpeTHaucs B 6ubnuotexe. B KaKofi newb Hepeaun mpo-
HCXOAUJ ONHCAHHEIH Bhlllle pa3roBop?

332. B napanaenorpamme ABCD, oTJHYHOM OT poM-
6a, naHO oTHOIIEHHe MJHH auaronadeii: AC:BD =k.
Ilycte ayy AM cummerpuueH aydy AD OTHOCHTENILHO
npsamoit AC, nya BM cummerpuueH ayyy BC oTHocs-
TesqibHO mpsimoii BD, M —o6was Touka Jaydeit AM n
BM. Haiiaure ornowmenune AM:BM.

333*. Ha okpyxHocTH oOTMedeHo 3k ToUeK, pasfe-
JISIOHLUX €e Ha 3k AYyr, U3 KOTOPHIX kK ANyl HMEIOT IJIHHY
1, ete £ ayr — nsuHy 2 M octajibHBE kB Ayr — AJIMHy 3.
Jlokaxure, 4TO CpefiH OTMEYEHHBIX TOUYEK HafiiyTcs NIBe
JHaMeTpaJbHO NIPOTHBONOJIOKHEIE.

334. BHytpn Terpasnpa BuibpaHa Touka M. Jloka-
HKHUTe, YTO XOTA OBl ofHO peGpo TeTpasnpa BHAHO K3
TOYKH M nmoa yrioMm, KOCHHyc KoToporo He GoJblie
yem —1/3.

335. Yucaa a, b, ¢ nexar Ha uHtepBaie (0;n/2) w
YIOBJIETBOPAIOT paBeHCTBaM: cosa=a, sincos b =25,
cos sin ¢ = c. Pacnosoxure 3T 4ucia B NMopsiike BO3-
pacraHus.

336. 3aMkHyTan JomaHasad M uMmeeT HeueTHOE YHCIO
BepIUUH — nocjefoBatenbHo Ay, Ag, ..., Agnyy. O6o3Ha-
yuM yepe3 S(M) HOBYIO 3aMKHYTYIO JIOMaHylo, nocje-
JaoBareJbHble BepuinHbl By, Bs, ..., Bany1 KoTOpO#H fR-
JSIOTCHA CepefMHaMH 3BeHbeB JomaHo M: B;— cepe-
LuHa ortpe3ka A,A; B;—cepenuua AsAy ..., Bpyy—
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cepenuia Agnp1A;, Bnyo— cepenvHa AAz i, Boppy—
cepenuia Aj,Agny;. JlOKaxure, 9T0 B MOCJENOBAaTENb-
HOCTH MOCTPOEHHHIX TaKHM 0O6pa3oM JOMaHBIX

My =S M), My=S8 (M), M3=S(M,), ...
veey Mk=S(Mk_1),

Hafinercss 3aMKHyTas JioMaHasi, TOMOTETHYHAS HMCXONHOH
Jomanoiit M.

337. HarypasbHrie yucna or | no 1982 pacnoso-
XeHbl OfHO 3a ApyruM B HekoTopoM nopsake. 3BM
NpOCMAaTPUBAET cJieBa HAaNpaBO Maphbl CTOAUIMX pPAIOM
yhces (mepBoe M BTOpOEe, BTOPOE M TpeTbe H T. A.)
BIVIOTb N0 NOCJEJHEH M MEHseT MecTaMu 4Yucja B Hpo-
cMaTtpuBaeMoil nape, ecau Gosbluee M3 HUX CTOMT Jie-
Bee. 3aTeM OHa NpOCMaTpuBaeT BCe Naphl, ABHrafch
CnpaBa HaJIeBO OT MocjenHeil mapsl KO NEepBOH, MeHssi
MecTaMH YHc/Ia B mapax 1o ToMy ke 3akony. ITo okon-
YaHHH 3TOro0 mpocMoTpa paGorarommuii ¢ 3BM onepa-
TOP noJyuyus HHPOpMaLHMIO, YTO HHCJIO, CTOsllee Ha Co-
TOM Mecre, 06a pa3a He CABHHYJOCh CO CBOErO MecTa.
Haiinure 3to yncno.

338. OrypuoBas peka, nporekaiomas B LlBerounom
roposie, B pafioHe NPHUCTaHH HMEET HECKOJbLKO OCTPOBOB,
obLiuit nepUMeTp KOTOpHIX paBeH 8 Merpam. 3HaiiKa
yTBepKjaer, YTO MOXKHO OTYAJUTb Ha JIOAKE OT TpH-
CTaHM M mepenpaBHTbCA Ha apyroit 6eper, npomJeiB Me-
nee 3 merpoB. Bepera peku B palioHe nmpHCTaHH napaJ-
JieJIbHBI, a IINpHHa ee paBHa 1 M. IlpaB sin 3naiika?

339. Ha koopaunatnoi#t mnockoctu Oxy HapHCOBaJH
rpaduk QyHKUHH y == x2. ITorom OCH KOOpAMHAT CTep-
JiIn— ocTajach TONBLKO nmapa6bosia. Kak nmpu MOMOILH LHp-
KyJsl M JIMHEHKH BOCCTAHOBHUTb OCH KOOPAHHAT H elHu-
HHIY JJIMHBI?

340. KpanpatHaa ta6auua n X n KJIETOK 3anojiHeHa
HenbiMy 4ucaaMu. Ilpu 3TOM B KJe€TKax, WMELHX 06-
Y0 CTOPOHY, 3aMHCaHbl YHCJA, OTJIHYAIOUHECS ONHO OT
npyroro He GoJsbile 9eM Ha 1. Jlokaxkurte, yTo XoTs OHl
OJHO YHCJIO BCTpeuaercs B TabJuie:

a) He MeHee 4em [n/2] pa3 ([a]—uwenas dacTb
yucsa a);

6) He MeHee 4eM n pas.

341. Jlokaxwure, 9TO IJS BCeX MNOJOKHTEJbHBIX 3Ha-
YyeHHH X BHIMOJHEHO HepaBeHCTBO

12 6 _
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342. Kakoe HauMeHbllee KOJHYECTBO YHCEN HYIKHO
BbIUEPKHYTb H3 COBOKynHoctH 4ucea 1,2,3, ..., 1982
TaK, YTOOBl HH OJHO M3 OCTABIIMXCS YHCEJ HE paBHf«
JIOCh TpPOHM3BEAEHHIO JIBYX APYrHX M3 OCTABLIMXCH YH+
cen? Kakum 06pa3oM 3T0 MOXKHO CHEIATh?

343. B kaxnoilt KieTke 6GeCKOHEYHOro JHCTa KJeT-
yarod GymMars HamHCaHO KAKOE-TO JEHCTBHTENBHOE UHC-
Jo. Jlokaxure, 910 B H2KOTOPOH KJIeTKe HAaIlHCAaHO YuC-
JIO, HE TPeBOCXOAfIEE YHCEJ, HANHCAHHBIX [0 Kpa#Heid
Me€pe B UeThHIpEX M3 BOCBMH OKPYKalOIINX €€ KJETOK.

344*%, lokaxwure, uro u3 Jw0bof mnOCJIEN0BaTEND-
fA0CTH JEHCTBUTENBbHEIX YHCEN dj, Qg ..., On MONKHO
BLHIGpPATh 4acTb Yucesa Tak, YTOOHl BHINOJHAJIHCE CJAENYIO-
LIHE TPH YCJIOBHSA:

a) HHKaKHe HIyllMe NOAPSL TpPH 4YHCIa HE BHI-
6paHbl;

6) ¥3 KaXKABIX TpeX HAYIIMX MOApSiH YHcesa XoTa Obl
ONHO BbIOpaAHO;

B) MOAYJb CyMMHl BBIOpAaHHBIX YHCeJ HEe MEHblle,
yeM

lal+las|+ ... +lan]
3 .

345. B kBanparno#i Ta6sviie n )X n KJIETOK OTMEUEHO
n— 1 kierok. Iloka)ure, uTO NEepecTaHOBKAMH CTPOK
Mexay coboil M cToJI6UOB Mexay co6olH MOXHO NOOMTb-
¢sl Toro, Yro6bi BCe OTMEUEHHLIE KJIETKH JexalH HUKe
JHaroHaJdu tabJHuubL

346. Ilokaxwure, 4TO 1Js J060ro HaTypaJbHOIO HC-
Ja n ¢ Joboro JnefcTBUTEJBHOrO YHCIAa @ CHpaBelJHiBO
HepaBeHCTBO

nl!
lalla—1lla—2] ... la—n|=(@)5,
roe {a) ...— paccrosiHHe OT 4YHCJIa a Ho GJamxaiiuiero
K HeMy HeJjoro yucna, nl=1,2, ..., n.

347. a) CyecTBYyIOT JIH MHOTOYJIEHBI
P=P(x' Y, 2)) Q=Q(x! Y, 2)’ R=R(xv Y, Z)

OT NEpPEMEHHBIX X, Y, 2 TAKHE, YTO BBINOJIHEHO TOXKje-
CTBO

x—y+1PP+y—2—1PQ+(z—2x+ 1PR=1.
6) Tor xe Bonpoc nJjiA TOXKIECTBA
x—y+1PP+(y—z—1PQ+(z—x+ I))R=1.
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348%. Bepmmnn Terpasppa KLMN nexar suytpw,
Ha rpansgx wiM na pebpax apyroro rerpasmpa ABCD.
Hokaxure, yto cymma JuiHH Bcex pebep Terpasjpa
ﬁé]gN MeHble 4/3 cyMMBl OJIHH BceX peGep Terpasipa

D.

17-1 Bcecow3Hnasg oauMnuajna,
1983 r. (KuuuseB)

Kaace 1-fi nenb 2-f penb
8 349 350 351 352 360 361 362 363
9 353 354 355 356 364 365 366 367
10 357 354 358 359 360 368 369 370

349, B cerke, usobpaxenHoii Ha puc. 15, kKaxnag
siefika umeer pasmep 1 X 1. MoxkHO JIM 3Ty CeTKy npen-
CTaBHTb B BHJIE OOGBEIHHEHHS CJIeNyl0+
IHX MHOXECTB: a) BOCbMH JIOMaHHIX,
Kaxaas u3 KOTOPLIX HMeeT AJHHY 5;
6) nATH JIOMaHHIX, Kaxnasi u3 KOTOPHX
umeeT aiHHy 8?

350. Ha pocke Hamucanu TpH LEJBIX
gHcsia. 3aTeM OJLHO M3 HHX CTEPJH H
BMECTO HEro HallHCaJK CyMMY IBYX APy«

Pue. 15 THX OCTaBLIMXCS YHCEJ, YMEHBIIEHHYIO

Ha e[MHHOY. 3Ty onepanuio NOBTOPHJIH
HECKOJIbKO pa3 W B pe3yJbraTe HOJYYMIH dHcaa 17,
1967, 1983. Mornu Ju Ha NocKe NepBOHAYaJbHO GHITH
3anucaHbl yucaa: a} 2,2,2; 6) 3,3,3?

351. Tpn Kpyra monapHo KacaJucb Jpyr jpyra
BHEUIHUM o6pa3oM B Toukax X, Y, Z. 3atem panuycm

STHX KpYroB yBesqmuman Goaee ueM B 2/4/3 pas, coxpa-
uAs HeHTphl. JloKaXwuTe, YTO Kaxias TOYKAa TpPEyrodb-
Huka XYZ oKa3ajacb HaKphHITOH XOTH GBI OJHHM M3 yBe-
JH9EHHBIX KDYTrOB. !

352. Jlanbl HECKOJIBKO Pa3JIMYHBIX HATypaJjIbHBIX YH-
cell, 3aKJIOYEHHBIX MeXJy KBajpaTaMH IBYX IOCJENO-
BaTEJIbHBIX HATYypaJIbHEIX YHces. JlOKaxkHTe, YTO BCE HX
nonapHbie NPOU3BENEHHS TAaKKe pa3JIHYHHI

353. Haiinure Bce pelueHusi cucTeMbl ypaBHeBHi

{ Y =3 — 352+ 2x,
x2=yF —3y*+ 2y.



354. HarypanoHoe umcno k£ B nmecsTHYHOR 3anucH
UMeeT n 3HAaKOB. 3TO YHCJIO OKPYIVIMIK C TOYHOCTBIO
0 JeCATKOB, 3aMCHUB NOCJENHIOW LHPY HyJeM H yBe-
JIMYMB Ha ENMHHIY YHCJIO JeciTKOB, €CIH 3Ta Mnocjen-
HAA uHdpa Gwina Gosnbuie yereipex. IlosyyeHHoe 4YACIO
aHaJIOTHIHBIM 06pa3soM OKpPYrJWJIH C TOYHOCTBIO ZO CO-
TeH M TaK pajee. B pe3syaprare nocienHero (n— 1)-ro
OKpYrJIeHHsl TOJyyuJoch 4ncio k. Jlokaxwure, 4710
k< 18k/13.

355. B Tpeyrosbuuke ABC Touka D sBJseTcs cepe-
AuHoit croponbl AB, toukdH E u F Jjexar Ha oTpe3kax
AC u BC coorBerctBenHo. JlOKaxkuTe, 4TO ILJIOMAAdb
TpeyrosibHuka DEF He mnpeBOCXOAHT CyMMH nJowiazeil
TpeyronbHukoB ADE n BDF.

356. Bynyt sau nepuoiHYecKHMH NOCJe0BaTEJIbHOCTH
{(as) u (Bn), cocTOsIIME COOTBETCTBEHHO M3 NOCJIEAHHX
undp uensix uncen [(4/10)°] u [(4/2)"]? (3necv [x]—
HeJtas 9acTb YHCJA X.)

357. Besnunnbl @ ¥ B AByX OCTPHIX YIVIOB YIOBJIET-
BOPAIOT paBeHcTBY sin? a + sin? f = sin(a + B). Ioka-
XHuTe, 910 o - B = n/2.

358. Bepwnnel  Terpasppa ABCD opToroHasBHO
CNpOeKTHpOBaHH Ha aBe maockoctH. Toukm Ay, By, Cy,
Dy u As, By, Cy, Dy— npoeKuHH COOTBETCTBYIOIKX BEp-
wuH. JloKaxute, 9T0 OJHY H3 MJIOCKOCTEH MOXHO mepe-
MeCTHTb B TPOCTPAHCTBE TaK, 4ToOn npsmue A4,
B\B;, CiC,;, DD, cranu mnapaJulesbHBIMH,

359%, IUKoMbHUK ynpaHseTcs B pelleHHH KBaapar-
HbiX ypaBHeHHi. PeminB odepenHoe KBalpaTHoe ypaBHe-
HHe u y6GenMBUINCH B TOM, 4YTO Y Hero HMeercsi JBa
KOpHsl, OH COCTaBJIfiET CJeNylollee ypaBHEHHe IO Npa-
BUIy: cBoOOMHBIH YJjieH paBeH GoJblieMy KOpPHIO, Kos¢-
(HUHEHT TpH NepeMeHHOW X paBeH MeHbLIEMY KOpPHIO,
KoadpuuMeHT npu x2 paBeH enuHuue. Jlokaxwure, 4YTO
3TO YNPAaXKHEHHE HE MOXET NPOAOJIKATBCH GECKOHEYHO
Joaro. KakoBo nauGoJibLiee YHC/IO ypaBHEHHH, KOTOpoe
€My, BO3MOXXHO, NPHIETCA PELIHUTH?

360. HarypasbHble uncia m, n, b TakoBbl, YTO YHCIO
m" jeNurcs Ha n™, a 4ucao n* neaurcs na k" Jloka-
¥KHTE, UTO YHCJIO m* Nesurcsa Ha k™.

361. B sasnike nnemenn AG6Ga nBe GykBhi. H3BectHo,
YTO HHUKaKOe CJIOBO 3TOro fi3biKa He fIBJsieTcs HayaJjioM
Apyroro cjoBa. Moxer JiH clioBapb f3bIKa 3TOIO IJie-
MeHH comepxatb 3 uerThipex6GykBenubix, 10 naru6yk-
BeHHBIX, 30 mecTH6YKBEHHbBIX H O cCeMHOGYKBEHHBLIX CJIOB?
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362. MoxHo JiH B KieTkax OECKOHEYHOro Kierya-
TOro Jucra Oymarp pacCTaBHTh LE&JbIE yucsaa Tax,
4TO6bl B Ka10M [pPAMOYroJbHHKE pa3mepamu 43X 6
KJIETOK, CTOPOHHI KOTOPOrO HILYT MO JIMHHAM Oymarsy,
cymMma yucen 6wna a) 10; 6) 1?

363. Bce uerhipe TpeyroJbHHKA, 3alUTPHXOBAHHBIE HA
puc. 16, pasnoBeaukH. JlOKaxmure, YTO TPH U€ThHpex-
yroJbHHKa, He 3allTpHXOBaH-
Hble Ha HeM, TaKxke paBHOBEJH«
Ki. Uemy paBHa mJjowiagb Ofi-
HOTO YeThlpeXyroJbHHKa, ecJH
JIoLIajib OJHOTO TPEYyroJibHHKa
paBHa 1 cm?2?

364. I'pynna nerckoro cana
HOCTpOMNAach napaMu Jpyr 3a
apyrom. Ilpw stom okasajochb,
970 B KamAOH# KOJIOHHE CTOHT

Puc. 16 NOPOBHY MaJjIbYHKOB H JleBOYEK,

a YHCJIO map, B KOTOPBIX CTOAT

JIeBOYKa H MaJbYHK, PaBHO YHC-

Jly ocTanbHbx nap. Ilokaxure, YTO YHcJIO AeTeH B rpymn-
ne peJaurcs Ha 8.

365. IlnuHbl [ByX mnapaJuleJbHBIX CTOPOH MNpAMO-
yronbHuka paBHbi | cm. Kpome Toro, H3BecCTHO, 4YTO
IBYMfl MEPNEeHAHKYJSAPHBIMH NPSAMBIMH OH MOET OHITb
pasbHT Ha uyeThlpe MNpPSMOYroJbHHKA, TPH M3 KOTOPHIX
HMEIOT IJIoIajb, He MeHblIylo 1 cM?, a YerBepThil —
He menbuyto 2 cm2 Ilpm kakoiét MunuMaJabHO# nJnHE
ABYX JPYruXx CTOPOH HpPSMOYIOJbHHKA 3TO BO3MOXHO?

366. Buytpu tpeyronbnuka ABC BoiGpana npous-
BoJibHAas Toyka O. Jlokaure, YTO CHPABENJIMBO paBEH-
CTBO

— —> —_—
Sy OA+Sz-OB+Sc-0C=0,

rae Sa, Ss, Sc— muomann Tpeyrossiukos BCO, CAO,
ABO COOTBETCTBEHHO.

367. Ilokaxwure, 4To cpenu Jobbix 2m + 1 pasnud-
HBEIX LeJbIX YHCEI, He TNPeBOCXOASIHX N0 MOAYJIO
2m—1, MOXHO HalTH TPH 4YHCJIa, CyMMa KOTOpBIX
pasna 0.

368. Ha croponax AB, BC, CA tpeyroabuuka ABC
(no He B BepuinHax) BbiGpaHbi ToukH D, E, F coorBer-
creenno. O6o3nauum uepes do, dy, ds, ds ILJIHHBI HaH-
6oabLinX cTOPoH TpeyroswuukoB DEF,ADF, BDE, CEF.
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Joxkaxure, yTo do>—1é—3—— min (d,, dy, ds). B xakux ciy-

YafiX UMEEeT MeCTO PaBeHCTBO?

369. MuoxectBo M cocTouT H3 k nonapHo He mepe-
CEKaIolllUXCA OTPE3KOB, JIeXallHX Ha OIHOH NpsAMOil.
HssectHo, yTO s1060i1 OTPe30K IIHHBL, He GoJbwedr 1,
MOXHO PacMOJIOHTh Ha NpAMOH TakK, 9TOGH KOHIH €ro
npuHajiexanu MHoxectBy M. Jlokaxkure, 4TO CyMMa
IJIMH OTPe3KoB, cocTaBasiolux M, ne Menbile 1/k.

870%. B GeckOHEYyHOM [ECSITHYHOM PA3JIONKEHHH NeH-
CTBHTEJIHOrO 4Mcsa a Bcrpeyalorcss Bce nudpu. ITycrs
Up— KOJINYECTBO pPA3JIMYHBIX LHQPOBLIX OTPE3KOB IJIH-
HH n, BCTpeyawlluxcs B 3TOM pa3sjoxenuH. Jlokaxwure,
YTO €CJHM AJISi HEKOTOPOro n BLINOJHEHO YCIOBHE Un <
<< n + 8, TO YHCSI0 a paulOHAJIBHO.

18-1 Bcecow3nas onumMnuala,
1984 r. (Awxaban)

Kaace 1-# nenp 2- nenn
8 371 372 373 374 383 384 385 386
9 375 376 377 378 387 388 389 390
10 379 380 381 382 391 392 393 394

371. a) IlpousBeneHHe HEKOTOPHIX UEJBIX 11 YHCeN
paBHO n, a cyMMa HX paBHa HyJio. JlOKa)KHTe, YTO UYHC-
Jio n penurcs Ha 4.

6) Ilycrb n— HarypasbHOe YHCJIO, jenslleecss Ha 4.
Jokaxwure, uto Ha¥AyTCA n UENLIX YKHceJ, NPOH3BELE-
HHE KOTOPHIX PaBHO n, a CyMMa paBHa HYJIO.

372. JlokaxxHte, YTO 1Jif JIOOLIX HEOTpHUATENbHbIX
YHces a W b cnpaBel HBO HEPABEHCTBO

5@+ 02 +5@+b)=avb +b+/a.

373. Ha nnockoctH pacnoJioxeHbl JiBa paBHOCTOPOH-
aux tpeyroybHuka A,B,C, n A,B,C,, BeplIHHLI KOTOPbIX
3aHYMepOBaHbl IO 4YacoBOH CTpesKe. H3 l'lpOHSBOJIbHOH

TOYKH O OTJIONKEHHI BEKTOPH 04, OB OC paBHHIE CO-
— —>

OTBETCTBEHHO BEKTOpaM A:Az, B:B,, C,\C,. okaxwure,

uro ToYkH A, B, C Take fIBJAIOTCA BeplIHHAMH paB-

HOCTOPOHHEro TpeyroJibHHKa.

374. Hmelorcs geTbipe KpPackH M GeCKOHEYHO MHOIO
KBaJpaTHHIX IUIMTOYEK CO CTOpOHOH AJjuHb 1. Pa3spe-
aercs OKpallHBaThb CTOPOHH INIHTOYEK TaK, YTOGH
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HBeTa BCeX CTOPOH Yy KaX[Oil MJINTOYKH OHUIH pasHbie,
W TpHKJeHBaThb NJHMTOYKH APYr K JIPYry CTOpOHaMH OA-
Horo uBera. JlJifi KaKuX 4YHCeJ m W n M3 3THX IVINTOYEK
MOXKHO CKJIEHTb NpPSMOYIOJBHHK pa3mepa m X n, y KO-
TOpOro Kaxjaasi CTOpOHA MNOKpalleHa ONHMM LBETOM H
[BeTa BCeX CTOPOH pa3Hble? 5

375. lokaxuTe, 4YTO NpPH BCeX JEUCTBHTENbHBIX
x>0, y>0 u npu BceX NeACTBHTENbHBIX o ClpaBen-
JIUBO HepaBEeHCTBO

xsln'a . ycos'a <x _I_ Y.

376. Vimeercss ky6 M nBe KpacKu: KpacHas B 3eJle-
Has. JIBoe urpaior B TaKywo urpy. HauuHaiomu#i BbIGH-
paer 3 pebpa Kyb6a u KpacuT MX B KpacHu user. Ero
napteep BhIOHpaeT 3 pe6Gpa M3 Tex, 4TO elle He moKpa-
LIeHH, H KpacuT HX B 3exeHblil uBer. Ilocse aToro cHoBa
3 pe6pa B KpacHBbIff BeT KpaCHT HAYHHAIOMIHUH, a 3aTeM
3 pebpa B 3eJieHbIil 1IBeT — ero naprHep. 3anpemaercd
nepekpaumuBaTe pe6po B Apyrofi IBeT HJIH KPacHTb
JBaxL ofiHHaKoOBOfi Kpackof. BriurpeiBaer ToOT, KTO
nepBbIM CyMeeT MNOKpACHTB CBoell KpacKodl Bce pebpa
KaKol-uubyznb rpaHH. BepHo au, uTo HayMHalOWMi NpH
NpaBHIbHON Hrpe 00653aTeIbHO BBIMIPHIBaeT?

377. Tlo kpyry 3anucaHbl n =3 HATypaJbHBIX YHCE]
TaK, 4TO JAJNA KaxJoro 9YMcjia OTHOLIEHHe CYMMBbI €ro
cocefieii K HeMy SIBJISeTCA HAaTypaJbHBIM uyuciaoM. Jlo-
KaXure, YTo CyMMa BCeX TaKHX OTHOLUEHHA: a) He
MeHblle 2n; 6)* Mmenblue 3n.

378. OkpyxHOCTB ¢ uUeHTpPOM B TouKe O, BnHCaHHas
B Tpeyronibuuk ABC, kacaetcs ero cropon BC, AC, AB
COOTBETCTBEHHO B TOYKax Ay, B,, Ci. Orpeskn AO, BO,
CO nepeceKalOT OKPYKHOCTb COOTBETCTBEHHO B TOYKaX
Ay, By, C,. Jokaxure, uro npsmbie AjA, BBs, CiC,
nepeceKaloTcs B ONHOI TOUKe.

379. Tlpn KaKuX uUeJBIX m ¥ n BBHINOJHSETCA DaBEH-

T 4D =G5y

380. B cTpoky B Bo3pacraioilleM NOpsiike BHIMHCAJH
n pasJNYHBIX JeiCTBHTeNbHBIX ynced. Ilog HuMH BO BtO-
PYIO CTPOKY BHIIIMCAJIM Te e YHCJia, TOJNbKO, ObITb MO-
XKet, B ApyroM mnopsake. Jlgs Kaxpo#t mnapei 4ucesn,
BBIMMCAHHBIX ONHO NOJ APYTrHM, BBHIYHCAWIH CyMMy. v
cyMMbi 06pa3oBajH TpPeTbio CTPOKy. Okasajock, 4TO
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YHCNA B TPEeTbeHl CTPOKE TAKKe PACHOJIONKEHH B BO3-
pacramwollleM nopsake. JlokaxKHTe, 4YTO NepBasi CTpPOKa
COBNajlaeT co BTOPOH.

381. lan tpeyronbHuk ABC. Yepe3 Ttouxy P mpo-
pend npsimeie PA, PB, PC, xotopeie nepeceKNH ONH-
CaHHYI0O OKOJIO 3TOr0 TPEYroJIbHHKa OKPY>KHOCTb B TOY-
Kax A,, By, C), OTNHUHBIX OT BEepIUHH TPEYroJbHHKA.
Okasanoce mpu srtom, yto TpeyrosvHuk A,B;C, paBeH
Tpeyroabuuky ABC. JlokaxuTe, 4To cyllecrsyer He Go-
Jiee BOCbMH ToueK P ¢ yKa3aHHEIM CBOHCTBOM.

382, IlonoxuTenbHbie YucsIa X, Y, 2 yAOBIETBOPSAIOT
CHCTEME ypaBHEHHH

*+ xy +4- =25,
y? 2
T+z =9v

224 2x 4+ x>=16.

Bruncaure Benuunny xy 4 2yz + 3zx.

383. Yuurenp HamHcan HA JNOCKEe KBaJpaTHHI Tpex-
unen x2 4 10x 4 20, nocye vero no oyepenH KaxkAwi H3
YUEHHKOB YBEJWYMJI HJIH YMEHbIUHJI HA enuHHLy JH6O
xoap¢dHnuenT npu x, anb6o cBoGoauwii uieH, HO He 06a
cpasy. B pesynbrate Ha LOCKe OKa3aJsicsi HanucaH KBan-
patHeii Tpexusen x? -+ 20x -+ 10. Bepuo iy, uTO B He-
XOTOpHH MOMEHT Ha JfocKe OblI HAaNHCAH KBaXpaTHHIH
TPEXYJIEH C LEeJBIMH KOPHAMH?

384. MoHety paamWyca r NepeMeLaloT MO IUIOCKOCTH
TaK, YTO €€ LEHTP OGXOAMT KOHTYpP BHINYKJIOTO MHOrO-
YroJbHHKa, ONHCAaHHOIO OKOJIO Kpyra pagMyca R >r H
uMmesouiero nepumerp P. Hailigute nJjomans ¢urypH,
o6pa3oBaHHOH  cJlenoM  MOHeTH  (MHOIOYIOJIbHOI'O
XoJblia).

385. Vimeercst n -+ 1 rupb oOLIHM BecoM 2n u Bech
C IBYMsl YallKAMH, Haxonslllnecs B paBHoBecHH. Bec
KaXXnoff M3 Iupb BHIpaXkaeTcsi HaTypajbHBHIM YHCJIOM.
T'vpy no ouepenH KnanyT Ha YallKH BECOB: CHayaja ca-
MYI0 TsXKeNylo (MM OOHY M3 CaMEBIX TAXKEJHX), 3aTeM
CaMyIo TsXeNyl0 M3 OocTaBIIMXcA M T. 4. IIpH 3TOM KaxK-
AYI0 cJieqyiollyio THpI0 KJaayT Ha Ty YallKy BEcOB, KO-
TOpasl B JaHHEI MOMEHT Jierie, a €CJH BECH HaxoAATCs
B PaBHOBeCHH, TO Ha JioGylo H3 Yalek. Jlokaxure, yTo
nocje TOro, KaK Ha Becax OKaXyTCsl Bce THpH, BecHl
6yZyT HaXOOMTLCHA B PaBHOBECHH.
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886. HazoBem naTypasibHOE YHCJIO abCOJIOTHO mpo-
CTHIM, €CJIH OHO MpPOCTOE M €CH NpH JI0GoM nepectas
HOBKe ero HuQp CHOBa NOJyYyaeics mpocroe yucio. [lo-
Ka)ute, YTO B 3aNHCH a6COJIOTHO NPOCTOro YHCjia He
MOXeT cofiepXaTbCAl GoJiee TPeX PasiMYHbIX LHOP.

887. Liudppst x50 ¥ y TaKOBH, YTO NpH JIOGOM
n>1 uucio xx ... x6yy ... y4 ABNseTcs KBaJgpaTOM

N N—r

n n
HeKoToporo Lesoro yucaa. Hafinure Bce Takwe x M y.
388. Ha npsmofi B3ATH YeTwlpe pa3iHyHHE TOYKH,
o6o3HaueHHBIE B NoOpsinke caefoBanusi Gykeamu A, B,
C, D. Jlokaxure, 4yto ans JioGoli Touku E, He Nexa-
meit Ba npsamoit AD, cnpaBeisiMBO HEpaBEHCTBO

AE+ED+|AB—CD|> BE +CE.
389. IlocnenoBaTeNIbHOCTE X, 3ajiaHa PEKYPPEHTHHIM
obpasom: x,=1; x,=1; Xpo=x2  — 5 X,  ecH

n > 1. Jlokaxure, YTO INOCJELOBAaTEJIbHOCTD X, HMEET
upenes, U HalJHuTe €ro.

390*. B Geawbix KJeTKax IIaxMaTHO# JOCKH pa3me-
pom 1983 3 1984 sanucanw yucna | wan —1 Tak, 4To
nas 060l YepHOH KJETKH NpPOH3BEAEHHE YHCeJs, CTOf-
LWHUX B COCEAHHX C HeH GenbiX KJeTkax, paBHo 1. Ilo-
KaXu7e, 4YTO 5TO BO3MOXKHO TOJIBKO B TOM CJydae, €CJH
BCE 3anMCaHHBIE YHCJIa PaBHH 1.

391."B knerkax KBajgpaTHoii Tabamuuw 3XX 3 3anu-
CaHb ydcaa | uwag —I1. lns Kaxpo# KjieTk tabiHub
BLIYHCJIHM TNPOH3BEIAEHHE YHCEJ, CTOSIIHX B COCEAHMX
C Hell KieTKax (COCEeNHHMH HasHBalOTCs KJETKH, HMEIo-
mue obuiyio cropony). INocne 3TOro BnHIIEM BBHIYUCIEH-
Hble TIpOu3BENEHHs] B KJETKH TalJNHIE BMECTO CTOSIB-
WX TaM paHee Yuces, ¢ HOBOH Tabauuedl npojeiaeM
Ty Xe onepauuio H T. n. JloKaxure, 4YTO0 nocje HEKOo-
TOpOro 4ucjia TaKux onepauuit B Tabnuue GyAyT 3amnH-
CaHBE ONHH eIHHMIHI.

392. Kakoe u3 yucesn GoJsbiue:

101

100 ?

2
201 anu  In
393. Ha nuiocKOCTH pacnosioeHbl TpH OKPYXKHOCTH
€1, C3, €3 ¢ nentpamu C,, Cp, C3 n pamuycaMmi ry, ry, rs
C.OTBETCTBEHHO, NPHYEM KaXnas JeXHT BHE ABYX Apy-
rHX, r1 >>r9; ry >>r3, A —TouKa NepeceyeHHsi BHEILHMX
KacaTeJIbHBEIX K OKPYXHOCTAM €, H Cp;— JIeKHT BHE
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OKDYXHOCTH €3, B-—TOuKa mNepeceyeHHsl BHEIIHUX Ka«
CaTeNbHbIX K OKPYKHOCTAIM € H C3— JIEXKHT BHE OKpYX-
HOCTH Cp. M3 TOuKH A mnpoBeneHs KacaTeJIbHHE K OK-
PYXHOCTH €3, H3 TOYKH B —K OKPYXHOCTH Cz. JloKa-
XKHTE, 4YTO 3TH [ABE mnapbl KacaTeJbHHX, IepeceKasch,
00pa3yloT YeTHIPEXYrOJIbHHK, B KOTODHIl MOXXHO BIIH-
caTb OKPYXHOCTb. BrlunciauTe pagnvyc 3TOH OKpYx-
HOCTH.

394. Hokaxure, uyro Jw6oe ceueHne Kyb6a nJo-
CKOCTBIO, NpoXofsiliieil uepe3 LeHTP KyOa, uMeer mJo-
Hianb, He MEHBUIYIO MJOLLAaAM rpaHy KyOa.

19-1 Bcecowsnas oaxuMnuana,
1985 r. (Moruaes)

Kanace 1-ft zennb 2-ft peHn
8 395 396 397 398 407 408 409 410
9 399 400 401 402 411 410 412 413
10 403 404 405 406 414 415 416 417

395. B 0CTpOyroJIbLHOM TpEYroJbHHKE H3 CEPENHHBI
KaXXqoH CTOPOHH ONYILEHH NEePNEeHAHKYJNsApH Ha [Be
ApYrue cToponbl. JlOKaxute, YTO IJOLLanb LIECTHYrOJib-
HHKa, OrpaHHYEHHOIO 3THMM NEPNEHAHKYJsiPaMH, paBHA
[IOJIOBHHE TUJIOLLAa[H TPeyroJbHuKa.

396. CyliecTByeT JH HaTypasbHOe YHCJIO n, 006na-
namliee ClefyOLIHM CBOACTBOM: cyMMa HLHGp uucaa n
(B mecaTuyHo¥ 3anucu) paBHa 1000, a cymMma wuHp
yncaa n? pasua 1000%?

397. Kakoe naunbosbliee 4HCIO JaMOK MOXHO pace
CTaBHTb Ha lualleyHoll nocke 8 X 8 KJIETOK Tak, 4TobH
KaXkgas aMKa Ounack xoTsl Gbl OfHOH Apyro#t naMKo#?

398. B npaBuibHOM n-yronbHHKe Tpebyercs NOKpa-
CHThb KaxAyl0 CTOPOHY H Ka)XAyl0 IHaroHajlb KaKHM-
Jubo 1BeToM TakK, YToOGH JiioOble [Ba H3 3THX OTPE3KOB,
uMenHe oO6lIyI0 TOYKy, GBUIM OKpalleHH pPasJHYHO.
Kaxoe HauMeHblllee KOJHYECTBO ILBETOB AJifl 3TOTO He-
o6xonnmo?

399, Ha nynockocTd faHa npsimas [, touka O, He Jje-
JKalllas Ha 3Toll npsMoii, H Npou3BoJbHasg Touka A. Jlo-
KaxuTe, 4T0 TouKy O MOKHO NepeBecTH B TOUKy A, uc-
NOJb3Yys TOJBKO CHMMETPHH OTHOCHTENILHO mnpsiMoii I M
NOBOPOTH ¢ uentTpom B Touke O.

400. B kakom nanOoJbluieM YHCJE Pa3NHYHLIX LENHX
ToYeK KBajpaTHui TpexuneH ax?-- bx--c¢, y Kotoporo
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a > 100, Moxer TpHHHUMATb 3HAYeHH#, MO MOAYJIO He
npesocxoasimue 50?

401. Pasnuuupe HaTypajbHbe uucna a, b, ..., k
sanucanb B Bume Ta6auubl (puc. 17). MaBectHo, 410
KaKJoe 4YuCJo, K KOTOpOMY Ha pHCYHKe BEAyT LBe
CTpeNoYKH, PaBHO CyMMe UHCE, CTOAIMX y Hayana

sTHX crpenoyek. IIpn Kakom
Qo> b—> C—>d HauMeHblleM d BO3MOXHO Ta-

Koe pacnojoxesnue?
402*%, Jana crporo Bo3pac-

£ s> f G Tapmas HeorpaHuyeHHas no-
CJIe[I0BATENILHOCTD TMOJIOXKHTE/b-
/ HBIX YHCeJ 4y, dsz, ... JOKaxKure:
h—>10 a) uTO CyllecTBYeT HoMep Ko
Tako#t, yTo nNA Bcex k= ko

CnpaBelsIHBO HEPaBEHCTBO

k a a a
—+2E+ A<
Puc. 17 2 3 k+1

<k—1.

6) 4TO0 AN BCeX AOCTAaTOYHO OoJsbIIUX HOMepOB R
cnpaseJInBO HepaBeHCTBO

a a, a

1 2 k
atat et

< k — 1985,

Cpst
403. Ykaxute Bce nmapel guces (¥;y), Aas KOTOPHIX
|sinx —siny |4 sinx - sin y << 0.

404. Ha nnockocTH HapHCcOBaH BBIMYKJBIA MAATH-
yroabiuk ABCDE. TloctpouM TOYKy A;, CHMMETPHUHYIO
TOYKe A OTHOCHTEJNbHO TOYKHM B, TOUKy B;, CHMMeETpHY-
Hyto Touke B orHocutenvHo C, ..., Touky E,, cummer-
pHUHYI0O TOYKe E OTHOCHTeNBbHO TOYKHM A, H NOC]Ie 3TOro
coTpeM nATHyrosbHHK ABCDE. Jloka)kute, 4T0 npH no-
MOLUH LHPKYJs M JIWHEHKH, 3Hasg paclojioKeHHE TOYeK
Ay, B, C, Dy, E,, MOXHO BOCCTAHOBHTb NATHYTOJbHHK
ABCDE.

405. [TocnenoBatenbHOCTE @, Gz, Qs, +.. 33aJa€TCA
NPABHJIAMH: Qon=Gn NPU 1 =1 K Q4ny1 = 1, Qgn43 =0
npu n == 0. JIoKa¥uTe, YyTo 3Ta NOCJIEAOBATENBHOCTL He
HMeeT IepHOAA.

406*. Ha njiockocTd nposefeno n nmpaMbx (n > 2),
AeJsIHX IJIOCKOCTD Ha HECKOJbKo obsacreii, Hekorto-
pue H3 3THX o6nacredl OKpalUeHb, NpHYeM HHKaKue
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JiBe OKpallueHHble 06JaCTH He MOTYT CONPHKACaThCs 1O
rpannne. JloKaXKurte, Y70 YHCJIO OKPAlUeHHHX obaacTeit

He NPEBOCXOLHT —;—(n2 + n).

407. Hmeerca Ky6, KyGuueckast KOpoOKa ¢ KPHILIKOH
TeX JXe pa3MepoB W IUEeCTh KpacoK. KaXpmoit Kpackoi
OKpallHBaeTcsi OQHAa rpaHb Ky6a H OQHA M3 rpaHeH Ko-
poOku. Jlokaxkute, yTo Ky6 MOXKHO TaKHM 0Gpa3oM MO-
JIOXHTb B KOPOGKY, uToGb! KaXkaas rpadb Kyba npuJeria
K rpand KopoOKH, OKpall€HHOH APYruM LBETOM.

408. Nuametrp AoAs nenuT OKPYIKHOCTH C LEHTPOM
B ToukKe O Ha aBe nosyoKpyxkHocTH. OnHa H3 HHX pas-
IeNeHa Ha NATh paBHBIX AYr AoAj, AiAs Ads, AsAs,
AAs. Tlpsimas A A, nepecekaer OA; u OA; B TouKax M
B N. Jlokaxurte, uto cyMMma AJNHH OTpe3KoB AA; u MN
paBHa pazuycy OKPY2HOCTH.

409. YyeHUKH IIKOJBLHOIO MaTEMAaTHYECKOrO KPYXKKa
CMacTepHJIH BHIYHCJHTENBHYIO MallHHY, KOTOpas YeT-
BepKy uHcen (a, b, c,d) HaxarneM KHONKH npeBpalaer
B YerBepKy (a— b, b—c, c—d, d— a). Jlokaxnure,
YTO €CJIH B HCXONHOH yeTBepKe He BCe YHCJA PaBHH, TO
nocJie HEKOTOPOIO YHCNAa HaXaTHH KHONKH MNOJYYHTCH
yeTBepKa, X0Tsl 6B OXHO H3 YHCeJ KoTopofi GoJsble 1985.

410. Yucna 1, 2, 3, ..., 2n—1, 2n pas3bute HaA nBe
rpynnH no n 4yucen B kKaxpoil. Ilycte o)y < ay < ...
... < @p,—4YHCJa NEepBOH Ipynnh, 3anHCaHHLE B BO3-
pacraouieM nopsake, H by >by > ... > b,—uucna
BTOpO# rpynnsl B yOmBarlileM nopsake. Jlokaxure, 4TO

lay— by |+ laz—by|+ ... +|a, — by |=n2

411. M3 onuHakoBnX KyGHKOB COCTaBJIEeH napasJje-
genunen. Tpu rpann napananesnenudnena, umerouue o6-
LIYI0O BeplinHy, nokpacuiau. Okaszayioch, YTO y NOJOBHHLI
Bcex KyOHKOB OKpalleHa XOTsi 6B OAHa IpaHb. ¥ CKOJb-
KHX KyGHKOB HMEIOTCSl OKpalleHHEHe I'paHH?

412. Onna W3 [OBYX OKpyXHocTed pamHyca R mpo-
XONMT yepe3 BepuHHH A H B, a ;pyras — uepes Bep-
wune B n C napannenorpamma ABCD. lokaxute, 4TO
ecin M —BTOpasi TOYKa NeEPEeCeYEHHs 3THX OKPYIKHO-
cTefi, TO pamuyC OKDYXKHOCTH, OINHCAHHOH OKOJIO Tpe-
yroaeHnka AMD, paBeH R.

413*. IlpaBusbHLI LIECTHYrONbHHK pa3bur Ha 24
TpeyrosibHHKa. Bo Bcex 19 ysnax ¢uryphl, nokasaumsoi
Ha puc. 18, samucaHnl pasanudble uucaa. Jlokaxwure,
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YTO CpeaH 24 TPeyroJbHHKOB DasGHEHHs HMeeTcst mno
Kpaiinefi Mepe 7 TPeyroJbHHKOB, B BEPLIHHAX KOTOPLIX
TPOHKH uHCes 3anHcaHbl B NOPSAKE BO3PAcCTaHMs, eciH
mbl GyneM cYuTaTh NpPOTHB ya-
COBOIl CTPENKH.
414. Pemnte ypaBHEHHe

ud =1.

2+

X
2+ .

. x
1+4/1TF+x

(B 3anucH BbIpaxkeHus, crosile-
ro cheea, ¢urypupyer 1985
ZIBOEK).

415. M3 npaBuJIbHOrO nsITHYroJibHHKa CO CTOPOHO#R
1 cM ynajeHH BCe TOYKH, OTCTOsI{HE OT BCEX BEpLIHH
ONATHYTOJILHHKA Ha paccTosiHue, MeHbliee 1 cm. Halinute
nJiomanb ocrTaBlIeiicst YacTH.

416. Ha GeckoHeuHOM KJ/IETYATOM JIUCTE CO CTOPOHOMH
KJeTKH | pa3pewraercss menatb pa3pesbl TOJNBKO NO JH-
HUAM ceTKH. Ilokaxute, YTO mpu JioGoM uenom m > 12
MOJKHO BLIpe3aTh NPsIMOYroJIbHHK NJiolllanH, Gosbluel m,
M3 KOTOpOro HeNb3si BHIpe3aThb NPAMOYTOJbHHK IJIO-
manu m.

417. Onuusl pebep Ky6a ABCDA,B,C\D; paBHH
1 cm. Haiinnte HauMenbluee paccrosinue MEXAy TOY-
KaMH OKpY»KHOCTeH, 0lHa H3 KOTOPLIX BIHCaHa B OCHO-

BaHue Ky6a ABCD, a Bropasi npoXoauT Yepe3 BEpUIHHBI
A, Cu B].

2+

Puc. 18

20-1 BcecowsHas oJuMmnuanfga,
1986 r. (YabsHOBCK)

Kunace 1-f nennb 2-t nenb
8 418 419 420 421 430 431 432 433
9 422 423 424 425 434 4336 435 436
10 426 427 428 429 437 438 439 440

418. Kopuu ypaenenuss x2+ax+b-+1=0 saBas-
10TCA HaTypaJbHEMH Yuchamu. Joxaxwure, uyro a? <
+ b? — cocrasHOe yucO.

419. [Iea opuHaKoBHX KBajgpaTa B nNepecedeHHH
0o06pasyioT BOCbMHYrosbHHK. CTOPOHB OQHOIO KBaApaTa
CHHHE, a napyroro — KpacHole. Jlokaxkure, 4t0 cymMa
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JUIHH CHHHX CTOPOH BOCBMHYIOJIbHHKA paBHa cymme
JJIHH €ro KPaCHBIX CTOPOH.

420. Touka M Jnexur Ha ctopoHe AC ocTpoyrosie-
Horo Tpeyroabhuka ABC. Bokpyr tpeyroabHukos ABM
¥ BCM onucbBaioTcsi OKpyxHocTH. IIpn Kakom noJo-
KeHHH ToYyKH M nyomaap obuiefi yacTH orpaHuuyuBae-
MBIX HMH KpyroB 6yner HauMeHbIueH?

421. B onHoM rocyaapcTBe KOpOJb XOUET NOCTPOMTH
n ropogoB M n—1 popor Mexny HHMH TaK, YTOOH H3
KaXJIoro ropona MoxHo 6bJIO mpoexaTh B Jio6oii Apy-
roi. (Kaxpas nmopora coenuHsieT OBa ropona, AOPOTH
He llepecekalnTcsl H He NPOXOASAT Yepe3 ApPYrHe ropoaa.)
Kopoab xouer, yTo6Bl KpaTuyaiillie pacCTOSIHHS MO CETI
JIOpOr MeXIy INapaMH TIOpOJOB PpAaBHAJHCH COOTBET-
ctBeHHo 1, 2, 3, ,n—(ni-—l) kM. Bo3aMoXHO Ju 37O,
ecnu a) n==06; 6)* n = 1986?

422. Jlokaxurte, YTO Ha KOOPAHHAaTHOH ILIOCKOCTH
HEJIb3s1 HApHCOBaTh BHINYKJbI YETHLIPEXYTOJBHHK, Y KO-
TOPOr0 OjiHa JHaroHajb BABOE MJHHHEE APYroH, yrod
MEXIy IUaroHajsiMH paBeH 45° a KOOpAHHAaTH KaxpnoH
BEPIUUHE ABJAIOTCA LENBIMH UHCJIaMH.

423. loxaxxute, 4YT0 NpsAIMOYrosibHyio Tabnuny pasme-
poM m X n KIETOK MOKHO 3alOJHHUTb KBajJpaTaMH pas-
JIMYHBIX HATYpaJibHBIX YHCeJ TaK, YTOObl CyMMBI YHCEJ
B KaX[Oii CTPOKE H KaxIoM cTonbue GBLIH TaKxke KBaj-
paTaMi HaTypaJIbHLIX YHCEJ.

424. ]IBe OKpDYKHOCTH, PpacCTOSIHHE MeXAYy ILeH-
TpaMH KOTOpPbIX paBHO d, NepeceKaloTcss B TOYKax P u
Q. Yepes Toukn P, Q u Touky A nepBoil OKpPYKHOCTH
(otnuunylo ot P n Q) mpoBeneHH NpsiMble, nepeceKaro-
LiHe BTOPYI0O OKPYXHOCTb B Toukax B u C cootrser-
cTBeHHo. a) [lokaxcute, 4TO pajaHyC OKDYXKHOCTH, ONH-
caHioil okoso tTpeyroabHHKa ABC, pasen d. 6) Kaxoe
MHOXECTBO TOYeK o6pa3yloT LeHTPHl OKpY:KHOCTeH, Omu-
caiHbIX OKoJio TpeyroabHuka ABC, ecau Touka A mpo-
6eraet nepsBylo OKPY>KHOCTb?

425%. Ha nsocKOCTH 1aH NpaBWIIbHBLIA LIECTHYIOJb-
Huk. Kaxnas ero ctopona paspeneHa Ha 1000 paBubX
yacreil, 1 TOUKH AeJECHHS COENMHEHH OTPE3KaMH, napaj-
JieJIbHHIMH CTOpPOHaM HIECTHYroJibHuKa. Bnibepem kKa-
Kue-1M60 TPH y3Ja TNOJIyYHBIIEHCS CETKH, sBJAIOLLHECS
BEPLIHHAMH NPaBWJILHOTO TpeyrosibHuKa (Joboro pa3s-
Mepa W pacnoJioxenusi), H okpacuM ux. Bynem npopos-
XKaTb OKpalluBaTh TaKHM cnoco60M TPOHKH y3JIOB 10
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Tex nop, NMOKa 370 BO3MOKHO. JlOKaXkure, uTO €Cld He-
OKpalieHHBIM OCTaHeTCs OAHH y3eJ, TO OH He MOXer
CBHITh BEpLIHHOM HCXOAHOTO LIECTHYrOJIbHHKA.
426. Hajigpure BCce HATypaJibHBIE 4YHCJA, KaxKIoe Mu3
KOTOPHX paBHO KBaJlpaTy YHCJa BCEX CBOHX AEJNHTEJEH.
427. lokaxure, 4YTO JAsl JIIOOBX MNOJOMHTENBHHX

yHcen @i, ds, ..., Gn BHIIOJHEHO HEPABEHCTBO
1 2 n
—a_.'+a.+az+ R R Fan <

<4(5+ ... +2)-

Qn

428. Uepe3 BepiunHy A TpeyrosbHuka ABC, B KoTo-
pom AB == AC, npoBonsTcsi pa3niuuHble mpsiMble, Jloka-
XuTte, uTo Jio0b6as M3 HHUX MOXKer cojmepxarbh He OoJee
ONHOM TOYKH M, OTJIHYHOK OT BEpIIHH TPEyIoJbHUKA H
yaosaersopsiouieli ycaosuio ZABM = ZACM. Onpe-
BeJnTe, KaKue H3 PacCMaTpHBAEMHX NMpsIMHX He coaep-
AT HY OKHON TAKOH TOYKH.

429. Ky6 ¢ pe6poM AJHHH 1, n =3, COCTOHT H3 nd
€AMHHYHBIX KyGHKOB. JlOKaXKute, YTO B KAXKAOM M3 3THX
KyOMKOB MOXHO 3allHCaTh NO LEJIOMY YHCIY TaK, 4TOGH
Bce n® yuces ObLUIH pasjMUYHLIMH, 3 CYMMH YHCEJX B JIO-
60M psiny, mapaajeNbHOM Kakomy-in6o pebpy KyOa,
PaBHAJHCH HYJIO.

430. JlecaTuyHas 3anHChb HaTypaJbHOIO YHCJa a Co-
CTOMT M3 7 ONHHAKOBHX LH}p X, uHcna b — u3 n onuHa-
XOBHX UMD y, a 9ucia ¢ — U3 2n OAHHAaKOBHIX LHdD z.
Iasa no6oro n = 2 Haiinute Bce Takne UHOPH X, ¥, 2,
151 KoTopeix a? + b = c.

431. BHyTpH BHINYKJIOrO NBEHaALATHYIOJbHHKA AaHbl
LBe TOYKH, pacloJioXeHHbe Ha pacctosiHuH 10 cM mpyr
or ampyra. Jlna KaXKnof H3 3THX TOYEK HAILIH CyMMy
paccTOfHHH OT Hee [0 BEPIIHH ABeHaAlaTHYTOJbHHKA.
Jlokaxkute, YTO IOJyYEHHBIE CYyMMB pas3niuyalorcs Me-
Hee yeM Ha 1 M.

432. MosoKo pa3nuto no 30 crakaHamM. MaJbumuk
nuraercs HOOHTBCA, YTOGH BO BCEX CTaKaHaX MOJIOKA
ctajo mopoBHy. Ilnsi atoro on Geper swbble nBa cTa-
KaHa H OTJIHBA€T MOJIOKO M3 OJHOrO B ApPyroit Ho Te€x
nop, NOKa KOJHYECTBO MOJIOKA B HHX He ypaBHSETCs.
MoOXHO JIH Pa3iuTh MOJIOKO NO CTaKaHaM TakK, YTOGH
MaJp4YHK He cMor aobutbest CBOEH uesH, CKOJb OBl
IOATO OH HU 3aHHMAJICA MepeJHBanueM?
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433. HexoTophlii npsMOYroJbHHK pasjeneH nps-
MBIMH, TNapalyle/IbHBIMH  CTOPOHAMH, HAa KBaApathl O
CTOpOHOH 1, KOTOpHe pacKpamieHbl B IIaXMaTHOM NO-
psAnke B Oenblit N YepHblii LBeT. JlHaroHab NpsMOYroJib-
HHKa pa3buiach Ha Genble W uepHble oTpe3Ku. Halipure
OTHOILEHHE CyMMH JJNHH GesblX OTPe3KOB K CyMMe AJiHii
YepHEIX OTPE3KOB, €CJAH pasMep MPAMOYTrOJbHHKA
a) 100 < 99; 6) 101<99.

434. Ha nJjocKoCTH H[aH NpPaBHILHBIN n-YrOJBHHK
AA; ... A, a) JlokaxuTe,yTo €cliM n— YETHOE YHCJIO,
TO I/ NpPOM3BOJBLHOM TOYKH M MJIOCKOCTH B BBHIpaxe-

—> — —_
Hud = MA, = MA; = ... = MA, mMOxXHO Tak BHOpaTh
3HaKH INIIOC W MHHYC, YTO TNOJy4YeHHass cymMa Oyner
paBHa 0. 6) JlokaxuTe, YTO €CNH n — HeYeTHOE YHCJIO,
TO YKa3aHHOE BLIpaXK€HHE C MNOMOLIbI0 BHOOpa 3HaKOB
NJII0C U MHHYC MOXHO o6patuTh B 0 TOJNBLKO AJis KOHEu-
HOro 4YKcyia To4YeK M niocKocTH.
 435. Kaerku KBajgparHo#f TabGauuel pasMepoMm n X n
(n = 3) 3anonHsoTca yYucnamMu -+l no chaemyHOLM
npaBuJaM:

1) BO Bce rpaHuyHble KJIETKH TaGJuHuBl NOMEILATCs
yucyaa —1;

2) yucyo, TOMellaeMoe B OYepefHYyl0 He3anoJHeH-
HyI0 KJeTKy TalbJHubl—ee ‘MOXHO BHOHpaTh npous-
BOJIbHO, — PaBHO TNpOH3BeAeHHIO OaMXaHWNX K 3Toil
KJETKE YHCEJ, PacnoJioXEeHHLIX MO pa3Hble CTOPOHHl OT
Hee, B OJIHON CTpOKe ¢ Hell MaW B OfHOM ctosbue ¢ Heil.
Taxk pgenaercsi [0 TeX MNoOp, NMOKA BCe NYCTHE KJETKH
Tabauunl He OynyT 3anojHeHb. a) Kakoe HamGosbluee,
6) HamnMeHbllee KOJHYECTBO -1 MOXKeT NOAYYMTbCA B
Tadaune?

436. Jloxa:kKure, 4YTO AJA Ka:KAOro HaTypaJbHOIO n
cnpasegJiHBO HEPABEHCTBO
|sinl]4|sin2]4 ... —ljl sin(3n — 1)| 4| sin3n|> 8n/5.

437. JoKaxute, YTO0 CyMMa BCEeX YHCe]X BHIa -,—n!;.
rie m, n—HaTypaJbHble YHcaa M 1 < m <n << 1986,
He 7BIeTCs NEeNBIM YHCIIOM.

433. OKono OKpYXKHOCTH paguyca | onucanbl Ksaja-
par u TpeyroabHuk. JlOKaxuTe, 4T0 MJIOLlaib OGIEil
yacTi KBajpaTa H TpeyrosisHinka Gosbue 3,4. MoxHo Ju
yTBEpXAaTh, YTO 3Ta NJowais Gonbie 3,5?

439*, Muorouned P(x) Ha30BeM JONYCTHMBIM, eCli
Bce cro Koa¢duuuents pasiul 0, 1, 2 wnn 3. Jan pan-

4* w



1I0r0 HaTypaJIbHOTO A HaWAHTe YHCJIO BCEX AONYCTHMBIX
MHOTOUYJIEHOB, YIOBJIETBOPSIOMKX YcJoBHIO P(2)=n.
440%. PaccMotpuM Bce Terpasape AXBY, onucas-
Hble OKOJI0O AaHHO#M cdepnl. Jlokaxure, 4YTO NOpH (PHK-
CHpOBaHHHX Toykax A u B cymma yrjioB npoctpan-
CTBEHHOro 4ernipexyronbHuka AXBY, 1. e. Bennuuna

L AXB+ £ XBY + £iBYA+ £ YAKX,

He 3aBucuT OT Bo6opa Touek X H Y.

21-9 Bcecoows3snas onuMnuapga,
1987 r. (®pyHze)

Kanace 1-k peun 2-f nenb
8 441 442 443 444 452 453 454 455
9 445 446a 447 448 456 457 458 459
10 449 450 451 4466 455 460 461 462

441. JecAaTb CNOpPTCMEHOB Y4YacTBOBaJH B TYypHHpe
Nno HacToNbHOMY TenHucy. Kaxaple nBa H3 HHX Cbl-
rpanH MeXay coGoif poBHO OAHY naptuio, Ilepshiit Hr-
POK ozepxKas B Xole TypHHpa x; noben H norepnea yy
nopakeHu#, BTOpoii Onepxan x, nobex H notepnen ys
nopaxeHuit u 1. A. Jlokaxure, 4to

24 o+ 2=+ ...

442, V3BecTHO, YyTO ¢ nomoiubio Habopa w3 6 rupb
MOXHO YpaBHOBeCHTb 63 rpysa, Beca KOTOPHIX $IB-
JAI0TCS NOCJIeNOBaTEJIbHEIME HaTypaJbHEIMH YHCJIaMH.
Haiinute Bce Takue HabophL

443. [lan npaBuibHbI ceMHyroJbHHK A4, ... A
JHokaxure, 4T0

1 1 1
A4 + AA; T A4

444. Hrpa «Mopcko#i Goii» NPOHCXOAHT B KBajpaTte
7 X 7 knetoK. Kakoe namMeHbluee YucJio BHCTPENIOB He-
o6xonumMo cnenarth, 4TOOH HaBepHAKa pPaHUTh YEThIpex-
nasnyGHBIE KOpabJib, €CJIH H3BECTHO, YTO OH:

a) uveer BuR [ [ ] 1]

6) COCTOMT M3 YETHIpeX KJIeTOK, NPHMHKAIOLINX npyr
K IpYry CTOpoHamu?
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445. [lokaxHuTe, YTO OpH KaMIOM HATypasibHOM
YHUCJI0

11987_|__2l987+ .. +n1987

He AenurcA Ha n | 2.

446. a) Kakoe HaumeHbllee HYHCJIO YroJikoB 1

HYXHO pa3MecTuTh B KBaapaTe 8 X 8 KJeTok, 4ToOul B
Hero Hesnb3si ObNO Gonbule nomecTutb 6e3 HanoXKeHHHA
HH OHOH TaKo# ¢urypm?

6) B kBagpate wu3 1987 X 1987 kneToK Bhpe3aHa
OAHA mNpou3BOJibHAfA KJeTka. Jlokaxkure, 4ro ocrasb-
HIYIOCl YaCThb BCErAa MOXHO pa3pe3ath Ha TPEXKJeroy-
Hble «YTOJIKH»,

447. TlapannenbHo CTOpPOHAM TpeyronibHHKa IpoBe-
AeHol Tpu npsMeie. Kaxpas u3 npAMBIX ylaneHa ot
CTOPOHbLI, KOTOpPOii OHA napanjenbHa, Ha PpacCTOsIHHE,
paBHOe IJiWHe 3TOH CcTOpoHH. IIpu 3toM Ans Kaxnoi
CTOPOHLI TpeyroJibHUKa napaaJienbHass eH mnpsMas H
NpoTHBOJIEKAllas 3TOH CTOpPOHe BepLIMHA PaCIOJOXKEHh
N0 pa3Hbie CTOPOHB OT Hee. Jlokaxurte, YTO TOYKH me-
pecedeHHs NPOJOJIKEHHH CTOPOH TpeyrosibHHKa ¢ TpeMs
NpOBENEHHBIMH NPAMBIMH JIeXkaT Ha OAHOH OKpYXKHOCTH.

448*%, Ha nnockoCTH AaHB [Be 3aMKHYThi€ JIOMaHbIE,
KaxJasi ¢ HeyeTHHIM 4YMCJIOM 3BeHbeB. Bce mpsamrbie, co-
JepKallye 3BeHbfl 3THX JIOMAaHBIX, Pa3NUYHBl, W HHKa+
Kve TpH H3 HUX He nepecekaiorcs B OLHOW Touke. o-
Kaxwure, YTO M3 KaxKA0H JNOMaHO# MOXHO BHIOpatb MO
ONHOMY 3BeHy TakK, 4YTo6bl OHH OBUIM NPOTHBONOJIOXK-
HbIMH CTOPOHAMH HEKOTODPOTO BHIIYKJIOTO YeThIpexXyroJb-
HUKa.

449. HaBnute Takoi Habop M3 NATH pasjiMYHBIX Has
TypaJibHbIX YKces, B KOTOPOM Jilo6ble JBa 4HC/ia B3aHMHO
npocThl, a JiloObie HEeCKOJIbKO YHCEeJ HAlT B CymMMe CO-
cTaBHOE YHCJIO.

450. Jloka)kure, YTO €ClH B BHINYKJIOM [SATHYIOJib-
Huke ABCDE wumeior mecto paBeictBa £LABC = ZADE
u LAEC = £ZADB, 0o ZBAC = £ZDAE.

451. Haiigure Bce 3HaYeHUs «, AJIA KAXJAOI0 H3 KO-«
TOPBHIX MOC/Ee10BaTeJbHOCTD

cosa, cos2a, cosda, cos8a, ..., cos2, ...

COCTOHUT TOJIbKO H3 OTPHLIATCJbHBIX qHCel,
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452. TlonoxutesnbHbie 9ncaa a, b, ¢, A, B, C ynos-
netBopsioT ycaosHsm @ + A=b + B=c+ C= k. [lo-

Kaxwure, 4TO
aB+bC+ cA< K2

453. B KasaoH KJeTKe KBaapaTHoH tabauub 1987 X
X 1987 HamucaHO HHCJO, He NPEBOCXO/fllee IO MO-
aymo 1. B moGoM KkBaaparte 2X 2 pauHoi TaGJHIkI
cyMma uyucen paBha 0. JloKaXKute, 4TO CyMMa BCeX 4H-
ces1 B Tabauie He npeBocxoaur 1987.

454. Bepwinna B yrna ABC nexur BHe OKpYXHo-
ctd, a ayud BA u BC ee mepecekalor. U3 touku K me-
peceuenust Jyuya BA H. OKpY>HOCTH Ne€preHIHKYJISPHO
6ucceKTpHCe yrja NpoBeAeHa MNpsMas, NnepecekaoLlas
okpyxHocte B Toukax K u P, a ayu BC—B Touke M.
Jlokaxure, 4To oTpe3ok PM BaBoe AJIMHHee NepnenHfH-
KyJisipa, ONyIlieHHoro H3 IEHTPA OKPYXKHOCTH Ha& OHc-
cektpucy yraa ABC.

455. JIBa Mrpoka rnooiepeAHoO BHINHCHBAIOT Ha AOCKE
HaTypasbHHe uHcla, He npeBocxoadmue p. Ilpasunamu
MrpH 3anpelaerci MHCAaTb HAa [OCKe JEJHTENH YiKe
BHNHMCAHHHX yucen. TlpourphiBaer HrpoK, KOTOpHIH He
MOXXeT CAeJaTb oyepefHOH XOA.

a) BrisacHuTe, KTO M3 WIpPOKOB HMMEET BHIHTPHILHYIO
crpateruio aas p = 10, 1 ykaxure ee.

6) BoificHuTe, KTO H3 HTPOKOB HMEeT BHIMIpHILIHYIO
crpateruo ans p = 1000.

456, Isagpka UepnHomop kamnwii Beuep u3 33 Gora-
THpell HasHayaer Ha JexypctBo 9 uau 10 mo csoemy
ycMmoTpeRuio. Uepe3 Kakoe HauMeHbllee YHCJIO AHEH MO-
XKeT O0Ka3aTbeCs, YTO KaXKAblif H3 GoraThipell BHIXOLHJ
Ha AeXYPCTBO ORHHAKOBOE YHCJO pa3?

457. Ha uenouucneHHON peuleTKe OTMeYeHO Hemy-
croe MHOXecTBO y3JoB. Kpome Toro, 3ajan KoHeuHbif
Habop HEHyJIeBHiX BEKTOPOB C IeJBIMH KOOpAHHATaMH.
HssectHo, 4TO eciin oT J1060ro OTMEYeHHOro y3jia OT-
JIOXHTb BCe 3aJaHHble BEKTOPH, TO CPEAH HX KOHLOB
6yner Goablie OTMEUEHHBIX Y3JI0B, YeM HEOTMeueHHBIX.
Hlokaxwute, YTO OTMEYEHHHLIX y3J0B GECKOHEYHO MHOTO.

458. Buinyknnbift p-yronbHuK (p =>5) paspesaH mo
BceM QHaroHansM. llokamwure, uto cpedd MOJNy4YHMBLIMX-
cfl npyu 3TOM vacreff Hafiayrcs YacTH pa3sHofl nJollag.

459*. Muoxecrso T, cocTOMT H3 BCeX 4YHceal BHAA
(2%)!, tne k=0, 1, 2, ... . Tlpy KaxIOM 3HaYEHHH
r=12,.,,, 1987 muoxecrso T, nonyuaerca foGaBJe-
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HUEM K MHOXECTBY BCeX 9HCEeJ, NMpPEACTAaBUMBIX B BHIC
CYMMBLI HECKOJIbKHMX pa3nuuHbix yucen M3 T, Hoka-
JKHTE, 4TO XOoTA OBl ONHO HaTypajbHOE YHCJAO He MNpH-
HagJeXHT MHOXKeCTBY 7T jgg;.

460. I'paduk OyHkuuM y= f(x), onpeneneHHOl Ha
BceH yHcI0BOH NpsiMOH, nepexoAuT B ce6si NpH MOBOpOTE
Ha yros BOKpPYT Hauyaja KOOpAMHAT.

a) Jlokaxwure, 4T0 VpaBHeHue [(X)= x HUMeeT pPOBHO
O/lHO peuleHHe.

6) IlpuBeaure mnpumep TakoH (QyHKLUHH.

461. Bce rpaHy BBINYKJIOr0O MHOrorpaHHHKa sIBASIOT-
cf TpeyroabHHKaMHu. Jlokaxwure, 4to Kaxjoe pebpo
3TOr0 MHOrOrpaHHUKAa MOXHO NMOKPACHTb B KpaCHBIi HIH
CHHHI LBET TaK, 4ToObl B MTOre U3 Ni00OH ero BepLIHHH
B JI00y10 ApYyryio MOXHO OGbiio monactb, ABHrasicb TOJbs
KO Mo KpacHbiM pebpaM, a TakXe TOJIbKO NO CHHHM.

462. Jlokaxure, YTO NpH JIOOOM HATypajibHOM 3Ha-
YeHUH n CNpaBelJuBO HepaBeHCTBO

@2n+1)" = 2n)"+@2n—1)"



PELIEHHA, ¥KA3AHHSA, OTBETHI

1, MNpeanonoxum, 9T0 NaM y[ajoCh HPOBECTH JOMaHYI0, YIOB-
meTBOpRICILYI0  YCIOBHIO, FIOCKO/ILKY KOHTYPH BSWITPHXOBAHHHIX Ha
puc. i9 obnacredt 1, 2, 8 cozepxaT moO NATs OTPE3KOB M JIOMaHas
AOJ/KHA KEXALA H3 STHX OTPE3KOB MNepeceds POBHO 1O OLHOMY
pa3y, Kamjas H3 STHX Tpex o0JjacTeii AONNHA COnEPXKaTb OLMH
88 KOHUOB JIOMBHO (€C/IH MH OIMH H3 KOHLUOB He NPHHAIJIEKHT

.

Puc. 19 Puc. 20

obnacTH, IOMaHas [OMKHZ BXOJHTb B Hee CTOJLKO e Pa3, CKOJb-
KO M BLIXOZMTb, T. € WHCJO ee nepeceyeHHN ¢ OTPe3KaMH rpaHHUE
RONXKHO OHTb geTHbiM). OOHAKO KOHIOB Yy JIOM2HOM TOJLKO NBS.
TMoayuero mpoTiBOpeure, JOKa3biBAIOLIEE YTBEPHIEHHE SALAYM.

V To ke puieHse MOXHO M3J0XKuTh HHave. IloctaBum B Ka-
sxpof u3s 6 s€racreli, Ha KoTophe Haua (GHrypa HENHT NJIOCKOCTH,
FOUKY — «cTOJRUYS obaactelt B nas Kampuoro M8 16 orpeskop mapm-
tyeM Nepecekaioulylc €ro <«LOpOory», COEMHAIOUIYI0 CTOJHLW ABYX
npuneskamnx ¥ HeMmy obaacreii (puc. 20). Ilomywennyio cers mopor
senb3f O0GONTH, NMPOXOAS MO Ka¥JOfl Jopore OAHH Pa3, NOCKOJBLKY
¥MeeTcs 4 CTOMMUM, B KOTOPHX CXOJHTCS HEYETHOE YHCJIO AOPOT.
A wroOu Takofi o6xox cyuwecTsoBaln, KeoOXOAMMO (M, KAK MOXHO
NoKAsaTh, JOCTATO4lO), WTOOB! TaKHX <«HEYeTHLIX CTOJHL» OblIo
0u 2

2. Iycts ABCD — panuwiit npamcyronvhnk © LN — oGmasn ka-
catenbHaf okpyxHoctet 1 M 3 ¢ uentpamm B Toukax A u C. I3
Toukn O — leHTPa NPAMOYIONbHHKA — ONYCTHM nepnenaukyasp OM
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na npamywo LN. Yermpexyronennk ALNC — Tpaneuns, a OM — ee
cpenuns nuHus, Tak yto OM = (ry + rs)/2. Pacctosnre or Toykn O
A0 BTOpoii o6llell KacaTeqbHONl TeX e OKPYXKHOCTEH TOXe paBHO
(r1+ rs)/2.

Touno Tak e ycTaHaB/MBaeTCs, YTO paccTofHMe OT TOYKH O
[0 OOMHX KacaTE€NbHEX JBYX OCTABIUHXCS OKPYIXXKHOCTefl PapHO
(r2-+ry)/2. Tlockonbky mno ycnoBwio ry-}rg=rz-+try, TOUka O
OJIMHAKOBO YJlajleHa OT BCEX YETHPeX KacaTeJbHHX, T. €. ABJIAeTcH
UEHTPOM Kpyra, BNHCAaHHOrO B OOpPa3oBaHHBII HMH  YETHIpEX-
YrOJNbHAK.

3. Cpenn nepBLiX ABaflaTH M3 AaHHBIX yHCE) HallnyTCH AB3,
Yy KOTOPLIX NocjefHus uudpa AEcATHYHO 3amHCH pPaBHA HYJIO.

XoTs O Yy OAHOrO M3 3THX [ABYX UHCeJ nepes HyJeM CTOHT
undpa, ne papnas 9. Ilyctb N — 370 wncho, s —cymma ero uudp.

Sty

‘... )i.. ?“. ’.. .:.. T T L ! 1 Y
10 20 30 40 50 60 70 8 9 1100 A
Puc. 21

Torpa uucaa N, N+1, ..., N+9, N+ 19 coaep:katca cpean
mauupx 39 M umeloT cymmst undp s, s+ 1, s+ 2, ..., s+ 10. Ho
Cpenu OLHHIAALATH DNOCACAOBATE/ILHBIX YHCEJ XOTH Obl OnHO ae-
aurcsg Ha 11,

V BooGuwe, ans Kamxnoro m =2,
3, ... MOXHO HafiTH HauMeHblUee Cm *
TaKoe, YTOGH cpen# JiOOHX Cm NO-
CJeOBaTENbHRIX HAaTYPasNbHBIX  YHCE] % %
Xots OW y opHoro cymma nudp ne-
nunack Ha m (Ana m << 20 pocraToyHo

HayuuTb TOBefeHHe OQYHKUMH «CyMMa * *
undp uncia n» B npefesnax ORHOA

coTHH; rpaduxk stoft ¢yHkuum H3006pa- * *
Xen na puc. 21); B uacthocTh,

€2 = 3, €y == 5, eeey C10 = 19, ¢y = Puc. 22

=39, C|2=59, con

4, flcho, uTO pacnc/oXeHHe CeMM 3B€3N0YEK, NOKa3aMHOE Ha
pHC. 22, YROBNETBOPSET YCJIOBHIO 3a/laYH. i

EciH e 3Be3NOYSK LIECTL WAH MeHblle, TO HaHAyTCa ABa
cTOn01Ua, B KAXIOM M3 KOTCPHX CTOMT He GoJjiee OfIHOA 3BE3/I0YKH.
BuuepkreM ocTaBliHecs fnBa crtoniGna. Jlocne 3TOro oCTaHeTcs ne
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Goabwe IBYX 3Be3floveK, KOTOPHE MOXHO BHUYEPKHYTb BMeCTe €O
CTPOKaMH, B KOTOPHX OMHM CTOAT.

V Bu/o G4 HHTEpPECHO HCCIENOBaTh OOIIYI0 2HANOrMYHYI 3a-
Rauy: Kakoe HaHMeHblee YHC/IO 3BE3OYeX MOXKHO PacCTABMTL B
tabmpue m X n, urobu TNpH BHYEPKMBaHMH J100nx % cTonGuos
n ! ctpor ocrapajack X0TA O OnHA 3Be3NOYKa. (3neco &, I, m,
r — uaTypanbube uucia, ®#<m, ! <n) Ho paxke pnmm m=n,
&=1=n—2 OHa oveHb TpyAHa (cM. 3amauy 208, rae n=7
u n==13).

5. a) Ilpennosoxxnm, uaro wuersepka (a,b,c,d) BeTpeTHnach
BHOBb.

Jlokaxem CHagaJja, 4TO B 3ToM cJayvae abed = 1.

Ilycrs abed = p. Torna npousBesrieHue yHcesa BTOPON YeTBEPKH
papHO p?, Tpertbell — p*, ueTBepToil — pb, ... SlcHo, uto mpu p = 1
B MOCJENOBATENBPHOCTH MpPOH3BefeHHlt He GyneT JByX OAHHAKOBhLIX
QHces M, CJELOBaTe]bHO, BCE MONyvalowHecs YeTBepkH GynyT pas-
nnynb. Takem o6pasom, p = L.

Tenepb « paccCMOTPEM BTOpYIO ueTBepky: ab, be, cd, da; Ttak
kak abcd = 1, TO, KaK JIerKo IpPOBEPHTb, YETBepTOl ueTBepKofl Oy-
ner b3c?, c2d?, d%a? a**® Takum o6pasom, ueTBepTas YeTBepKa Ino-
JIy4aeTci H3 BTOpOt POSBEiEHHEM B KBAajpaT M MEPECTAHOBKOIL.
TouHO TaK Ke M3 YeTBepTON MOJyuaeTcsA IUECTash YeTBEpKA, M3 lle-
CTOil — BOCBMast H T. [i.

Ecau cpeftd uucesl BTOpOfi YeTBEPKH He BCe paBHLI eHHHLE, TO
vauGosbluee W3 HEX Gosbiie efusuun. Torna HanGoJbluee M3 gHCeN
2n-f yeTBepkH OyZeT C POCTOM 7 HEOrPAHHYEHHO YBEJIHUMBATBLCH,
@ 3TO MPOTHBOPEYHT TOMY, YTO OHM IEPHOAHYECKH MNOBTOPSIOTCH.

Hrak, ab=bc=cd =da =1, a orciona yxe Jerko mNoJy-
Wb, Y0 a =b=c=d=1.

6) Ilpu n =1 yTBepxkjaeHHe 3aJa4H, OYEBHAHO, cHOpaBeAJHAO.

IlpenmosicIkMM, YTO OHO CNPaBefJIMBO MpH n =k, B [JOKaxeM
€ro CrpaBefIRBOCTb NpH n == k- 1,

3anuwey nepsHe TPH CTPOUKH:

Xy Xou Kz Xgpeous Xppigs
X Ko Koy Xa¥g woes Xy 1%y
X\ Xy XXy Xa¥ey ovy X g (¥

Jlerko BUAETb, YTO YHC/A, CTOALUAE Ha HEYETHHX MeCTaX, M
qyucJaa, cToAlHe Ha YeTHBIX MecCTax, oGpasytor CTPOYKH,
Xpp Xgo eenr Xopp gy | M Xp X -eeo Xop gy KOTOPHE «teDe3  mar»
npeo6pasyloTcA TaK, KaKk 3To TpeOyeTcA B YCJIOBHM, & TaK KaK 0O
TPEANONOKEHHI0 HHAYKIHH CTpoYKa JJIMHH 2* B KOHUE KOHLOB
HpeoGpasyercsi B CTPOYKY M3 OAHMMX €IMNHL, TO M M3 MCXORHOIl
CTPOYKH JiMHBL 2*+! mOMyYMTCA CTpOYK2 H3 OAHMX eIHHHL.
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V MoXHO ROKasaTb, UTO M3 CTPOKH X AJMHH m = 2%, rpe r
He4eTHO, TOTLA M TOJNBKO TOTAA MOJYUMTCH CTPOKA H3 OJIHMX EAH-
HHI, KOrla X COCTOMT M3 7 OfHHAKOBLIX OJOKOB AJMHMH 2%, 1. e,
nmeet nepuon 2* (cwm. [5], sanaua 134).

—_— —_—

6. a) Ilyern 0,03 — BekTOp, mosyyeHnuii mosopotoM 0,0,

Ha 60° (B Ty e CTOpPOHY, 4TO H NOBOPOT, MEPEBOAALMHA AB B
—

AC). Touke A’ W B’ —o6pasn A B B mpr TOM Ke NOBOpOTE

—_ —
Bokpyr O,. Ilpy paBHomepnoM BpamerHr BekTopoB O,A B 0B

¢ TOR e yrJOBORX cKopoctblo GyRyT Bpamatbea, AO;A’A — BOKpYT
— —> —> —>
Oi, BektopH O3B’ u B'C = A’A, a anaunt m ¥x cyMMa OsC — Bo-

Kpyr Os (puc. 23).

Prc. 23

6) OtBeT: 5. 3adukcupyeM Touky B Ha paccrosmun 3 or P
(prc. 24). Tpr Bpamennn TOukM A MO OKPYXKHOCTH pafryca 2 ¢
rentpom P Bepumna C Gyner ABHraThcsi 110 OKPYIKHOCTH pajHyca 2,
nenTp Kotopo#t O pacnonoxeH Ha paccrossmi OP =3 ot P
(AOPB — papnocroponnnil). Camas panekas TouKa 3TOR OKPYK~
HOCTH Haxoautcsl of P Ha paccrosmum CO 4 OP = 5.

V B nokasnipaeMOM aHaJOriuHo HepapeHctbe PC << AP 4 BP
(nas noGoro papHOcTOpoHHero Tpeyroabhuka ABC wu noGoit TOY-
ki P) pabencTBOo nocturaerca mja Beex ToueK P pyru AB onm-
canmnolt okpyxHocTH AABC, He comepxatueit Touky C.,

7. Cpenyr Bcex Talnun, KOTOPbHIE MOXKHO NOJYYHTb M3 JAHHOM
nepeMeHaMH 3HAKOB B cTPOKaX M CToAOnax, BO3bMEM TY, AJH KO-
Topoft cyMmMa £ Makcumanva. Takas tabmuua T cywecrsyer, no-
CKOJIBKY BceX croco60oB pacCTaHOBKH 3HAKOB nepen 4uciamu Ttabnu-
16l m X n KOHeuHoe YHCJIO — 2™ (cnoco6oB, KOTOPLIME MOJXHO OCy-
LIECTBHTL ITlepeMeHH 3HAKOB B CTPOKaX H CTO.’lﬁuaX, €elie MeHbUIC:
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2n+r—1)_ B raGnuue T cymma uHcen B KaxIOR CTPOKE M B Kamaow
cronbue HneoTpuuateJbHa. B caMoM fene, eciu OH CyMMa gHcen
8 HexoTOpot cTpoke (max croafue) Tabimne T Owna orpuua-
TenbHa, To, H3MEHHB 3HaK B STofl CTpoKe (cToabue), Mul MOJAYThAH
6 Tabiuuy c Gonpluell cymmoi ZBCGX YyHCeJl, YTO TPOTHBOPEUHT
BuiGopy Tabmmunt T.

8. Hazopem onny H3 n ToueK <«kopHem». [loctaBuM B cooT-
BeTCTBHE KaXK[OH H3 OCTaJbHHX n— 1 BeplIHH TOCJeNHHH OTPe3oR
{eanHCTBEHHOro N0 YC/NOBHIO) NYTH, BeAYWIEro B STY TOYKY u3
«KOpHfI». JTO COOTBETCTBHE MeXAy
MHOIKECTBOM H3 n— 1 BeplUIHH H MHO-
JKECTBOM BceX OTpe3KOB Oy[eT B3aHM-«
MO OJHO3HAYHLIM.

YTo6H cnesaTh 5TO COBCEM Oues«
BHAHLIM, YROGHO paccTaBHTh HA BceX
OTpe3Kax CTPEJKH, BeAyIlHe OT KOpHd
(puc. 25); Torma B KaXAYIO TOYKY,
KpOMe BEpIUMHH, BeJeT OJiHa CTpeska.

V TI'pad, xoropufi paccMaTpHBaer-
ca B 3TOfl 3ajaye, Ha3HBaeTca Ocpe-
eom (I111); M mnpeBpaTHIH JAepeso,

Puc. 25 BLUIEHB B HEM OJIHY TOYKY, B KOpii€e
80¢ OPHEHTHPOBAHHOE JlepeBo.

3ajayy MOXNO PCLUIHTL TaK¥e MeTOJ,OM MaTeMaTHUeCKOR HH-
pykunn (I11).

9. flycte HanGonbuiwit o6t pesuresp uscen b u p—a pa-
Bet d, b=~Fkd u p—a ==Ild. Torna uucna £ u ! B3aHMHO MPOCTHI
Nanee, ak-+ bl = abld +(p —a)bld = pk. HWrak, ak-} bl ne-
JIMTCA Ha p.

10. OTBeT: cammit Boropssti ans Koam cnoco6 — mepsuil;
fIPH BTOPOM M TPETLEM OH MOJYYHT, NPH OPABUJLHON Hrpe, HA Opex
meHblle. (BooGlue, kaK Mb YBHAMM, CNOp B 3TOM HAEJEXKe H.1eT
H3-32 OAHOIO opexa.)

Kakue Oul kyun (H3 @ U b opexoB, @ << b) Hu o00pasoBaiuch
nocae nepsoro xona [lern, Kona Moxer GO/bluYyI0 M3 HHX Pa3biuib
Ha zige uacTd no | B b— 1 opexoB, KoTopule OkayTca HauGOJbieH
H HaHMEHbleH, T. e Npu nNepBOM cnocole nenexa 3a6puib
b=n-}+1 opexor. (BasB a =n, b =n- 1, [lern nomewaer ewy
noGutbest Gosbiiero.) IlpH BTop oM cnocobe nenexa nocrie nep-
BOTO Xo0ja a =2, b=2n-4 1 H nHaunyumem otpere 2=1- 1,
2n—1=n—1+4n Kone nocranerca amwupb n opexoB. (Ho npu
no0oM APYroM nNEepBOM XO4e OH MOXET NOJNYYHTh He MelbLie
n+4 1) Tlpu Tpervem cnocobe xon INeth a=n, b=n+41 ue
nossonser Kose noGutbcst Gosbiuero, wem 3abpatb cebe n -+ 1 opex
(cyMMu mBYX cpepuux KyuYex H JBYX Kpaiinnx BCeraa OYAYT kaK
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pa3a n u n-}+ 1), Tak uTo JMUHEE Opex, KOTOPHA HY}KHO OTZHATb,
OKa3hLlBaeTCH PellaloliHM.

11. Tak kaKk umcia @y, @z, ..., Qn, «..— HATYPAJbHKHE, TO CYy=-
LIECTBYET TaKas MOCJIELOBATENbHOCTD HOMEPOB i1, §2; ««vs ify -+, ATO
ay, <ag2< <a1n< (a,-l — HayMeHblU€e YHCJIC MOCei0=
BATE/ILHOCTH Qp, Oy, — HAHMEHBIIEE M3 CAEAYIOWHX W T. B.).Ana-
JNIOTHYHO W3 MOCJEJOBATENBPHOCTH HOMEPOB iy, ig, ««+y in, - . MOXHO
BHOpATL MOCAENOBATEIBHOCTD f1, fg, « vy jny oo+, IS KOTOPOR

by<bp<...<b,<...
flcHo mpH STOM, YTO NOC/IENOBATENLHOCTD @fys g eovs Bfp <o
ocraercAa HeyOuBalomell. Tenmeps ocranoch M3 MOC/€NOBATENBHOCTH
Cjp» €lg ++vs €fpy -+» BHOPATE HEyOHIBAIOULYIO MOC/ENOBATENBHOCTD
Chpr Chy oos Cpop voe Torna

“k,<0k2<"'<akn<""
bklgbk2< “ee <bkn< seey
cklgck'.‘g.-' gckn <-.-,

OTKYZa CJeflyeT YTBepXJieHne aafiayH.

V B peweHsH MH MOJb30BajMCh TeM, 4T0 B J1000M (naxe
OeCKOHEYHOM) MHOMKECTBE HATYPANbHHX YHCEJ eCTh HaHMelbliee
yucao. DToT (akT NPeACTaBIseTCS] OYEBHAHHM; OH 3KBHBaJEuTcH
npuHuMny MarematHyeckoil mHaykunx (I11).

12. LlenTp Kpyra muaMerpa 1, HeJHKOM NOMELAIONErocst BHYTPH
NPAMOYrOo/ibHEKAE, AOJXKeH GHTb PAacloJioXKeH Ha paccTosinMH, Gosb-

25
B
S ] ;
\ /2 12
a 1 I3
Puc. 26

urem 1/2, or /mo6oft H3 CTOPOM NMPAMOYTOJbHHKE, T. €. BHYTPH «pPaM-
Kn», n3o6paxennoii Ha puc. 26,a. Ilnomans BHYTPEHHEr0 NPsiMe-
yroabHHKa paena 19-24 = 456.

Kpome Toro, ueHTp Kpyra Jo/keH GHTb PACNOJNONEH Ha pac-
cTosHMH, GosplieM 1/2, OT Koutypa Jo00ro H3 KBafipaToB, T. €. FH¢

Kamaol (HIypKH IIOMaAH 3-1-—:—‘-, u3o6pamennofi Ha puc. 26, 6.
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Haxe ecay 37 (QUrYpKH He MepeceKalOTCsl H HE 3a/eBalOT PaMKY, HY

)]
cyMmMaphas miowans pasia 120 (3 + T )=360 4 30 < 360 430X

3,2 = 456,

Takum o6pasoM, 3THMH (HrypaMH NOKPHTb NPAMOYTONbEUK
nrouwain 456 Hesb3A H, CJefoBaTeJbHO, HAHneTcA Kpyr auamerpa |,
HE TEPECEKAIOUIHiCT HH C OLHEM H3 KBaAPaTOB.

13. Meavana nenut nJjomaib Tpeyroabxeka nomosam. Ilostomy
(puc. 27) Sppc==Scprr = Scprcr OTcioRa cnenyet, uto Sppror==

Toyno Tak e JROKA3WBAKTCA paBeHcTBa Scerpr ==2Spaops

Sppra=28¢ps Saarpr =2Spap

X

e

ol

Puc. 27 Puc. 28

CJl0XHB STH 4 paBEHCTBa, NMOAYYHM:
Spprer + Scerpr + Spprar+ Sparpr =
=2(Sapc t+ Spcp+ Scoa+ Spag)=4S.
I'Iosromy SA’B’C’D’ =48 + S == 58.

14. OTBeT: nCKoMoe MIOKECTBO ToueK M Kacamusi — Mapa
MpPsAMLIX, KACAIOLIKXCA OKPYIKHOCTH s B Toukax P, Q ee mepeceuenus
¢ npamo#t | (3a uckiovennem caMux Todek P u Q).

Ilycte oOujas kacatesbHAs § N S’ KacaeTcsl OKPYIKHOCTH §
B fJouke N. Torpa £ NOM = £OMO, = £LMOO; (ON[|OM 1
00; = 0\M). Tlostomy £MQO npsmoit u npaman MQ xacaercs s
B 70uke Q (puc. 28).

C npyroii CTOpOHH, Yepe3 MOGYI® TOYKY YKA3aAHHHX B OTBETE
TIPSINHIX, HE JIeXAWYI0o HE S, MOXHO TPOBECTH OKPYIKHOCTb C LeHT<
Pox ma npamof {, mpoxognmyo yepes 709Ky O,



15. Ilo ycnoBuio ay—ao=> 1. Janee, a;—a; = 2(a, — ag),
03— a3 =2(a3— @), ..., Qo0 — Qo9 = 2(Ggo — Ggs). Ilepemuoxun
5T1 99 paBencTB, 06e YaCTH KOTOPHX NOGJOXKHTENEHH, M COKPaTHB
OOLUHE MHMOXMTENH Q3 — @), G3— O3, s.., Ggo— Ogg B OGENX YACTAX,
10 YYHM

@100 = agy -+ 2% (@, — ap) => 2.

V Bosee TouHas ouedka Nno HHRAYKUMH ap == 2%, GQpyy— ax =
= 2% (k= 1, 2, ...) nokaswBaer, 4To @y == 2'¢0,
16. Ilycts P(x) = ax® - bx? } cx -} d. Passoctb

P (62) — P (19) = a (62° — 19°) + b (622 — 19%) + ¢ (62 — 19)

RenuTcs Ha 43 B Me MOXeT paBHaTbCcA 1.

V Boobuwe, aas awboro MmHorouneHa P(x) ¢ uenwmu xosd-
¢uumentamn pasuoctb P(x;)— P(x2), rhe X3 ® x3— pasnuunne
nejble YHCAa, BenuTcs Ha X; — x3 (I16).

17. [lyctb  py, Pa ..., Pn— NPOH3BENEHHSI NO CTPOKaM, g,
qa, ...y gn— N0 crONGN2M. TOrma pyps ... pPn=¢\g2 ... @n— MH
IBYMAI cnoco6aMM BHYHCASIEM NPOH3BEREHHE BCEX uucea B Tabauue.
3HauHT, YE€THOCTb KoauuecTBa —l cpemu py, Ps, ..., Pn Ta XKe,
YFO M CP€dH Gi, G2, ..., Gn, T. € BCETO CPEAH 2n uucen py, Pz, ...
wePny Qs G2, «--y Gn YETHOE YHCJIO —1 ¥ TE€M CaMbIM YeTHOE YHC-
no -+1. Ho Toraa uHcjo TeX H APYrHX PasnHYHO (Tak KaK n Me-
yeTHo) M notoMy cymma pytpz+ ... +pat g+ g+ ... +ga
He papna 0.

V dta cymMma MoxeT OTNHYUaTbCA OT 21 Juwb Ha uucno d,

Kpatuoe 4. HiHTepecHO, NOCTPOMB COOTBETCTBYIOLIHE NPHMEPH!, Bbi-
sAcuuTh, Aaa JoGoro au d = 4k, |k| < n/2, cymma Mmoxer pas-
unTbCA 2n — d.

18. IlycThb HaM H3BECTHH AAMHHK @, b ctopoH BC u AC Tpe-
yroAbHHKa H MH XOTHM, 4T00h ero Mmeanann AD u BE nepeceka-
NACh Noj NpAMbM yriom. Bosbvem ua ortpeske AC panHbl b TOY-
ky F tak, uto AF:FC = 3; torna FDIBE n £ ADF ponxen Gbith
pasen 90°, T. €. Touka D ROMAHA NeXaTb Ha OKPYIKHOCTH € InaveT-
pom AF u, KpoMe TOro, Ha OKPYXHOCTH pamuyca a/2 ¢ uenrpom C.
Orciopa fAICHO, Kak NOcTpouThk Touky D, a 3arem m B. 3apnaua umeer
pewmenne, ectH 1/2 < bja <2, n npH 3TOM MCKOMBIH TpeyroibHHK
€LMHCTBEH.

V MOXHO JpOKa3aTh, 4YTO B TaKOM TpPeyrosbHHKE KBajnpar
TpeThedl CTOPOHH ¢ pasen ¢? = (a?- b%)/5 n noayumts oTciofa
JPyroe pewesue.

19. U3 nepasencTBa x2 - y? == 2xy caenyer, 410

(a2+bz)+(c’+d’)>2(ab+cd)>4'\/abcd>4,
ab+4cd>2 bctad>=2, actbd=2,
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V Ionsaysace ofuefi Teopemofi O CpefiHeM BpHMETHIECKOM
P CpejlHeM TeOMEeTPHYECKOM, MOXHO PpEelHTh 3ajaly APYruM Cno-
€060M, a TaKke HOKA3aTh, 9TO JUIA JIOGHIX n MOMONHTENLHHX Wi-
cea ¢ npomussenewdeM 1 CyMMa HX KBaJipaToB He MEHblIe n, a
cymma n{n—1)/2 BX nonapeeix
npouspelenusi He MeHowe n(n—
—1)/2.

20. OTBeT: r3— HanGonbulce
ANl BepIUHH MATHYrOAbHHKA, W
HaHMeHblIee — /il CEPEAHH CTOPOIL.
Pa3o6beM npaBUALHEA NATHYTOJL-
ik ABCDE ero ocAMH CHMMeT-
par Ha 10 Ttpeyroabumkon. Ilocra-
TOYHO HCCAeN0BaThb TOYKH M BHy-
TPH ¥ H2 rpaHHNE OJHOrO M3 HHYX,
Hanpamep AOK (puc. 29). Urobu

Puc. 29 CPaBHHTb pacCTOSHMSA OT TOYKH M

BHYTPH HEKOTOpOro yriia 10 ero

CTOpPOH, ACCTATOYHO BHISICHHTH, NO KaKyl0 CTOPOHY OT GHCCEKTPHCH

sroro yraa nexntr toika M. Tloabsysch atum, yGempaemcs, 9ro

pacctosiHusi ot TOukd M 1o cropon naThyronbhuka AB, AE, BC,
DE, CD Bcerna HAYT B NOPsJiKe BO3PacTaHHs:
NSRS

TpeTbe No BeJHUHHE pacCTosiHne r; OypeT HanGonbwum, korna M
copnajaet ¢ A, H HaHMeHbIIHM, Koria M cosBnapaer ¢ K.

21. OrBeT. ¢=9. Cymma uudp noboro uucia paer npu
JeJeHdd Ha 9 TOT xe ocTaTok, 4to camo uncno (I13). C apyroii
cToponn, a << 1962-9 << 19999, no3tomy
b<<14+49=37Tnc=<<9.

22. Onycrem Bricotry AD B AABC
(puc. 30). Torna B AADC otpesok MH
Gynetr cpepseii auuueii, T.e. DH = CH.
MNpsmoyromenne Tpeyrosbhuku BHM w
ADC nonobun, nockonbky Z.DAC =
=90°—£C = £HBM, npwiem mnocae
NoBOpOTa oAHOro W3 HHX Ha 90° cooTBeT-
CTBYIOI(He CTOPOHW CTaHYT NapajjefbHbl-
MHM; NpWd 3TOM COOTBETCTBYIOLIHE MeaMa-
HH BP u AH Taxxe cTaHyT napaifeb-

HHMH, a 3HayHuT, A0 NOBOpPOTa O6HNO
Puc. 30 AH 1.BP. P

23. Orser: 1. CpellH TPeyronbHUKOB C ABYMS CTOPOHAMH 4, b,
KOTOpHE ynosneTBopsiioT yciopuam 0 <a << 1, 1 <b << 2, nau-
Combuyio NiOWafe HMeeT NPAMOYICAbHBI TPEYrONLHHK € KaTe-
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Tamu a=1, b=2 (B camom mene, s << ab/2 << |, nockoabky
BHICOTA, oONyLleHHas Ha CTopoHy b, He Goavwe a). Tperba ero
cropona c==4/5 ynoenersopser ycaopuio 2 << ¢ <3, caenosa-
TebHO, CpeaM BCeX PacCMaTPUBAEMHIX TPEYroJbHHKOB OH Hueet
HaHGOMBIYIO naoLLaab,

24. YactHoe paBHO x%2 - y2-} 22 — 2xy — 2yz — 2xz. UroGwu
OPOBEPHTb HYXKHOE TOXKAECTBO, YAOOHO MOMOXHTD X-—Y = o,
Yy—2z2=uv, TOrna z—x = —(u-}+v), H N0Ka3aTb TOXKIECTBO

(z + v)° =u’ + 05 + 5uv (1 +v) (% + uv 4 v?)
¢ nomoutsio ¢popmysnn Guuoma Herotona (I16):
(4 4 v)® = u® 4+ Butv + 104%0? -+ 10430® 4 Suvt -+ o0s.

25. Pewntb 3Ty 3anauy nomoraer puc. 31: nomanas ¢ BepiuHHa-
MU B TOuKax (k, ar) «BHNYKN2», NOCKONLKY Qp+1— Qx == Gr — Qx—p
(1- €. yrnopofi K03G(QHUHEHT KaXJAOro cieaywulero speHa GoJblue,
YyeM mnpeAnAyllerc), TaKk 4YTO Bes
0Ha, KPOMeé KOHILOB, JIeXHT HHXE @
ocH 0k. . 10 4

JonycTum, YTO NPH  HEKOTO- *
poMm mZ=1 OGyaer am-1 <0, .
0m>0. Torpa a,—a,-; = ap—j— -
—Qp-2 2= ... 2= Qmyy— Am=Qn—
— am—; > 0 H NO3TOMY an>aQn-y>
> ... > am > 0, uro npoTuBOpe-
YUT YCJIOBHIO an = 0.

26. PaccMoTpuM TabnEny mX}n Puc. 31
H OylleM paccyXpaatb IO  HH-
LYKUMH, CYHTas, YTo anf TaGnuu c menbliefi cymmofi m -+ n yTBeps
JAeHHe Yyxe nokasano. Ilns TaGmaum 1 X 1 oHo ouesnauo. Bu-
OepeM HauMeHbllee H3 M-+ 1 AaHHHX YHCEN @), Qp, ..., Gm, b,
by, ..., ba—nmyctb 310 Gyner a,. IlocTasum a; B JNeBwfi BepxHuit
yros, a 3aTeM NepBYiO CTPOKY OTpeXeM; OCTAHETCA PEUIHTb 3ajauy
ana Tabamnn (m—1)X n u HabGopa uucen ap, ..., am, by —a,
by, ..., bm, @ 5TO NO NPEANONOMXEHHIO HHAYKIHHM MHl AeJIaTb yMeem,

Jlpyroe, THIHYHO «OJHMIHanHOE» pewelue. Hapucyem orpesox
pmie d=a+a:+ ... tFam=0+b+ ... + b, m paso-
6beM ero ABYMS crnoco6amMu: Ha m <«KPaCHHX» OTPE3KOB AJHHLI
ai, Gz, ..., Gm H N €CHHHX® OTPE3KOB AJMHH by, bz, ..., b, Bcero
Gyner (n—1) 4 (m—1) Touex pa3OHeHHSI K COOTBETCTEEHHO m -
4 n—1 manenbkux oTpeskoB. Ocraercs samMcaTb AJMHY KaXAOro
H3 3THX OTPE3KOB (MEpEeceyeHHs 1EeKOTOPOr0 KpacHOTO G; H HEKOTO-
poro cuHero b;) B COOTBETCTBYIOLIYIO KJETKY Tabauuu (crosiulyio
Ha NepeceYeHHH i-fi CTPOKM H j-ro CTonbua),
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27. Mycte 1-1, 2-5, 4-1 B 5-1 OKPYXHOCTH NDOXOASIT uYepe3
vouky A; l-u, 3-1, 4-1 n 5-1—vdepes Touky B; 2-1, 3-91, 473 u
5 7 — uepes Touxy C.

Mu BuamM, 910 Bce TPH ToukH A, B u C He moryT OmTb
pasiMuHEIMH, TaK Kak OHH Je€xaT Ha 4-f H 5-i OKpYXHoOCTAX, a
BABE OKPYXHOCTH MMelT He GoJblue NBYX TOdek nepecedeHus. 3Ha-
uyT, kakHe-To Ase H3 Touek A, B u C cosnanawor (I19).

Mycts, Hanpumep, A = B. Torna Bce OKPYXHOCTH NPOXOAAT
wef.e3 Touky A.

28. OTBeT: WaxMaTHCT, SaHABMWIAA TPeTbE MECTO, BLIMIPan ¥
€e1bMOT Q.

HlaxmaricThl, 3aHSIBLUHE NOCJeHHE Y€THpPE MeCTa, ChrpajM
wmeXxay coboit 6 napruii ¥ nosromy HabpasH BCe BMecTe He MeEHblUe
6 oukoB yxe B 3THX napTHsx. CJenoBatesbHO, IAXMATHCT, 3aHAB-
Ui BTOPOE MecTo, HaGpan He MeHblue 6 0YKOB,

C npyrofi cTOpoHH, OH He Mor HaGpaTb Goabue 6 OYKkoB:
ecnu noGepuTesb TypHHpa Habpan 7 OYKOB, TO BTOPOR €My mnpo-
Brpan M, 3HaudT, HaGpan He Goabuie 6 OUKOB; €C/IH e y NepBOro
6,5 ouxoB, TO Yy BTOpPOro Takxe He Gonbuie 6 ouyxoB.

Otciofa cnepyeT, 9410 BTOpolf nabpan poBHO 6 OUKOB.

Ilocsiepsne dYeThpe YyyacTUHKA TYPHMpa Takxe HaGpanw
6 oukoB M, cjefoBaTeJbHO, NPOMrpanH Bce NapPTHH LIAXMaTHCTaM,
sansBlKM 1—4-€¢ MecTa.

29. a) Ilycrr O —Touka nepeceueHuss AHaroHajeli yYeThbpex-
yroasuuka ABCD. Ilockonsky tpeyronbkukn ABD w BCD umelor
paBHbE Naowaad ¥ obGuwee ocHoBakHe BD, uX BHICOTH, onynleHHHe
u3 pepuH A u C, paBHb, T. €. TOUkH A # C OIAMHAKOBO YA2JeHH

or BD, orciopa caeayer, 4TO
Y AO = OC. 1oudo Tak Me J0Ka3sh-

C paercs, yto BO = OD.
HWtak, nuaroHasu 4eTHpexyrods-

¥ R_E £ neka ABCD pensitcs MX TOUKOi
rlepeceyernsl NOMOJaM, a 3T 3Ha-
yuT, 4ro  ABCD — napanneno-
rpamm.
A —F 6) MepBoe pewmcHHe.
Puc. 32 Ipennonoxum, 4To y HEKOTOPOrO BHI-

nykjoro wectayronbhuka ABCDEF
AHaroHans, COENHMSIOLIHE NPOTHBONONOXHKHE BEpLIHHH, AeNAT N70-
Wwanp nonojiaMm H B TO JXe BpeMs He TNEPecekaioTCs B OJHON TOuKe.
Torpa ux ToukH nepeceuekHss P, Q u R sBnsioTcs BeplIMHaMM Tpe-
YroAbHHKAE, JieXKallero BHYTPYM llecTHyroabHuka (pHc. 32).
Mnowann uertpexyronsurkos ABCD w BCDE paprn, nostomy
PaBRH W mnowapn Tpeyroaphukos ABP w EPD, tak kak

Sasr=Sancp — Spcor = Sscpe — Spcpp = Serpr
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TouHo Tax xe NOJIY4NM, 9TO

S =Sgpp 8 S =S

BCR AQF = °cqQp’

H3 papencTBa niowafcil TPeyroNbHHKOB TNOMYHAKOTCA C/AEAYOLIHE
COOTHOLIENA:
AP.BP=EP-DP,

CQ-DQ=AQ-FQ,
ER-FR = BR-CR.

ITepe:tio:kHB STH paBeHCTBa, MBI MONYYHM
AP-BP-CQ-DQ-ER-FR = AQ-BR-CR-DP-EP-FQ,

Ho 3ro HesoamoxHOr Beahr AP > AQ, BP > BR, CQ > CR,
DQ > DP, ER > EP, FR> FQ, Mo3TOMy INPOH3BeleHHe cIpaBa
menpws, yem ciepa. Ilomywennoe npoTusopeune nokaswisaer, 410
auarosanu AD, BE u CF nepecekawtcs B ontHOfi TOouke (T. €. 9T0
FQ =QR = RP = 0).

BTopoe peweHnne. 3To pellieHHe OCHOBAHO Ha HCNOAb30-
BaHHH TEOMETPHYeCKoro rnpeo6Gpasopanksa — romoteTn. Ilockonbky
niaowan Yetepexyroarinkos ABCD u BCDE pasnw, To pasnu
W nnomanu Tpeyroibiukos ABD u BDE (omn Menbwe nioliajei
COOTBETCTBYIOIMX YETHPEXYTOJLHHKOB Ha Spcp). DTH  TPEYrodine
HuKil uMeroT ofuee ocHoBauuwe BD, U3 pasenctsa maowapeit BriTe-
KaeT PaBelicTBO BHICOT, ONyuleHHHWX #Ha BD u3 pepumn A u [,
T. 6. T04kH A n E oannakoso ynanenn or BD. Tlostomy AE[BD.
Touso Tak 2ke ycranaBnmBaercsi, 4To CE||BF w DFJAC. Takum
o6pasom, Tpeyroashnxu BDF n ACE nopo6un.

Iyctb P —TouKka nepeceueHna puaroHaneli AD u BE. Pac-
CMOTPHM TOMOTETHIO C LEHTPoM B Touke P H Ko3dpHUHEHTOM
PE:PB. Tlpn 3roil rovoretnH Touka B nepeiiner B Touky £,
a touka D—B Touky A, npamas DF nepefiner 8 npamywo AC,
a BF—»B EC.

Tax xak F—Touxka nepecevewnsa npamux DF “u BF, oua
niepeiiaeT B TOYKY nepecevenns npamux AC w EC, T. e. B Touky C.
INostomy Touku F, P u C nexar na opHoii npAmo#t, a sto a
oanauact, Yto jaHaroHani AD, BE u CF nepecekaiotcs B Touke P.

30. Ecm a®4+-b62 n a4 b nenatca va d, 70 ¥ (a4 b)2—
— (a2 - b?) = 2ab nemntca Ha d. CnegoBatennko, 2a2=2a(a-b)—
—2ab 1 2b% = 2b(a + b)— 2ab acastca Ha d.

Ho ecin a n b B3aumuo npocth, To a? M 6 TakKe B3auMHO
npocrLi, nostomy 2a? m 2b2 He MOTYT OALOBPEMEHHO NENHTHCA HY
na raxoe d > 2. (3aech HCMOJNB3OBaHa OCHOBHAS Teopema apHd-
merHkH, cM. [12)

31, a) Ilyerp C—TOYKa, HAHAME@TPANBLHO NPOTHBONONOXHAN
touke A, Yron AMC - npsamoli, Tak kak MK = KB m PKIMC,
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70 npamas PK nepecekaer otpesok BC B cepepune: BH = HC.
TakuMm o6pasom, Bce npample PK npoxonsat uepes Touky H —
cepenuny orpeska BC.

6) Mis a) cieiyer, YTO MHOXECTBO TOYeK P NEXHT HA OKpyx-
HocTH, nocTpoennofi Ha AH xak Ha puamerpe. INockonbky ZHBA —
npsiMoii, 3Ta OKPYIKHOCTb NPOXONHT Hepe3 Touky B.

32. OtBeT: d = 2/3.

Ecnn oTpe3ok 3aMeTaeT BeCb TPEYrOJAbHHK, TO B HEKOTOPOM
cBOEM TMNONOXEHHH OH NPOXOAHT yepe3 ero ueHtp. Jokaxem, uyto
M3 BCeX OTPe3KOB C KOHL@MH Ha CTOPOHAaX M NPOXOAAILHX Yepe3
nen1p O mOpaBHAEHOTO TPEYroJbHHKA CaMbii KOPOTKHH — OTpe30K
AB, napannensHuii ero cropoke.

Iycte A’B’ — xakoi-n460 OTPe3OK € KOHLAMH Ha TEX Xe CTO-
PoHax H TPOXOARIUHI Yepe3 LENTP TPeyroibHuka, npuuem OB’ <
<< OA’ (pHc. 33). Torna AA’ > BB’ u scHo, 4TO pae NPoEKNHS

Puc. 33

3TOro oTpe3aka Ma npsamyo AB uMeer aauHy, Goabwyio 2/3. Takum
0o6pa3oM, OTpPe3OK, 3aMeTaioniHi Bechb TPEYFONLHHK, He MOXeT OuTh
Kopoye 2/3.

C npyroii CTOPOHN, OTPE3KOM AJIMHH 2/3 MOXHO 3aMECTH BECh
TpeyronbHuk. JInsg poKa3aTesqbcTBa HYXHO YOeaHThCs, 9TO 4Yepes
NioGyio TOUKy P BHYTPH TPEYroJibHHKA MOXHO MNPOBECTH OTpPe30K
INHHH 2/3 ¢ KOHIaMH Ha CTOPOHax TpeyroibHHka. IlpoBenem ue-
pea P pse mnpsMue, napaaneibHue camoil Giu3koll k P u camof
nanekoii or Hee cropore. OHM nepecekalT TPEYroJbHHK MO OTpe3-
KaM, JAJMHA NEPBOro M3 KOTOphx Goabwe 2/3, a BTOpPOro-— Mehb-
we 2/3. Bynem noopauMBaTh NpsMyio, Npoxoasityio uepes P, u3
NEPBOI0 MOJIOXEHHS BO BTOPOE; B HEKOTOPOM INPOMEXYTOYHOM MO-
JIOXEHHH JJHHA OTPe3ka, M0 KOTOPOMY OHa [Mepecekaer TPeyroJb-
HHK, Gy/leT B TOYHOCTH paBHa 2/3.

V 3amernm, 4YTO, NpH Bcell QUEBHAHOCTH MOCJAEAHErO YTBEp-
XKJEHHS, JJIl €ro CTPOFOro JOKa3aTENbCTBA HYXHH CO0OpaKenHst
nenpepuBHocTH (I16),
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33. INpeanono)xum, 9TO MOXHO YJOMNHTD KOCTH JOMHHO I'A
HOCKY TaK, YTO KaXAas#l H3 FOPH3OHTAJIbHHX H BEPTHKAJLHHK Mp+-
MbiX, pasjeNOLUX AOCKY Ha KJIETKH, Nepecekaer XoTa GOh oy
KOCTb JIOMHHO.

Bcero umeerca 10 Takux npsvbix. Kaxkaasa w3 3THX npamux
pa3buBaer mocky Ma 2 4acTH, COCTOSIIME M3 YETHOTO YHCJAA KJETOK.
B moGon M3 3THx uacTell COAEPHHMTCH Kakoe-TO KOJNHYECTBO Me-
paspe3aHHbX KOCTefi JOMHHO. DTH KOCTH 33aHMMAIOT 9eTHOE QHCI0
KnetoK. OcCTaBuiMeCs KJETKH 3aHATH INOJOBHHKAMH paspesaHkiik
KocTefl, a Tak KaK HX 4YeTHOe 9YHCIO, TO H YHCIO PpaspesaHHuK
KOCTeH TOXe YeTHO.

Urak, kaxkpas u3 10 npsAMmX paspesaer He MeHbuIe HOBYK
KocTel, @ TaK KaK KaXAYyl0 KOCTb NepeceKaeT TOJbKO OfHAa INpf-
Masi, TO YHCJIO paspe3aHHHX KocTedl He meHblie 20.

OpnHako oflee KOJHYECTBO KOCTEH, MOKPLIBAIOUHMX AOCKY, — 18,

V HHTepecHO BHSICHHTh, AN KakHX NPAMOYTONBHHKOB m X n
(c ueTHHM m) BEPHO aHaAJIOrHYHOE YTBEpXAeHHe. DTOT BOIpPOC
pasobpal B pemieHHH 3anaun M63 ns <«3anaunnka Ksantas (s
«Kpants, 1971, Ne 10).

34. MoxHO cuHTaTh, YTO YHCNA DPACNOJOXEHH B MOPsAKE BO3-
pactanns: q; < a2 < ... < an. Paccmotpum uneaa:

a,, as, seey Qp—2 Qn—1y an,
a; + ap, a3+ ap, «o., ap—3-tap, ap_1+ag,
a1+ ap—1 -+ ag, coey Qp_gtan_1+ap

LX X TY *e oy

a, +azt...4+ap.

OueBHJIHO, YTO 3]1€Cb KamJoe 4YHCAO Gonblue NPepHAYLIEro; TakHM
o6pasoM, Bce BHNHCZHHHE UYHCIa Ppasauie. KX  konuuectso
ndn—H+...+1=nn+1)/2 co- c
OTBETCTBYeT TpeGOBaHMMM 3afayH.

3aMeruM eile, YTO NepBHe N HaTy-
pajibEbIX 4YHCeJ AAIOT NpPHMep n pasnmny-
HHIX YHCEJ, H3 KOTOPHX HeJb3fl COCTaBHThb
Gosbwe ueM n(n -+ 1)/2 pasnuuHBIX cymm
(3TH Ccy™mMB —Bce  HaTypajbHHe UHC-
a or 1 po 1424 ... +n=n(n+ 2 8
+ 1)/2).

35. 3 paBenctBa yrnoB (puc. 34)
caeyet, uTo Touka A NEXHT Ha OKpYXK- Puc. 34
HOCTH, npoxonsuei gepes Toukn C, D u E, a Takxe,ut0 Touka B
JeXHT Ha 9TCA OKpYXHOcTH, npuuem DE|IAB.

36. Ilycrb pasHocTb nporpeccyd paBHa d H OJHH H3 €¢ Wie.
HOB @ = m2, rae m — uatypajabtoe uucio. Toraa yucno (m-+-rd)i=
= m? -} 2mkd + k°d? = a + d(2km 4 k?) TaKkxe HBAACTCA uJeloM
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nporpecchn npy MmoGom HaTypaibHoM k. Mu yKasany TeM cambim
GECKOHeUHO® KOJMYECTBO WIEHOB NPOrPECCHH, ABJSIOLIHXCH KBajpa-
TaMHA Ha'rypa.vlbuux qgHCcea.

87. OteeT: Henn3sa. lludpa a ofpasyer 9 nap (¢ Kaxpoit
A3 AeBATH oCTanbHuX Hudp). UToO6H A4 BCcex 3THX Nap Hawdach
CTOopoHa 45-yroJbHHKa, 32HYMEPOBAHHAAl COOTBETCTBYIOUIMMH mHd-
pamH, HeOOGXOLHMO MOCTAaBHTb 4@ MO KpaiiHed mepe B MNATH ero Bep-
muaHax. Tak kak nudp BCEro neciTs, TO A HX pasMelleHus Ue-
o6xonumo 50 mecr.

IMostomy TpeGyemoe B YCJOBHH pasMelleHue MHPP HEBO3MOKHO
(119).

V C npyrofi CTOpOHH, €CAH n 4erHo, To uncaa O, 1, ..., n
MOXHO paccTaBATb B BepIUHHAX npaBHAbHOro (n--1)(n -+ 2)/2-
YTONbHHKA TaK, 9TO0n JI/iA Kaxjofi nape 3THX 9YHCeN Hawnach
CTOPOKa € COOTBETCTBYIOLHMH YHCJaMH Ha KOHIIax.

38, Otpen: aa=mA/TO—T b=F1/20—1/2
p=—1, g==1/4 (scero npa naGopa xosdduuuenTon),
Noncrapann x = 1/2, nonyunm

a 20 1 P 10
(£+2) +(5+5+4) =0
OTKyna a = —2b, -
Tenepp TOXAECTBO NPHHMMAET BHA

(2% — 1)® = (— 2bx + b)° + (x* + px + g)'°.
Bruncass kosdduuuent npu x?° B 06eMx YacTax, NONYYEM
=210+ I; b=z {20 —1/2.
Tenepb TOXAECTBO NPHUHMAET BHA
(x — 1/2)** = (x* + px + g)"°,

orxyna 2t pxt+g=(x—1/2)% 1. e. p=—1, ¢g=1/4.

39. OreeT: 2-3" Ilocne nepBoro wara cymma Beex SuCen
6yner papHa 6= 2-3.

Mycrb S, —cymma Beex uucen mocae n-ro wara. Herpyamo
JOKasaTb, 4YTo mnocie (n-1)-ro mara cymMmma craHmer papha
2Sp 4+ Sn = 3S.. .

Hrak, cyMmma Beex uHCen KaxIWH pa3 YBeJHUHBaeTCsl BTpOe,
TaK YTo Ha n-ware oHa Gyaer paBHa 2-37,

V BosHukalomasi 3aechb HHTepecHas NoCAenoBaTeNbHOCTh 06-
cyxnaercs B 3apauax 219 us knuru [10] u M233 u3 «3apaunuka
Kspanta» («Kpant», 1974, No 7).

40. OTBET: Nyra OKPYMHOCTH, Kacaiomeiicn GOKOBHIX CTOPOH
TPeyrojibHHKa B BepwHHaXx A B C OCHOBaHHSA,
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IMycts ABC — pannbii Tpeyronsuuk, AB = BC u M — nexo-
TOpasi TOYKA HCKoMOro mHoxecrBa, E, F 0 H —ee npoekumu na
ctopoini AB, BC u AC cootBetcTBeHHO (puc. 35). Uernpexyroso-
vuikd AEMH w CHMF nopoGHH: Yy HHX COOTBETCTBEHHO paBHH
§IAH H TNO YCJNOBHIO NPONOPUHOHANLHH Naph COCEAHHX CTOPOH
(EM: MH = MH : MF), TeM camMhM no-

BOGHE Apyr APYry H TPEYTOJbHHKH, Ha B

KOTOphle OHH Pa3GUBaiOTCi AHArOHAJsAMH:
LAEMA oo AHMC, DAMH co ACMF,
Orciona

LAMC = LAMH + £LHMC =
= /HMC + £CMF = L HMF.

Hrak, sennunna Z AMC nocrosiuua,
GOTKYLA CJeAyeT, 4TO Touka M npHHaize-
KHT AYyre OKPYKHOCTH, ONHpamouleics Ha
oTpesok AC.

Mo:xHo nposepaThb, uTO JNi06ast TOUKa
STOH JyrH NPHHAAJEXHT HCKOMOMY MHO- Puc. 35
KeCcTBY TOUYeK.

V Ecan HCKaTb MHOXECTBO TOYeK, PacCTOfiHHE KOTOPHIX IHO
npsaMoii AC paBHO cpelHEMY FeoMETPHYECKOMY DPAcCTOfiHMA po nps-
mbix AB u BC, ua Bceli MIOCKOCTH, @ He TOJDBKO BHYTPH TPEYroib~
HHK3, TO HCKOMOE MHOXECTBO JIONOJNHHTCA KYCKaMH Tunep6oJ,

41. OTBeT: yrin TpeyrojbHuka — 90°, 45°, 48°

Ilyctb ha M hy — BHICOTH, ONyuieHHBe Ha CTOpPoHH a u b, [lo
ycaokio @ << fa, b << By, HO B TI060M TpeyrosbHuke hy << b, by <
KamRImoa< h<bs<h<a

3HauuT, a == b = h, = hs, 7. €. TPeyronvuuk paBHOGEnpeHHLIHA
H NPAMOYTOJIbHKIH.

42, IlpepnonoxuyM, uro uuncio m(m-+1) sBnserca k- cre-
fienbio HEKOTOPOro HaTypaibHoro gHcia. Tak kak uwcaa m v m -+ 4
B3aHMIO NPOCTHl, TO KakKAoe H3 HHX AOMKHO OHTh R-fi cTeneHbid
HarypaibHoro uyHcia. Ho 3To HeBo3MoxHO: ecin m = a*, To yxo
@+ > @+ et "=k tat-1>m+1k>1).

43. OTBeT: €AlHHL NOJTYYHTCA Ha oaHy Gonbuie, 9eM HBOEK.

Besikoe 9HCAO JaeT NMPH gedeHMH Ha 9 TOT K€ OCTATOK, 4710
u cymMa ero uudp (I13). ITosromy B Haweil 3amaue eauHHUH noO-
JAy4aloTCs H3 4HCeTd, AAIX NpR JeneHuH Ha 9 ocratox 1, T. e.
n3 uncea 1, 10, 19, 28, ..., 999999 991, 1000 000 000, a mBOfKH —
M3 yHce:d, AAOWHX B OcTaTke 2, T. €. H3 uucen 2, 11, 20, 29, ...
oves 999999992,

44. Kakoii 6n HaGop 3 B WHCEN X), X2, ess» Xn (CPEAH KOTOPHX
e BCE paBHH MeXAy cofofl) MW HH B3AIH, 9€DPe3 HECKO/LKO

119




Waros MakcuMalsHOe 9dcl0 HaGopa YMEHBIUHTCH, 8 MHHMMalbHoe
yBEJHUHTCS,

Orciona ficHO, YTO MaxCHMaJbHOE UHCJO HE MOMET BCe BpeMs
OCTaBaThCsl NeJIHM, eC/M, KOHeYyHOo, He noJyunrcs HaGopa u3 pap-
nBX gucen (g, q, 4, ... a).

Iycrs w3 na6opa 2z, 22, ..., 2, BNepBbe nonaydaercsi HaGop
PaBHLIX YHCeN:

21+22_22+23_ _2n—1+2n_2'+2n
0 .

) 5 == )

Torna uncna z; pasHm uepes oano. IlpM HeuweTHOM n 3TO HeBO3-
MOKHO.

Iycte n wetno. [MocMoTpHM, M3 xakoro HaGopa MOXKeT OOAY-
auTbhes Habop (a,b,4a,b,a,b, ..., a,b). Ilycts

y:+yz=ys+y4=yn+yn-x —a
2 2 2 -

Yatys _yatys __ynto _,
2 2 2 )

Torna
fityast+ ...t yn=2an ys+ys+...+ynt+y=2nb,

T.e 2an=2nbua=>b.

Takum oOpa3zom, HaGop H3 MNONApHO paBHHX YliceJ] MNOJyyeH
6LITb He MOXET, 9TO M AOKa3LBaeT YTBepXKAeHHe 3anavil.

45. a) BemuumHa KaXAOTO M3 YIJIOB weCTHyronbHuka 120° w,
€/1cI0BATENIBHO, NPOTHBONONOXKHEE €r0 CTOPOHL NapaebHb, Mox-
MO CYMTaTh NpH 3TOM, uT0 AB = DE (pHc. 36).

Ioctpoum Teneps mnapansenorpammu ABCK, CDEL, AFEM.
Ecan Touku K, L, M He coBnapaioT, TO BCe€ YIin TPeYyronbHHKa

KLM cocrasnsior no 60° orkyzna
€ D KL=LM=KM 1u, -chenoBaTeisio,

AB — DE=CD — FA=FE — BC.

> 6) MoxXHO CUHTaTh, YTO @ >> G4
L ¢ TocTpouM nNpaBHABHHE — TPeYroibHHK
KLM co ctoponamu

KL=IM=MK=a,—a4==
A 8 =gy — Qg =05 — da.

Puc. 36 Omnoxkum Ha npoponxiennn KL. oTpe-

30k LC = a4, Ha mpopomxeHud LM—

otpeaok ME = a5, na npopomxenun MK — otpesok KA = a; u no-

cTpoum napaanenorpammu AKCB, CLED, AFEM. Tlonyuemunift
wecTHYronbHHK ABCDEF ~ nckommil.
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46. O TB € T: €OHHCTBEHHOE pelenHe ¥ = gy = (0.
INyetb x ® y—uenne uMcia, YAOBNETBOPSIOLIHE  YC/IOBHIO.

Tlocne psina BosmeneHHft B KBagpaT yGexnaemcs, 9T '\/ x4+ 4\/ x=m
¥ 4/X =k — ueane gncIa, npHYeM

mi=Fk(k41). (]

Bean >0, To nonxuno Oute K2 < m? <(k-4+1)? Torma k<<
<m<k-+41 B nostoMmy m-——me uence uucno. 3uvaunt, k=20,
1.6 x=0

V 3ameTHM, uTO NPOTHBOPEYHBOCTb PaBEHCTBa () cJenyew
T8KKe H3 3ajayn 42.

47, Ilycty Ay, By, C,, D) — ocHOBaHBS NEPNEHAHKYJSIPOB, Ongs
IieHHHX M3 BepivH A, B, C w D wa puaronasn BD u AC, O — tow-
K& MnepeceyeHHsl AHAaroHanedf, a @ — BeJHYHHA OCTPOTO YIia MeXAP
unmy  (puc. 37). Torna OA, =
= OA-cosa; OB; = OB-cos «; 4
OC; = OC-cosa; OD, == ODX
X cos &, TlosTOMy ¥peyrosbHHKH
A|OB|. B]O’C‘, C]OD. | D|0A|
nopo6ue!  TpeyronbHukam  AOB,
BOC, COD s DOA ¢ xospdu-
UHeHTOM noaobus cos a.

Orciopa cienyer B nojo-
6ne uethipexyroabHukos ABCD
1§ A|B|C|D|.

V 3ameTM, 9TO BTOpOi H3
YeTHPEXYrONLHUKOB  NOJYYaeTcs
H3 NepBOro KOMMNo3wuuen cJe- Pue. 37
nynommx npeo6pasoBanufii  CHM-

METPHH OTHOCHTENLHO OHCCEKTPHCH OCTPOTrO [yrila MEXAY AHaroHAs
JIIMH H roMoTeThH ¢ uentpoM O B xospdmieHToM €OS O,

48, OTBOT: #— NPOCTOS YHCJIO M B == O,

Bcin n MOXHO NpPefCTaBHTL B BAfe A= ab, rre a =8, b 2» 3,
a€ b, T0 » nponspeneHHe 1:-2. ... +(m— 1) BXONAT MHOKHTENR
a, %2a u b, 2b, nostomy (n— 1) penmtcs na &2b* = n2.

Bomn m == p?, rme p—npocroe WHeAO, TO NpH pP*— 12> 4p B
npouspeAcnne (p?—1)lom 1.2.8- ,,, -(p2 —1) sBxonar uucaa p,
2p, 8p m 4p w oHO penmTes Ha Pt == n2. (HepasencTBO
p?—4p—1 5= 0 BunoJHeHO Npyu BCeX NpOCTHX P = 5.)

OcTaTca B8 BO3MOXHOCTH: N — NPOCTO® WHCIO (B STOM CJy<
uae (n—1)! He neaurcs naxe Ha ) B n= 9 (B sTom ciayuae 8l
JIEHTCA Ha 9, HO Me JieIMTCH Ha 81),

V CornacHo u3BecTHOl TeopeMe BHibCoHa npH TpocTOM p
uncnio (p—1)! Bcerna naer octatok (p—1) npu jenenH ¥a p.
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49. 3anymepyeM OTpeskH, IO KOTOPHIM MO/I3 YK, NO NOPAAKY.
PaccMOTPHM OiHO M3 Tpex HanpaBJeHHH OTPEe3KOB CeTH — HasOBew
€0 ropH3OHTANbHHM. JlOKajKeM, YTO HOMEPA BCEX TOPH3OHTAJbHLIX
OTPE3KOB NYTH JKYKa MMEIOT OAHHAKOBYIO YETHOCTh.

Ilycts a u b — gBa COCGIHHX TOPH3OHTAJIBLHEIX OTPE3Ka Ha 3ToMu
BYTH, B TOM CMLICJ€E, YTO NYTb MEXAY @ K b COCTOMT M3 OTpeskoB
ABYX APYrHX HanpabJeHui. CuTyalusi, - KOrZa XYK IlepPeceKaerT He«
KOTOPYIO  BEDPTHKaJIbHYI0  NOJIOCY
IIeCTHYTOJIbAHKOB CHajalla <«Tyjav,
a motoM <«obpaTtHo» (M306paskeHs
nas Ha puc. 38), HeBO3MOXHa: B
3TOM cJyyae NYyTb JKyKa MOXXHO
6H10 6K COKPAaTHTb (COEAHHUB TOUs
KH P B Q nyHKTHpHOR JHHHel).
Orciona caenyer, 9YTO UHCJO NPO«
MEXYTOUHHX OTPE3KOB MexXAy @
H b HedeéTHO M 4YTO NO 3THM OTpes-
KaM XKYK 10713 B OJHOM Hanpap:ies
Hun. IlosTomy Bce Boofme ropu-
30HTaJbHHE OTPE3KH NYTH XKYK& HMeIOT HOMepa OfMOfi YeTHOCTH
(1 XYK nosi3etT no HAM B ONHOM HAMpPABJEHHH).

ITO OTHOCHTCA H K OTPe3KaM IBYX HPYrux HanpasJjenufl. [lo-
CKOJIBKY HanpaBJleHHii BCEro Tpu, TO JIIGO BCE OTPE3KH € YETHLIMH
HOMepaMH, JHGO BCE OTPE3KH C HEYETHHIMM HOMEPA&MH HMEIOT Ol
HakoBoe HanpasJenne. Takux oTpeskoB poBHO S0.

V Jlio6ofi nyTh Xyka NO CeTH MOXHO 384aTh HaYaJbHLIM
y3nom u «cioBoM» u3 GykB p, ¢, r (Kaxnasn GyKa COOTBEICTBYeT
OTpe3KaM NYTH, NapanNedbHbLIM
O1HOMY M3 TpeX HanpasJensii).
Hurepeco omicate cioBa, co-
OTBeTCTRYIOILITE 3aMKHYTHIM
(npuBoRsLIAM B NAYAJBIHIL
¥3e1) WIH  HECaMOMNepecekato-
IEHMCA MYTAM.

50. IMyctb O — newrp Birl-
CaYAOT B  WeTHPeXYTOJIBFIK
Puc. 39 ABCD oxkpymnoctn (pne. 39).

Tar kak ZLAOB = 180 —

—a—f £COD =180 —y—3 8 a+P+y+d=5 (24 +

+ 2B+ £C+ £D)=180°, 10 £AOB+ £COD =350° — (& -+
+ B+ v+ 0)=180"

51. Tak kak k" —b*=(r—5) (A1 + 22+ ... + b*1),
TO #* — b* pennten na A—b.

Takum obpasoy, (k'— b")— (k" —a)=a—b* pengicy ua
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k—0b npr moGom k3% b, HO 3TO MOXET GHITb TONLKO TOTA8, KOLAA
a=b"

62. OTBe T 2°? ppobeii.

Ilpexne Bcero sicHo, uTO B noayueHHoft npoGH x, CyHeT cTosTL
B 9HcaHTeNe. [To9TH CTOMb K€ OYEBHAHO, UYTO Xz OKAKETCH B SHu-
MeHaTesie mpH JioGoffi paccTaHOBKe CKOGOK (3HaK nesleHHs, CTOs-
wuft nepea x,, OTHOCHTCH JHGO K camMOMy xp, JHGO K Kakomy-JiHG0
BHPAXEHHIO, CONEPIKAILEMY Xz B GHCIHTENE).

Oxa3nBaercd, 49TO OCTaJIbHble OYKBH X3, X4, ve.s Xn MOLYT
pacnonaraTeCsl B UHCJAHTENIE HJM 3HaMeHaTelle COBEpIIEHHO NpOM3-
BOJIbHHIM 06pasoM; OTCIOR& CJENYeT, U9TO BCEr0 MOXHO NOJYYHTb
2°—2 npo6eii: kaxnaa H3 n—2 GYKB Xs, X4, ..., Xn MOXET OKa-
SATHCA HE3aBHCHMO OT OCTaJbHEIX B 9HCJAHTENE HJH 3HaMeHaTene.

Joxraxem sTO yTBepiaeRHe no HHAYKUMH. IIpn n = 3 moxmo
nonyuuts 2 mpoGu:

Xy . . X1Xs
B X2 (xgtxg) =—r,
X3°Xs X3

(x12x3)sxg =

TaK YTO YTBEpXKJeHHe CNpaBelJHBO.

Ilpennonoxum, 9TO OHO CNPaBeAJHBO NP n = Rk M JIOKAIKEM
ero i n=k+ 1.

IlycTb BHIpaXK€HHe X;:Xz: ... :Xx Rocile Hekotopofi paccra-
HOBKH CKOGOK 3aNHCHBaeTCsi B BHAE HeKkoTopofi npo6n A. Ecan
B STO BHp&XEHHe BMECTO Xa NOACTABHTb X : Xa+1, TO Xa OHa-
KeTcss TaM Ke, re H Onno B npo6u A, 8 xay1 Oyner cronTh Be
TaMm, TAe cTosio xx (ecaH xn» OHVIO B 3MaMeRATeNe, 70 Xi41 OKa~
XKeTcsl B YHCJMTeNe H Hao60por).

Tenepy mOKaxeM, UYTO MOKHO
POGaBHTb Xx41 TYAA 3Ke, TAe CTOHT
xx. B npo6m A nocae paccra-
HOBKH cKOGOK o0O0s3atesbHo  Cy-
BeT BolpaxenHe BHHa (p:xx), rame
p—O6yKBa Xp-1 HJIH HeKOTOpas
ckoOKa; 3ameHHB (p:x:) Bhlpaxe-
nueM  ((p: x2):xn41) = p: (Xx-Xr4q),
MH NOJYYHM, OYEBHIHO, Ty Ke Ca-
Mylo npo6b A, rie BMeCTO Xz CTOHT
Xe Xpy1- TeM caMHM  yTBepiKAEHHE Prc. 40
JLOKa3aHo,

53. Jlerko BHAeTh, 970 Ky6 MOXHO pa36uth Ha 5 TeTpasppos.
Ha puc. 40 sto Terpasapnt AA’B’D’, AB’BC, ACDD’, B’C'D’C u
ACD'B’.

Dokaxem Tenepb, 9TO Ha MeHblllee THCAO TETPASAPOB pasGiiTh
Xy6 Hesb3s. ITycTb ky6 pasbuT Ha HECKOJLKO TeTpasnpos. Mwmerorcs
no Kpafinell Mepe sapa H3 HHX, OCHOBaHHf KOTOPHX J€X&T ha
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rpasn ABCD ryGa. TouHo Tak e HMeiOTCSl 00 KpaifiHelt Mepe 2 1er-
Pa3Apa c ocHoBanWsMH Ha rpanu A’B’C’D’.

DTH TeTpasapul 3aBEJIOMO OTJHYHH OT NEPBHX JBYX, TAK Kak
¥ rerpasgpa He Moxer OwTbL ABYX napajsieNbHHX rpanedl. Hrak,
y uac yxe ecrb 4 terpasnpa. Mx obummit o6nem He Gonbme uem
2433, 1. e. Menpme ofnema kyGa. Takum o6pa3om, Ha2 4 1etpa-
snpa Ky6 pa3OGHTbL HeJb3sl.

54. OTBeT: 412 = 1681,

Mycts uncno n? ynoBneTBOpsET YCJOBHIO 3ajayH, TOraa n? —
= 10022 4 b, roe 0 << b << 100. [Mostomy n > 10a H, cirexosa-
Teabto, n = 10a 4 1. 1o 3naumT, uro b = n? — 1004 > 20a 4- 1,
otkyna 20a 4+ 1 < 100, u nostomy a < 4.

pu a =4 aumb n = 10a -} 1 = 41 ynoBJeTBOpAET YCJIOBHIO
e n > 41, 1o n? — 402 = 422 — 402 > 100.

V 31y 1emy npopoJxkaer 3ajaua 244.

55. Ilyctb Sy, Sz, Ss, Sy v 2py, 2p2, 2ps, 2ps—nnowagn o
nepumeTpnl Tpeyronnuukos ABE, BCE, CDE n DAE cooTsercTBCH-
Ho. HyxHo si0xkasaTh paBeHCTBO

s , P1
st =% ts

Tlockonbky ABCD — Tpaneuus, S; = Sy = S. Mockoabky ABCD —
onucanuuii YeThipexyrodviuk, AB -+ CD = BC + AD. Ilpu6asus «
o6edM 4YacTAM 3TOr0 paBeHcTBa CyMMY [H&roHaJseif, noayinm
2p + 2ps = 2p2 + 2p;. Uto6u mnoaydauts oTcioia TpeGyemoe pa-
BEHCTBO, HYXKHO PpasfledTh 00e 9acTH Ha 2S5 M BOCIOJBL30BaTbCA
COOTHOWEHHAIMY, BRTEKAIOLAMH U3 PaBEHCTB

S: _ S _AE_BE _AB _ p

56. OTBe T: MHHHM&JbHOE 3HayeHHe Smin pPaBHO —[nf2], T. e.
—n/2, ectn n yetHo, ¥ —(n — 1}/2, ecin n HewerHo.

a) CyMmMy s BCEBO3MOXKHHEIX NONApHHX NPOH3BEACHHE YHCeN
X1, X2, «n., Xn MOXKHO 38NHCATb TEK:

=%((xl+x2+...+xn)2—xf—x§—_...—xf,).

Orciona BuAHO, yTO § = —nf2.
Eclin n ueTHO, TO, NOJOXKHME NOJOBMNY H3 Xz PaBHBHIMH 1, a
noAcBHHY pasHuMu —I1, mosyunm s = —n/2. Ecad xe n HeyetHo,

TO (MOCKONBKY s — Hedoe uHcio) s == —(n— 1)/2; namumenbiuee
SHavYeHHe S HOCTHraeTcs, eciu cpegy x» umeerca (n -4 1)/2 emmunn
¥ (n—1)/2 MuByC esuuHL,
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6) CeomuTesn K Sapjade &): KaXNoe M3 Xp MOXHO IOCJe[0Ba-
TEeNbHO 3aMeHHTL Ha | wim —1 Tak, YTO BEJMMYHHA CyMMbl Bee-
BO3MOXHHIX TNONapHHIX TNpOH3BefeHHii He OyleT YBeJHYHBATLCA
(npaBunO 3aMeHn: X: 3aMeHsieM Ha —1, eCay CyMMa OCTaJbHHX
YHCeJ HeOTpHIlaTeNbHA, H Ha 1, ecad orpunaTtesbna). [Tostomy 3xech
TAKOH e OTBeT, KaK B 3afaue a).

57. Ilyerb a) << a2 << ... <Ci@g—vuKCNa, HANHCAHHEIE HA Kap+
ToukaX. Ecim a;+ ag > a3} a3, TO nepBhii CTaBUT 4YHCJIO ay
B KJeTky 2 (pHc. 41), a BTOpbIM CBOMM XOMOM — UHCJO Gz (MIH ;)
B omHy H3 Kietok | wiu 4. Ecnn ay + as°<< a; + as, T0 nepeuit
CTaBHT 9YHCJAO G; B KJETKY 2, & BTOPEIM CBOMM XOAOM — YHCJO @y
(unH ag) B onHy u3 kjerok | wm 4. Ecau @, + a9 = a2+ ag, 70
NEePBHA MOMKET NPHMEHHTb JIOGYI0 H3 ONNCAaHHHIX BHIE CTpaTernd
(npH npaBMJbHOH Hrpe BTOPOrO pe3yNbTaT HIPH B 3TOM cJjayyae —
HHYBSA).

4

Puc. 41 Puc. 42

58. MNyets L, M u N — cepesnun ayr AB, BC u CA, O —
LEHTP BIMCAHHOH OKPYKHOCTH Tpeyroanhuka ABC, D m K — Touku
nepeceueHuss otpeska LN co croponamun AB u AC (pHc. 42).

HokaxeM, uto uethpexyrojbHuk ADOK — pom6 (3aomHo Mul
pewnM W 3amady 237). s storo mocraToqHo yGemHTBCS, WTO
nuaronamn A0 u DK chayxaT oCAMH CHMMETPHH 3TOro 9eTHpex-
YroJIbHHKa.

o o N’

B camom pene, AM L LN, nockoivky LB + BM -+ AN =180°
nostomy ToukHh D u K cumMMerpHunHn OTHOCHTeNbHO npsamofi AM
(6uccexTpucH yraa BAC), Touku A 1 O CHMMETPHYHH OTHOCHTEABHO
npamoil LN (GuccekTpuch yrna ANB).

Otciopa cneayeT, uro DOJAC; anajorHyHO MOXKHO BOK238Th,
gto EO|AC, rpe E —Touka nepeceuenuss orpeaxa MN co cropo-
poit BC. Urak, Touku D, O u E nexar Ha opHoii mpsamofi, napan-
JeabHoit AC.

59. Eciin cuactanpuit Gujer Hmeer Homep A, To OHMleT © Ho-
mepoM A’ ==999999 — A Takke cuacTiueHii B A’ 5% A. Tlockonb-
Ky A+ A’ = 1001-999 = 13-77-999 penutcs Ha 13, TO B cyMma
HOMEPOB BCEX CUACTJMBHX GUJETOB AEJHTCA Ha 13,
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60. Ecain xarep mxoamt B wpyr K, ocBeulaeMmuifl npoxekTopo,
B Touke A, To uepe3 MPOMEKYTOK BpeMeRu 5m/2-afv —omn Gyaer
HaXoIuThcsl Ha paccrosuuM He Goabme 5m/2-afv-vu/8 oT Touku A —
# OIHOH M3 TOUeK 3alITPUXOBAHHOTO Ha PHC. 43 mepecedeHHs Kpyra
K u xpyra pammyca 5naf16 < a ¢ uentpom A. Jlerko BHzeTs, uTO

3a 3TO BpeMfi JIyu MNpONEKTOpa NOBepHETCH

A Ha yron 5x/2 ¥ «npoCMOTpPHT» BCIO 3a-

UWITPHXOB2HHYIO 067acThb, CJEAOBATE/NbHO, Ka-
Tep Oyner oGHapymHeH.

V Bonee Tonkmne paccyxaenns (cM. [5],

& O) «3anasa mpo karep» 4.13) noka3nBaor, 41O

HauMeHbIIAs CKOpOCTb, HPH KOTOpPot Katep

CMOXeT MOROHTH K OCTPOBY, PaBHAa Umtn =,

~=vcosf, rae f—KopeHb ypaBHeHHA 27 -
+B=1tgh. 0 < B < 7/2; Umin = 0,13v.

Puc. 43 61. BoabMeM OAHOrO0 M3 MAPYIKHHHHKOB,

Ecnu 6 TpeGyeMoe pacnipenesieHHe AeKYpCTB

GLII0O BO3MOXHO, TO oCTajibiule 99 ApYKHHHHKOB HOMKHH GHH 6u

pa3buTbCcs Ha NapH, KOTOpHe JeXypHaH On BMecTe ¢ Bubpai-

HbIM JPY)XHRHUKOM, a 3TO HEeBO3MO.KHO, TaK Kak 99 — HeueTHOe

9HCIIo.

V 3apada 0 ToM, ANS KaklX 7 MOXHO BHIEOHTL H3 3Jl€MEH-
ToB {l, 2, ..., n} cucTemy Tpoek Tak, 9ro6bl Kaxzias napa no-
nana POBHO B OAHy TpOiiky (cucremy «tpoek Illtefinepas), mo-
Apo6uo ofcyxnaercs B kuurax [58], [64].

62. ITycTb x — AJHIA MCKOMOrO OTpe3k&, b — [JIHHA OCHOBAHHS
AC Ttpeyroapiika ABC (puc. 44). Ilepumerp tpeyroinuska BDE

B
D £

N\

b’ o ¢

Puc. 41
pasei 2p —2b (yGeautecb 8 3ITOM, MCHOJb3ysi CBOACTBO KacaTe:lb-

HI3X K OKPYKHOCTH}.
U3 nopo6un ABDE u AABC nonyuaex

x=%h(p—b)=% (—‘?41-— (b ——;i)').
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MakcumasbHoe 3HavueHHe X paBHO pJ/4 W pocruraercs mpn b =
= pf2.

63. Herpynyo nokasath, 9to xuy =0 B Xm = —Xu LA Beex
i u k. Cnoxus Ttenepb n ypaBHemufi xy -+ X + X = 0 ¢ Puken-
poBanHuMB i M j (k=1, 2, ..., n), nonyunu

nx”==si—sl.

rpe s;—cymma peex uncea saaa xp(k=1, 2, ... n). Ionoxun
Tenepb a; = §;/n, Toraa Xx; = a; — a;, 9T0 B TpeGOBaANOCD,

64. OTBeT: MOXHO.

B xBagpate 0<<x<<1, 0<<y<<1 Ha npsmolt y = 1/2 pap+
HOMEpHO pacctaBHM ¢ = 200 Touek: (R/201;1/2), k=1, 2, ...
»ee, 200. 3aTeM na Kaxpaoft us mpaMbX Yy = 1/4 B y = 3/4 pac-
craBHM 1o ¢, == 100 Touek (k/101; 1/4), (k/101;3/4), k=1, 2, ...
..., 100. TloBTOpAIA 3TOT Bponece, paa m =2, 3, ..., 7 Ha Kaxnoh
npamMoil y = (21 —1)2-m-1, 1 << | << 2™, pacCTaBHM FO Cx TOUEK

k 21 —1
(m; o1 ) rae ¢m = [200-2-") (mpy m =7 na 128

COOTBETCTBYIOIUHX NpAMBIX O6yner NOCTABJIEHO NO ORHOH TouKe),
Bceero nocraBaeno
yi

7
> 2Mepm =200 + 2-100 + 4- 1
mn =0 .
«50 - 8-25+ 16-12  32-6 3f4leseoees
-} 64-3 4 128 = 1704 TOuEK.
ATy KOHCTPYKIHIO NOSICHSET pHC. 45. 12
flcno, 9TO HHKakoff mpAMO-

yroabuuk mnowmann 1/200 ne BTHC- 11"' M -
HEeTCl MEXJAY PpaccTaBJIeHHBIMH TOY- .
ramu. Ecan oH nepecekaeT npsMyio 1z
y=1/2, T0 ero ocHoBaHne He Puc. 45

Gosime  1/201; ecain  mer, TO

OH pacnosioKeH LEeJHKOM BHIe HAM HuxKe stoit npsmol. IlpH 3TomM,
ecly OH mnepecekaer npamyw y = 3/4 wm y = 1/4, ero BHcora
He Goabme 1/2, a ocHopaine He Goabme 1/101 u 1. n. Ecan nps-
MOYrONLHHK HENHKOM paCrojioXeH MeXAy NpSMbBMH BAAa Y =
=nf256 (n=1, 2, ..., 255), T0 ero BHCOTa He Gosbme 1/256.

'65. ITycTb X, X2, ... Xn— J@HHHE YHCJa, 3aHyMepOBaHHHE B
nopsiaxe BO3pacTaHusA HX APOOHLX uacTelt a; = x — [xi).

OxpyriMM nepphe k H3 STHX uHCeJ B MEHBIIYIO CTOPOHY, &
ocTanbHble — B Goabluyio; k Gyner BhGpaHO HHie. Jlerko BHAETD,
970 HauGoJblias OmMHOKAE NPH OKpYrieHun OyET HaKanJMBaTbCA
OpH BHNHCAEHHH OfiHOR H3 CyMM

Xt xat oo xp v Xpgy b Xgrat ooe X0y
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Monysb nepnoft us omnGOK paseH

a +oagt ... Foap <L kay,
B BTOpO#

(1 —a‘k+l)+ 00 _’-(l —an)g(n_k) (l _ak+l)‘
BuiGepem Tenepb k Tak, 9TOCH BHINOMHAJNHCL HepaBeHCTBA
ke, <(n+1D)4n(n—k(l—a, ()<(n+ 1)/4.
Jlns 3TOro n0CTaToyio B3fiTh HaHOonbliee &, AJisi KOTOPOTO Bhie
1
DOJHEHO TIEPBOE HEPABEHCTBO; TOrAA &y . > (%-I_[——l)’ NOITOMY Bbi=

n+1 _ n+li

TET) Sd(n—h)
n+1 n+l (1P

("°°“°’"’“y TEL) T Tn—R) —TE+ ) (n—h)

0<k<n).

DOJIHEHO H BTOpOE HepapeicTBo 1 — o, < 1—

=1 npa

V Ins HeueTHOro n OLEHKAa INOTPEILHOCTH, YKa3aHHasi B YCJO-
BHY, TouHas (NpuMep: X; = X2 = ... = X, = 1/2). Jlaa ueTHoro
n+1 nt1 1

7 T Y |

n €€ MOXHO HeCKOJIbKO YJNY4IIHTh, 3aMEHHB

n

(npnuep: X)=Xeg=...=Xp= 2—(—”—:|_-—l—)-).

66. Typuct Moxer HATH OT Kade NO MPOH3BOJILHOMY MapUIPYTY
C OIHHM YCJIOBHEM: NoONaB Ha MJIOLIafb, OH BHIOHpAeT CJIEAYIOLLYIO
YUy U3 T€X, N0 KOTOPHIM OH IleJ A0 3TOr0 HeYeTHOE YHCIO pas.
HetpynHo BuzeTp, uro Takasl YJHI& CYLIECTBYeT Iisl Jio6oro ne-
PEKpecTKa, KPOME BOK3aJbHOro (B CaMOM peJe, TYPHCT NOAXOAHA
K TepekpecTKY iHa onMH pa3 Oospmie, 4YeM YyXOAHJ OT Hero), a
TakKe, UTO NOJYYEHHBI! MaplIpYT He MOXKET JABaXKIh MPOXOAHTH
no onHoH u Toi ke Yyauue. ITOCKOJIBKY KOMHYeCTBO YJHI KOHEYHO,
TO TYPMCT B KOHIIE KOHHOB NPHAET Ha BOK3aJ.

67. a) IlepBoe pemenue Kaxnan napa 4ieHoB KOMHCCHI
MorIJia BCTpeTHThcs He Gonee yeM Ha ofHOM 3acenaHnu. Ha kaxnom

3acenaHnun  OBLIO Cf0=45 nap, Tak xak 6bo 40 3acemaumii, To
M3 4JEeHOB KOMHCCHM MOXHO o6pa3osaTb He Medbuie 1800 =
= 45-40 nap. Ho u3 60 (Hin meHblle) yesoBeK MOKHO oBpasoBaTh

ne Gombue C2j=60-59/2 < 1800 nap.

Bropoe peweune. [lycts uncio N uneHqs KoMHCCHM He
Gonpme 60. Torma, tak kax 10-40/N > 6, To Haiinercs uelioBek,
noGuBaBmHi Mo KpaiiHelt mepe Ha ceMH 3acegaHusiX. Bee Te Jmonu,
C KOTOpHIMM OH BCTpeuascs, — pasible H HX ofliee KOJHYECTBO
7-9 > 59. TIlporueopeune.

6) Dra 3ajaua pemaercs TOYHO TaK 2Ke, Kak H a) (FOAMTCA
Jboe pelenue).
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V JTio60onbITHO, YTO NPHEENeHHas 3/leCh OUEHKA SBJAETCH TOT
Hoit: 30 KOMHCCHIT MO 5 YenoBeK, ysOBNETBOPSAIOLMX TPeGOBaHMAM
33a4ayH, COCTABUTbL MOKHO.

€8. Oreer: 6) (p—1)(¢g—1)/2. Eciu p H g— B3aUMHO
NPOCTHE HATypPanbiHble YHCIa, TO KaXaoe LEeJoe 4YMCI0 2 MpefcTas-
Jasiercs B BHAe Z = py -+ qy (I12). Bcskoe Takoe npepcrablienHe
nony4yaercsi H3 HEKOTOPOro (pHKCHpOBaHHOro z = pa-t gb mno o6-
ueit popuyne z = p(a — gt) + g(b + pt), rne #— uenoe, npHueM
CYWeCTBYeT €AHHCTBEeHHOe MNpeACTaBjeHHe, [JA KoToporo 0 < x <<
<g-—1L

Kaxpomy LeioMy 9HCNy 2z MLI CONOCTaBWIM napy (x,y) uedsx
uyucen Takylo, 910 0 < x < g— 1, z = px -+ gy. PasHnM uuciaam
fpH ITOM COOTBETCTBYIOT pasHble mapw, NpuueM z GyfeT XOPOWIHM
Tonbko mpy y = 0. (Ecin 2z = px + gy — xopowee yHucao, To NpH
x=qt+r=0, 0<<r<<g—1, HuMeeTcs npeiCTaBJeHHe 2 =
=pr+q(y+1).)

Tenepb 3aMeTuM, 4YTO €ciH uHCIO0O Z=px+qy, 0K x <
< g — 1 —xopomee, 10 uHcA0 2’ = (g—1—x)p + (—1 —y)g —
njaoxoe H, HaoGopoT, ecaH z-— mnoxoe, To 2’ — xopowee. Toukn
{x, y) » (§—1—x, —1 —y) CHMMETPHUHH OTHOCHTE/ILHO TOYKH

qg—1 1 ,
(X0, Yo) = 5 ), 8 CamH wicia z W 2 CHMMETPHYHBL

OTHOCHTEJIbHO TOYKH 29 == PXo + qYo = (pg — p — q)/2, NOCKOJABKY
2+ =pg—p—qg=2z=c

TeM caMBIM f[0Ka3aHo a): XOPOIIEMY 9HCAY Z  COOTBETCTBYET
nnoxoe (cuMMeTpuuHoe eMY) ¢ —z = 2’ M Hao6opoT.

Tlockonbky HaMMmeHbllee xopowee uYHcA0 0, TO HanGOAbIIHM
naoxuM  Gyper ¢, a Bcero RnoXHx umced OGyger (¢4 1)/2 =
= (p—1(g—1)/2

V OueHb nonesHo, pasbupas pemle-
HHe 3TOH 3a[au¥, OMHPaTbCA Ha reOMeTpH-
YeCKyl0 HRJJIOCTPaluio: mape (X, y) —
COYKH NJIOCKOH peIeTKH, px -+ qy = z—
DpOXOAisiiHe 4Yepe3 HHX NpsAMble H T. I
{cm. «Keant», 1973, Ne 11, pemenne 3sae
Raug M194).

1]

69. OrBeT: uepes oo 1 Hyxuo 3a-

MeTHTb, 4YTO TPaeKTopHs BooGpaxaemof Puc. 46
<paKeTH» B YCJIOBHAIX 3aa4M — OKPyK-

HOCTb BJIBO¢ MeHbllero paauyca (puc. 46): rpafycHas BenHIHEA
nyrit AR BpBoe Goabuwioe £ QAP (yrna MeXAy KacaTe/lbHOR H XOp«

Q

e
Aoft), T.e. BaBoe Gosbie rpapycHofl BeswuuHn ayru QP Baeoe 6oiibe
1Uero paauyca; NOSTOMY ANHABL 3THX AYr (AJfi KAXKAOT0o NOJOMeHH:

6 H. B, Bacuawes, A, A, Eropon 129



R) paBnn. lo serpeunt camoner npoiifieT 4eTBEPTH OKPYXHOCTH, pa«
KeTa — INOJIOBHHY.

V Hyxuo 6mio Gbl, KOHEYNO, JOKA3aThb ELHHCTBEHHOCTH TPaeKs
TOPHH paKeThl, YAOBIECTBOPAIOLICH YCAOBHIO (OT YYAaCTHHKOB OJMMe«
NHafi 37O He TPe6oBajoch: B TO BPEMR B IUKOJNE HE H3yyaju
npoussoAny10). OHa BHITEKAeT CPaBHUTENLHO ReCNOXHO M3 obuuefi
TeopeMH O EIMHCTBENHCCTH (YMKHHM C JauHBIM 3H3ayeHHeM IpH
t = 0 u JaiHofi MpoM3BOAMHOIl; €C1H B MOMeHT BpeMeHH ! pakera
yuna Ha paccrosinke AR = AQf(f) ot Toukn A (npuuem f(0) = 0),
TO €e CKOPOCTb B MEPNeHIHKYARPHOM PpanHycy HanpaBJieHHH —

4
of (f), 1o pamnycy —o VI—FE(D)=f (f). Tax wro 7’_%_’- =0,
T. e. (arcsinf (£))’ =v, otxkyna f(¢) = sin vt, L=

70. MNycts A v B — gBe sepiuuHL! MHOTOrpaHHUKa, YAaJeHHHIC
Ha paccrosinpe d. Uepe3 Toukn A u B npoBepeM IJIOCKOCTH, Neps
neHANKyNapHble npsiMolt AB.

$lcHO, 4TO BeCb MHOrOTpaHHHMK 3aKJIOYed MeXKAY STHMH AByMs
mnockocTAMH. Yepes Kaayilo BepluliHy MHOTOrPaHHHKA TNpOBeneM
MJIOCKOCTb, Teprnenaukynspuyio AB. PaccmoTpuM JBe cocefiine H3
NpoBefeHHbIX IJIOCKOCTell. MeXAy HHMH pPacrmoJlOXKeHH, OYeBHMHO,
no KpaiiHe#l Mepe TP oTpe3ka peGep. Ilpoekuns xaxporo orpeska
Ha npsmyw AB He MeHbIe AJHHbI 3TOrO OTPe3Ka, NpPHYEM CpenH
HHX HaBepHsIKa HaffyTCsl OTpe3«
KH, He napanennine AB. Ilo-
sToMy oflllag CyMMa [JHH BCeX
TaKUX OTPe3KOB, T.€. CyMMa
ANMH  peGep, Gosplie  ueMm
3-AB = 3d.

Kopoue 5TO pelllenye Mo«
HO TOSICHHTb TaK) HPOEKUHSA
OCTOBa MHOTOrpaHHHKAa Ha OT«
Pe30K NOKPHIBAET €r0 N0 MeHb
mefl Mepe TpOEKpaTHO.

Puc. 47 71. Tlpumem papuyc niaHes

Th 3a 1. BozeMeM Ha mniaierte

TIPOH3BOJIbHbBIE AMaMEeTPa/IbHO HNPOTHBONOJOMHbBIE TOYKH (NOJIOCH),

MPOBENIEM YEPe3 HHX HEKOTOPHH €OCHOBHOM® MepHAHAM, pa3fienHM

€r0 Ha paBHHE AYrM JJHHH € M 4Yepea TOUKH AeJEHHsl NposeseM
napasnJens (puc. 47).

Oxunaxy xopaGnsm mnpeanaraercn cilefylomHA aH TOHCKa)
KopaGllb HayMHaeT O6JNeT NNaHeTH, ABHTasCh HA NOCTOSIHHOM pacs
CTOSHHM R > 1 OT LeHTPa NJaHeTH Hajg OTMEYeHHHMH Napaiies
JAMH, NPHYEM HAYUHAET OT «CEBEPHOTO®» NOJIOCAa H KaXAbil pa3,
ROHAA 1O OCHOBHOTO MEpHAHAHA, NepesieTaeT BAOJb HEro Ha Cies

Ryioulyio napanenn, ITycts Tenepn R=4/2, Torpa ¢ KOpaonsa
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BuHa «cepuueckas Iwanoyka» pajtyca 7i/4 (Bce DAcCTOSHHS W3-
MepsioTcs 1o cepe).

Tockombky e MOXKHO BLIGpaTh MPOM3BOMBLHO MAaJIBIM, HYIKHO
JIMLIb MPOBEPHTH, YTO MPH OTHOLIEHM ckopocTef, Gombinem 10, xu-
Te&lb NAaHETH HEe YCHeeT IHepeceds <«NOJOCY OOHApYXKEHHA» KO«
pabnst o ra Ha ceBep, HOKa TOT JieTaeT MO ORHOH MNapaJuieNH,
910 mourn ouepnmwo. Jlio6as Mapauiens kopoue skpartopa. Llentp
«Kpyra oGHapyIKeHMsi» NepeMellaerci Mo MapalieNHl cO CKOPOCTHIO,
[0 XpaitHell Mepe B 10/1/5 Gompiuell ckopoct xureas. Ecm xu-
TeJb MepecekaeT Napajyieslb B Tourt A, Xoraa Kopabuabp HaxOmMTCA

B B, 0 ogna u3 ayr AB napaJneny He Gosblie 7, M NMOXa Kopabab
NPOXOJNT €e, XHTeJIb ycheBaeT OTfTH OT A Ha DacCTOAHHE He
GosbLue n1/2_ /10<n/4, TaK YTO B MOMCHT HAaXOXZAeHHS B A KO-
pabas gomxen (6bt wam Gynet) yBIOETb ero.

72. BosbMem pBe GmuxafiluMe APYr K Apyry NJhadersl. $IcHo,
49TO acTPOHOMB!I Ha 3THX IJIaHeTax CMOTPST APYr Ha Apyra.

Ocraercs eme n— 2 naadetsl & n— 2 actpoHoMa. Ecim xots
6bl OAMH M3 HHX CMOTPHT Ha Y€ BHOpaHHy IIaHeTy, TO Ha
ORHY H3 n— 2 nnaHeT He XBAaTHT acTPoHOMOoB. EcCiM e Ha 3TH
ABe IUIaHeTH HUKTO OoJibllle He CMOTPHT, TO CHOBAa MOXKHO MpHMe-
HMTb TO Xe paCcyKaeHue: BHOMpaeM Yyike M3 n — 2 IJIaHeT JBe
Gmmxafimme # T. 4. TlockonbKy n Hewerso, B KOHIE XOHIOB OCTa-
HeTCs ofiHa IUIaHeTa, KOTOPYI0 HHKTO He HaG/onaer.

73. a) Ecin Ttouka P nexkur wa npsimoii AD, yrBepKpeHve
OYEBHAHO.

Mycts P ne nexur Ha AD n O —cepennsa otpeska AD.
flyctb P’ —Touka, cuMMerpnyHasi touke P orHocurenpHo O. Ye-
Teipexyronbivkn  BPCP' w P’APD — napamnenorpammel u AP +
& PD = AP’ 4+ AP > P'B-- PB = BP 4 PC.

6) B yciosun P —npoussosbHasi Touka. Broibupas P == A4,
nonyuuM AD = AB 4 AC. Teneps nonoxum P = D; torna AD =
B2 BD + DC. Cnoxup 3td HepaBeHCTBa, Notyuaem 2AD > AB +
o+ AC - BD + CD.

C npyroit croposn, Bcerna AD < AC+CD u AD << AB - BD,
fIpHYEM B KaXKJOM M3 HEPAaBEHCTB PaBEHCTBO BO3MOIKHO, JIMUIbL KOrAa
TPH TOYKH JiexaT Ha opnHoii npsimoii. CriafeiBas HX, NOJYYHM
2AD << BD 4+ AB 4 AC 4 CD. Conocrasasisi ¢ NOJYyY4eHHEIM panee,
ncayuaem 2AD == BD 4 AB 4 AC + CD. Otciona cpasy chaenyer,
gro ToukM A, B, C v D nexar na opHoit NpsiMoi H BCe panxee
BHIIMCAHHEE HEPABEHCTBA SBJIAIOTCA PaBEeHCTBAMH; M3 HHX CJeaYyer,
,aro Touku B u C nexar Ha orpesxe AD u AB = CD.

74. OTBeT: TAKUX YMCEJ X H Y HET.

B camom gene, mycre x> y. Torna 22 <2+ y<»?+x<
<(x+1)% 1. e, x®}y He sApaveTcs KBafpaTOM LEJIOro uymcia.
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75. a) JoctaTouHo AOKa3aTh, 4yTo k-f MO POCTY BOCLMIRIAcCCs
‘ BHK Bbue k-ro cemmkiacchpka. Ilyerb A —k-it mo pocty cemme
K1accHuk., ToTRa CylecTBYeT He MCHbIUe k CEMHKNACCHHKOB (B HX
uKcao Bxonut M A), Kotopsie He HHxe A, Bce £ BOCHMHKIACCHHKOB,
crosiuux 3a Humu, Bouue A. Ilostomy k- 1m0 POCTY BOCHMHKJACCe
HUK phille A.

6) Cpoxurcs K 3ajaye a): JOCTATOYHO HPOBECTH Te Ke pacs
CyKIeHus AJA JOOBX ABYX KOJIOHH,

76. [Tycts paH npsMoyronbHuk ABCD wua xneryatoil Gymare
pasmepamu m X n kaetok (puc. 48). O6o3naunm KonuyecTBa KparTs
qafipx nyTefi, BeAylUMX M3 Bep«
LIHH B], D], Bz, D; u A; B C no
i c TMEMAM CeTKM, uepes by, dy, by, dp
H @y COOTBETCTBEHHO. ¥ TBepiKje-
HMe 3aZauyM COCTOMT B TOM, YTO
di/by = n/m. JIOKaeM €ro MHe

B Aykumeit mo m -+ n (I11), npuuem
B1e cpasy mna Jsio6oro, He obsizaTelbe
Al D2 D HO IHeJoro, OTHOWeHMR n/m =k,
Havano wnaykumm (m=1 wm

Puc 48 n=1) ouesumHo. ByneM cuurath,

gro m> 1, n> 1. Tlo npeamno-
JIOXKEHHI0 HHAYKIHH, TpPHMEHEHHOMY K MNpsMOYrOJbLHHKAM MeHbLINX
pasmepoB (m—1) XnumX (n—1),

G ___n dy _n—1
bz m—1 (lz- m
IToatomy
di_dita _dfar 41 _ (n—1)m4+1 _ n
b, botaz  bafas+1 (m—Dn+1  m°

V To cywecrBy B peueHun 9TOM sajaud AOKAasaHH pPaBEHCTBA

Cm+n- =nCr pi=(m+n—1) m+n -2

(e mameit sapave n = km). 3nas ¢opmyny ans uucen CH*(IT10),
HX HeTPYAHO INpPOBEpPHTb; HO MOKHO, HaoGOpOT, HCMOJb30BATH STH
PaBeHCTBa JJis BHiBOZA OOuleit GOpMYJBl JJIS «uMCe] COYETAHHA»
Cm
e

77. IloxaxkeM yTBep:kieHWe safaud 0o uHAyKumu., Ilpy n=1
YTBEp2KIEHHKE, OYCBHAHO, CIIPaBeNJIHUBO.

ITpennonioxuM, YTO AJISl N UMCEN @, Qs, «.sy Ons1 CYLIECTBYET
cymMma s’ Bana +a;+as ... + a, Ana xoropoit 0 < s’ < as

Torma nu6o 0<s"<a;, HO TOrma O <os =a;—s < a,
mbo o <s' <ap<2, a TrHa S=8—g < —a<<a,
4YTO K TPeboBaNOCh,
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78. PewmnM 5Ty 3anayy Ansi NPOH3DONLHONO BHIIYKJIOLO M-Yrodbe
fiKa niowany S u nepunmerpa P.

IyeTs naBHEL CTODOH 2TOr0 MHOTOYTONBHMKA @), @3 s.. G
(i +a2+4 ... + an = P). PaccMorprm NPAMOYTONBHMK ILTONLAAH
S ¢ ocHoBanueM P, BHICOTa ero pasHa, oueBHIHO, S/P.

PaspeskeM Tenepo 3TOT MPSIMOYTOMLHHK BEPTHKAJbHBIMH OTpE3-
KaMy Ha n-NPSMOYTOJIbHHKOB C OCHOB2HHMSIMH i, Qg, ... Gn H MPH<
JIOXKHM KaxK[hili M3 TOJYYMBIUHXCS [NPSMOYrONLHHKOB K COOTBET*
CTBYIOLLCH CTOPOHE M3HYTPH.

Hexotoprie mpsaMoyronmbhuku GymyT Hanesats npyr Ha Apyra,
HEKOTOpbie MOryT «BHUIE3aTb» 32 NpPeeJH AaHHOTO MHOTOYIOJb-
HHK2, M NO03TOMY, NOCKOIbKY MX OOWas mIowans pasHa S, a IIO-
1WaAb MHOTOYroJibHHKa — Toke S, He MOKPOIOT ero ueiuKoM. JlioGas
He NOKPLITAf TOYKAa MOXKET CJIy2KHThb UCHTPOM TpeGyeMoro Kpyra
panuyca S/P.

V JIna ueThlpexyrosibHMKa 3aRayy MOXKHO PeIUATL HMHaue, HO
Ha oJMMNHafe HECKOJbKO YYaCTHMKOB NPHAYMalu pemeHue, FOAs-
Lueecs JUIsl JHOGOrO n-yrojbHUKA.

79. HasoBeM pimuHoif nmyTH uHCIO OTpe3KOB, M3 KOTOPHIX OH
cocront. Ilycte n — piuna kparyaiimero nytv u3 A B B. Jlokaxkem
yTBepKACHHE 33J1a4H HHAYKUHEH Mo n.

Ilpu n =1 xpome kparuaitwero nytn AB cyumecrsyeT nyth,
upyumit #3 A B nepekpectok C %= A, ynaresdolii or B wma 1,
H He npoxoasiuwil yepe3 B.

Ilyete n > 1, D — Gmuxaifiunii x A nepekpecToK Ha Kpatuaiis
mwem nyTH u3 A B B. Ilo mpeanonor<eHHIO HHAYKUHH, CYLIECCTBYET
JBa Hemepecekalomuxcs nytd p v ¢ 3 D u B. Byrem uptn u3 A
no nyti [, He npoxonsiuem uepes D. Ecam stor nyte He nepece-
Kaercs € NyTAMH p H ¢, TO BCe nokasaHo. Eciu e oH Bmepsbie
nepecexact, CKaxeMm, MyTb p, TO AaJbUIe ClefyeT HATH MO p NPsMO
B B. [NonyyenHwil myTh He Mepecekaercs ¢ q.

80. Ilycts #* u PH — BEICOTH TeTPasfpa, OMYLICHHbIE M3 TO-
yek A H P cooTBeTcTBEHHO, hg, hp M he — BLICOTH TpEYroJibHHKa
ABC, PL — Bricota Tpeyroabuuka PBC.

Hmeem h*Sesc = HP-Sapc, a Tak Kak h* = HP, 10 Sepc <
=X Sasc, otkyna monyvaeM PL <\‘hs, Tem cameiM HL << PL < ha.

Hrak, paccroanue ot H pmo mpsmoit BC wmesbiue h,;, Tak 91O
Touka H nexur BHYTPH NOJOCH, 06pa3oBaHHON ABYMs NapaJienb-
HHIMH TNpPSIMBIMH, KOTOpHE ypaleHnl or npsMoii BC Ha paccros-
Hue ha.

AHaJIOrMYHO JOKa3HBaeTcs, 9T0 Touka /1 ynanena or AC u
AB Ha paccrosnus, MeHblune Ay 0 fic COOTBETCTBEHHO.

Taxkum o6pa3oM, Touka #H TDPHHAIJEKHT NeEpecedeHMIo BCEX
Tpex MOJOC, T. €. JIeKMT BHYTpH Tpeyroibiuka A B;Ci, y koro-
poro rouku A, B, C sBasuorca cepefuHamu cropoH. Hao6opor, ecmy
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H —npouspoabiass touka BHYTPH AAB/C, u Touka P BHIGpana
B6nu3n H Tak, uro npsimasi PH nepnennukynspra mnockocri ABC,
TO PacCTOsiHMA OT TOYKH P 1o CTOpPOH TpeyrombHuka ABC wmenblue
COOTBETCTBYIOIUHX BHICOT, H PH — HauMeHbINass M3 BHICOT TeaTpa-
sapa PABC.

81. OnmineM BOKPYr KaxKAoH M3 AaHHEIX TOYCK KpYyr pajavyca
1/2. Cymma nHameTpoB 3THX Kpyros pasxa 100.

Ecay KakHe-TO JiBa KPyra HePeceKalTCs, TO 3aMCHHM X OIHHM
KPyroM, a MMEGHHO KPYrOM HaHMEHBIICTO AHAMETPa, COACPIKALIErO
sTH aBa. CyMMa JuaMeTpoB 0NPH STOM He YBEJMUMTCH, a HYHCJIO
KPYrOB YMEHBIUHTCS.

Ilpononxkas 5Ty mnpolenypy, MBl HOJYYHM CHCTeMy MONapHO
He TepeceKkalOlMXCA KPYroB, COfiepzKallux BCe IaHHbIE TOYKH, NpPH-
YeM CyMMa JAHaMETPOB 3THX KPYroB He Gosbie 100. OTMeTHM, YTO
paccTosHMe OT KaKAoR TOYUKH A0 I'PAHHULI Kpyra ue Menbine 1/2.

[lycts r — HanMeHbluee paccTofHue MexAy Kpyramu. Ecam
r > 1, To Bce nokasauo. Ilpu r << 1 3aMeHHM KaxAbll M3 KPYros

KOHUEGHTPHYECKUM C HHMM KpYroMm, pagHyc
By 1 r
KOTOPOro Ha 5= - MewblUe.

Tlonyuennass cucTeMa KpPYrOB TOJIHOe
CTBIO YHOBJICTBOPSICT YCJIOBHIO,

82. OrBeT:

2d [(ctg (a/2) + ctg(B/2)) xm/c.

Ilycts camoner nepemectwiics 3a 1 ¢
u3 ToukH P B TouKy Q, PQ = r. Hac un-
TepecyeT HaWMeHblIee BO3MOXKHOE 3Ha<
yeHne r, ecim AB = d nocrosiiHO; BMe«
CTO STOTO MH MOKEM MCKATb MaKCHMAaJlb=
HOe 3HaueHHe OTHOWeHMs dfr, npuieMm
YyAO6HO CYUATATH NOCTOSIHHBIM r.

Tenepr MoxkHO nepedOpMyJIHPOBATH
8ajjayy C/leAyomnM 06pasoM: CpPeAH BCeX

Puc. 49 Tovek A # B mpocrpaicTBa, M3 KOTOPHIX

JIaHHHH  OTpe3ok PQ BuaeH nox yrsiaMu

@ 4 f} COOTECTCTBEHHO, HalTH Takue, N KOTOPHX AB uMeer Has<
GoMBILYI0 BO3MOXKHYI0 BelMuHHY.

Tak xak LPAQ = a, T0 Touka A HAXORWTCA HA TNOBEPXHOCTH,
NOJy4yaeMoil BpPameHHEM CCTMEHTA, BMCILAIOWETO YIOJA o, BOKPYr
ero xopas PQ. Ha ananoruynoil HOBEPXHOCTH HAXOZWTCH H TouKa B
(na puc. 49 wuS06paKEHO OCCBOE CCYCHME STHX TOBEPXHOCTE).
Jlerko noxkasate, 4TO Hambosbliee paccTosHue Mexay A m B po-
CTHraercsi, KOr&a STH TOYKH <JAMaMeTPajbHO [POTHBONONOKHLI®
(tourn Ao m B, Ha pucywke). Jlnsi Takoro pacmoniozkenus Touex A
H B nmeem 2dfr = ctg(a/2)+ ctg(f/2), Otcropa monyuum OTBET.
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83. OrseT: 30. OnuueM CTPaTerHiO BTOPOrO Hrpoka, KOTOpas
ofecrieyut emy Takyio cymmy. Paszofbem Bece umcia Ha maps (1, 2),
(3,4), ..., (19, 20). Kaxnaplit pas, Korfa NepBbiil CTABHT KaKOil-
uuOyZb 3HaK nepen ofHMM u3 uyHcea, Kpome 19 u 20, BTOpOR
JOJIZKEH CTaBUTb NPOTHBOMOJIONHHIA 3HAaK MNeped 4YHCIOM TOH Ke
napbl. Kak TonbKO nepBblit CTAaBMT KaKOi-HUGYAb 3HaK Mepel Yuc
JIOM Noc/jefHedl Dapel, BTOPOA CTAaBMT TOT K€ 3HAaK TNepel APYrHM
T3 STHX uMcel. SICHO, YTO OKOHuaTelbHAA CyMMa NO MOAYJO Oy«
IleT He MeHbllle YeM

19420—1—1—1—..,—1=30,
9pa3

HokaxeM Tenepb, 4TO NEPBH{i MOMKET He NO3BOJIMTH BTOPOMY
BHI6path Gosbine 30, ecnu GyfmerT NpH KakIOM CBOEM Xole CTaBHThb
nepes. HaHGOMBIINM M3 OCTaBIUMXCS YHCe/ SHAK, NPOTHBONOJOIKHBIH
8HaKy HMemowelics K 3TOMY MOMCHTY CyMMH (eciu CyMma DaBHa
HyJ10, TO CTAaBHTCH TJIOC).

Paccmotpum Hekotopyio mapruio. Ilycrs k-#t xon — mocnentaf,
B pe3ysibTare KOTOPOTO CyMMa MeHsleT 3HaK (BKJIOHYas XOHbI, Nepen
KOTOpPHIMM CyMMa paBHa Hymo). 3a nepewe k—1 xofoB 6yznyr
8aBefloMO HcrmoAb30oBaHM uuciaa 20, 19, 18, ..., 20 —(k—1). Tak
YTO MaKCHMaJbHasi IO MOAYNIO CyMMa, KOTOpas MOXKeT NOJYYHTbCA
nocne k-ro xoma 20 — (kK —1) 4 20 — & = 41 — 2k. 3a xaxnzwili u3
chenyowtvx 10 — k& xomoB cymMma yMeHbl2eTcs NO KpadHeH Mepe
Ha 1, Tak Kak NepBbifi Kaxkiblil pa3 BHIYHTACT H3 MOZRYJA CYMMbl
HauGoJbliuee W3 OCTaBIIMXCA YHCENl m, a BTOPOA He MOXKeT AOGaBHTHL
K Hemy Gomwwe m— 1. Hrak, B peaymbrate cymma Gyner He
Gonblue yeM 41 — 2k — (10 — k) = 31 — k < 30.

84, a) Besnuuna yrna B npsiMoyroJibHOro Tpeyro/bHKMKa paBHa
(unn menbwe) 30°, eciw AUIMHA MpoTHBOJeEKawero yray B karera
pPaBHa (COOTBETCTBEHHO MeEHbIUE) TNONOBHHE JJIMHEI THIOTEHY3bl,

Puc. 50

Tlonb3ysicb sTuM Aas TpeyrojieivkoB BMK v BML (puc. 50, q,
MK _L BC), nonyunm: £MBC = 30°, tak kakx BM = AH = 2MK;
L MBA < 30°, tak Kak BM = AH = EC = 2ML, cnepopare/sHo,
4B = /LMBC+ £MBA < 60° _

135



3aMeTuM, YTO CJIOEO «OCTPOYTOJbHENT» B (QOPMYJNHPOBKE 3ajaqn
neo6xonHMO: Ge3 Hero yTBepIKACHHE 3aJlauH HEBEPHO.

6) Us 3apgaun a) crepyer, uto ZB < 60°. Tostomy nocra-
TOYHO HoOKa3aTb, u4TO ctopoHa AC He MeNbIle OCTAJbHBIX CTOPOI3
Torpa LA<L ZB<60° u £LC < /B <60° (nporu Goubiueit
CTOPOHLI TPEYroNbHNKA JIEXMT GONbliMi Yroi), a M3 3THX Fepa-
BCHCTB cpa3y e nojyudaercs, 4to ZA = LB = £C = 60°.

Jlna aoKasaTelbCTB2 3aMeTHM, 4yTo BM — HauMeHbllass M2 Mes
IHaH, Tak KaK Meauasa K cropore BC He Menbue Boicotol Al =
= BM, a wmenmana K cropoie AB He wmeHole 6uccekrpucn CD
(Bemb Ouccektpuca nenur cropony AB B ortsomenuu AC: BC;
puc. 50,6). Ho Bo BcsikOM Tpeyroibliuke Gosblueit MeAuaHe cOOT-
BETCTBYET MCHBIIAs CTOPOHA! [OCTATOYHO 3aMETHTh, YTO LEHTP T«
xectH (Touka mepeceyeHusi mMenuan) AABC jexur mo Ty e cro-
pOHy OT cepeaMHHOro NepneHAauKyaspa K cropone AC, uto M Bep-
muua C.

85. a) Ecam cymma nByx umcesll @ U b cOCTOMT M3 OnXHMX fe-
BSITOK, TO NpPH CJIOXKEHMM STHX UYHCel He MOXeET GbITb NEPeHOCOD
equmnubl B cleayoumil paspsag. Tostomy S(a+ b)= S(a)+ S(b),
roe S(x) —cymma uudp uncna x. Tlpu stoM ectm S(a) = S(b),
10 S(a+ b) uerHo M He MOeET paBHsATHCA 9-1967.

6) Ecan nocnepuss umdpa uyucia @ He paBHa HYJIO, TO CyMMma
ee ¢ nocneaueil uugpolt yucna b papna 10, a cyMMB IH(P B KaxKnoMm

H3  OCTaJIbHBIX  JeBSATH

A, paspagoB paBHH 9. OT-
] 7 ciona crenyer, 4TO
Pl 2S(a)=9-9+410 = 91,
NS YTO HEBO3MOXHO,
86. a) Tlpoeeney mpsi«
\\<L 1 wmywo I TaK, uTOGH B Kax«
L/// Ay Joil M3 NOJYIJIOCKOCTeH,
;' Ha KOTOpHIE AENMTCS MJIO-
3 CKOCTb  3TOH  TpsAMOI,
Puc. 51 6blI0 MO ABE H3 NaHHBX

Touek. $lcho (puc. 51),
YTO fBa MNpOKEKTOPA, IOMCLICHHBLIX B TOYKH OAHOH M3 3THMX Mony-<
TJIOCKOCTeH, MOTYT OCBETHTH APYTYIO NOMYIUIOCKOCTb.

6) IlpoBeaeM MJIOCKOCTD Tak, YTOOH UETHIPE M3 [aHHBIX TOYEK
Jiexaii TO OAHY CTOPOHY OT Hee, a OCTaJbHHE — YCTHIPE — IO
npyryio. Tlonbaysico aasaueli a), HETPYAHO [OKa3aTh, YTO MPOIKEKs
TOPHI, TOMEIUEEHHE B YCTHIPE TOYKM OAHOTO M3 NOJYNPOCTPAHCTB,
MOTYT OCBETHTb APYroe MoJynpocTpPaHCTBO.

Haneko upymee o6oCuenpe stoil 3amauyu Owlio HafiieHO ne-
CATb JIeT COYcTH fABYMs oOfHoaMHIbLAMH — «OMHMIHALHHKAMHD
pasHux mnokosnenufi [70). OkxasbiBaercs, JioGbe n JaHHHIX YIVIOD
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O, O, ves, Cny G+ OgF cov -+ 0y = 360°, MOXIO NOMeCTHTh B
JaHHBIX N BePWIMHAX TaK, YTO OHM NOKPOIOT BCIO IJIOCKOCTb.

87. OTBeT: &) Henb3s, 3aMETHM, YTO HHMKAKAEe J1Ba H3 4u-
cen 0, 1, 2, 8 9 He moryT CTOSTH PSIHOM. 3HAYMT, OHM JAOJIKHE
CTOATb yepe3 OfHo. OpHako YMCAO 7 He MOKET OKa3aThCs M Ha
OflHOM H3 5 OCTaBIIHMXCS MECT, Befb PSAOM € HHMM H3 BHIIHCAHHBIX
YHCEJI MOZKET CTOSITh TOJBKO 2.

6) OTBer: Hemb3si. Paccyxpetne asanormuso a). Hexakne
Asa w3 uucen 1, 2, 3, 11, 12, 13 He MOryT CTOATL PSAOM; A3 3ITHX
9HCe]l TOJLKO 1 MOMKeT CTOSTh PAfOM € 4 H Toabko 13 psnom
c 10, To 10 ¥ 4 pROMKHBL CTOATL PSIOM, HO STO TPOTHBOPCUHT
yCJioBH:O.

V JlioGoneTHO OTMETHTb, 4YTO [AJf YETHpHAAUATH  uHcend
(¥, no-suaumomy, nns mo6oro n => 14) Takas paccTaHOBKa BO3-
MC2KHa:

—12-9-13—-10—-14—-11—7—-4~1—-5—-2—6—3—8—,

88, Uncno 59 okanumpaercs ©Ha 5. [lycte B mecsitHunofi
3anHCH 3TOrO uMcJa Ha k-M MecTe, cynTas OT Kowma, crout 0, a
Bce cnenywomue undps otaHudbl ot 0. Ilpn6aBuM K stomy uucay
51000.10%~}, B pesynbTaTe NONYYHTCS YHCIO, neJsiweecss Ha 5o,
Y KOTOPOro OTJHYHE OT Hyss mocieinne & uudp. Tlpopomxas sty
npouenypy, MOXKHO TOJYYMTH UHCJIO, Y KOTOPOro TOCJ]CHHHE
1000 uudp orimunnt oT Hyasi. Temepb oTGpocuM Bee LHOPH, Kpome
1000 nocnennmx. [TofyueHHOE YHCJIO, OYEBHMANO, TOXKE AENHTCA Ha
51000,

89. OtBer: (0; —1), (—1; —1), (0; 0), (—1; 0), (5; 2),
(—6; 2).

YwmHoxuB ofe 4acTH ypaBHeHns Ha 4 ¥ npuGaBuB K HuM no |1,
noJIyYnM

@2+ 1)2=(2y2+ y)* + 32+ 4y + 1 = 2y + y+ 1)’ —(y* —2y).

Ecan y —uenoe 1 otymuHo oT —1, 0, 1 B 2, 70 3y +4y+1 >0
u y>— 2y > 0 npu 3TOM

Cy+yP<@x+1P<@l+y+1)2

STH HepaBeHCTBA 03HAyamT, YTo (2x 4 1)? MexHT MexAYy ABYMS fo.
CNeROBATENBHEIMM KBafipaTaMM, & 3TO NPH LEJIHX ¥ HEBO3MONCHO.
ITonctaBue B ypapHenne y = —1, y =0, y = 1 u y = 2, naiigep
OTBeT.

90. OrBeT: 2952. Jlokaxem, 4To AIHHAa (YMCJIO ICHOB) MO«
cnenoBaTelIbHOCTH, YAOBJIETBOPSIOWESi YCJOBHIO 32JjauH, Y KOTOpOii
HauGoMbIIMit uNeH — BTOPOH M PaBeH 1, HE NPEBOCXOAUT dn =
= [3(n+1)/2], npuuem ans nocnenopatedpHocTH n—1, n, 1, ..,
vesp 1, 1 nouna B TOUHOCTH paBHa dn
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" ByneM paccyxpate no uHaykuui. s n << 4 yTBepmpuenme
Jierko mnposeputh nepeGopom (dy =2, dy =3, ds =06, dy=17),
OU.CHHM MakKCMMaJbHYO JIJIMHY IOCJICNOBATE/NbHOCTH C Ha4YajloM a,
n, n—a, a, .., (@ <<n), cuMras, YyTo AJIs MeHLLIHX N yTBepiKie-
Hue noxaszato. Ilpy 1 << a << n/2 ee pnuua we Gombiie dp—a -1,
NOCKO/IbKY, yOpaB TNepBHIH WieH @, MOXKHO 3aMeHHTbL ee Hayajo
TakuM: n—2d, n—a, ...; Opu n/2 << a<<n—1 ona He GoJblle
d, + 2 — pocraTouHo y6paTtb Nepeee aBa uieHa. TakuMm 06pasom,
OCTAeTCHl JIMIIb TPOBEPHTb, YTO VI TAKMX @ BBINOJHEHH HepaBeHs
CTBAa COOTBETCTBCHHO dn-a-+1Sd, ¥ do+2<ds Tlpp a =i
= n—1—pnna nocaenosatensioctd n—1, n, 1, n—1, n—2, 1,
»—3, ..., 1, 1 —nocratoudo yGpaTe TepBele TPH WICHa H Mepes
€TaBUTD [iBa CJIEAYIOLINX, YTOGH OCTa/NOCh JIMIUL TIPOBEPHTH PaBCH=
¢TB0 d;—g + 3 = d,.

W3 ofmero yreepxkieunss npu n == 1967 mnonyyaeM OTBeTd
dygsr = [3:1968/2] = 2952,

91. Ecin koposnb OyAeT ABMraTeCs H3 JIGBOrO HMIKHEro yria
JOCKH B NpaBHii BEPXHMA Yrojl no AWaroHalW, TO Ha KaKOM-TO
Xony OH 06f3aTesbHO BCTaHET mox yaap Gesoir janpy.

Ilna pokasaTenbcTBa AOCTATOYHO SaMETHThb, YTO TOC]He NEPBOTO
XOfa KOpOJisi BCe Oesible Jiafb¥ MAOJKHB ObITh BhILUE TpeTbei ro-
PH3OHTANH M NpaBee TPeTbedl BepTHKaMM (NMOCTe KOPOJIbL BCTAHCT
NOA yAap CJICRYIOIMM XOXOM).

Touno Tax ke mepe XOAOM KODOJf B NpaBelli BEpXHHMi Yyrox
BCe JNajbH JOJKHH ObiThb HuKe 998-ifi ropusoHramu H sesee 998-if
BEPTHKANH.

Bcero 0 cBoero mocjienHero xofia Mo MHArOHAJM KOPOJb CHAEIACT
997 xopos. Ilpu 3ToM Ka}xpas nafbsi NPM ABHIKCHHH KOPOJA KOJK-
Ha cnesaTh 2 x0fa (CMGHHTb OPM3OHTAJb M BEPTHKA/b, HAa KOTOPHIX
OHa HaxonuJlach MECpPBOHAYaJbHO), HO Jageit 499, M Ha 3TO0 UM
nosano6uiioc, Out 2-499 = 998 > 997 xonos.

92. OrBer: S=1.

Tlycrs K, L, N — Bepuumter pomGa Ha croposax AB, BC u AD
xBagpata (puc. 52, @). 3amerum, yto AuHa KB paBHa PacCTOSHHMIO
or Toukd M po npamoii AD. TlosTomy, ecin 3adMKCHPOBATH TOUKY
K, 10 BO3MOKHbBIe TOJOXKEHMS TOUKM M SaloJHMIOT HEKOTOPHIH OT-
peaok M;M,, napannenssstit cropone AD.

Ilpu sTOoM HHMIKHemy nosoxkenuio M, TOuKH M COOTBETCTBYET
enyvait Ny = A, a BepxHemy My — cayuabi Ly = C.

YTo6e onpeaeauTh ToJOMKEHME ToueK M; u My B saBucHMOCTH
OT pacmofoxeHus Toukn K, BBefiemM CHMCTeMy KOOPAMHAT, KaK 3TO
cnenano Ha pue. 52, 6.

Hec/ioxkHble BRIYMCICHHMS NOKA3HBAIOT, 4TO €ciH alcuMcca TOYKH
K paBra x > 0, To M, =(—x, 4/2x). a Mo=(—1x, AT=2x+ 1)
HNonbsysce cummerpueil muoxecrsa Touek M ortHocuTensso ocu Oy,
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nonyyaeM, 4TO STO MHOXECTBo NpeacTasnsier coGoft Hrypy, mo.
MEUEHHYIO WTPHXOBKOI. Bpath uHTerpanst AIs BHYHCACHHS TUIOW2AH
He HYXHO: Ha puc. 51,8 ¢urypki, o6o3Havenuble unppamu 1 u 2,
paBHbl,

7Y
Y N‘\
D \C' D ¢
L M
% Ly
Y N
]
]
A 8 : .
a AT 5288 ]
Pruc. 52

93. 3amMeruM CHauana, 4To uucio k B3auMHo mnpocro ¢ 10.
B camoMm pene, CymecTByeT WuIIC/O, Aesiueecss Ha kB H HayMHaw-
meecst ¢ 1. OGpameHHOe uYHCIO TaKike JGIHTCH Ha k M OKaHUM«
Baercst Ha 1.

Bossmem Temepb uncao, HauuHaoomeecss ¢ unpp 500 H pense
weecs #Ha k: 500 abc ... z (a, b. ¢, ... 2— unudpu 3TOrO YMCiIa),

Torpa Ha k penstest yuena:

1) z ... cba 005.
2) Cymma 2 ... cba 00500 ...0
500 abc ... z
2...cba01000ab ... 2.
3) O6pamennoe mocseaHee uucno z ... ba 00010 ab ... 2.

4) Pasuocts 2...ba 0100 ab ... 2
z2...ba0001 ab...2z

99 00...0.

Otcio4a BHAHO, uTo 99 meautcs Ha k.
V JI1060nBITHO, YTO EAMHCTBGHHBIfi YYaCTHMK, pCLUMBLIRI 3TY

sagauy Ha oauMmuage (Jewunrpanen A. JInpumu), npugyman eme
Gonce XHTPOYMHYI0O HCOXMAAHHYIO KOHCTPYKUMIO, NPHBOASINYIO K

TOMY K€ pe3yJsbTaTy.
94. Tlyctb @, @Gz, ssa, G — JVIMHL CTOPOH BOCHMHYTOJILHHKA

(puc. 53). M3 paBencTsa BCeX €ro yrjiop cpasy BHITEKaeT, 9TO ero
DPOTHMBONOJIOKHbE CTOPOHH MapasielbHe, [IpoAoikuB ABe MNapH
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HPOTUBOINOJIOKHKX CTOPOH @ W G5, 3 ¥ @7, TOJNYIUM TPAMOYroOibe
HHK, M3 KOTOPOIO HAul BOCBMHYTOJBHHK MOXKHO H3rOTOBHTH €OTpe-
SaHHeM YTrOJIKOB>».

W3 paBeHcTBa NPOTHBONIONOKHEIX CTOPOH 3TOrO MPAMOYTOMbLHHKA

noayuum:

ag a___ ag_ a Q4 —
——2_+¢11+_1/2— —42 + -+—'\/§. Wi a5 — aq;

= 22 (as + a; — ag — ay).

TaK Kak a;— Lelsle 9ucha, a 4/2/2 — HppauMoHalBHO, TO G5 = @Gy,
Touno TaK e JAOKA3LIBAETCH PABEHCTBO JJIMH OCTaMbHHIX Nap MpOs
THBONOMIOIKHBIX CTOPOH,

a,

o

Qs
Puc. 53

95. OrpeT: 171 > 311, JloxkasaTeqbCTBO NOJYYaercsl H3 OUes
BHAHLIX HEPABEHCTB:

17!4 > 1614 = 256 > 9256 —— 321t > 3111.

96. OrperT: 800 nan 799.

Opno wu3 HanpapneHuli JuHH{l ceTKH O6yneM Ha3HIBATL TIOpHs
SOHTaJLHEIM, @ pyroe — BepTHKanbHbHIM. OKpy:KHOCTL nuameTpa 200,
He NPOXOAMLIAs Yepe3 Y3JB M He Kacalomascs JIMHHi CETKH, nepes
cekaer 200 ropu3oHTaNbEBIX NPAMEX M 200 BepTHKAJBHBIX, NPHYEM
Kaxnyio u3 Hux 2 pasa. Takum o6pasoMm, HauGolbluee YHCAO TOYeK
nepeceyeHuss paBHo 800. Dtu 800 TOueKk meNAT OKPY2KHOCTb Ha
B00 uvacreil. Kamxpgass u3 3THX yactefi JIe3KWT BHYTPM OJRHOM KJIETKH,
Tlostomy HamGosnbluee BO3MOKHOE WHC/AO KieTOX — 800.

OnHako MOXKeT CIyyMTbCs, YTO KaKHe-TO ABe YacTH NpPHHanne«
KAT OAHOW KJETKE, T. € YTO OKPYKHOCTb ABAXKAH MEPECEKAET Kae
KYI0-TO KNeTKy (puc. 54). JlokarkeM, 9TO TaKHX «OCOGHIX» KJETOK He
Gonee opgHoil.

Ilocmorpum, rae Moxker Jiexxate HEHTP O OKPYKHOCTH AHAMETe
pe 200, nepecekaiomeil HEKOTOPYIO CTOPOHY AB KIeTKH NBaKAbl,

Paccrositye or uentpa O Taroil OKPYKHOCTH 10 ToueK A m B
Gonbite 100, a or mpsmoii AB — Menbine 100, nostomy O zexun
BHe OKpY:KHoCTe#t pamuyca 100 ¢ ueHtpamu B Toukax A u B,
MEXNY [ABYMSi BEPTHKAJLHLIMH JHHUSIMHM CETKH, NPOXOASILHMH Y€s
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pea A nu B wu Buyrpn wonocs wmpuuod 200 ¢ ropusourambuoi
ocbio AB. Bee Takue TOUKH SaNONHAIOT BHYTPEHHOCTb ABYX KPHBO-
JIHHENHLX TPeyronbHAKOB (OOHE M3 BHX 3alUTPHXOBAaH Ha pHe
CyHKe),

o]

k4

A
/r'%\

Puc, 54

OueBuzHO, UTO AAS pasHEIX OTPe3koB AB TakuHe MHOXKeCTBa e
uMeloT o6IMX TOYeK, W MNO3TOMY cCyllecTByeT He GoJiee ORHOM
ocoboft KneTku,

97. Cravana nOKaeM, 4TO MOXKHO BbIOpaTh IPynny CTYNEHTOB,
B KOTOPOH KaXXAbf s3LIK 3HAIOT POBHO B2 YEJIOBEKA.

Bynem o6ossauaTh KasJAOTO CTyReHTa Ha6OpOM M3 HayajJbHBIX
6ykB Ha3paHHA H3BECTHBIX €My f3bIKOB. Tak, CTYN€HT @ 3HaeT
aHryHiicKMll, HO He 3HaeT OCTANbHBIX H3BIKOB, CTYAEHT u¢) 3HaeT
HCNaHCKHl M (ppanuy3ckHil, HO He 3HAET AHIVIHIICKOrO; CTYHEHT aug
3HaeT Bce TPH fA3BIKA.

IMyctb Nay Nu, Ng, Now, Nog, Nup, Naugp — KONHUECTBA CTYnEH-
TOB KaXXAOro THRA.

Ecnit Noy %0, Nap#0 u Nup 5% 0, TOo puibupaeM rpynny
(au, ah, ugp).

Ecnu onno M3 unces, ckaxeM Ngu, pasno 0, Nap ne pasho 0,
U Nup ue papHo O, To Torpa Ng == 0, N, 5= 0 u TpeGyeman rpya-
na— (ag, up, a, u).

Ecan Nou=Nap =0, Nup20 u Naup % 0, To BHSHpaEY
rpynny  (aug, up, a); ecam Nawp = 0, Nup =2, TO rpynny
(uh, up, a,a), ecnn we Nup =1, TO rpynny (uh,a,a,u,p).

Ecmt Nau = Nap = Nup = 0, TO BO3MOMKEH BHIGOP OXHOII H3
1pex rpynn: (aug, aud), (o, u, ¢, a,u, @) nim (aug,a, u,P). .
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Hanereliued scRot Boibupas 5 pa3 no rpynnme, B KOTopoil
KAaXpablil #3bIK 3HaloT pPOBHO 2 UEJOBEKa, MBl MOJYYHM MNEPBYIO
rpynny, B koropoft kaxauii f3uK 3nair 10 gwenopex. 3areM Bbl-
GupaeM elle OfHY TaKyl rpynny H T, I

V B o6meM G1yyae, ecyii B HEKOTOPOH TpYnne CTYAEHTOB KaX<
bl M3 Tpex JaHHHIX f3LIKOB 3HAIOT K YeJOBEK, TO s Juoboro
QeTHOrO p << 1 MOXEO BHIGpaThb TPYnNy, B KOTOpO KaXAblf f3BIK
3HalOT p ueiopeK. (YCIOBH® WETHOCTH p NPH 3TOM CYLLECTBEHHO.)

98. Jlna pemeEHs [OCTATOYHO BOCHOJIB30BAThCH TOXIECTBaMH

% 1 1
x2—Fk x—Fk x-+E

11 1 1
=11tk (x+k) x—11+Fk x+Ek°

i

99. OtBemt n=29.

TTycTh @n == piuBa ctopolvl, a D, U d.— pJuEL Banbonbinei
U HauMeHbIUeH fHaroHajieff MpPaBHILHOTO n-yronbHeKa. Jas n = 4
0 n=>5 Bce auaronany pasupl. JnA n =6 u n =7 Dp— ap < @

C 4

Puc. 55

Tlpu n-=8 (puc. 55,a4) onyctum nepnenpuxyispl BK u DL us
KOHIOB HauMenblieR auaroHanu BD ra mauGosbinyio nuarosans AE,

Jlerko punets, ut0 LABK = 22,5° << 30°. Ilostomy AB =
=03 > 24K == Dg—ds. HOags n=9 {puc. 55, 6) ananoruuno
nonyunm £ ABK = 30°, nostomy AB = ag = 2AK = Dg—ds.

Bynem nanee CUHTaThb n-YroNbHHK BIHCaHHBM B KPYr panuy-
ca 1. Tlpu n > 9, ouesunno, D, = D, d, < ds, an << ay. Tlo3TOMY
Dn_dn > Dg—dg= ag > Qn.

100. [okaxeM cpa3y HABYCTOPOHHIO OHeHKY 14 < a0 < 18

TMpu k> 1 umeem a=a}_, +2+

>—, npuueMm a, > 1, Ilos-

k-1
Tomy @y +2 <aj <aj_;+38.
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Cnoxnp 5T HepaBeHctBa JuiAa Beex 1 <<k <<n, nonywnm
{c yuetom Toro, a; = 1)

on—1<a’<3n—2

otkyia A/2n—1<ap < 1/3n —2, Tlpn n =100 noayuum Tpe-
Oyemele BHepapeHcTBa 14 << ajo0 << 18.

V HHTepecho AOKa3aTh, YTO NMOCAENOBATEALHOCTL anfA/n crpe-
MHTCH K mpesesly, ¥ HaliTH ero.

101, INepenecem napasaneavho AA’B’C’ Tak, uro6w Touka O’
nepemyia B Touky O. BepliHHb nonyueHHOro Tpeyro/ibHHka Gynem
06o3HauaTh, KaK M paHblue, yepes A/, B' u C’,

Tak xak Z£A’OB = /A,0B, u no ycnopuio OA’:OB' =
= OB, : 04, 10

AA OB, o AB’'OA', £OAB,=/OB’A" u £LOBA,= LOA'B",

Tak xak oKojo uweTolpexyroibHuka OA,CB;, wmoxHo onncaTb
OKpy2KkHOcTb ¢ nuamerpom OC, T0 £B,CO = £ 0A\B, u £LA,CO =
= Z£OB,A,. Caegobarento, AA OCeoACI0A” 1 ABOCoAC]OB,
OTKyna cJnepyetr, uto oTpesok OC’ sexmr Ha npsamoii OC H
0C-0'C{=0A4-0"A]=0B,-0B;.

AHanoruuHo paccmarpHBaloTcs TpeyrosbHHKH B’OC’ u C’OA’.

102. lokaxmem yTeepKaeHHe 3ajayd HHAyKuueil no n. Jas
n =1 yTBepXKnaeHHe, OYEBHAHO, CNpabBefsiiBo. IIpefnoNoKHM, YTO
OHO CrpaBejJiiBo npH k = n.

Ilycts a <(n+41)l. Pasgenum a Ba n+4 1 ¢ ocratkom: a =
=dind 1) +r,ned<<n,r<n41l

Ilo npennonoxenuio uupykuud d =d,}d: 4 ... 4 d, rne
pce di— pasnuuupie peautesu uucna nl u I<<n. Torma a=
=d(n+ 1)+ s +di(n41)4r B 310it cymme ne Gosbine uem
n -1 cnaraeMoe, kaxpoe W3 HHX — zeaHTenb uucna (n-4 1)} u
BCE OHH Pa3JHYHHL

C

A ' D B
Puc. 56
103. [NapannenbHEM NepeHOCOM, MEPEBOASMIHM TOYKY D B TOY-

ky B, nepeeesem Ttpeyroasiuk ADE B Tpeyrosenuxk KBL, rae
KLIAC u, xpowe toro, KB = LB (puc. 56),
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Ecmu £KAL =a, o ZKLA = a; 4BKL == 2a; £BAC =
= / BCA = 2a;; panee, NACL = ABKL no nByMm cTOpoHam u
yray wmexay numy; £LALC = ZKLB=20; o¢ =n/5 u LC =
= AK = BD, t. e. nnmsa otpeska BD papna pJHHE €TOPOHH
NPaBHMBIOrO AECATHYTOMbHHKA, BNHCAHHOLO B OKPYIKHOCTh pajHyca
R=AC.

104. U3 Toukn A onycTHM nepneBaukyasp AH Ha miocKocTh
BCD, a u3 toukw H — nepnenpukynspnt HK, HL v HM na nps-
muie BC, BD, CD. Kaxpas ws nupamun ABKL, ACKM, ADML no-
KPLIBAeTCs COOTBETCTBYIOIHM I1APOM.

105. a) Jlerko BHpEeTh, YTO Kaxpaasi npaAMas, napajJjesbHas
CTOpPOHAM MJAH [HaroHanfiM KBajpaTa, nepeceKaeT YETHOEe YHCIC H3
BOCLMH 3aIITPHXOBaHBHLIX Ha pHC. 57 Knerok. [loaTomy uerHocThb
YHC2 MHHYCOB, CTOfIIHX B 3THX KJETKax, NPH YKa3aHHEIX onepas
nusx wue wMenserca ([113).

6) Ha nocke 8 8 MoXHO c
HapHcoBaTb KBappat 4 X4, B
KoTopoM MuHyc GymeT pactidJio-

V.17 ,
//’/g /.7,
i/ : 1/
77 . 7
7 A K 8
Puc. 57 Puc. 58

JEH Tak e, KaK B 3ajaue a), NOCJE 4Yero 3ejaya CBOAHTCH K
npeAblyILeit.

106. Ilnomapn Bcex IIECTH TPeYroJbHHKOB, Ha KOTOpLIE pass
GHpaeTcsl faHHEBI TPEYTONLHHUK €r0 MeAHaHaMH, PaBHbI.

B cuny papeHcTBa pajHycOB BRHCaHHBIX OKPYXXHOCTEH H (hop-
MyJbl S == pr cjiegyeT PapeHCTBO NEPHMETPOB YETHIPEX M3 TaKHX
TPEYroNLHUKOB,

Tak Kak npa u3 HEX NPHMBIKAIOT K OAHOM CTOPOHE, CKaMmeM
K AB (puc. 58), To AM = MB, nostomy MK — mefuana u BeICOTa
AAMB uw AC = BC.

Ecnu pasHEl paguychl KpYroB, BNHCAaHHHIX B TPEYroJIbHHKH
ALM uw AKM, To 3TH TPEYroJbHHKH paBHbl (Kak TPeYroJbHHKH
C paBHBIMH MJIOLLAAfIMH, OCHOBAHHfAMH H TNEPHMETPaMH), NpHYEM
AL = AK, 1. e. AC = AB u tpeyronsiuk ABC npapunbhbiii.

Ecnn  paBHb nepumetpn Tpeyronbhukos CLM u KMB, o,
TONL3YACh PaBEHCTBOM AJHH OTPE3KOB KacaTeNbHOH, NPOBEfEeHHbIX
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u3 onHodl rtoukH, mnosyuam: CL4-IM+4+CM =2.CL+H2x =
= 2-BK 4+ 2x (x— pacctosiHne OT Toukd M N0 TOYKH KAaCaHHA
C COOTBEeTCTBYIOLleli OKpyXKHOCThio). Orciona caenyer, uto AC =
= AB.

107. Jloka3aTe/bCTBO YTBEpIKAEHHs 3TON 3afayH HanoMHHaeT
npuHapne:xamee Epkauay nokasartenbcrso GeCKOHEYHOCTH MHOXeE-
cTBa npocTeix yncen (I12).

Ipeanonoxum, aro ypapnenne x?-+ x -+ 1 = py HmeeT ueso-
9HCNEHHLIE pemuenHs (X,Yy) JHWDb [JJI8 KOHEYHOro 4HcJa MPOCThIX
YHCEN Py, P2, svvy Pme

IMycts P=p,p; ... pm. Torna uucno P2-}- P+ 1 He penurcs
HH Ha OJHO H3 4Hcer p;, Pz, ..., Pm H, CJAENOBATENILHO, HMEET
NpoCcTOi JenHuTe]b @, He cOBNafawlii HH C ORHHM H3 3THX WYHCE.
Tem cambiv, vpasherne x2+4 x 4+ 1 = qy umeer LeEJOYHC/ICHHOE pe-
wenue (P, (P2} P+ 1)/q). Ilonyyeno npotuBopeune.

V DBornee ofwas 3anaua pasobpana s kuure [60] (VIII, san. 108),

108. OTBeT: HauGonblllee BO3MOXKHOE 3HAYEHHE € PaBHO 24.

Ecnu neppoe mecto ofHOMY GHFypHCTY NPHCYXIEHO BCEMH
cynpami, To ¢, = 9. Ecau nepseie mecta NpHCYIKAEHB ABYM (H-
rypHcTaM, TO OfHMH H3 HHMX NOJYYH] He MeHee 5 mnepBHIX MECT,
a ocTajnbHble YeTbpe NOJYYEHNBLIX HM MeCTa He BhIIIE HYETBEPTOrO,
nostomy ¢; << 5-1-44-4 =21.

Ecan nepewle MecTa nonayuund 3 (HrypucTa, TO, MOCKOJBKY
OCTaNLHBIE M3 MOJYYEHHBIX HMH MECT He BHIIE YeTBEPTOro, CymMma
MecT Bcex 3THX ¢urypucros He Gospwe 1-9-+43-944-9 =72,
CnenoBatennho, ¢; << 24. Ecid cnopTcMeHoB, NOJIyYHMBUIHX NepBoe
MeCTO, 4eTBepo, TO Hx obmas cymma MecT He Gosabme 90, cneno-
BaTeNbHO, cCymMMa 6a/iloB OfHOro M3 HHX He Gosabie 22. Coyuail,
Koria 5 H 6onee CNOPTCMEHOB NOJy4alOT NEpBOE MECTO, 1eBO3-
MoXeH (Ha HHX HE XBaTHT OukoB oT 1 no 4).

Hrak, ¢; << 24. Tlokaxkem, Kak NOCTPOHTL NpHMED ¢ ¢ = 24.

Ecnu cynbu pacnpenensiiy OYKH Tak: KaXpAbil #3 TPex JAyyluHx
¢urypucrop moayunt mecta 1,1,1, 3,3,3, 4,44, kaxnwil H3 Tpex
crenyromux 2,2,2, 55,5, 6,6,6, a ocranbhble — IPOU3BOJIbHO, TO
TIONYYHTCA pacrpefeneHHe, NPH KOTOPOM €; = 24.

109. Ins mob6oro m (1 <m =< n) cpeau m nap (as, bs),
1 << k<< m, ogHo H3 HepaBeHCTB ar => br MaM br = ar BHINOJHEHO
He MeHee gem 1N m/2 map.

Mycts, Hanpnmep, br => ar Hc MeHee uem B m/2 napax. Ecim
b — Banmenbiee M3 STHX be, TO bi << 2/m. Tlostomy a4 b, <
< 2b, << 4/m, a nockonery [ << m, TO Qmtbm < a4 by < 4/m.

110. YTeepxnenne 3afadyH MOXHO [OKa3aTb HHAYKLHEH 10
4lClly yueHHKoB n. Ho MH mpHBEeeM Apyroe peileHHe, BHLITEKaIOLLEE
H3 TaKoro NOYTH oueBHaHoro (Gakra: cymma 2% npousseneHui
X1Xz oso Xr, TOC (X1, X2 «vu, X&) — BCEBO3MONCHHE Halopn H3
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uncen 41 u —1, paso O (a1 ero AOKAa3aTenbLCTBA NOCTATOYHO
nepeMHoXUTL 2 papeHcts 1 4-(—1)==0 u B Jesofi yacTu npopectu
BceMH cnoco6aMu MouNenHoe yMHOXelHe). Bynem cunrarth, uto yyes
HHKH HMeloT Homepa OT 1 1O n; Il Ka)AOro COHCKa HOMEpOB
i1 <ip < ... < (3n€ce k<< n) oBGo3Hauum gepes 84 1y, 1, CYM:
My MacC THPb, Ha KOTOPHIX YKAa3aH HMEHHO STOT CRHCOK, NpHYEM
THDH Ha OZHoil yallke BecoB (nepeseirnBaiollefi pHayane) 6Gepyrcs
CO 3HAKOM NJIOC, Ha ApYyrofi —co 3uwakom MuHyc. Torma HyxHoe
naM YTBEpXXAEHHe COCTOMT B CJEAYIOIIeM: AN MHOrou/leHa BHAA

f(x,, X2 eoey xn,) =, X + sce + AnXn + a eX1Xs + a;3X1X3 + coe
eee T On1,n¥pn—1%n + QrosXi1X2x3 1+ ...
sevtan_2n_1n¥n-akn—1¥nt .. a2 o niXa i xp,

Y KOTOpOro cymMma KO3((HUHERTOB (OJIOXKHTENbHA, BCeraa Haiizercs
Habop Xj, Xp, +<sy ¥ M3 uHcen -+1 u —1 rtakoll, YyTO 3HAUEHHE
f(x;, * ... xq) orpuuaremso (f(x, X2, ..., Xs) BHpaxaer pas-
HOCTb MacC Ha YallKax BecoB, €cH X3 = —1 JJs Tex yueHHKoB i,
KTO TNepecTaBWsi CBOH [HPH, H x; = 1 ana ocranbumix). Ocraercst
3aMeTHTb, YTO CyMMma 3HaueHHil f(xj, X2, ..., X¥») 0O BceM HaG6o«
paM — paxe cyMMa SHaueHHI KaXXJIOr0 M3 COCTaBJSIOLIMX €ro Ofi«
HouneHoB — paBua 0; nockoanky f(1, 1, ..., 1) >0, To nonxeH
HafiTHCb Ha6op, ANA KOTOporo sHayeHme [ orpnuatensHo (I19).

111. OTpeT: HaHWMeHbllee YHCIO MHJHIHOHEPOB  PaBHO
(m—1)(n—1).

EciH MHJMUHOHEPH paccTaBieHbl TpeGyeMelM B YCIOBHH 006«
pasoM, TO BCA CeTKa YJHI[ pacnapaeTcfi Ha KaKoe-TO YHCI0 k Ky«
CKOB, He COIEpIKAIUX 3aMKHYTHX MapupyTop (LHKJOB), — HHaue
HaftneTcss LMKJA, N0 KOTOPO+
My MOXHO npoexaTh, He Oy-
©- o & & o JyuH 3aMeYeHHHM HH OJHHM
3  Munuunonepos. Ecuu
[ 3 ocrapmufici  KYCOK  CeTKH
COLEPXHT p TNEPEKPECTKOB,
TO B HEM COJAEPXKHTCH pOB<
HO p~—1 OTpeskoB YJHIL

Puc. 59 {cv. sapauy 8). Tak kak nepes

KpeCTKOB BCE€ro m-n, 10 YHC«

710 OTPE3KOB, Ha KOTOPLIX HET MHJHUHOHepoB, papao mn—k. O6-

llee 9YHCJIO OTPE3KOB yjui paBHO 2mn-—m—n. Takum o6pasoM,
YHCJI0 3aHATHIX OTPE3KOB paBHO

mn—m—n-tk>=(m-—1)(n—1).

~O

- O a
< A= e <

(]

o

Lo}
[«
dq

(]
[
(]

Tpumep wuysxmoft paccranopku (m—1)(n—1) MunEUIHOHEpPOB
NoKasaH Ha puc, 59,
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112, Mycrs T — nuametpambie npotnpononoxmast K - Touka
prnucaHHoll OKpyXHOCTH ¢ uenTpom O, D —cepenuHa otpeska AC,
E —touka ero nepeceuenus ¢ npamoil BL. Jocrarouno noKa3arb,
uto ED = DK (torpa DO wugper no cpepmeit auiun AEBK), T, e
gyro AE = KC,

3ameTHM, 4TO NPH TOMOTETHH € HeHTpom B, nepesopsumed
pnucaiHylo B AABC OKpyXHOCTb BO BHEBNHCaHHYylo (Kacaoulyiocs
AC u npoposixenuii cropos BA u BC), touka L mnepexomut B
Touky E, KoTopasi Tem caMmEIM SIBJISIETCS TOYKOH KacaHHsi BHEBIH-
caHBoil okpyxHoctH ¢ AC. TIOCKONLKY OTPE3KH KacaTeNbHHX, Mpo-
BENIEHHBIX H3 OfHOM TOYKM K OKPYXHOCTH, PaBHbl NO MJHHE, o6e
cymmbl AK 4+~ AE u CK 4 CE pabuw orpeskam npsimeix BA u BC
MEXXIy TOYKaMH KacaHIlf, NMO3ITOMY

AK + AE=CK+CE u AE=KC,

113. Bospenem Bce pasenctBa a1 =0; |a]=|aiF 1], ses
¥u1y |Gns1|=|a.+ 1| B kpampar u caoxum. [locne coxpaueHuit
fOAYYUM  Opyy = 2(@1 + G2+ «»v + Gn)+n =0, oTkYRAa a4
Gat ... +a. > —n/2

Jpyroe pemerre (no HHAYKUHH) MOXHO NOJYYHTb, 3aMeTHB,
UTO yjiaNeHHe Naphl NOCJAELOBATENbHBEIX WIEHOB Gn == 0, Qnyy =
‘= —a,— 1 co cpepnumM —1/2 NPHBOZHT K AONYCTHMOH MOCJEnO-
BATENBbHOCTH.

V Ouerka (—n/2) nns CyMmbl uHces B 3Toil 3apave sBAfETCA
TOYHO!l; B KauecTBe npHMepa roautcs Joboil HabGop, 3aKaHYHBaO-
piaiics uncnoM — 1 unu (npu HeueTHoM n) 0.

114. Nyers £LABC = B, £ABD = B,; £DBC = B,. Tlpuwme-
ufis Teopemy CcHHycop K TpeyrodbHHkam AOB u BOC, nomyuum

A0 A0 BC AB _ AB sinf,
OC — ABOC "BC ~ BC sinfs’

Tak kak AB u BC pauuoHanbHB, TO JOCTATOYHO JAOKa3aTh
PAaLHOHANLHOCTh OTHOILEHHS CHHYCOB.

H3 TeopeMbl KOCHHYCOB M palHOHaJLHOCTH AJHH CTOPOH H JHa<
roHaneit cienyer, 4To uHcaa cosfl, cosf; H cos Py pauHOHaJbHBL
AB? 4 BC? — AC?

2AB-BC
aucaa  sin B, sin P, (Tak Kak cos p = cos B, cos B, — sin B, sin B,),
sl ﬁg =1 — cos? Bz, B KX OTHowenrue sin B,/sin Pa.

115. Ha npamoit BC pwi6epem Touky Cp Takywo, uto ABCE —
napannenorpamM. Torpa nOepuMetphl Tpeyronnieka ABE, BEC,
H BEC papun. Otciona cnenyer, 4to ToukH C u C; coenapamor,
Tlostomy BC = AE. AnaniorHyno pokaswipaercs, uro BC = ED.

116. Tlycts v — MaKcuMmasibHasi CKOpocTh Boaka. [IpopeneM ue-
pe3 TOYKY, B KOTOPOii HaXOAHMTCS BOJIK, JBE NPAMEIE, NapasJie/ibHbe
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nuaroHansM Keanpata. DTH npsiMbie B Toukax C), Cp Cs, Cy4 mes
PECEeKaloT KOHTYp KBajpaTa.
Tak Kak cxopocTb nepenewenns Kaxjuofi us ToueK Cj, Cp, C;

—~ 3 .
n C, ne Goyblwe ueM vV2 <-§-v, TO c06aKH CMOTYT B KaXKAkll

MOMEHT HAxXONHTbCS B STHX 4YeTHIPEX TOYKax H, CJAELOBaTEJbHO,
He BHINYCTAT BOJIKA.

117. Ilycts abcd — vetBepka nocnepnux mudp. B nocnenosa-
TeNLHOCTH 06s3aTenbHO BCTpeTATCA nATepka abcd0 (nHaue MOXXHO
6un0 661 mo6aputh 0 € coxpaHeHHeM cBoficTBa a), YTO NPOTHBO-
peuut 6)) u abedl. CrepopatenbHo, uyetBepka abcd BCTPETHTCS
B TOCNEOBATENLHOCTH TPHXKAB, a TaK Kak HH 0, HH 1 He wmoryr
cTofithb nepell abcd Gosnee opHOro pa3a, TO fnepes OQHOH H3 3THX
4eTBEPOK He CTOHT HHKaKofi mu¢phl.

V Dna mo6oro n (B 4YacTHOCTH, H ANl n = 5) MoXHO pac-
onoxutb 2" uMpp O m 1 no xpyry Tak, uto Jwoboe «CJOBO®
Anudel n B3 0 u 1 6yner BcTpeuathes (MpH oOXoje NPOTHB YacoBOMH
CTPENKH) POBHO OJMH pa3. AHanoruueblli (akT pepeH H B ajipaBHTe
u3 moboro KosmyecTBa k > 2 Gyke (Torza cnoB JJHHH n Gy«
ner kn).

118. TlepeMHOXNB mnepBoe ¥ BTOpPOe HEPABEHCTBA, MNOJNYUHM
(a+b))<ab+4-cd, wo (a4b)2=4ab 1m, caenoBaTeNbHO,
ab 4+ cd = 4ab, 1. e. cd > 3ab.

TlepeMBHOXHB BTOpOE H TpeThe  HepaBeHCTBa, NoJyuaem
ab(ab -+ cd) > (a + b)%cd > 4abed, otkyna ab-4-cd > 4cd, t. e
ab > 3cd.

Urtak, opnoepemento ab > 3cd u cd > 3ab, 4TO HepO3MONKHO.

119. OtpeT: a=25.

Nyere  f(x) = ax?+bx+c=a(x —x)(x—x), tRe 0<
< <1u0< x <1, ukcna a, b, ¢ ueawe, a > 0.

Torna f(0) u f(1) —uenrle noONONKHUTE/NBHHE UHCA2, TOITOMY
FOY-F(D)= L, 1e a®0(l —x)(l—x)= 1.

3aMerum Tenepn, uyto Beerna x(1 — x) << 1/4, npuyeM pabeH-
CTRO BO3MOXHO ToJbKo NpH X = 1/2. [lockoabky uucna x; H X
pasnuunwl, a Xx;(1—x;) u x%(l—x;) nonoxuteabHue, T0 X;(1—x)X
X xa(1 — %) < 1/16.

Caenobatenbho, a2 > 16, 7. €. a > 4.

Ilpu a = 5 noayuaem xBapparHoe ypapHenue 5x2—S5x 41 =
= 0, KoTOpoe HMeeT [Ba PAa3NHYELIX KOPESf, NPHHAMJENKAILIHX OT-
pe3ky [0; 1].

120. YTeepxnenie 3afgain MOXHEO JOKa3aTh NO HEAYKLUMM.

1
Ilpu n=1 oro cnpaeennuBo: 1 =1, llpn nepexome or
1
n—1 K n MH ponxHH BHOGPOCHTE BCe APOGH ﬁ CO B3aHMHO
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MNPOCTEIMK P M ¢, MiA KOoTopelx p << g, p-+q=n, P u g B3anMHO
1

npocTe, H po6aBuHTb BCe ApPOSH BHAa p—n' rne p<<n, puHan

B3aHMHO NPOCTHL.

1
Mycrs 9 ~— ofHa H3 BHIGPOIUCHHHIX ApoGeii.

Tak kak

TO ee yJareHHe H3 CyMMbl KOMMEHCHPYETCSl MOSBJEHlHEM JBYx HO-
BbIX smpoGeii ;ln— H (n_—lpTz-' KOTOpble YIOBJETBOPSIOT YCJOBHAM
3anayu.

Takum o6pasom, npu nepexofe or n—1 K n cymMmma He Me-
HAETCS.

121, Bribepem M3 Hameil CHCTeMB! TOYEK 1pe, PacCTOsiHME Me-
KAy KOTOPLIMH HaHGoJbuiee: MycTb, HanpHmep, 3TO Toukn A H B.

Hokaxem, uto kamawii u3 yrnos XAY (u XBY), rze X nu Y —
KaKHe-TO H3 LaHHbIX Touek, meHbmie 120°. B camom nene, Tak Kak
B TpeyronbHukax AXB u AYB cropona AB Haubonblnas, TO
ZAXB > 120° u LAYB > 120°. Tlostomy <ZXAB < 60° n
"LYAB < 60°, a Tak Kak NAOCKHi Yros TPeXrpasHHOro yryla MeHblue
CyMMB! JIBYX OCTaJibHBIX NJIOCKHX yrnoB, To ZLXAY < £ XAB 4
+ £LYAB < 120°.

Takum o6pasom, HymepauHsi JOJXKHA HAYHHATbCA C TOUKH A
¥ 33aKaHuMBaTLCA Ha Touke B. 3amernm, uTO Bce PacCTOfiHHA OT
Toyek Hawell cHCTeMH [0 ToYykH A pasnuuusl. B camom pene, ecan
AX = AY, 1o Tpeyroaviuk AXY pasHoGeipennniit © LXAY > 120°,
YTO, KaK MB BHAEJH, HEBO3MOXHO. 3alyMepyeM J[aHHBIE TOYKII,
nonoxup A; = A, A;— 6amxailmas x A Touka cucrembl, A —
Gmnxkafiwafs K A M3 OCTanbHBIX TOYeK, ..., Ar — Gmixkailiwas us
TOYEeK, He MOJYYHBIIHX elle HOMepa, ..., A, = B. Jlokakem, uTO
Takas HyMepauusi YAOBJETBOPSET YCJIOBHIO 32fayH.

Tlockoabky £A,AAr > 120° npu 1 <i<k <n, T0 pocra-
TOYHO AOKasath, 4To LAA;Ar > 1200 mpu I <i<j<bk<n.

Tak kak B cucreme Ay, Ay, ..., Ar TOuxH A; H A, Haubonee
nanexkue, 10 ZAAxA; < 120°, RKak Mb yGeamnuch B Hayane pe-
IEHHS.

Hokamem, uto ZA:A1A; < 120°. B camom jpene, Tak Kak
ZAAA > 120° 8 LA 1AA:>120°, 10 U3 Hepasenctba LA AA <
<< 120° BhITeKano 6, YTO CyMMa IJIOCKHX YIJIOB TpPeXrpaHHOro
yrna ¢ eepmmHoil A; Goabue 360°

Urak, LAAA.> 1200 npu awobex I <i<j<k<n,
Y1Bepxnenne fOKa3aHo,
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V Tlo cymectsy B 3Toii 3ajaye YCTaHOBJEHO, 9TO OTHOUIEHHe
«ZAA;Ar > 120°» o6namaeT TeMH IKe CBONCTBAMH, 9T0 H OTHO-
wende «A; nexur MeXny A: B Ax» LN TOYEK Ha TNPAMOIL, T. e.
4TO 5TO OTHONIEHHE TNO3BOJSET HABECTH «NOPALOK®» B JAHHOM MHO-
xecrpe. Benmumny 120° 3pmech Henb3si 3aMeHHTL Menblueii.

122. OreeT: 108, 135, 180, 117.

Ilycts %y, X, Xs, X4 — HCKOMEIE yHCAa, S — X cymMMa, @ — nep-
pasi uMdpa Kamporo u3 Hux. Slcho, uto 100a << x; << 100(a - 1)
(i=123,4).

INonvayscn, sTuMH HepaBencTBamy, NOJAyuHM X -- 300a << S <)
<< %14 300(a + 1), oTryna

300a S 300(a4-1)
1+—;t—<;7<1+_x1—"
CJIe[0BATENLHO,
S
14+ — 1 <_<4+_

Ilpu a =1 nonyunm HepapeHctRa 2,5 < S/xi <7, a npu a=>2:
3 < S/x1 < 5,5. Ocraercs cnenath nepe6op.

TTockoNBKY TPH M3 YeTHIPEX YACTHHIX S/x; — lenble H pPasiHyHble
ghciaa, TO cayyail a => 2 Heso3MoxeH (Mexay 3 u 55 —amwb ppa
uenelx uucna). [lostomy a =1 u ueswle yacTHele CAEAYeT HCKaTb
cpenu uucen 3, 4, 5 1 6. Ho 3 u 6 Be moryr onHoBpemenno 6uiThb
YaCTHHIMH, TaK KaK OTHOLIeHHe JIO6GLIX JBYX TPeX3HAuHBIX YHCed
ot 100 no 199 menbme ppyx. Ocranuch 1Be BO3MOXHOCTH: 1) Tpu
gacTHeiX 3, 4, 5 W 2) Tpm uvactHex 6, 5 4. B o6oux ciyuasx
S npenurcs na 60: S = 60k. B nepsom cyyuae HCKOMblE uHCHal
12k, 15k, 20k u 13k.

Ilepsas uudpa opHHaKOBa Yy BCex 4YHCEJA TOJbKO NpH k=9,
uto H naet oreer. Bo propoM cnyuae vabop umcen 10k, 12k, 15k

U 23k He YLOBJETBOPSET YCJOBHIO 3afa<
94 HH UPH KaKOM KR, TaK KakK OTHOLUEHHe
qucent 23k u 10k Gonbwe IBYX.
123. OtBeT: 10 roponos.
H3 moGoro ropoga A MoxHO 106+
paTbcsi He GoJsiee YeM JIO TpPeX TIOpOAOB,
a M3 KaXpaoro H3 HHX He OoJsee, ueM JIO
nByx (e cuutas A). Takum oGpasom,
Puc. 60 pcero roponop He Gosnee 13-4 3-2=
= 10.

Ilpumep Ha puc. 60 nokasbipaer, 9TO HyIKHasfl CHCTEMa aBHa<
JIHHHI B TrOCYRapcTBe € JeCATHIO FOPOLaMH CYlleCTBYeT.

V Ipad va puc. 60 yacTo HCnosL3yeTCH B KadyecTse NpHMEpa
H Llaxe HMeeT ChelnajbHoe HasBaHue «rpag Iletepcenas,
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124. a) Ecau K - cepenuna HauGonbineRl auaroHamn AD Boi-
nykjoro nsatHyroybHEka ABCDE, niHHL BCeX CTOPOH KOTOPOrO paB<
HH a, 70 ZLAKE = /EKD = 90°. Tlockombky AC << AD, 10
£ BAC > £ DAE; tem 6onee £LBAK > £ KAE. U3 storo crenyer,
uTo TOuKH A H B Jexar no oany cropoxy or npsamoii EK. Tak e
BoKasuBaeTcd, 4To ToUYkKH C W D TOXe JexaT mo OAHY CTOPOHY OT
npamoi  EK. Orciona cpasy mnonyuaercs, uto ZBKA < 90° wu
£ CKD < 90°,

Ipeanoaoxum, uro £ BKC = 90°, torna BK <a u CK < q,
a tak Kak AK <a v KD <a, To £AKB> 60° 1 £CKD > 60°
(npoTHB GoJblleif CTOPOHH TPEYrOJbHHMKA JIEXHT OGOJbIUMiA yroa);
HO 3TO HeBo3moxHo, W60 ZLAKB 4+ / BKC + £CKD = 180°. Cne-
AosatenbHo, L BKC << 90°.

Mu noxasamm, uro Touka K ymOBNETBOPAET YCJOBIIO 3aJayH.

6) Ecau Ha npoponxernn orpe3ka EK paath Touky M, ouenb
6nu3kyio K Touke K, To Bce yrami AMB, BMC, CMD, DME u EMA
6ynyt octpuimu. Iloaromy Touka M He MOxeT NpHHaAIexKaTb HH
OZIHOMY 3 NOJYKpPYros, NOCTPOEHHHLIX Ha CTOPOHAX MNATHYTOJbHHKA
Ka8K Ha JHaMeTpax.

125. Ecit nepBuit Hrpok NOCTaBHT —1 mneper x B nNepsoh
cTermeny, a IPH BTOPOM CBOeM Xode OH MOCTaBHT Ha IoOCJeAHee
OCTaBlIlieeC MeCTO WYHCJO, NPOTHBONOJOXKHOE TOMY, KOTOpOE IO«
CTaBHJI BTOPOii, TO MOJYYHTCS MHOrowieH suaa x> —ax?—x+4a =
= (x?—1)(x—a). Kopuu storo muorounera —I1, 1, a— uenwie
qHcaa. -

126. OrtBeT: 90 Hrp.

Ilyctb cpean JMOGRIX TpPeX KOMaHA HaHIyTCA JBe, Y¥e Chirpap«
mie Mexay co6oil. BriGepem komanay A, KOTopasi NpoBesa HaH<
meHbiee xosnyecTso urp — k. Kaxnas u3 k xomaHn, yxe Chrpas-
mHxX ¢ A, KaK M cama xomaHaa A, nposena He Menee k wurp. M3
(19 — k) xomanna, He chrpaBilpx ¢ A, Kamnasd ChIrpajla €O BCeMH
ocraneHuME (18 — k) M3 HHX — HHaye Hauwiach Obl TPOfiKa KOMaRL,
cpels KOTOPHIX HHKaKHe He Hrpanu Mexay coboit. Takum obpasom,
YIBOEHHOE YHCJIO BCEX HIP — ero MOXKHO NOJNYYHTb, CJIOMKHB KOJH~
YeCTBA HIP, CHIFPAHHLIX BCEMH KOMaHAaMH, — He MEHBbIUE,

B4k + (19 — k) (18 — k) — 2k2 - 36k + 18- 19 =
=2 (k — 9)2 4 180 = 180.

Ilpuvep cutyanms, xorma cerpaio 90 Hrp H yINOBJIETBOPSAIOTCA
fcI0BHA samau, AaloT Ase rpymnsl no 10 KoMauna, B kamxioil M3
KOTOpHX BCe KOMaHAn Jpyr C npPyrom cuirpany, HO HHM OAHa He
Hrpajla ¢ KOMauno# JApyro# rpynmnsl.

V Ecan u306pa3uTh KOMAHAK TOYKAMH, & HE ChIrpaBiuHe JApYyT
C JPyromM KOMaHAh COEAHHHTb OTPe3KOM, TO NoyyuHTcs rpad, Ko-
gopuifi nmpu colMmofeHHH YCJOBHA 3anaud OyneT rpagom 6es Tpe-
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yronbEEKCD. MOXHO noKa3aTh, YTO B T2KOM rpage C 2 BepurnHamn
Mmakcumym [n2/4] pe6ep.
Paccyskziexiie, NMpoBefieHHOE B pelleHuH, IOXOXe Ha N0Ka3as
TeNBbCTBO «1eMMbI O KpecTe» B petlehnn 156 M oLeHkH B 246s).
127. HepaBsencTBo 3a1a4# PaBHOCKHIbHO COOTHOLIEHHAM

7 7
(n 4 1) cos P —ncos7>l,
HJIH
T T i
ﬂ(COSm"‘COS’;))l'—'COSn—_'_—l,
T. €, (
. T . wn(2n41) 2 n
R Y TS I Py P Tab g Yy
INocnenHee HepaBeHCTBO cnpaBensiHBO, TaK Kak
n(2n + 1) on n
sin 2n(n+l)>sm2n(n+l)—sm +l>sm2(n+l)
H
n si: T sin n = sin T
eI M mer) - TEED

(3nech MB BOCHOJB3OBANHCh HepapeHCTBOM n|sin o] |sin na|, Ko«
TOPOE JIErkO JI0Ka3biBaeTcsl MO HHAYKIUIH).
128, INycty a; = max a,. Bubepem a;, — HanGonbuee H3 Y-
1<i<n !

cell B 3Hamenarene APOGH € uHCAHTeneM 4, @; — HauGonbluee H3
uncen B 3HaMeHaTene APOOH C uYHCAHTeleM Gy, B BOOOWE app, —
napGonbilee M3 uHceJl B 3HaMeHaTelle APOGH C YHC/IMTENEM iy ;.
SlcHo, YTO B KOHIE KOHLOB Mbl NpHAEM K ai 1ai,  =ai.
Ecan HoMepa 1, 2,..., n pacmonoXurb 1O KpYry, TO ip+t
¥ iy (8 Takxe i, H i;) GYAYT CTOATb PSAAOM HIM Yepe3 ONHO; 3HAas
uutT, r > nf2.
JHaruasn cymMmma GoJsblue yem

all
2..1[2

0[2
201

+

+.ot

2(1(

__(“" a'2 at et

012 a[l

INockonMbKy cpenxee apH@MeTHueCKOe He MEHbLIE CPeHero reos
merpuyeckoro (I18), To

S ay aiy i,
—_— .= —L =],
r aig ai, "7 oay
T.e. S ne Menbitte r, [losToMy RaHHasi CyMMa Goublie nf4.
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V MoxeT nokasartbCfl, YTO BCerna BepHo Gosee CHIbHOE Yiee
PaBeHCTBO:

a;
+
az+as as + [

T T S >% )

ax+az

(Takylo rumore3y BeABuHYA B 1954 r. amepHKaHCKuA MaTeMaTHK
Illanupo). B camom jpene, 3To0 OBUIO NOCTENEHHO JAOKa3aHO nJis
HedeTHbX 7 << 11 M uerHbiX n << 12, no yxe ans 9eTHHX n > 14
H HeyeTHolX n == 27 HeBepHo (CHayana KOHTpPIpPHMEPH ObWIH INpH<

n
Aymann 108 6onbwHx n). TouHas oumeRKa Yn " 5» KOTOPYIO HYXHO

TOCTABHTL B (%) BMeCTO IVl KaXXAOro n HeH3BecTHa, HO

n
3)
B. T. Jpuudenvny — onsomy Ha noGenurelsefi ONHMINAAL, NPO=
JIONIKaBLUIeMy 3aHHMaTbCs 3TOH 3ajnauel, — ynanoCh IOJYYHTb B TOM
ke 1969 r. 3aMeuartenbHBIl pe3ynbTaT *): OH HAWeN HaHIYYLIYIO

OLIEHKY NpHIOAHYI0 Cpasy JJIst BceX n. ITO YHCIO

n

o

Y= lim y, —opa#HaTa TOYKH, B KOTOpOil o0Ofllas KacaTeJbHast
n-»oo

K rpadukam yrkumit y = e* n y=__g__ nepecekaeT oChb

ex/2 + e
Oy; y =~ 0,989.

129. Ipeanonoxum, YTo 3ajaya peweHa. Tak xak npamas CY
nepneHauxkyasipua npamoi AX, 1o CY|BX. INycte K — Touxka me-
peceuennsi orpeskop AB u XY. flcro, uro AKBX = ACKY. Ilo-
sromy CK = KB.

Ina mnocTpoeHHs JOCTATOYHO NPOBECTH Yepe3 CepeAHny OT«
peaka CB nepneHnukynsip K npsmoft AB, mnepecekalouielfi OKpyHs
HOCTb B Toukax X H Y.

130. NycTs x, y, -?ly— — 5111 ucna. Ecm x gy +xLy' > -’-l‘— +

+ -13 <4 xy, 170 nmocne npeoGpa3zoBanuift noayuum (x —1)(y —1) X

1
X (-E_ l) >0, OTKyaa BHAHO, YTO TNOJOXHTENBHEIM JOJIKeH

GLITb POBHO OLMH M3 COMHOIKHMTeNeil.

181. OTBeT: He Golee nByx. IlpuMep MHOroyrosbHHKa, ¥
KOTOpPOro JiBé CTOPOHH paBHbl HanGoJblueH JHAroHanW, CM. Ha
puc. 61.

TNpennonoxum, YTo TaKHX CTOPOH Gonbine nByx. BmGepem nmBe
u3 Hux AB u CD, ue umerompe OOIHX BEpPUHH (5TO BO3MOXKHO,

*) Opundpennn B. I. O6 omHOM INMKIHYECKOM Hepasell-
cree//Mart. aametki. — 1971. —T. 9, No 2.
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"MOCKOJIbKY MHOTOYTOJLHHK, HMelOIIHAl AHAroHaNH, He SABJIAETCH Tpe-

yroaeuukoM). Torna xorsd 6 oxma H3 auaronanei AC wnu BD

ZVIHHHE2 CTOpOHH AB: eCin 3TH AHAroHAlH nepeceKalTcs B HEKO-
B topoft Touke K, TO

AC + BD = AK + KC + BK +
+ KD > AB 4 CD =2AD.

132. IpennonoxuM NpOTHBHOE,

3anpmeMm 1Ba YHC/Ia ORHO NOK APY+

p MU 6yneM CKJaiauiBaTb MX CTOJ-<

A 6ukom. Tak kak nocienssst uudpa

Prc. 61 cyMMbl HeYeTHasl, TO NPH CJIOXeHHH

nepBHX UHPpP TaKKe NMOJNYUHTCA He<

yeTHasi cymma., [losToMy B STOT paspsii U3 NpenbiAyLiero IpH CJo-

MEHHH He NMEPEXONHT eAMHHuA. DTO O3Hauaer, Y70 CyMMa LHGP BO

BTOpOM, @ C/eIOBaTelIbHO, H B NpeamnocienHeM cronbue Menbie 10,

3aMmeTHM, 9TO H3 BTOpPOro CTOJIGHKAa B TpeTHA pa3psn Takike He

nepexonHT €NHHHIA, — 3TO MOrJo OHTh, JHUIL €cMu cymMa UHOP

BTOpoOro paspana Omvia 6H paBHa 9, a cymMma uHudp Nepsoro paspse

fia — Gospiie 10, HO TOrna BO BTOpOM paspsiie CymMmul cTosil 6bl O,

Or6pocue Temepp y AaHHOro YHC/Ia ABe NOC/AEJHHE H JIBe INep-

Bhle IHQPH M NPOBENsA Te XKe pacCyXAeHHS IJA IOJyYHBIIHXCS

13-3HauHbiX, 3aTeM 9-3HAUHBIX H, HaKoHell, 5-SHauHLIX SHCes, NOJY-

YHM, YTO B CPEAHHA paspAl CyMMbl M3 MNpPeALAYLIEro He MOXer

nepeATH enHMHIA, 8 TaK Kak LAdPH, CTOosINHe B CpenHHX pa3paaax,
OHHAKOBLE, TO cpeinsis LHPPa CYMMH OKaXercA YeTHof,

Puc. 62

Kak BHmHO H3 pewenus, yTBepiJeHHe 3anayn BepHO [IJ%
4k - 1-3nauyneix gnce. Ipoctue npumeput (12 4 21, 506 - 605, .. .)
TIOKa3kIBAIOT, YTO JUIA WHCEN C APYrHM 9HCIOM 3HAKOB OHO He
LepHo.

133. Packpacum 7peyronbHMKM B ABAa LBeTa, KaK NOKasaHO
13 puc. 62, a,
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UepHbIX TPEYTONBLHHKOB HoJNyunaoch Ha k Gonviue, dem Genbix.

TlosTomy Bcero Genmix  TPeyroyIbHHKOB -—;—(k’—-k), a YepHbX
1
—2-(k’+k).B IenoyKe 1IBETA TPEYrOJILHHKOB uepenyiorcs. [losTomy

1
YepHLIX TpPeyroJbHHKOB B Ilenoyke He GoJjblue yem -é-(k’—k)+l.

Bceero e TpeyroJbHiKOB B Heil He GOJblue uem
5 —B) s (B =B F 1=K — kL.

TlpuMep NENOYKH, B KOTOPOA YHCJO TPEYroJbHHKOB B TOYHOCTH
paBHo k? — k 4 1, nokasaun na puc. 62, a.

134. Ilyctp a << b << ¢ <<d << e—[IMHbl JaHHHX OTPE3KOB.
Ilpennonoxum, YTO HA H3 KaKHX TPEX M3 3THX OTPE3KOB HENb3f
COCTaBHTb OCTpPOYrOJbHHII TpeyroJabHHK. Toraa, Tak Kak B HEOCTPO-
YTrOoJbHOM TPEYroJbHHKE KBajpaT JJIHHG HauGojbluefi CTOPOHE
6onblle HJIH paBeH CyMMe KBaAPaTOB JJIHH JPYrHX CTOpOH, chpa-
BeLJMBbIe HepapeHCTBa C2>a?-}b62, A2 =24 02, 2 >=d?+4 %

CroxuB ux, nmonyuum e? = a?4-2b2 4 ¢? > a? 4 2ab - b2, or-
Kyna e =a-+ b, 1. e. U3 OTPe3KOB AMHHH €, a H b Heab3s cocTas
BHTb TPEYTOJLHEK,

135. [TepBoe pemenue. INpennonoxum, uro ZBAC << 45°,
Torna £LACH > 45°, £ BCH < 45°, £CBA > 45°, BC < AC u,
clefoBaTenbro, menuaa CP nexut BHyTpHM TpeyrosbHuka ACH n
nepecekaercsi ¢ mennaxnoit BM B Touke K, nmphramnexaiefi oTpesky
OM (O — touka mepecevyennss BM, AD u CH). Otciona, HCNONL3ys
paBerctB0 PK = KC/2, nonyuaem OH : OC << 1/2; no no cBOACTBY
GHecekTpHesl yraa tpeyronbHHka OH : OC = AH:AC, 1. e. AH <,
<< AC/2, nostomy Z ACH << 30°. Ipotusopeuse.

Bropoe pemenue. Jokaxem, uro eciu ZBAC < 45° TO
/. ACB > 90°. Ha npsmoii AB Bo3bMem TOUKy B; Takylo, uTO
HB; = AH. Buccekrpuca B;F yrna AB;C npoiiner yepes Touxky O.
(B sToli TouKe yie nepecekaloTcsi nBe OHCCEKTPHCHI YIJOB Tpe«
yromurka AB,C.) Tlo ceofictBy Guccekrpucst AF : FC = AB,: B\C,
HO AB,:B;C > 1, Tak Kak /£ B,AC < 45°. Tlostomy Touka B;
JIEKHT Mexny Toukame A u B, m caenosatenvho, ZBCA >
> /B,CA > 90°.

136. PaccMOTPHM BCEBO3MOXHBIE NapH UHQP, CTOAILHX B Pase
HHX uHcsaXx B onHom paspspe. Ilockonbky nap umcea 10, To Bcero
Takux nap uupp Gymer 10n. Ilpu stom nap pasubix mudp, T. e,
nap (1,2) B kaxnoMm pa3psae He meHbwe 4 H He Goabie 6, Tak
uto cpeny 10n BLiGpaHHHX nap ofilee KoanuyectBo map (1,2) sas
KJIOYeHo mexay 4n u 6n.

C npyrofi cropoHn, TSK KaK KaXKAble [ABa 9HCJA COBHAjaloOT
B m pa3pajnax, TO Kaxpaasa Inapa uucenr paer n—m nap (l1,2).
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IMostoMy o6mee wuncio Ttakux nap 10(n—m). Hrak, 4n<g
<< 10(n — m) < 6n, otkyna 2/5 << min << 3/5.

137. Mu poxaxkem, 4yro u3 Jmo6bix 199 (ieNbiIX) uYHCEN MOXHO
BLiOpate 100, cymma koropwix jpeantcs Ha 100. Ilpu stom mo-
HaNo6ATCA NHIWDb Takne GakThl: H3 JMOOGLIX 3 YHCEN MOXHO BHIOpaTh
2 onHHAaKOBO# YETHOCTH (3TO OUEBHAMO); H3 JIOGLIX 9 uMCen MOXKHO
Bw6paTb 5, CyMMa KOTOpLIX mesnurcs Ha 5.

OGosnaurm u4epes P, chepyiowee ofilee YTBEPKAEHHE: M3
06pix 2m — 1 ileLIX 4YHMCEN MOXKHO BHIGPaTH MM uHCed, CyMMa
KOTOpbIX AENHTCH Ha m (APYrHMH CJIOBaMH, MOXHO BbIOpaTe M Y-«
cell, cpefinee apH(QpMeTHuUeCKo8 KOTOPbIX — nenoe 4Hcio), Hame no«
Ka3aTesbCTBO OCHOBaHO Ha Takof JiemMe.

Jlemma 1. Ectu pepun ytBepxpenusi P u Pm, TO BepHO
a Pim.

Hokaxem sro. Ilycrs nano 2km—1 uncen. BolGepem H3 HEX,
cornacio P, rpynny u3 m uncen € ueinlM CpPefHHM apHdMeTHye-
CKHM, H3 OCTaBIUMXCHA 2km — m — | — elie OAMy Takylo rpymmy, u3
ocraBlmuxca 2km — 2m —~—~ 1 —eme ogRy M T. A. 2k — 1 pas, nocne
yero ocrarercsa 2km —(2k—1)m—1=m—1 uucio, TaKk 4uTO
2k — 1 pa3 Mbl HefiCTBHTENBHO MOLIHM HCMOJMb30BaTth Pn,. Paccmor-
pum (uemnie) cpenHue apudMernyeckne uucen B 2k — | BriGpaHHBIX
rpynnax. M3 rux cornacHo P MOXHO Bu6GpaTh k unces, cyMMa Ko-
Topuix jenurcs na k. Toraa cymma km MCXOAHBIX YHCEN, BXOASMLLIHX
B COOTBETCTBYIOLlMe k rpynm, oyeBHAHO, nelutcs Ha km. Jlemma 1
ROKa3ana.

IMockoabky 100 = 2:2:5-5, T0 U3 P, B Ps TpexxparHbiM 1pH«
MeHeHHeM JeMMbl | M MoxeM BuBeCcTH Pjo. OcTanoce Jmumb mpo-
BepHuTh Ps,

Chnenath 5TO MOMHO CPaBHMTEJBbHO RPOCTHM mnepeGopoM BCeEX
BO3MOXHBIX HabopoB 0 < ri<<ro<< ... <<re<< 4 u3 9 ocrarkos
upu neneHHu Ba 5, KOTOphLie MOryT AaBatbh nauHuie 9 uncen. Crny-
gau, Korna cpeau ri (1 <<i<<9) ectb 5 oauMHAaKOBHX WIHM Koria
cpeil HHX HeT TPeX OJIMHaKkoBuIX (M, CJlenoBaTe/bHO, BCTPEYaloTCs
Bce ocratke 1, 2, 3, 4 u 0), oueBnpnir. Ocraercs paccMOTpeTh
cayyai, KOrla HeKOTOPLIH OCTAaTOK r BCTpeuaercs cpeau rp JH6o 3,
sm6o 4 pasa. Ilpy stom MoxHO cuntaTh, uTo r = 0; B NPOTHBHOM
cayyae MOXHO no6GaBHTb KO BceM 9 umciam 5 —r (ycnioBHe «CyM~
Ma 5 yHcen nennTCA Ha 5» NpH Takom N0OaBIEHHH COXPaHAETCH).
Jlanbiie MOMXHO KH36aBHThCA OT NepeGopa, BCIOMKHB Takylo IMojes-
HYIO JleMMY.

Jlemma 2. H3 mobbix ¢ UeJBIX YHCEN MOXKHO BuIGpaTh He-
CKOJIBKO 4YHCEJ, CyMMa KOTOPLIX JA€JHTCH Ha g.

(Urtobul joKasarb JeMMy HIJAf YHCEI @i, Qg ..., Qg JROCTa-
TOYNO paccMOTpeThb ¢ uuced a;, G+ a2, ar+az+tas, ..., a1+
“+az+ ... 4 a;: au6o oHH paloT BCe pasNHYHLE OCTATKH NPH ne-
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JeHHH Ha ¢, Jn6o cpelln NMMX €cTh fBa, NAIOWMX ONHHAKOBLIE OCTAT+
KH, TOTZ8 HX Pa3HOCTb AENHICH Ha ¢.)

Io nemme 2 H3 5 HeHyNeBLIX OCTATKOB fi MOXKHO BbIGpPaTh He«
ckonbko (0T 2 no 5), cyMMa KOTOpHX nenHTCs Ha 5, M NOGaBHTH
K HHM HefnOCTamoUlee N0 5 KOJMYECTBO Hy/eBbiX.

V MoxHo AokasaTb, 4to yrtBepikienne Pp BepHO aJs Jio6oro
HaTypanbHoro n (mo JeMme ! nOCTaTOYHO AOKAasaThb STO AJA MPO-
CTOr0 n; sJeMeHTapHOe, XOTH H He NPOCTOE ROKA3aTeNhCTBO CM. B
xKyprane <«Kpanrs (1971, Ne 7—8, pemenne 3amaun M45)). Hn-
TepecHO BLIACHHTL CJEAYIOLIHEl BOMPOC: A/ KAKOrO HaHMEHbLIEro
HaTypaJibhoro uHciaa Fg(n) u3 mo6eix Fa(n) BeKTOPOB ¢ I€JIO-
YHCJEHHHMH KOOPAHHAaTaMH MOIKHO BbIOpaTb HECKOJbLKO BEKTOPOB,
Y CYMMB KOTOPHIX BCE KOOPAMHATHI NeNsiTcs Ha n? (3pech n— Ha-
TypanoHoe, d — «pa3MepHOCTb»: d = 2 AJf BEKTOPOB Ha ILTOCKOCTH,
d = 3 — B NpoCTPaHCTBe.)

138. ITepBoe pewenune. Ilyctb P—Touka Kacauusi BIH-
caHHON OKpyxHocTH co croporofi BC, PQ nuamerp BRHCaHHOMN
OKpyxHOCTH. B pemernu sapaun 112 6wwio nokasaxo, yro AQIMO,
nostomy AEOQ — napannenorpamm, Tak uro OQ = AE =r.

Bropoe pemenne Ilyctb a, b, ¢— n7HHLI CTOPOH Tpe-
yrosbHuKa, NporHBoJemaulnx BepunHam A, B, C cOOTBETCTBEHHO.
MoxHo cuntath, uto b > ¢. Onyctum H3 Toukn O nepneHaMKYJIsAP
OP na BC. Torpa

at+b—c a4 b2 —c?
=215 =8 me=tE s
EH _HM _ HC—MC _ 2HC—a _
opr PM ™~ PC—MC ™~ b—c
=a’+b’—c’-—a’ 4+c¢

MC=%; PC

a(b—c) a
AE _AH _EH _atbtc btc_
r r ro- a a

otkyna AE =r.
139. Ecnu 3anmuch uncya 2 umveeT Bup R =anGn—y «.. Qg H £ —
9HCIO H3 m > 1 AeBaToK:E=99...9= 10" — 1, To
m
kt=anan_,... (ag—1)99...9(9—ap) (9—an_1)...(9—a,) (10—a,).
m undp

Cymma uudp k¢ Ta e, uTo K y £ oHa paBHa 9m.

140. Ilyctbe a@ W b — pJIHHBL CTOPOH KaXJOTO MNPAMOYTOJNbe
HHKa. EciH KOHTYpPHl NpPSMOYrOJBHHKOB IIE€PECEKAIOTCSI B BOChbMH
TOYKaX, TO Ha KamjoH CTOPOHe JIOGOr0 H3 HHX JIGXKHT POBHO 1Be
MOYKH TMepeCeueHns ¢ CocefHHMH CcTOporamk jgpyroro. Ecin Ha
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Kakofi-TO CTOPOHE OKaXeTCi MeHbile ABYX TOYEK INepeCevenHs, TO
BCcero GyAeT MeHbie BOCBMH TaKHX TOYEK. INo3TomMy HHKakas CTo-
POHA OJIHOrO NPAMOYTOJbHEKA HE MOXMKET Nepeceub ZIBYX Napasie/ps
HHIX CTOPOH APYroro.
ycrs Temepp A H C—=TOUKH, B KOTOPBIX NEPECEKAIOTCA CTO«
porb AJHEH a; B n D — TOuKH, B KOTOPBIX IEPECEKalOTCsi CTOPOHK
amuee b (puc. 63). Otpesku AC u BD, xak Jerko BHAETh, CAyKaT
GuccekTpucaMu yrioB, 006pasoBaHs
HHIX CTOPOHaMH, IPOXOASAILHMH Hepe3
ToukH A, C W cooTBeTCTBEHHO B,
D; cnezoBarensto, AC 1 BD. Ilno-
waxe S uernipexyroavHuka ABCD
pasia AC-BD, a  nOCKOJbKY
AC=0b, BD>=a, o S = ab/2.
141. Mul nokaxem, 41O JioGoe
Puc. 63 Takoe qucado jaeaumrca Ha 11111 H,
CNeIOBaTeNIbHO, CTENeHbI0 MBOAKH
ne ssaserca. Jas storo 3aMernM, uro 10° mpu nemermu ma 11111
naetr B octatke 1:10° = 9-11111 4 1. ITostomy moGoe H3 moay-
WeHHLIX 4YHCel jaeT Nph jieneHud Ha 11111 Tor Xe ocrarok, uyTo
H CyMMa BCex YHCeJ Ha KapTouKax.
Hetpynno nokasath Takke, 9T0 J060e Takoe UYHCIO MAETHTCS
11111 4- 991799
— X

Ra 9. Ho sta cymMma, KaK Jlerko BHAE€Tb, pPaBHa

X(10° — 1), 1. e. peantca na 11111.

142. Mycte D; — mHoxectBo w3 10 mudp {0, 1, 2, ..., 9}
A= {0, 2,4y, 8} —mHOMECTBO vueTHBX, B;= {1, 3, ..., 9} —
MHOXECTBO HeueTHubX mHGP. Boobie nmpu mobGom n o6o3HayHM e«
pes D, MHOXKeCTBO BceX He 6osiee Yyem n-aHauHbiX uuced, Ap H
B, —ero noaMHOXecTBa M3 WYHCEN C YEeTHOH H HeueTHOM CyMMOit
widp (Dn= AnUB,). 3amerim, uto B, B A, BCero comepmxar,
cyHTas 9HCAO M3 ONHHX Hyneli, mo 5-10"—1 snementoB. CymMy Bcex

9/IeMEHTOB X MHoxecTBa X Oylem KOPOTKO 3alHCHIBATH: Zx no
xe X. Mu nomKHB JOKa3aTh, YTO Za" no a A, paBra Zbk

10 b & B,; 3Ty cyMMy MBI 0603HaYHM sﬁ{".
IMpu n=2, k=1 yreepxAeHHE 3ajayl CBOAMTCA K OYEBH[<
HOMy paBeHCTBY (rhe a e Ay, pe= Ay, be B, g By):

¥ (102 + p) + Y (106 4 gy = Y (10a + g) + Y. (106 + p)

obe sactu pasisi 6 ( > 10d + Z ;)no scem d =D, reD,, Sh=

=5(1041)(14+2+4+ .,, +9), Tax kaKk kaxpaa uudppa a, p,
b, ¢ BxomuT B TY M mpyrylo cymmy no 5 pas (a clepa —B mnape
C IAATHIO P K T. n.)‘.
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JanvHefinme BuKIaAKH NPOMINIIOCTPHPYeM CHavana Ea RnpH4
Mepe n = 3. Hafinem cymmy no steMm as Ay, psd,, beEB), g s
& B, (vuxe d e Dy, r e Dy);

22100 +pY + (106 + g =50- 107 (3, & + D, 8%) +
+2-10(Ya-p+ Y b-q)+5) P +5),4 =
=1y d+2.10(Ya- Yp+ X b- Y g)+5). =

=5.10) d® +20) dS + 5 r*
flcho, uTo TouHO TaK Ke IpeoGpasyerci M  Cymma

Z(lOa + g)? 4 Z(lOb + p)% 3pech Mbl HCMOJBL3OBAJH TOMAECTBA

x4+y)2=x242y 442 u Zuv= Zu- Zv (cymma no Bcem
uel,vel).

Tenepp nokaxeM ofliee yTBepmjeHHe HHayKuHedi mo n, [lpm
9TOM Mbl GylleM HCIOJB30BaTbh GOPMYNBI

(x4 p)f=xk 4+ Cox®ly+ CoxF 2y o 4 CE eyt L =
="+ Yl 4 o

(3nauenHs «GHHOMHAJBHLIX KO3 QPHUHEHTOB» C,{, I1<j<k-—1,
He HrpalT pONH B HaleM PacCyxHAeHHH) n Zuv= Zqu.
INpennonoxuM, 4To AN n-3HAUHKX YHcel H moGoro 1<k <n
Hyx)HOe papeHcTBO nokasano: y.p! = Y g/ =S¥ (rne pe=4,, g=
eBn). Ipeo6pasyem cymmy k-x cremeneii urcen M3 Anyr, F << n

-+ 1 (#uxe MH cyMmupyeM Io a€ A, peda, be B, g By,
deD,reD, 1 <j<<k—1):

2 (10 +p)* + F1(106 + g)* =5 10"~ 10% (Foa* 4+ F6%) +
o RCh- 108 (et + Pkl ) + 5 (XAt + Xa*) =

=5-10" *-1 N g5 . N ¢f - 10P ISP Y dF 5 ke
i

Slcro, uTQ cymMma k-Xx cTenenef umcen H3 Bpy; paBHA TOMY e Bble
paxeHHI0o (HYIKHO JIHIUb NOMEHATb MecTaMH GYKBH p H §).

V AHalloruuHnie TOXIECTBA BepHH H B JoGofl d-hyHOH CH<
cTeMe CYHCTEHHS] NP yYeTHoM d, HampHMep B ABOHYHOA, rie' BJg
HeGOJIbIUNX . €ro JIErKo NPOBEPHTb HENOCPeACTBEHHO,

143. Ha3oBem cHCTeMy €AHHHYHBIX BEKTOPOB €1, €2, ..., €m
(¢ obwum nayanom O) CHMMETPHYHOH, €CJH IpH NOBOPOTE Ha Yrod
2nk/m (upn Hekoropom k<< m) oua nepexonut B ce6i. Cymma
BEKTOPOB TaKOil CHCTeMBI OYeBHAHO paBHa 0, TaK Kak OHa He Me«
HAeTCS MPH NOBOPOTE Ha yron 2nkfm << 2x:,
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B wacTHOCTH, CHMMeTPHYHYIO CHCTEMY O6pasyloT BeKTOpH, HIy-
Uile B NOCJAENOBAaTEIbHbe BEPLIHHb! NPADHILHOrO M-YroJbHHKA: AJis
HUX k= 1.

IMonsepruem BCe eQHHHYHBIE BEKTOpH C HayajioM O mnpeoGpa-
soBauuio e — D'e (l-xpaTHOMY 3aKpYYHBAHHIO): YBEJHUHM YTON OT
HauajgbHoro HanpasneHusi Ox 7o e B | pa3; NoJyueHHulli BEKTOp H
ripuMem 3a D'e. Tlpn TakoM npeoGpasopanun D' cHMMeTpHuHasi cu-
creMa BEKTOPOB IlepeijieT B CHMMETPHYHYIO, €c/n TONbKO kI He
pennrca Ha m (yron 2mk/m Mexny COCSIHHMH BEKTOPaMH €y, €i4)
yseanuntcs B [ pa3; BuluHTas H3 2:;tkl/m KpatRulit 27 yroJ, nony-
uHM, 910 yron Mexny D'e; u D'eis; paser 2nr/m, rhe r— ocTaTok
or penenus kI Ha m). Ecin xe kI penurcs Ha m (B 4acTHOCTH,
npi# & = m), 10 Bce BekTOopH D'e; cosbioTCA B 0AMH.

INocne sTtux 3ameuanunii nepeilneM x pewendio 3apaud. Ilpen-
NOJIOIKHM, YTO BEPIIMHBI n-yrOJIbHHKA YNAJNOCh PAaCKPaCHTb HECKOJb=
KHMH Kpackami, TaK 4YTO BEpLIHHH ORHOro Lpera o6pasylT npa-
BHJIbHBIE MHOTOYTOJILRHKH: [-YTOJNIBHHK, §)-yTOJBRHK, G2-YTOJBHHK, . .4
veey Gs-yTOMBHHK, THe < g1 << g2 << ... << gs. CummerTpHuHyIO
CHCTEMY BEKTOPOB, MPOBENEHHHIX B BEPLIHHLI M-YIOMbHHKA, MBl MO=-
XKeM TeM caMuM pa3butb Ha S 1 cuMMeTpHuMbIX CcHcTeM H3 [,
q1, G2, --., Gs BekTopoB. Iloka RHKAKOro NMPOTHBOpPEUHs HET: CyMMa
xaxpoii n3 HHx pasHa 0, u obmas cymma — toxe. Ho cront noa-
BEPrHyTb BCe HALIH BEKTOPLI [-KPaTHOMY 3aKpyYyMBaHHIO, K&K HNpo-
THBOpeuHe BO3HHKHET: BCe ! BEKTOPOB MNEPBOA CHCTEMH COJBIOTCH
B OAHH, TaK 4TO HX CyMMa CTaHeT OTJIn4HO#l oT 0, a ocTalbHble
cucteMsl — M3 g (i=1, 2, ..., S) BeXTOpoB H H3 BCEX n BeK-
TOPOB -—— OCTaHYTCSl NPaBHJbHLIMH, IOCKOJbKY YIJbl MEXAy COCeA-
HHMH BeKTopaMH B HHX 2nl/qy < 2m, 2nlfgs < 2m, ..., 2nlin <
< 2;, TaK YTO CyMMa B IIHX OCTaHercsi paBHO#l 0.

V 910 3aMeuarenbHoe petienne npHayMan A. JlubwHn; na
sToli ONIHMIMaje OH, Npapia, ObUI yike YIEHOM XKIOPH, 8 HHKOMY H3
LIKOJBHUKOB PEIHTb 3aiauy He ynaJsioch.

Wpes <«l-xpaTHOoro 3axkpyuyHBaHfisi» BEXTOPOB CTaHOBHTCA Gonee
npo3pauHofi, eclil paccCMaTpPHBATbH BEKTOPH KAK KOMIUIEKCHBIE YHC/A;
npeo6pasopanne D'— 3T0 NpocTo BO3BbIIEHHe B CTeNeHb Z—>2¢
KOMILIEKCHBIX YHCed 2z C |2| == l; cHMMeTpHYHas CHCTeM2 BEKTO-
pOB — 5TO TrEOMeTpHYecKkas @porpeccHs u, ue, ue? ..., ue™, rae
fu| =1 u & —uekoTopufi KopeHb m-fi cremesy n3 1, e % 1; ecmr
apryMeHT YHC/a €— YroJl MexJy COCEeJHHMH BEKTOPaMu CHCTEMbI —
paBen 2mk/m, TO Takasi CHCTeMa, KaK MOXHO IOKa3aTh, COCTOHT
H3 BEKTOPOB, HAYIIHX B BEPIIHHbI IPABHJIBHOTO M/d-yroJbhHKa, rie
d — HeKoTOpLIl jenuTeAsr m, d << m, YIpHYEM B KaXAyI0 BEpIUHHY
HuleT d BeKTOpOB.

Pewenne 3Toff 3apayn nokasbiBaet, 4TO JI060e pa3GHeHHE MHO-
IeCTBA LENBIX 4Hcenl Z Ha HeCKOJbKO Hemepecekarowuxcs (Geckos
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HeyHHX B o6e cropoubl) apudmeTHieckHx nporpecchf Honyuaerca
TOJIBKO TaKHM cnocoGoM: Z pasbueaercss Ha d NMPOrpeccHif C omHoR
H TOH e pa3HocTbio d, 3aTeM, GLITb MOXET, onHa (HJH HECKOJLKO)
H3 HHX pa3bHBAaeTcA Ha MNPOLPECCHH C OQHHAKOBOH Pa3HOCThIO
H T. A. IlpHMeHeHHe B TEOPETHKO-YHCJIOBBIX 3a4aY8X KOMIJIEKCHBIX
uHcesl, MonoGHOE ONHCAHHOMY B HallleM pELIeHHH, Ha3bIBAaeTCA «Mes
TONOM TPHrOHOMETPHYECKHX CyMM>».

144. 310 MOXHO nOKA3aTh N0 HHEyKuMH. [lpn n = 1 crenyer
B3HTb 4HcIo 2. Ecnn A = 2°.B — n-3Haynoe YHCJO, AEASILEEcH
Ha 2% TO omHO M3 uMcen 2-10"+4+A mam 1-10°4+ A peantca Ha
271, neToMy 9ro onHO M3 gncea 57 -} B mau 2-57 4 B yetHo.

V Hcxkomoe 9HC/IO A1 KaXaoro n POBHO OpfHO; Gosee TOro,
BCE n-3HaYHHe YHCJIA, COCTaBJeHHHe H3 UHGp 1 H 2, palOT pasHbe
OCTaTKH NPH JieleHHH Ha n. Iloab3aysicb 3THM, MOXHO NOAYYHTH APY-~
roe pelleHHe 3aja4qH.

145. 3apgaua a) cinenyer H3 6), Tak 9TO Mbl NPHBELEM JIHIUb
peuletiHe 3Toft GoJsiee obiuedi 3amayH.

Toukn Bp u Dp opuuHakoBo ynasneHn oT npsamoi OAp. INostomy
sOAkBk=SOAk D, IlepeMHOXHB n paBeHCTB H 3alIHCaB KaXAYio

nyomanb Kak NpoH3BeleHHe OCHOBaHHA AxB, uan ArD, Ha noJo-
BHHY COOTBETCTBYIOWeA BHICOTH (paccrosiinss oT O 10 CTOPOHH
MHOIOYrONbHHKA), TNOJy4YHM TpeGyeMoOe PpaBeHCTBO: AJIHABL BHICOT
B NPOH3BENECHHH COKPATATCH. —

V B yciopuax 3agaud a) CHiIb AxCh, NPHIOXKEHHHE B TOYs
Kax A, x TBepmolt mnactuhe A;ApAs, B3aHMHO ypaBHOBELIHBAIOTCS—
naacTHHa OypeT HeNMOABHXKHA; PaBHE! HYJIO CYMMa CHA (KaK BeK=
TOpPOB) H CyMMa HX MOMEHTOB, NOCKOJbKY MOMEHT Kammaof H3 STHX
CHJ1 OTHOCHTeNbHO TOYKH O papen HyJio.

Jlns TpeyroJibHHKa PpaBEHCTBO INPOH3BENEHHA, BHUTHCAHHOE B
YCJOBHH, SIBAAIETC HE TOJBKO HEOOXOZHMBEIM, HO H JOCTATOYHLIM
YCJIOBHEM nJf TOro, 4ToGH npsimbie AxC, Tepecekasuchb B ORHOIl
Touke O.

146. a) OrseT: 11 BompocoB. ¥Y3nap Bce 10 uHcen B OpfHOM
CTPOKE H OfHO — B JApYrofi, JIErKO BOCCTAHOBHTb H BCE OCTaJIbHBLI®
gucaa. Ecau ke 3agaTth g 10 BONpoCOB, TO ONHO3HAYHO BOC-
CTAaHOBHTbL 4YHCJA HeJb3fl; ¢ OnHOl CTOPOHE, B KaxnoMm croabie
HYXXHO 3HaTb XOT# OB OJHO YHCJIO — HHaye MOXHO NpHOGaBIATH
K 0oOOHM YHCJIAaM B 3TOM CToJ0Le NPOH3BOJBHOE YHCJAO X, COXpaHff
HYXHOE CBOHCTBO TaGAHUB, € NPYrod CTOPOHB, XOTA Obl B OJHOM
crosifue Hamo Y3HaThb 06a YHCJIA — HHAaYe MOXHO B3fITb IPOH3-
BOJILHOE YHC/IO Y KaK Pa3HOCTb MEXAY YHCJIAaMH B KaXaoM CTOASUE
M 110 HMCIONHMCSA JaHHBIM HOCTPOHTb TaGAHLY.

6) JloxasaTeJbcTBO MOXHO NpOBECTH MHayKuHef. Bynem cum-
TaTh, YTO N > M, H BECTH HHAYKUHIO No m -} n. EciH B ONHOM
H3 71 CTOJIOLOB HCH3DCCTHO HH OJIHO M3 YiceJ, TO, OYEBHAHO, dncna
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BOCCTAHABJHBAIOTCH HeofHO3HauYHO. EC/H Ke B KaXJOM H3 n CToJG-
LOB €CTb M3BecTHbie YHCIa, TO (MOCKOJBKY ofmee YHCIO m -+ n— 2
N3BECTHHIX 9Hces He Gosblie 2n — 2) Haiipercs cTonbel, rae us-
BECTHO JIHLIb OJIHO YHCJO, @ OCTABIUARACS NOCJe BBYEPKHBAHHA 3TOro
croa6ua Tabnnua (n— 1)m comepxur aumb m- (n—1) —2 us-
BECTHBIX YHCJA H MO NPEANGCJIOKEHHIO HHAYKUHH BOCCTAHABJIHBAETCS
HEONHO3HAYHO.
¥ Ouesika B 3TO# 3ajaye TouHa: TabauLy BHAA

Xy, Xo «ee Xp
x4y 2ty e Xnty (*)

i+ ym—1 X2t Ym—vy oo Xn+t ym—1

MOJXHO BOCCTaHOBHTb No m-}-n—1 uyHcram mnepsoil CTPOKH O
nepsoro croabua.

OrtBer Ha 6osee TOHKHII BONPOC — KaKhe HMEeHHO HaGopH I' ym<
cen Tabmuupl m X n AN8 3TOr0 MOAXOASIT — MOXHO copMynnpos
BaTbh Ha f3piKe Teopuu rpados (I111).

PaccmoTpum  «pBynosbHbi#i rpag» I' ¢ m - n BepmHHamu
Ay ...,An 1 By, ..., B, B KOTOPOM HeKOTOpbie BepuHHLI Aj
COenHHEHBl ¢ HEKOTOpbIMH Bj; TeM caMBIM YKa3aHO HEKOTOPOE MHO<
xecto T nap (i, j) — onementoB Tabnuunl mXn (=1, 2,,..
eeom; j=1, 2, ... n). lna Toro Y1066 MO TaKOMy HaGopy fnap
4HCceJ ONHO3HAYHO BOCCTaHABJIHBAaNaCh BCA TabiHla, HeoOXOZHMO H
noctatodHo, 4Ttobnl rpadp I' 6ewn cesisen. B pepese ¢ m -+ n Bep-
IIHHAMHK COrJIacHO 3apnaye 8 Gyner kKak pa3 m-+tn—1 peGep;
ecan I' — nepepo, To moGoii HaGop m -+ n— 1 uHces, 3aHHMaIOMHX
KAeTKH (i, j)eﬁ MOXHO JOMNOJHHTb TaK, 4YTO nojy4yeHHas Tabsnna
OyneT HMeTb HYXHbI BHE (%).

147. Paccmotpum ¢urypwt Fy u Fp, HodlyyeHHble H3 HaHHOI
¢urypsl F (oGbegHHEHHSI KPyros) NepeHOCaMH Ha BEKTOPH JJIHHLI
0,001, cocrapnsitomue yron 60° apyr ¢ gpyrom.

Tpe ¢urypet F, F,, F; He nepexphiBAlOTCA H JIeXaT BHYTPH
kBagpata co cropoHoii 1,001. Tlostomy nnomags S kaxpoir u3
HHX MEHbILE YeM

(1,001)%/3 < 0,34.

V AxanornuHeiM o6pa3oM AAsi NPOCTPAHCTBEHHOIO aHasora 3Toil
8ajlaye MOXHO noayuutb ouerky (1,001)2/4 < 0,26.

Ha naoCKOCTH MOXHO CYINECTBEHHO YTOYHHTH OUEHKY: Halpii-
Mep, n0Kasath, 4t0 S << 0,287 («Ksaut», 1972, Ne 8, c. 58).

148. INycte B cocynax A, B u C cooTBeTCTBeHHO @, b u ¢ nut-
poB Bomb, 0 << a=<<bs=<Cc JloCTaTOYHO HECKOJNBLKHMH IepesHBa-
HHAMH AOGHTbCA TOTO, YTO B OfXHOM H3 COCYAOB CTaHeT MeHblue @
JIUTPOB BOAH (MOBTOPSASl TaKyio NPOUEAYPY, MBI CMOXEM YMEHLIUHTb

162



KOJIHIECTBO BoAH B ofiHoM cocyfie no 0). Pasnennm b ma a c
ocratkoM: b=adJr, 0 <r < a. Bynem BbUIHBaTH BOLy K3 B
u CB A (B A Gymer cranosuthes 2a, 2%2a, 2%, ..., 2%a awtpoB
BOAIbI) C TaKHM pacyeToM, 9ToGbl M3 B BLUIHTb KaK pa3 da JIHTPoOB;
Torna B B ocrawercs r << a antpos. Tak neilcTBOBaTH MOXKHO —
Benb d, KaK KaXJoe HaTypajbHOE 9HC/IO, MOXKHO M IPHTOM EHH-
CTBEHHLIM 00pa3oM MpesCTaBHTL B BHAE CYMMBl HEKOTODEHIX H3
uncen 1, 2, 2% ..., 2% ... CooTsercTBymol(He NOPLHH BORH 2*%a
HyxHO 6patb H3 B, ocTanbibe — H3 C.

Ilpn stom u3 C HyXHO 6yner BHLUIHTL He GOsiblue BOMH, YeM
3 B, orkyna Gepercs HociegHssl nopuHs, nostomy sonul B C
XBaTHT.

149. Ycaoexe, 4TO KOPHH TpexuneHoB f,(x) = x2 4 pix 4+ ¢1 u
fo(x) == x2 -+ pox -} g2 BemweCTBEHHH H NepPeMeKaloTCs, SKBHBAJEHT-
HO ToMmy, 4To rpadpHkH y = fi(x¥) M y = f(x) nepecekaloTcs B
TOYKe (Xo, Yo), Nexaieli HuKe ocH abcuHce: Yo < 0. Pewas ypas-
HenHe fy(x) = f2(x), HaxomuMm Xo=(g2— q)/(P2—p1) ¥ Yo=
= R(p1 — p2)? rae

R=(q1—q2)* + (p, — p2) (Prg2 — po1).

V BeipaxenHe R paBHO Hy/I0 TOrna H TOJBKO TOrAa, KOTAa fi
n f, HMelor oOmuit (GHITH MOMKET, KOMNJEKCHH#) kopenb. Tako#
MHOTOWIeH OT KO3((QHUHEHTOB ABYX JAHHBIX MHoOrouleHos f, M fz
JIOOLIX CcTeneHeH Ha3nBAeTCs HX «Pe3YAbTaAHTOM.

150. Ecian nJOCKOCTH napasiesibHb, 9TO oyesHpaHo. [lycts onH
He napasieabibl. Torma NpoeKUHIO Tena Ha JIHHHIO [ MepeceyeHHs
IJIOCKOCTE!l MOXHO IOAYYHTb KaK NpoekuHio Ha [ Kaxaod u3
NpoeKUHA 9TOro Teaa Ha Ty H japyrylo mJjocKocTH. (Bciony peub
uaer o6 OpTOrOHaJbHLHIX TNPOEKLHAX: MHOMECTBE OCHOBaHHA mep-
nexaukynapos.) Ho npoekuus Kpyra Ha NpAMYIO B €ro NJIOCKOCTH —
OTPe30K JJIHHEl, paBHON NHaMeTpy Kpyra.

151. B peaynbTaTe Ka:xpoil omepaudH cyMMa S NONapHEIX NpoO-
H3BeJIEHHA CcoCeqHHX uYHcen yBesHuMBaerTcsi (B 9Tod cymme ab -
- bc-}-cd samensiercs Ha ac-tcb-bd, a ab-+ cd < ac-bd,
ecii (a—d)(b—c)<<0) Ho cymma S MoOxeT NpHHHMATb JHIUb
KOHCYHOE YHCJIO pa3jHyHbIX 3navennit (I113).

152, PewnM cpagy o6myio 3apauy 6). Ilycre npsmas ! nepe-
CeKaeT KOHTYp ONHCAHHOTO MHOroyroibHika B To4Kax R u Q
ZIe7HT nomonam ero nepumetp. Torna nomanast H3 aByx oTpeskop OR
H OQ, rne O —ueHTp Kpyra, AGJHT MONOJAM €ro nJjowankb; 3TO
JIOKa3biBaeTcA TaK ke, Kak ¢opmyna S = Pr/2 pas njowank onH-
CaHHOro MHOrOyroJibHHKa mHepHMeTpa P: Hy)XHO MpPOBECTH H3 LEHT-
pa O OTpe3kH KO BceM BepLIHHAM MHOrOyroJLHHKa H 3alHCaTb
jonanbs KakAOro TPEYrobdHKa KakK [OJOBHHY IPOH3BEREHHS
JJIHIEL OCHOBaHHS Ha BHICOTY, pPaBHyw Ppaamycy kpyra, ITostomy
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ecnH mpamas RQ nenuT TaKxke NMomajp nomnoiaM, TO Touka O
HAOJIXKHA Jie)kaTb Ha 3TOH MPAMOIL.

V HHrepecHuili BONPOC — CKOJIBKO MNXET OBTh TaKuX npsi-
MBIX (I8 TpeyroJbHHKa H AJI8 N-YroJbHHKa), KOTOPHE ENAT Io-
nonam mnomanb H nepuMerp («Kpaut», 1972, Ne 7, c. 35).

153. YTBepxkIeHHe BEPHO 1JIsl 1 yHCesn NPH JwoboM n =4 n
JIOKA3BIBAETCSl «OT NpPOTHBHOro». IlpeamonoxuM, 4TO CymMMa HaIM
pasHocTb MIOGBIX ABYX H3 N Pa3THyHbIX 4HCesl @y < Qp < ...
veo < Qnoy < Gp COJEPIKHUTCA CPENH OCTANBHLIX n— 2 gHceJ. To-
rna an-+a;>a, W HNOTOMY J[OJNIKHB! BBIIOJHATbCS PaBEHCTBA
gp—ay=a,-i(1 <i<<n—1). Ilpp vernom n =2k noayyaem
@, — Qx = G, — 3HAYMT, Pa3HOCTb G, H ap HE COMEPKHTCH CpeaH
octanbibiX 9Hced, Ilpn HeyerHoM n == 2k -1 wuamo eme paccMoT-
peTh napel (Gn—j, @): OIS HHX Qn_y -} Q) = Qn, Gn-y -+ a1 > a, 1pH
2<i<n—2 ® mNOTOMy [OOJNXKHL BHINOJIATLCA PaBeHCTBA
@n—1— G; == Qp—i-|, B YACTHOCTH Qn—j— Gk = Qp, YTO TAKNKE APH-
BOJIHT K NMPOTHBOPEYHIO.

154. a) Paso6beMm sBce 12 BepwunH Ha 6 nap NMPOTHBOMNOJOXHKEIX
pepumn: AA;, AgAs, AsA, ..., Agdia. Tlpu Kaxnoii onepaunn B
Kax o nape MeHfieT SHaK TOJbKO OnHA BeplunHa. [losTromy B na-
pax AgAs, ..., AgAj2 nocie (2k —1)-ii onepaunn OGynyr pasHbie
SHaKH, a nocje 2k-il — opunakosvie (B nape A;A; Gyner Bce Hao60-
pot). ITosToMy He MoOXkeT CAyuHTbcs,, 9TO B nape ApAg 3HaKH pas-
Hble, a B nape A3l — ORHHAKOBHIE.

6) PaccmorpHm pasbHenHe Ha 4 Trpynnul MO TPH BEPLIHHBI:
AAsAy, AAcAye, AlA7An, A4AsAi2 B GyneM paccyXnatb Tak e,
KaK Bbie. YeTHOCTb YHCIa MHHYCOB B KaXAOH Ipynne MeHsercs
npH Kaxaofl omepaumd, u y rpynn AxAgAy H AsA;An ona ogmm-
HaKoBafl.

B) AHanOrHuHble DPacCyXIeHHA nsi Pa3GHeHHs Ha 3 TPYNNm
AAAA 0 AAsAsAn, AsAsdoA .

V Boofule, MOXHO BHISICHHTB, KaKHe Habopul noaywaloTrcs npyr
W3 Jpyra CMeHaMH SHakKa y E mocjiefoBaTe/bHbiX BEPIUHH N-YTOJb-
nuka. OTBET TaKOB: CONOCTaBHM KaXAOMy HaGopy e, €, ..., €,
gnces & = =1 B BepmMHaX n-yroibHHKa Habop d 4Hcen
{*1, %3, ...y Xa), rie d = HOH(n, k), crenyromum o6pasom:

X =CCd Can—a
4
Torna nBa nabopa (¢;), (£7) Moxuo mepesectw npyr B npyra
B TOM H TOJBKO B TOM CJyuae, €C/lH JHG0 COOTBETCTBYIOLIHE HAGOPH
I 4 7
(%) (x7) onmuaxosw, .11';{60 kfd uetHo M HaGophl (xi), (xi) npo-
THBOMOJIOXHB: X; = — X; INA Beex I,

155, MoKHO neficTBOBaTb METOJOM <«[eJieHusl NonoJam». Bripe-
JkeM M3 IUlockoCTH Goabiuofi kBazpat Ko M3 27 )X 2® KNeTok, Co-
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zmepxauni Bce YepHbie KNeTKH W eume N0 KpaidHe® Mepe B 4 pasa
Gonblue OENbIX KNETOK; TOrfa INOoMajgb 9epHHX KJETOK COCTaBlseT
meHee 1/5 nsowann keagpata Ko PaspexeM Ko Ha deTbipe KBaf-
para K; u3 2%~1 3 2" grnerok. B kaxpom H3 K; uepHBE KJETKH
8aHHMaoT He Govblue 4/5 ero mjowamH, Tak 4YTO JHG0 OH YIOB-
JieTBOpsieT OGOHM Yyciosesm 1), 2), AH60 €ro MOXHO BHOBb pas-
pe3aTb Ha ueTblpe KBampata K, W T. 4., BIJIOTb [0 KBaIparoB
2 X2, H3 KOTOPHIX BCE NYCTHE HYXHO BHIGPOCHTb, a BCe C OJHOH,
ABYMSI H TPeMsl 3aKpallleHHbIMH KJeTKaMH — OCTaBHThb.

V Axanornysble 3afiayH MOXKHO CHOPMYJIHPOBaTh Il NpPsIMOl,
pa3bHTOH Ha efHHHYHBIE OTPe3KH (c KowcraHTamH 1/3 u 2/3), pas
npocrpanctsa, padbutoro Ha Kybw (c koHcrautamH 1/9 u 8/9).

156. OTBeT: HauMeHbILEe YHCIO A, KYGHKOB, YNOBJETBOPStO-
LIHX YC/IOBHIO, PaBHO

A — {n’/2. €CJIH n 9eTHO,
" (n%?+ 1)/2, ecain n HeueTHo.

B wyacthnoctH, Ay =2, A3 =05, Ay =8, A5 = 12, Ao = 50.

JloKa3aTeabCTBO TOr0, YTO MEHbLIHM YHCJIOM KYGHKOB OOGOMTHCH
Henb3s,, MOXHO TIpoBeCTH TaK. [l paccTaHOBKH KYOHKOB, YHOBJe-
TBOPAIIOLLHX YCJIOBHIO: B KaKAOH KJeTKe HHXKHeH rpaHH Kyb6a 3a-
NHLIEM YHCJIO, NMOKa3bBawollee, CKOJbKO KYOHKOB JeXHT Hajl 3TOH
kJeTKoi. Bocnosbayemcs Tenepb Takoi seMMOR.

Jlemma. B tabnuue n X n paccrasieHn LeJible HEOTPHLA-
TeMbHLIE YHCIa, NMpHYeM JAJA Kaxpaoil Napel CTpoka — crosfen, Ha
nepeceyeHHH KOTOPHIX CTOHT HYyJb, cymMma 2n — 1 uHceJl B HX 00b-
equHeHHH («KpecTe») He Menblle n; TOrga CyMMa BCeX YHCEN B
TabiKue He MeHblue n?/2.

Ee poKa3aresbCTBO OYeHb I[IOXOXKE HAa pPacCyAEHHC B 3afia-
ye 126.

Ecin HaHMeHbILasi H3 CyMM IO CTpOKaM H cToabuam — NycTh
3T0 O6yneT cymMma 4YHcell B nepBoH CTPOKe — paBHa m << n, TO
B 3TOf CTPOKE He MEHbILE n — m HyJiell, H B KaXJIOM H3 HayHHaI-
LIMXCSL € HHX n— m CTOJGLOB CyMMa YHCEJ He MeHblie n—m, a B
Ka¥/[0M H3 m OCTaJbHBIX CTONOHOB CyMMa 4YHCEJ He MeHblle m,
a noromy obwas CymMMa He MeHbLie

(n — m)? 4+ m2>=n?2.

Tpumep HyxHOR paccrasosku 12 KyGHkoB B KyGe 5 X 5X5 n
60 xy6uxos B kyGe 10X 10X 10 ykasaH Ha pHc. 64, rae umcnio
B KJeTKe O3Ha4YaeT HOMep CJIofl, B KOTOPbil HYXHO MOMECTHTb KyOHK
Haj [IaHHOH KJETKOH. AHaNOrHYHO CTPOATCS NPHMEPH AJf APy«
rux n.

V HauGonee HHTepecHblil pe3yJbTaT AJS R-MEPHOro Ciydas —
OLCHKA CHH3Y 4YHC/IA SKYOHKOB® (X1, saey Xr), €CAH JIOTIOJHHTENLHO
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H3BECTHO, YTO HHMKaKHE JiBa M3 HHX He OTJIHYalTCH JHILL B OAHOM
KOOPLHMHATE: MX YHCIO He npeBocxomHT n*—1l/k— 1. Tounwi#i ormew
101 k << 1 no-suauMoMy, B o6lieM cnyyae HeHssecTeH [65]).

4(315 6|7(8([9][10
305 7(8]9]w0]6
5143 8(9|10]6]|7
1z gl0]6|7]8
2|1 10(6|7|8)|9

n=5 1]2]3]4(5

2134 |3|1

31495112

415(112|3

5111234

n=10

Puc. 64

157. Mbl JIOJXKHBL AJIS KaXAoil TOYKH (X, Y) NJIOCKOCTH HalTH
TOUKy LeJOYHC/eHHOH peweTkH (m,n), AN KOTOPOR BeJIHYHHA
fa(x — m, y —n) Kak MOXHO Me€Hbile, H HaHTH OLEHKY 3TOro Mi-
HuMyMa fq (%, y)=minf,(x —m, y —n) ceepxy. Ynobuo senu-

m

qney A/fq (X1 — X2, §1 — y2) HA3LBATL «PACCTOSIHHEM® MEKAY TOY-
KaMH (X, 1) H (Xp yz) TO aHaNOTHH C OOBMHBEIM PaCCTOSIHHEM

Vo (%1 — %2, Y1 — y2) =4/ (%1 — %2)2 F (y1 — y2)°. 3ameTnm, 970 AIA
STOro0 PacCTOSIHHSI TOYHasi OLEeHKa TakoBa: [o(x, y)<< 1/2. B camom

1 1
fene, AN KaXAOro M3  KBajpaTosB m — - < x<m+—,

1 1
n— 4 <y<sn+ 5 paccrosume OT mo6ofi ero TOYKH (X, y)

J0 ueHTpa (m,n) He Goable «\/2_/2, npuyeM AU 10608 BEPILHHE
TaKoro KeanpaTa oHO papHO 4/2/2, T. e. fo(¥o Ho) = 1/2.

IlonpoGyeM H nasfi ApYrHX «pacCTOAHHIT» '\/ fa, 0<a<<?,
nocTponTb pasCHenHe IilockocTH Ha GHryps @, , mo TakomMy npu-
sHaKy: Touka (X,y) oTHOCHTCA K @, 5, €CIH «PACCTOAHHE» OT Hee
o (m,n) meHbine (HAM He GoJjblle), 9eM A0 JoGOR APYroii TOYKIE
pewetkn. [ocrarouno Hafitn ¢GHrypy @e ¢ wentpom (0; 0) —
OCTaJibHBIE NOJY4YaTcsl H3 Hee NePeHOCaMH IeHTPOB Ha BEKTOPH C
KOOpAHHAaTaMH (m; n); MOCKOJLKY NPH TAKHX MEPEHOCAX COXpaHsercs

paccrosiine '\/ fa. TO COXpaHsieTcsl M TPHHLHI, [HO KOTOPOMY OTGH-
paworcss ToykH o61acTH ¢ Tem HJAH HHbIM LeHTpoM. Ceilyac MH
HCNONb3yeM TOT (baKT, YTO KBAjpaT PacCTOSHHA [o — KBajpaTiuHast
OYHKUMS OT KoOpAHHAT, MHOXKECTBO TOUEK, KoTophie Gimike Kk (0; 0),
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ueM Kk (m;n),—9TO0 NpPoCTO NOJYMJIOCKOCTb: HEPABEHCTBO
24wyt pi<(x—mP+a(x—m)(y —n)+ (y —n)
SKBHBAJIEHTHO JIHHERHOMY:
@2m+ an)x + (2n + am) y < m2 + amn + nZ

Yrobm HalTH (GHrypy Do, Hamo 6ul10 Gl B3ATH MepecedeHHe BCEX
TaKHX HNojymiockocrei (no Bcem (m;n), otamyrbiM ot (0;0)).
Oka3nBaeTcs, 4YTO AOCTATOYHO B3ATb JHIUb LIECTb H3 HHX, COOT-
percTByiouiHe uiectu mapam (0; 1), (%1;0), (1;—1), (—1;1).
Sro Gynmer sicHO, KOrfa MH y6enHMcs, YTO IepeceyeHHe TaKHX LIeCTH
nonymjockocTell (3T0 BHIMYKJHI IWeCTHYroNbHHK (—1 << 2x + ay <<
<1, —1<ax+2y<<l, —1 <x—y=<1) He nepecekaercs coO
cBOMMH 00pa3aMM TpH NapajieibHBIX I[E€PEHOCAX Ha BEKTOPLI
(m; n) (TouHee, MM€ET C HHMH JIHIIb OOWHE Y4YacTKH TrpaHHuUbI,
puc, 65); TakHM o6pazom Poo He MOMKeT GHITb MeHblue, UM STOT,

YA

Puc. 65

LECTHYTONLHHK, M 3HAYHT, ¢ HUM coenajgaer. Makcumym [a(x, y)
npu (x, y)e Ocp noCTHraeTCss B BEPLIHHAX STOFO LIECTHYrOJIbHHKAZ
Befb NPH ABHXEHHH MO OTpe3ky MoGoil npamolt x = b+ uf, y =
= ¢} vt xBagpat pacctosnHs fq(b -+ uf, c-+ vf) 3apucur or #
KaK KBafpaTHHA TPEXWieH € [MOJOXHTENbHBIM KOS(D(HIHEHTOM
u?*+tauv-t+v? mpa f% Tak 9TO f. UTPHHHMaeT MaKCHMaJIbHOE
3HaYyeHHe Ha KOHuax oTpeska. Hahlnsa kooppuuaTh pepiuHH (pHC. 65)
¥ MOACTAaBHB HX B Bbipa)KeHHe JJIf f,, Mbl MOJAYYHM TOYHYIO OLEHKY
a5t fao Ja << 1/(a+4 2). Ta xe oueHka sepHa H anfl @ = 2, Korna
T2(x, y) ecTe mpocTo KBagpaT pasHOCTH mexny X+ Yy M 6Jlmxam
WHM LeAbM YHCIOM: TOYHas oueHkKa fo(x, y) << 1/4.
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V OcHoBHasi Hies pelleHHsl 9TOR 3alayH — pa3bHeHHe IJIOCKO-
CTH Ha o6JacTH, comepicaliHe 3ajaHHbie LUEHTPH, NPH KOTOPOM
Ka)knasi TOYKA OTHOCHTCS K OJiHXKaiilieMy LEHTPY — HCIONb3yercs
B Pa3HLIX 3ajiayaX aHasin3a, reoMeTpHH, TeopuH uncen (cm. [711).

158. OueHnM CcHauasna HeoOXOAHMOE YHCJO MepeKmoyaTeneh
cun3y. ITocKoabKy KaXXibifi NepexJioyaTe/lb MOKET HAXONHTbCH B
IIBYX COCTOSIHHAIX, TO CXeMa H3 m MepeknoyaTesed MOXET Haxo-
OHTBCA B 2™ pa3/IHUHHX COCTOSIHHsX. EciH HeoGXonHMO peasm3o-
BaTh BCe n! Pa3jHYHBIX COEJHHEHHH N BXOLOB C n BLIXOAAMH:

1 2 n
vy v
iy Iz in

rae (iy, 02, +s+, in) — MOGasw nNepecraHoBKa H3 uHcen 1, 2, ..., n,
ANS YHCNa TNepekyioyareneffi m JONXKHO BHIIOJNHATECA HEPABEHCTBO
2™ > nl, T. e. YHCJO nepekJioyaTenedi B yHHBepcaJbHOH cxeme 3a-
BenoMO He MeHbllie loga(n!).

B uacTHocTH, ons n = 3 noayyaeM: 2™ =6, orkyma m = 3;
HEeTPYZIHO NPOBEPHTb, YTO CXeMa, yKa3aHHas Ha pHc. 8,6 (B ycuo-
BHH), KaK pa3 faer npuMep 3-yHHBepcasbHOil cxembl. [usa n =4
nonyyaem: 2™ = 4! = 24, orkyna m = 5. [leficTBHTenbHO, 4-yHH-
BEpCasbHyI0 CxeMy H3 5 mnepekJioyaTesell MOXHO MOCTPOHTH: MpO-
BepbTe, UTO CXeMa Ha pHC. 66,a npn 2% = 32 pasnHuHBIX NOsOXKeE-
HHAIX NepekioyaTesefi peanusyer sce 24 BO3MOXMHBIE NePeCTaHOBKH
muoxectsa {1, 2, 3,4}.

Jloka3aTb 8-ynHBepcanbHOCTb CXeMHl, H306pakeHHoll Ha pHc. 8,6
(B ycuioBHH), nepe6GOpOM MPaKTHYECKH HEBO3MOXKHO; YHCAO 8! chHiu-
KoM peauko, Ho HeTpynHo yKasaThb NpaBHJIO, NO3soJisiiollee JioGyro
JlaHHYI0 TIePeCTaHOBKY @ H3 8 oseMeHTOB B —>-if, k&= {1, 2, ..., 8},
peann3oBaTb Ha cxeMe. DTO MPaBHJO JIOMKHO yKa3aThb, Yepe3 KaKoii
6aok — A nnn B — ocymecTsNaTh Kaxayo n3 8 cpasedt k— @(k) =
== i,. [IpH 9TOM NOJIKHBI BBIIONHATLCA TaKHE YCJOBHA:

ecsH B — =4 wm ip—ij=4, T0 cBA3H k> ip u I >
JOJRKHBL IIPOXOAHTL 9epe3 pa3nbie Gjoku A u B.

flcHo, YTO 9TH YC/IOBHS HEOOXOAMMBI H JIOCTAaTOYHE! AJSl OTCYTCTBHS
«ckleeK» (CHTyauHl, BCTPEYalOLIHXCAA H B peaibHOil TenedoHHOI
CeTH, KOrjla [IBa BXOAA OKAa3LIBAIOTCA COENXHHEHHHIMM C OAHHM BLI-
XOJ0M, HJH Hao6opoT).

Bor HyKHOe HaM NpasHJIO.

O6nsaBasieM «cOCENHHMH» C napoit k—»@(k) nse mapwe |— @(j)
u l->g@(l) takue, a0 |k—j| =4 n |@(k) — ()| = 4, Torma
BCe napul kB— (k) pa3oGbloTCA Ha «XOPOBOAHY» (UHKJB) — Y Kax-
Ioit 6ymeT nBa cocena, npHdeM STH UMKAB GynyT cofiepxaTbh HO
UeTHOMY 4YHCIY nap, B kaxzom uukjge OyneM NONEpEMEHHO OCY=
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mecTBNATh €BA3H k— (k) uepes Giok A H sepes 610k B, Takum
006pasoM «COCeNH» OKAaMXyTCA COENHHEHHLIMH dYepe3 pasibie GJIOKH.

Tenepe w3 4-ymnsepcanbioctu Grokos A m B cnenyer 8-ynu-
BEPCaJIbHOCTb BCEH CXEMEL

AnanornuHbM 06pPa3’soM MOXHO TOCTPOHTh 2%+)-yHIBepCaJbHYIO
cXeMy, HCxoasi H3 IBYX 2*-yHHBepcasbHEIX cxem H eule 2-2% nepe-
Kmoyarenefl. ECm Hawate c 5-37eMenTHON 4-yHHBEpCAIbHOH CXeMbd

12 34

2[(..1 2/( 12 34 2k-l 2k Zk*l
12 =+ kK 12 -+ k 12 - Kk 1 2-c Kk k+t
12 o« k| |12 &k 12 00 k| |1 2ok kot
4
12 34 2t 2% 12 34 242 2k,
8
Puc. 66

(97O, KOHEYHO, Jydlle, YeM HadyaTb C 2-YHHBEPCAJbLHOrO IEpeKJIoua+
TeNf H NOJNYYHTR BMeCTO pHC. 66,a 4-yHHBEPCaJbHYIO CXEMY —
puc. 66,6 —u3 10 saementosl), To mpn n = 2* cxema Gyner cos

11n
nepxate 2nlogzn — 7 nepekmoyatenelt (B 4YacTHOCTH, npH

n =28 nx 26), uyto pias noboro n & 2% paeT OUEHKY CBepXy AJA
9HCJa NeperodaTesiel B MHHHMAJIBHOR M-YHHBEpCaJbHOR cxeMe Io-
psiaka 4nlogyn. JlMib clerka H3MeHHB KOHCTPYKUHIO CXeMEl
(puc, 66,8), woxHO nepexouTs OT k-yHHBepcalbuOR K 2B W
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{2k 4- 1)-yuuBepcaspHoff H YJYQIIHTH OLEHKY cBepxy Jno nlog; .
3amernM, uto (npu Gombukx n) logz n! = n(log: n—logze), [75).
159. Ilycte R — Touka nepecegenns npaMeix QN u CD, a O —
neutp npamoyronbiuka ABCD. 3 OM = ON cnenyer, uro PC =
= CR, u nostomy Ttpeyroibink PNR — paBHoGeapeHHbi (NC —
OJIHOBPEMEHHO MEeIHaHa K BHCOTA STOTO TPEYroJIbHHKA).

VTBepiieHHe 3afaiH clenyeT M3 paBeHcTsa yraos ZMNP =
t= /NPR v £LQNM = ZQRP.

160. Ilycte [ay, b;] —oTpe3ok ¢ HaHMeHbILHM IPAaBHIM KOHLOM.
Ec/H 4HCJIO OTPE3KOB, COAEPXKALIHX TOYKY by, Gonblie 7, TOo 3amaya
peweHa. EciH OHO MeHblue HJH PaBHO 7, TO HMeeTcs NO KpaliHeit
Mepe 43 oTpe3Ka, nexalHx UeNHKOM mnpasee faj, b;]. BuiGepem us
HHX OTpE3OK [ay, b:] ¢ HaHmeHbLWHM NpaBbiM KOHUOM. Toraa auGo by
fpuHannexut 8 orpeskam, JH60 Hmeercss 36 OTpe3kos, Jexaulix
ppaBee b,. Ilpomomkas ato paccyxpaerue, Mnl jH60 HafigeM TOYKY,
HpHHagJexailyio 8 orpe3kaM, JHGO NONYYHM 7 NOMapHO He mepe-
CeKalmHXca oTpe3kos [ay, byl, fas, by, ..., az, b7] Takux, ato npa-
pes [aw, bx] nexur He wMewblie 50— 7k OTpe3KOB, T. e. Mpasee
[az, b7] nexwur ewe mo kpaiiHell Mepe OAUH OTPe3OK [as, bgl

V TouHo Tak e MOXKHO HOKasaTh, 9T0 H3 mn - 1 oTpeskoB
sMO3HO BHIOpaTh AH60 m -} 1 nomapHoO He mepeceKalolHXCA OTpe3-
KOB, /160 n -} 1 orpeskos, HMelomHx obulyio Touky. BoT eme no-
XoxKaf 3anada: H3 J06blx mn -4 1 HaTypasbHBIX YHCEJ MOXHO BHl-
Opatb uenoykKy H3 m - 1 uHcesJ, B KOTOPOH KajJloe HEJHTCH Ha
npepbinyiee, 1H60 n -+ 1 4Hces, H3 KOTOPHIX HH ONHO He aelUTCA
ua spyroe. 3To 4acTHble cayyaH obuweR Teopemw! [{Mnyopca: B 4a-
CTHYHO YNOpPSIZOYEHHOM MHOXecTBe H3 mn -} 1 sjaeMeHTOB ecTb AHGO
menb H3 HAYILHX B NOpANKE BO3PaCTaHHA SJeMeHTOB, JHGo n - 1
nonapHo HecpaBHHMEIX sjemenTos ([64]), 3apmaua 5—5 u3 [4]).

Uro6w NpHMEHHTb 9Ty TeopeMy K Hamed 3agade 06 OTpe3kax,
HAJI0 CYHTATh, YTO ONHMH OTPE3OK «OCoJblier APYroro, €ClIH OH [Cs
JUKOM JIEXXHT TpaBee; TOTAA <«IONAPHO HECPaBHHMbIE» OTPE3KH O6s-
SaTeJbHO HMEIOT 06wyl TOYKY (€10 CIyXKHT CaMBIifi JieBblil M3
HX TpaBHIX KOHLOB).

161. Orser: x=1972. Tlockoabky 4% J- 41000 | 4x —,
‘e= 254(1 4 2-21946 4 22¢—84) phipajkeHHe B CKOOKax G6yneT MOJHBEIM
KBagpatoM NpH 2x — 54 = 2-1945, 1. e. npH x = 1972, Ecin xKe
x> 1972, 10 220~ < | -} 2-21965  2(x—2D) < (25- | 1)2, 1. e,
IAHHOE YHCJIO 3aKJIOYeHO MeXAYy KBaJipaTaMH HBYX MOC/Iel0Ba-~
Te/IbHEIX HaTypaJsibHBEIX HHCEJ. -

162. Cnavana zoKaxeM CJefylouLIHe [Ba YTBEPXACHHf.

a) ecan a* - b* peaurca Ha a* 40" TO M a*—"P—pr-r pe.
JAHTCA HA a” -+ b7

6) ecan o' — bf penmtcs Ha a® 4 b" 10 B a'—" 4 b'—" pennrcs
B2 a" -} b7,
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OTH YTBEPKLEHHS JETKO CJICAYIOT M3 B3aHMHOM MNPOCTOTH &
u b u TOXEECTB

PR A (@" 4 6") — 8" (a*~" — bF—"),
al _ bl —_ al—n (all + bn) . bn (al_n+ bl—").

Paspennm m Ha n octatkoM: m=gn-+r, rae 0 <<r <n;
BLIYHTAs § Pa3 n H3 M, MK NOAYYHM 7.

W3 ycaoens sapnaum u yTteepxaennit a) u 6) caepyer, uto
@’ 4 (—1)%" penurcn ua a”"+b" wo 0<L|a + (—1)4'| < a"
~+ b". Otciopa caepyer, uto r =0 (4 OpH 3TOM ¢ HeyeTHo!).

163. IlpeanonoxnM, 4TO B HEKOTOPHX CTPOKaxX TaGJHilLI BCTpe-
RalTCA ojAMHaKosble uHcaa. Ilyctb n— Homep camoil Bepxmeil u3
STHX CTPOK, @ p ¥ § — paBHBIE UHCJa B 3TOH CTpOKe.

ITockonbky B (r— 1)-#t cTpoKe paBHBIX YHCesN HET, p H G O«
JIyYeHBl H3 YHCEN r H S 3TO CTPOKH Pa3HLIMHM LEHCTBHAMH: HMyCTP
p=rig=s+1,10rna s=r?—1.

Ha nyTu, Beaymem H3 BepxHero 4Yncja a B YACIO S, MO
BCTPEYaTbCA BO3BEIEHHA B KBaApaT W mpubGaBnenHus eaubnl. Cambm
6GonbUINM YHCIOM, BO3BOAKBLIMMCA B KBajpaT, Morjo Gwite r— 1
(nockonbky § = r?—1). D10 3HAYHT, YTO YHCJIO S MOrJo OHTb
NOJY4eHO M3 MOCJEeLHEro BCTPETHBIUEroCs Ha NYTH KBajpaTa He Me«
nee ueMm 32 r2—1—(r—1)? = 2r — 2 waros, npuyeM Ha KaxIaOM
1ware nC6aBAAAHCH €AHHHIN. TakuM o6pa3oM, YHCJIO S ROJYUHJIOCH
N3 a He meuee yeM 3a 2r—1 waros (1. e n—2>=2r—1). Ho
B OfHOH CTpPOYKE C § CTOMT r, a Jo6oe YHCJO, MOJNYYEHHCE H3 &
8a TaKoe 4NCJO 1u1arop, He Merblie a-2r—1>r. Takum 06+«
pasoM, NpH NOJYYEHHH S He
6LiJio BO3BelleHH# B KBaznpar,
TaKk 9TO ¢ — KpakHee npaBoe,
HauMeHblIee YHCJ0 B N-H CTPOKe, Zm%

49TO NpPOTHBOPEYHT  PaBEHCTBY S
NS
P=4q. \«\\\\\\\.:\-n_
; SN NN NN [ 1
V Ananu3 peureHns 3ajauu SO R & NI

NOKa3blBaeT, YTO ONEpalLHio BO3- / T
BEJICHHA B  KBazpaT MOXHO //% / /// -
saMennTp JIoGo#  (yHKumed f, 7 Z //////% ity
ApUMHEMAIOERN HATypaJbHHE 3Ha- : N .
Yenus M Takof, uro f(n+1)— Prc. 67
—f(n)y>n+1. )
164. PasnoxuM KpajpaTh B NOpsjaKe YGbIBaHHS CTOPOH H 6y«
JeM YK1ajnpaTh MX, HaunHas C caMoro Gosbwioro x X x, cljesa
HampaBo Ha HHXKHIOK CTOPOHY KBaLpaTHOH NJOWALKH AIx A2
(puc. 67); Kak TONBLKO ouepenHoit KpanpaT He NOMELaeTcd — Bbl-
JIe32€T $a NPaBYIG CTOPOHY MJOLIEKH, — MW NPOBOLMM NO DepxHed
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CTOPOHE JIEBOrC KBajpaTa TOPH3OHTANBHYIO HPAMYIO ¥ HauHHaem
HoBbifi pap. Ilycrb x = hy, hg, h3 ...— CTOPOHH KBaIpaTOB, NpHs
MBIKAOLIKX K JieBodl CTOPOHe NJIOMAAKH. MH JOJXKHHM 0Ka3aTh,
uto Buicota h = by -+ ha -+ b3+ ... MeHblle A/2Z, 1. e uto Kpape
paThl HKCYUEpnalOTCA pakHblle, YeM BLIE3YT 33 BEPXHIOID CTOPOHY
MJIOLLA JKH.

OuenuM MX 06wy nJouanb, Ilepenecem MbICAEUHO KaXKabii
43 JIeBHX KBaZpaToB €O CTOpOoHaMH hx (kK =2, 3, ...) B Kouew
npeamayuero (k—1)-ro pana. Ou BhJie3eT 3a NPaByK CTOPORY,
NnosToMy nocjie Tagoh mpouesyps nyomanb ksaapatos (kR—1)-ro
pana Gyner He menbiie (4/2 —x) he; npu stom B l-M pamy Mu
He cuHTaeM JeBnli Gosbwofi kBappat. Takum o6pasoM, obwas mnjo-
aab BCeX KBafpaToB, paBHas MO yCJaOBHIO 1, He MeHbue

4+ (A/2 —x)(haths+ ... ) =2+ (4/2 —x) (h —x).

OTciofa MOXKHO NOJYYHTH OueHKY ass h. Ilockoabky 1/5 —x>0,
H3 nepanenc'rna 124 (4/2 —x) (h — x) <1 crenyer

+x—3«/‘ «/2(2—x«/‘+ ) <vz,

h<<

1/

1
TaK Kak uncjo B Kpyrnofi ckoGke Buna £+ S He MeHbie 2 (pa-

BeHCTBO BOSMOXHO JHWL TPH X = 4/2/2) 3toli sanave u ee
BapHaHTaM MNoCBALIEHa 3aMeTKa [67]

165. Toukn K, L, M, N — nepeceyeHnsi BBICOT TPEYroIbHUKOB
AOB, BOC, COD u DOA — pepuwunnl napajseiorpaMMa, [ipe CTO-
pOHBl KOTOPOro HAOYT RO APSMBIM, NPOBENEHHHIM uepe3 TOukH A

Puc. 68

n C neprnenpukynspuo BD, mpe npyrue — no npsIMBIM, NpoBenei-
HblM uepe3 Toukd B u D nepmenpukyaspro AC (pHc. 68, a).
Touku K’, L', M’ uw N’ nepeceyeHHsi MeIHaH TPeyroJbHHKOB
AOB, BOC, COD w DOA — epumilbi napajjieiorpaMMa, AGE CTO-
Poubl kotoporo mapamneishsi BD u pensar otpesck AC Ha TpH
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paeHble uacTH, gse Apyrne mapaanenvinl AC u nensit otpesox BD
Ha TpH paBHbie wacTH (puc. 68, 6).

flcHo, 4TO CTOpOMBI 3THX MNapa/JIeNorPaMMOB COCTBETCTBEHHO
nepneHAuKkyapun. JloKaxkeM, 4TO napasJieslorpaMMul NOAGGHBI; OT-
ciona 6yneT cienopath, YTO €CJH OJMH M3 HHX NoBepHYTb Ha 90°,
TO He TONBKO €ro CTOPOHbB, HO M [HAarOHaJH CTaHYT MNapaJjJesbHbl
JMaroHadsM gpyroro, T. €. KM’ L. KM (u L’N’ L. LN), 4To u Tpe~
6yercs. [nn nomoGusi mapafJielorpaMMOB HYXHa NpOMOPLUHGHA/b-
Hoctb ctopoH. Jlamnel cropor KL’ w KN pasum AC/3 u BD/3.
Ilpoekunsn croponns KL ma npsmyio BD coBnajaer ¢ npoekunef
orpeska AC Ha vty npsmyw, nostoMy KL = AC-ctg¢, roe ¢ —
ocTpuil yron mexay npameimu AC u BD; ananormuno KN =)
= BD-ctg ¢. Takum o6pa3oM, cTopoHbl 0GOHX NapaJsesiorpaMMoB
oTHocaTcs Kak AC : BD, otkyna cnepyer nopo6ie.

Eciu yron ¢ — npsamoii, To Bce Toukn K, L, M, N canBatorcs,
H 3a7a4Ya TepseT CMLICI.

166. Kaxpnas npaMas, pas6HBaollas KBajgpaT Ha liBe TpamnelHH
(u1H npsAMOYroJibHHKa) C OTHOlICHHeM mJjomanedi 2:3, B TakoM
JKe OTHOWEHHH [EJHT CPeNHIO  JIHHHIO
KBaflpaTa, HAYLIYIO N0 CPENHHM JIHHHAM STHX
Tpaneuuit; 5TO cjAeAyeT H3 GOpMYJH: 0NO-
Iajip TpameuWH paBHa NpPOH3BEACHHIO Bhl-
COTH Ha AJIHHY CPEAHER JIHHHH.

Taknx ToueK, KOTOpHE JEJNAT OLHY H3
cpenHHX JHHHE B OTHOWEHHMH 2:3, Bcero
geTnpe (puc. 69), a NpPAMBIX — NeBATDH, CJe-
JIOBaTe/NbHO, B KAaKOH-TO H3 STHX TOYEK AOJIK- Puc. 69
HH nepecekaTthcs TpH mpamuix (I19).

167. Tlonb3ysch, Teopemoi o BmHMCaHHOM yrie, cymMy ZA;-B
+ £Ay + £ A3 MOXHO HAHTH KaK NOJIOBHHY BeJHYHHH

S N’ N’
(3600 b A'[AlAz) + (3600 -— A2A3A7) + (360° - AqAﬁAe) =
S
=1720° + AgAs,

Tlo ycnosuo ueHTp O JeXHT BHYTPH CEMHYroJbHHKA, TMO3TOMY
nyra AgAz; ue moxer GHTh Goapme 180° M LA, 4 LA+ £As <
<< 360° + 90° = 450",

168. O603HaudM 4YeTbipe paspsina (c/ieBa Hampaeo) 4Hepes 7y,
ro, 73, ra. Yrpa pacmanaetr Ha zpe ¢a3bl: «1e6I0T» H «3HIIUMHILS —
pTopas ¢asa HayMHAETCH, KaK ToIbKO 2-# HrpoK MOCTABHT HEKOTO-
pyto uudpy B cTapwuii pa3psan ry. $icro, uto B neGote 1-if HrpOK He
IOMKeH HasbiBaTh Masenpkux uuep (or 0 1o 38) nim GosbIEX
(ot 6 no 9), mockoabky 2-i, momemas Takyl UHGPY B ry (mae
JIEHbKYI0O — B N€PBOE WYHCJIO, GOJBINYIO — BO BTOPOE), MEPEXOAMT B
8aBEOMO BEIMFPHULHLIE SHAWNHJbL; €CJH DPa3HOCTE NepBLX UHOP
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He Gonbite 3, To pa3nocTb uuces He Gosbuie 3999. Bnpouem, ecam
1-#t nasean nepeoti undpy 4 (wimm 5), To 2-i Moxer no6HTbCA
pasuocTH, He Menblueil 4000, cpa3sy nepeiiis B 3HIWAWIL XOLOM

4 *
n= ( ‘) MM r|=( 5), a 3aTeM BCe NosBJalOWHMEcs LHOpH O

(cooTBeTCTBEHHO 9) nOMEIlas B paspslbl ra, ra, rs, NOKa OHH He
3aNOJHATCA; eCTECTBEHHO, nepras ke uuppa —He 0 (He 9) — Gyner
nocrasieHa B ry (YTO NpHUBEAET K Pa3HOCTH, He NpPeBOCXOAsLIeH
3999), u nop steil yrposoit 1-it He cmoxeT no6HTbCA Jyuieh ¢u-

HaJlbHOM MO3HUMH, YeM gggg —5999) Mo mpepbfBWIM CTpas<

TErHI0 2-ro, JOKa3blBaIOLLYIO ymepmneune a)e

Hc ue moxer s 2-if no6utbcs Goabluero, B e6loTe pacCTaBHB
B pa3panax re—rs; Hekotopble HHGPH 4 B 5 B B ynauHwit ana cebs
MCMeHT Depelins B sHAWNWIL? Uto6bl nomewars stoMmy, l-it noJ-
KEH CJlefUTb 33 TEM Pa3psAAOM r; C HAHMEHbIIMM i, B KOTOPOM CTOAT
omHa uudpa H onHa 3Be3foyKa JHGo gaBe pasnnie uudpo. Ecanm r

paBseH (;) HJH (;), OH p[omXKeH HasbBaTh unudpy 5, ecnm
(:) HJTH (f)—umppy 4 (ecan BCe paspsnbl COBNAjAT HIH
n=( 4), XOH MoOXeT OnhTb JIOGHM — CcKaxkem 5, a8 omnacHa®

4
ne3uuua € ry= (5) npH Takoh CTpaTerun l1-ro He Moxer noJays

antecsi). Ilocse nepexona B sHAMAHAL B3 Takoro pe6ioTa 1-it Moxer
Ha3biBaTb HYAH (eciH B ry UH(pa moCTarjeHa B BepXHee YHCJO)
HIY JeBATKH (eciu B HHXHee). Mbl npenbsBuiM crpaTersio 1-ro,
JOKa3blBAIOILYI0 YTBEpxKAEHHE 6).

V MoxHO [oKasaTe, YTO OpH Jio6oM uHCJIe pa3pspos n == 1
B TaKoH Hrpe e€e <leHa»-— Pa3HOCTb, KOTOpPas NOJydYaeTcsi NpPH HaH-
ayuwefi nrpe o6oux, — pasha 4-107—1.

169. O TBeT: HanGojbliee BO3MOXHOE 3HayeHHE S paBHO 1/5' »
oHO nocTuraetca npu X =4/2, y=4/2/2.

Mb [OOMKHB BBISACHHTb, [JIAi KaKOro HauGOJBIIEr0 S MOryT
O[HOBPEMEHHO BHIMOJHATLCA HepaBeHCTBa X =5, Y+ 1/x>s,
1/y = s (no xpailneli Mepe OLHO H3 HHMX [OJXKHO GHITb OpH ITOM
pabeHcTBOM). $ICHO, YTO S MOXHO CYHTATb MNOJOXKHTEJbHHM — Ha-
npuMep, ANA § = 1 HaWM TPH HepPaBeHCTBa COBMECTHH (FO;MTCH,
CKaxkeM, pemreHHe x = 1, y == 1). M3 sTux Tpex HepaBeHCTB BH-
TeKaloT caenylome: ¥y < 1/s, 1/x << 1fs, s < y + 1/x < 2/s, otkyna
22, s<1/2" . Bo3moxeH cayuail, KOIjla BCE HEPaBEHCTBA CTa-
HOBSITCS1 PaBEHCTBAMH! Y = l/x-=]/—2/2, npH 3TOM s=»\/§' .

170. Ins Tpeyronviinka ABC 5TO 1OKa3aTh JIerko; eCJH TOYKa
JIEXHT BHYTPM 9TOro TpeyroNbhMka K tpeyroibmuke AOB, BOC,
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COA paBroGenpettnie, T0 GO kpafinell mepe nma M3 yrnos ZAOB,
£ BOC, ZCOA 6onpwe 120°. Ilycts 510 yram AOB u BOC. To-
rnia AO = BO = OC. Ilonb3ysicb STHM YacTHHIM ClyuaeM Kak

c 7

n
Pic. 70

aeMMoil, ZIOKaXeM Tenmepb YTBEPXKAEHHE 3aiaul [JfA MHOrOyroabs
nuka. Eciu A u B— mo6ne 1Be €rc BepIMHE, TO JHGO B YrJe,
o6pasosaiHoM nponomuenuamMn AO n BO sa Touky O, ectb Bep-
wygHa C MHOrOyrosibHHKa, JH6O STOT yroa nepecekaer cropona DE
MHoroyrosbHuka (puc. 70). B nep-
BOM CJyuae TOYKA JEXHT BHYTpH -
AABC u, Kak J[l0Ka3saHO BhllUe,
AO = BO = CO, o srOopoM — O
snexur BHYyTpu ABDE u AADE,
postomy AO = DO = EO =BO.
171. OTBeT: HeIB3A.
IlpuBeneM oxHH u3 HanGosee
KOPOTKHX €nOCcOGOB NONYYHTH HNpO- [Ta] 5 z i)
ThBopeune. DByneMm roeoputh, utO
OBe GHrypel 3anOJHEHH OLHHA- aldiclblala
KOBO, €CJH B HHX OINHaKOBoe
YHcaC HyJel, eNHHH H JBOCK. 5
3awTpuxoBaHHbE NPAMOYrOJBHHKH
Ha pHc. Tl,a sanosnHeHb OnMHa-
KOBO (K IBYM COCEeIHHM MOXHO
NpHCTaBATb KBanpaT 3 X3, 06-
pasylouluii € KaMAbM W3 HHX
npamMcyrofbHHK 3 X 4;  ocraercs
BHIUECTh H3 CTaHmapTHOro Habopa
IJs  mpsiMoyronbHuka 34 co- Puc. 71
Iepxumoe kpazparta). [Ilonocka
1 12 Bcerna HMeeT TO XK€ CTaHAapTHOe COLEPKHMOE, HYTC W
npsiMoyrosibhuk 3 )X 4 (Ha puc. 71,6 OLMHAKOBH NPAMOYIroJb-
HUKH, oGo3HayeHHBle OnHOH G6ykscii), T.e. B Hell 5 aBoek. C npy-«
roii CTOpPOHH, paccMOTpUM (He y Kpas  OyMaxuoro JinucTa)
NpAMOYrONbHHE @ pasmepaMu 3 X1, cojepxauufi He MeHee
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2 gpBoeK; TakoRl wHafgercs B JOGOM NPAMOYroabHEKe 3 X {,
COCTOSIIIEM M3 ueThipex MpAMOYrosibHHKOB 3 X1 M colepxauiem
5 npoek. PacnofoxuMm psgoM € HHM, KaK NOKa3aHO RYHKTUDPOM
Ha puc. 71,6, nosocky 13X 12. B Heit ne menee 2-3 =6 nsorx,
IIporuBopeune.

172. O TBe T: HanMeHbllee 3HaueHHe S, paBHoe 1 — 2-V/a jo.
CTHraeTcs ApH Xp == 2%/7(1 — 2-V/n)

IMonoxum Yo=1, ye=14x1+ ... + 2 (1 <k<n). To-
T3 Yn = 2, Xp = Yr— Yr—1, €CJIH BCE INaHHBIE YHCIA He MPEBOC-
XOLAT S, T. €.

o YT Yen Yt

Yk Yr Yr
70 1 —5§ << yr—1/ys. Tepemuoxxus sTH HepaBeHctBa (B =1, 2, ..,
oss, ), monyuuM: (1 —s)* << yo/y. = 1/2, oTKyma s = 1 —2-Vnr,
D10 sHaueHue LOCTHraercs, Korga (41s Bcex k) 2-Vr=1]1—s=
#= Yr—1/Yr, T- € KOTAA Yr OGPa3’yiOT reoMETPHYECKYIO MPOrpPecCHIO
yr=2Yn yo,=2%" .., ys =2 co 3uaMenateqsem 2V, a x, =
= 2&[11 —_ 2(k-—l)/n.

173. 3aMennmM B TalJaHle TYPHHPa BCe YETHHE YHCAA HYJSMM,
HeueTHble — euHALaMy. O603HaunM NONyYeHHYIO TaGauuy uyepes A,
ee sneMeHTHl —uepe3 ay (I, j=1, 2, ..., n): ay =1, ecin i-7 u
j-fi XoMaHAW CbIrpajH BHHubIO, 4Gy = 0—B HOPOTHBHOM CJy4ae.
Ta6nnua ynoBJeTBOpPSET YCJOBHIO CHMMETPHH H Ha NHarcHaNIH CTOAT
HYJH:

<s,

ayy=ay;, a;;=90 naa BCex i, j. ()

TpeGopanie, koTopoe mpenbABAAETCA K TabjHle B YCJOBHH 3alauH,
MoxHo cdopMysnpoBaTh TaK: AJs Jo6oro Habopa X = (x), Xa, ...
.-+, Xz) M3 Hynell W egHMHHW, oTaMyHoro or 0 =(0, O, ..., 0),
XOTb OZIHO H3 YHCeJ

Yyi=anx + apxz+ ... +ax, (A)

HeuerHo. [Mlns Kaxpoff rpynnsl KOMaHI MH CTPOHM HaGop x, no-
Jjaras x; = |, ecu j-A KOMaHna BXOZHT B rpymmy, ¥ 0, ecin ne
BXOJHT, NPH 5TOM Y; PaBHO KOJHYeCTBY HHMUBHX i-ii KOMaHALl ¢ 3TOH
rpynnoiil. Bynem Ha6op (y1, Yo ..., Yn), WOMYUEHHBi H3 X C nO-
moublo Tabauue A no npasuny (A), oGosnauate Ax. [lockonbky
Hac HHTEpPecyer JHlub PasjHulle MEeXAY YETHBIMH H HEYETHBHIMH YHC-
Jlaml, ynobHo ynpocTHTh apH(METHKY, OCTaBHMB JHIIb [Ba 4YHCJa
Onl, ucurath, yto 0+ 1=14+0=1,14+1=0+4 0= 0 (npa-
BHN2 YMHOXKEHHS M BCE€ OCHOBHblE 32KOHBHl apH(}METHKH OpH 3TOM
coxpausiores). Torna y Takxe 6yner HaGopom u3 O u 1. Ilpu
9TOM OCHOBHOe TpeGoBamie K TabJjule NPHHHMaeT BHL:

ecan x40, To y = Ax%0; (2)
TaKyl0 Tabnuuy A Ha3oBem HEBLIPOMKAEHNOH,
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Tenepb, Koria MH OT XOKKesi HOJIHOCTBIO MEPElUUIH K aJrebpe,
MOXHO NPHCTYNHTb K pelleHHI0 3aJayd: L0Kas3aTb, YTO NpPH HeyeT-
HoM n ycnoBua (1) M (2) He MOryT OoQHOBPEMEHHO BLIMOJHSATBCS,
Bynem ynpomare namy Tabnuuy A, COXpaHAf 3TH YCJOBHS.

¥Ycnopue (2) He HapymiMTCs, eciH Tabauuy A H3MEHHTDb, OpH-
fGaBHB K neppoii CTPOKe BTOPYIo: €ciu Ax =y = (Y1, Yz «++» Yn)s
TO 118 HoBCH Tabmunu A’ 6yner A'x =y’ = (Y1 + Ya, Y21 -+« Yr);
ecmn y %~ 0, To B ¥’ = 0. Ychosre (2) He HapyIIMTCH Takxe, €cld
K meppoMy croabuy A mpuGaeuTe BTOpOil: eciu Ax =y, rue x =
= (X1, Xg, =er,y Xp), TO Ij8 HOBOH Tabmuubl A” Gyner A"x" =y,
rae x” = (x1+ Xz, X2, ..., Xn); €clH x ¥ 0, To ¥ x” 5= 0. Pas3sy-
MEeTCsl, MOXHO TaKxe NpH6aBNATbL i-l10 CTPOKY K j-fi wiu i-# cron-
Gew K j-MY; ecqu chefaTb TakHe IBa npeo6pa3oBaHUs ORHOBpe-
MEHHO, TO HOBas Tabjuua G6yHNeT He TOJMBKO HEBHIPOXKAEHHOH (2),
HO Takxe cummerpuunofi (1) (mpu stom mpasmwio 141 =10 co-
XpaHAeT HYyNH Ha IHaroHasm).

[lpucrynnm Tenepb K ympollenHio TaGauun A. MoXKHO cuMTarth,
4TO «MepBbie [Be KOMAHAbl CHITPaJH BHHYBIO®, T. €. Q13 = Qg = L.
IlpuGaBnan nepByo CTPOKY (M mnepBil cTonGen) K 7€M CTpPOKaM
(cronbuam), FAe CTOAT €NWHHUW BO BTOpOM cToJGUe (cooTBeT-
CTBEHHO CTPOKE), MW H36aBHMCA OT BCEX 3THX EAMHHL;, TOYHO TaK
2Ke, ¢ MOMOILBIO BTOPOH CTpO-
KA (H BTCpOTO cTOJI6HA) MBI
u3baBHMCA OT  eAHHHL B
neppoM cronbue (u B mep-
BOf CTPOKE) H  HONYYHM
Tabnuuy A,—s TaKoOro BHAA, An-a
KaK MOKa3aHO Ha pHc. 72, a.
Ocraromanca nocie ot6pa- |g 0
CHBaHHA MEPBBIX JABYX CTPOK a
n cTonbuoe Tabamua An—z
paamMepa (n—2) X (n—2)
no-mpexueMy ynosJersopser ychosuam (1) m (2): Bems Ax =0
s moboro x = (0, 0, x, Xz, ..., Xn—2), @ OCrajpollasics Tabnuua
An_p mpeo6pasyeT KCOPAHHATH (X1, Xg, ..., Xn—g) TOYHO TaK XKe.
Iponomkas Te e YOPOLIEHHs, NEPEXolds K Tabnuuam A,—g An—s, ...
..., MH B KOHLe KOHLOB, €CJH-n OblIO HEUETHO, NpHIeM K Tabinle
3 X 3, u3 KOTOpCHi mocsie ympolweHHii nonyuuM Ttabauuy As NOKa-
saHuy0 Ha puc. 72,6. Ho oua Beipoxnena: ecau x = (0, 0,1), To
Azx = 0. Tlonyunan npoTHBOpeuHe.

V CopepxaHne 3708 3ajlaud cOBNajaer C W3BECTHOI cHenuanl-
cTaM TeopeMoil H3 JnuefiHoil anre6pnl (o0 TOM, 4TO KOCOCHMMETpH-
geckasi MaTpulla n X n OPH HEYETHOM I BHIPOXKJHeHa), KoTopas Haj
nojieM H3 ABYX sjiemeHToB 0 B 1 npuobperaeT HEKOTOPYK AONOJ-
HHTeJbHYK TPYAHOCTB,

0

0
0 0

o=o
oo =
oo o

1
0
0

a =

Puc. 72
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174. Tlpueenem pewenne 3agaun 6). SKCOEPT LOJXKEH npoped
JIaTh TaKHe TPH B3BEIIHBARHA.

1°, Dkcnepr kJapneT Ha JeBYIO 9amwKy l-lo MoHeTy, Ha npas
BYI0 — 8-10, TaK KaK NpaBas yallKa NepeBelIMBA€T, TO CYA BHJIMT,
qto 1-a Momera ¢anvlunBas, a 8-1 — HacTosAwan.

2°. Ha npasywo YamKy kjanyrca 2-u, 3-1 B 8- MOHeTH, Ha
nesyto —9-1, 10-1 n 1l-a. Jlepas w9awka mnepeseilHBaeT, M CYA

Puc. 73

ybexnaercs, 4yTo 2-1 H 3-1 MOHETH GalbIUHBLE, a 9-9 B 10-5 —
HaCToALIHE.

3°. DkcnepT KJafeT Ha JeBylo 4alky 4-lo, 5-io, 6-10, 7-10, 8-10,
9-10 u 10-0 MOHEeTH, a Ha npasyio — octajbuble. IlpaBas wYamka
nepeBellMBaeT W CyA BHONT, YTO Ha Hefi GOJIbIIE HACTOSILIHX MOHET,
vyeM Ha JieBoii, a Ha JeBoii yamKe GanbUIMBHX MOHeT GoJbluie, yem
Ha npaBoil. 3To M JHoKa3blBaeT CyRy, 4To 4-f, 51, 6-a U 7-1 Mo«
Herbl Qanbunebie, a 11-1, 12-1, 13-1 B 14-1 — nacrosmmue.

V Touno Tak e mpoBepKa 2% — 1 ¢anbwusbix B 2°*— 1 Ha«
CTOALIHX MOHET MOXET ObhITb OCYLIECTBJEHA 32 &k B3pelUMBaHHH NPH
Jo6ux k> 1.

175. Ilpenmonoxum, YTO CywecTsyeT NOJHBI KBappaT D = A2
YLOBJETBOPAIOLLHKI YCJOBHAM 3afaud. Uucio A, OYeBHAHO, OKaHYH-
paercs uuppoi 5, 1. e. A = 10a + 5. [Nostomy D = 100a(a + 1)+
+ 25 okanumpaerca Ha 25. Uncio a(a -4 1) okanumpaercsa Jsn6o
Ha 2, nu6o uHa 6, mu6o ra Q. IlosTomy TpeTbs cnpaBa umucbpa uucs
na D pasua 6. Urak, D = 1000k + 625. Mu Bupnm, uto D ge-
Jurcs Ha 5% =125, u noaromy m Ha 5%, Ilostomy & pmenurca na 5
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W, 3HayHT, dYeTBepras cmpapa undpa uucia D—auo 0, mmGo 5,
YTO HEBO3MOIKHO.

176. 3agaua pemaerca no ubnykuuu. s n=3, n=5 yu
n =06 Tpe6GyeMble CHCTEMH TO4YEK H300parxkeHn Ha pHC. 73, a—s,
a Ha pHC. 73,2 nokasaH ONHH M3 CHOCOGOB, MO3BOJSAIOLIHX H3 CH-
creMu n TOueK A;, As, eesy An, COCOMHEHHHX HYKHBIM 06pa3oM
cTpeskaMH, nonyuntb Tpebyemyto CHCTeMY ¢ n -+ 2 Toukamu A,
Ag, veuy Any Apgy, Anto. JLS 5TOrO K yXKe HMEIOIIHMCA CTpeKaM
noGaBHM CTpeJKH, uaoyuike B3 Anq) KO Beem TOuKam A,, As, 144, An;
H3 Kawpoli Touku A, Ay, ..., A, nposeneM CTPesky B Apyg Has
KoHell, H3 Ap4z — CTPEAKY B TOUKY
Anyr. p

B cuny npHHUMEA RONHON HH-
JAYKUHH yTBepXKAeHHe 3afiayd cnpa-
BENJIHBO NPH BCEX HeyeTHHX n => 3
M BCEX YeTHHIX n == 6.

Hna n = 4 TpebyeMoii CHCTEMR
TOUEK He CyLleCTBYeT. 0 K B Q

177. Tlycte P M Q — TouKH Puc. 74
nepeceueHns KacaTeJbHON K AaHHOi
OKpyxHocTH B Touke C co cropoHamn yraa. Tak xkak AP = PC,
70 AAPC u Bmecte ¢ HuM AOPQ — papno6enpennnit. ITosTomy
AO = CQ = OB = BQ (puc. 74).

3ametum, ut0 L OAE = L OCA= £COQ, a £ AOB= £CQB
M3 nogo6us A OAK co A QOC crepyert:

3uaunt, OK = OA/2 = OB/2. Paseuctso yrios ZOAE = LACO
cJenyeT U3 TeopeMHl 06 yrjie MexJAy KacaTeJbHOH H Xopzoil.

178. Tlycms f(x) = ax?2+ bx + ¢, g(x) = cx? + bx + a. Tak Kax
f() =g(l) u f(=1) =g(—1), o [gM|<1n [g=DI<]
KpoMe Tore, [c| = |[f(0)| < 1.

IpennonoxuM, uTo cyumecTsyeT TOdKa X, JAJAA  KOTOpPOH
|g(x)| > 2. Torna pepumma napaGonbl y = g(x) —TouKa € KO-
opauHaTaMu  (xo, €(xo)), mpuueM |x] <1 u |g(x)| > 2. Brze-
JISiA MOJMHbIH KBazpaTt, noayuum g(x)= c(x— x)2 + g(xo). Iloan-
CTaBHM B 3TO PaBeHCTBO BMECTO X Onuxkaiiliee K Xo M3 uucea —1
u 1 (MOXHO cuuTaTh AN onpeneierHocTH, urto 310 1). Torma
[ —xo] <1 n nostomy |g(%0) | = |g(1) —c(1 —x0)?| < [€(1)+
Fle]<14]c|< 2, uto npoTHBOpeuutT nepasenctBy g(¥o)> 2.

Ilpumep Tpexunena f(x)= 2x2— 1 noka3wpaeT, YTO OUEHKY
lg(x)| < 2 ynyuwnts neabss. (B sTom ciayuae g(x)= —=x2-+2.)

179. OTBeT! HaHGONBIUKT BO3MOXKHHII HOMep NOGenuTeNs —
20,
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Tak Kax TeHmucucT C HOMEPOM & moxeT npourpate {He cum/
Tasn Gonee cuibBBIX) TOMbKO (R -+ 1)-My B (k- 2)-mMy TenHucucty,
TO NoOCJe Kaxmoro Typa HOMep cuJbueiiliero 3 nobeluTeneil He
MOXeT ypesnuuThcs Gonbwe yem na 2. Takum o6pasoM, Homep no-
Geputens scero TYpHHpa He Gombwe 21. [lokaxkewm, omHako, uto M
21-#t TemrHcuct nobenuteNeM ctaTh we mor. Jlna sioro mocne mep-
BOro Typa AOMXKHb Oblin 6bl BBIOGBITH 1-fi B 2-f, mpourpaB 3-emy
H 4-my (uHaue HoMep moGeauTens — meHbiie 21), BO BTOpOM LOMK-
HBl Bbi6LITH 3-fi M 4-i, a 5-1 U 6-# — noHenuTh UX ¥ T. 4. BIJOTH
n0 9 Typa, B kotopoM 19-i u 20-ii ponxun nobenuts 17-ro H
18-ro. TaknM o6pasom, 21-ii TeHHHCHCT He nomapaetr B ¢uuan, rue
BCTPEYAIOTCH ABOE.

Octafiocb IpHBECTH NPHMEp TYpPHHpa, B KOTOpoM no6exaaet 20-it
urpok. Jlns 3Toro BCeX TEHHHCHCTOB pa3obbeM Ha JBE IPYNNbf
no 512 uyenosexk. B mepByio rpynny ekawounm 19-ro, 20-ro u ewe
510 Gosee caabbix HrpokoB. TypHup B rpynnme OpramH3yeM Tak,
y1o6n BhIMrpan 20-it (3To, OueBHAHO, MOXHO crenatb). Bo BToOpyio
rpynny otHecem l-ro, 2-ro, ..., 18-ro u ocraBuinxcs Gosee chabuix
HrPOKOB H OpranusyeM TypHHP Tak, 4Tto6bl mnoGeamn 18-, 1o
MOHO CleJlaTb, OPraHH3OBaB TYPHHpP TaK, KaK 3TO ONHCAHO BBILUE)
o depBoM Type 3-ii B 4-i BHIHIpBIBalOT y l-ro B 2-ro, BO BTOpOM
5-t n 6-fi—y 3ro ¥ 4ro K T. 4. 0O BOCbMOro Typa, Korpa 17-i
u 18-it pourpoiBaloT y 15-ro u 16-ro, nocsie uero B IEBATOM TYpe
18-ti BumrpriBaer y 17-ro. B ¢unane Bcrpeuatorcs 20-& v 18-it u,
CJeLOBATENbHO, 20-fi MOXET MOGeAHTbD.

V MoxHO [0KasaTh NG HHAYKLHMH, 9TO B CJy4Yae 2" HrpokoB
HanGosbiuHi nomep nobenutens — 2n.

180. Ecin ypaerenne [(x)= x He muMmeeT KOpHeil, TO JH6O
f(x)> x npu Bcex x (ecnu a>0), /m6o f(x)<<x npu Bcex x
(ecin a < 0), no Toraa ym6o f(f(x))> f(x)> x, ymbo f(f(x))<<
< f(x)<< x, a 370 3uaunT, uytOo ypaBHeHue f(f(x))= x He Humeer
KOpHeh.

V ¥YTBepxjueune 3aJagu B8€PHO HE TOMLKO JJIA KBaAPAaTHOroO
TpexuieHa, HO u JIs mo6ol HenpepuBHOK (GYHKUMH.

181. a) 3amerHM, 4TO €CJH K N3aHHOMY MHOXECTBY 4YepHHIX
KJETOK 10GABKTbL eme HEeCKOJbKO YEpHBIX KJETOK, TO MNocje nepe-
KpAalIHBaKHA MOIyT BOSHHMKHYTb JIHIIb [OMOJHHTEJNBLHBE YepHbia
kJeTKd. JIo6aBHM K HCXOLHOMY MHOXECTBY M KNEeTKH Tak, 4To6bl
noJyuuscs uepHbli KBaapar m X m KNETOK.

Uepea 2m — 1 warce ot kBajzpata (a, 3HauntT, 0 ot M) Hu-
Yero He OCTaHETCH.

6) ByneM MHOXeCTBO WYEpHBIX KJETOK, KOTOpOe HoJyyaercs
U3 M 3a { wmaros, o6o3HauaTh uepes M;. Jlokaxem uHaykiuHeil
no n, uro gaa Jwoboro MuoxkectBa M W3 n kneTok M, mnycro.
(das n =1 sto sncHo.) [IycTs NSl MHOXXECTB MeHee YeM M3 n Kie-
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TOK STO JIOKa3aHo, H PacCMOTPHM WIPOH3BOJbHOE MHOMecTBO M
¥3 n KJetok. Mbl MOXeM CuuTaTh, 94TO M JIeXUT Ha KOOpOMHATHO#
naockoct Oxy B yry x = 0, y = 0, upugeM B nonocax 0 < x <<
<l mw 0<y<<1l Jnexur mo KpaiiHeii Mepe NO OIHOH KJETKe
3 M (puc. 75). Torma no npeanosnoxewnto HHAYKUUH M-y He
nepecexaercss ¢ yrioM x =0, y =1 (xsetkn B nosoce 0 < x < 1
He BJHMSIOT Ha NpOMCXojAfluee Npu x => ), crenosarenbHo, Mn—

c 8

Gy
Puc. 75 Puc. 76

Jexur B nojoce 0 << x <C 1. AnanoruyHo MOXIO [0Ka3aTb, 4TO
Mn_y nexur B monoce 0 <<y << 1. 3uauur, M., moxer cogep-
¥aTb Wb OHY K1eTKy, a M, mycro.

V Bonee CNOXHbIM 3ajayaM TaKOro THNA MOCBSILUEHA CTaTbf
174].

182. IMyctb D — touka nepeceuenuss AAy, u BB,. [lockoasky
ZACA=/BCB (puc. 76) u A\C:BC = AC: B\C, Tpeyronb-
nuku A\CA u B,CB uonoGun, chenosatensio, ZDBC = /. DA\C.
Tostomy Touku B, D, C, A, nexar Ha oxuoit okpyxHocti. Tam
e nokasuBaercs, ato ToukH A, D, C, B, Jexatr Ha oaHOIl OKpyX-
HOCTH, T. e TouKa D fBJIACICA TOYKOM NepecedeHHsl OKPYIKUOCTeil,
ONMKMCAHHEIX OKOJO TpeyronbHukoB A;BC u AB,C.

3amerum Teneps, uto ZADB = 180°— ZADB, = 180° —
— £ AC,B, nostromy touku A, D, B u Cy, nexat Ha ORHOR OKpYK-
noctu. Takum obpasom, D — TouKa nepecedeHusi BCEX Tpex OmMcaH-
HLIX OKPYXHOCTE#t, a N0 JOKazanHoMmy pamee —mpsaMas CC, upo-
XonuT yepes Toyky D.

183. DTy 3apmagqy MOXKHO PpeIUHTb METONOM MaTeMaTHYeckoil
gHAyKLK. Bo3MoxkHo u Takoe perueHne.

3anymepyem N veqosex uscaamu ot 1 go N u Gyaem 3Hako-
MHTb 4€JIOLeKa C HOMEPOM i 1 4eI0BEeKa ¢ HOMepoM j, ecan |i — j| <<
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<< N/2. Jlerko Bmiers, WTO IpH TaKoM CHOCOGE SHAKOMCTBA oOnn<
HAaKOBOE KONMYECTBO 3HAKOMLIX OymeT TOJBKO Yy JKAeil C Howme-
pamu B u N —~F. Cnenoaa-re.quo. HUKAKME TPH 4UesoBeKa He GynyT
MMeTb OJIMHZKOBOrO KOJIHYECTBA 3HAKOMBIX.

184. a) Cwm. puc. 77, 6.

6) BuinenuM Ha gocke KaemKy u3 28 kpaitmmx nosei. [lpn
ofxone AOCKM KOPOJb MOOLIBAA B KaXAOM M3 HHX. 3aHyMepyem
STH NOJA B TOM [OpPAAKe, B KaKOM KOpoJb» MX MHoceltiasl, Becw

ety

= -

Puc. 77

nyTs Koposisi pasobeercss Ha 28 yyacrkos: or noas I go mosns Z;
or noas 2 no noas 3; ...; or nonsa 28 no mons I. Ilyts kopoast
He umeer camonepeceuenufl. IlostoMy knetkn I v 2, 2w 3, ..., 27
M 28, 28 u | sABAAKOTCA COCENHMMH KaeTKamu kKaemku. (Ecim, Ha<
npumep, Knetku I ¥ 2 He CocefHHe, TO OHH Pa3BHBAIOT rPaHHYHYIO
KaeMKy Ha 2 4acTH H IyTb KOpoJsi u3 Jioboil KJeTKu OHOii u3
STUX vyacTeli B KaKyio-HHOYHOb KJAETKY HAPYrodl mnepeceyeT y49acTok
I1—2, uto nporuBopeunt ycnoBuio 3amawu.) Ho ans Toro wrobut
TONacTb Ha COCEHIOI0 KJIETKY KaeMKH, KOPO/b HAa HEKOTOPOM Iuary
JOMKEH uepeliT € KJeTKM ONHOro HBeTa Ha KJeTKy Apyroro isera,
T. €. chenath x03x Ju6o O BepTHKaau, MHG0 no ropusoHtanu. OT-
CIOfa CAelyeT, YTO B NYTH KOPOAS TaKMX XOHOB He meHbuie 28.

B) $flcHo, WTO JJiMHa NyTH Kopoas He MeHbile 64 m Takoll
KOpOTKUii uyTs cyuectsyeT (puc. 77,6). C npyroi CTOPOHH ML
JOKa3ajH, 4TO IyTb KOPOJIA CONEPXHT He MeHbwe 28 OTpe3KoB
et 1. CaepoBatesinHo, KOPOas MOr ciaenats He Gosblue 36 nua-

TOHAJLHBIX XOHOB, TaK YTO BeCh ero myTb He GoJibiue 28+361/§:
(Ilpumep Takoro nytu npuBesneH Ha puc. 77,a.)

185. Tockomsky 1 << be/2 < b2[2, b>4/2.

186. Ilycte kaxnas M3 gBYX NPAMBIX AEAMT INOILAIb MHOrO«
yronsiuka M nomonam. Torza B KaXXAoM M3 ABYX BEPTHKAJbHRIX
YyIi0B, 06pasyeMulx STHMH NPSMBIMH, JeXaT YaCTH MHOrOyroJbHHKa
onuHakopoit niomanu (Ha puc. 78 3to S; H Sz).

PaccMoTpuM BMeCTe € DaHHWIM MHOroyroisHukom M cHmMeTpuu«
HHl eMy oTHocurenbHo ToukE O wMuoroyroubREK M’, Ecan uepes
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Touky O npoxomMT B UPSMEIX, KaXA88 M3 KOTOPHIX feNMT uJollanb
ponojaM, 7O B KaxJoM u3 2k yrioB, Ha KOTODhe R LPSAMLIX Neasfir
IJIOCKOCTB, HOJIKHA JeXaTb TOUKa nepeceueHHsi KOHTYpos M u M’.
Ho Ha xaxpnoit cropone MmHOroyronnHuka M He Gojee HBYX TakHX
TOueK muepeceyeHMsl, 3HAuuT, e€Cciu M umeer n CTOPOH, TO HHUCIO
TOueK mepeceueHusi He MeHblue 2k MU He
6onbiie 2n, oTKyna k << n.

187. Ecau x2 = X, TO HepaBeHCTBO
BLITEKAET U3 TOXJIeCTBa

(ot xo - xs - xg - x5)% —
—(xi—x2+ x3— x4+ x5)2 =
=4(x; + x5+ x¢) (x2 4+ x4) =

=4 (x1X2 - xoX3 + X3X4 + x4x5 + X5%1) +

+ 4x5 (x2 — x1) + 4x1%s Puc. 78

Ecnu % > X, TO M3 aHAJIOTHYHO JOKa3hIBAEMOIO TOXKIECTBa

(1 + x2+ x5 x4+ x6)2— (X — X2 — X3+ x4, — x5)° =
=4 (x,%2 1 Xaxy + Xaxy + X4x5) + 4x3 (X1 — x2) + draxy

V Booflue HepaBeHCTBO
(i x24 ... Fxn)2=cn (x4 x2x3 4 ... - xpx1)

BLIIONHEHO JAA CAefyoLiux (HAHGONBIUUX) Cql €@ = 2, €3 = 3, ¢4 =
=4 (upuueM NpH STHX N HEPaBEHCTBO BEePHO I/A BCeX X;, He
06513aTEILHO [OJIOKUTENBHEIX), a TaKxe I8 € =4 0Opu BCex
n>5 (upu x;i > 0). [locrennee yTBepIIeHHE MONYUAETCH M3 1O+
Ka3aHHOTO OJA n = D HHAYKOHMeii: eciu NePeBUHYTh UHMKJIHIECKH
HOMepa TakK, 9TOOW Xn4i OO HAUMEHBLIMM, TO

(rtxpt ot Pttt r) >

= —-4x1xn -+ 4.\clxn+1 -+ 4xnxn+h
NOCKOJIBLKY

2“:n+l (xp+ .- xn—l) + (xn+l - 2x1)(xn+1 - 2xn) =0.

188. O TBeT: 29 napannenemnurenos.

MoxHO 3aMeTHTb, 9TO [apajsejenures; ONHO3HAYUHO OILpeses
JIFETCA YKa3aHHeM JIIOGOH €ro BepPIIHHEI H TPOHKHM «CPEJHHX® IJIO«
ckocreil (mnockocTed, KaXnag M3 KOTOPHIX PaBHOyJaleHa OT Bcex
€ro BEpPIUMH, T. €. IPOXOJAMT Hepe3 ero LeHTp M NapalieNoHa rpas
HAM).

Jas weripex pannux touek K, L, M v N (He mpuuagnexarmux
OIHOIl TJOCKOCTH) CYIUECTBYeT CeMb IIOCKOCTEH, PaBHOYpaneHHux
or atux ToYek (oHu mepecekawT Tetpasgp KLMN B cepenunax
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peGep). U3 stux cemu maockocTed TPOfiKY WAOCKOCTEH MOXKHO BLi«
7-6.5
1-2.3

Ho Ham HyXHH JuIub TPOHKH IJIOCKOCTeil, NePecexarollnxcs
p omHoM Touke. IloaToMy u3 35 HYXHO HCKJKOYHTH Te TPOIiKH, KO-
Tophle TapasmieJbHb OnHOi npsmofi. Takux Tpoek 6: 310 Tpofikn
wiaoCKocTell, napanieNbHHX onHoMy H3 6 pebep Tetpasapa. Bu-
6paB onfly u3 35 —6 = 29 TpoeK «CpemHHX» ILIOCKOCTeil, MLl Mo
[AHEbIM 4EThIpeM BEPIUMHAM ONHO3HAYHO I[IOCTPOMM MapaJjJiesienu-
e — AJiA 3TOrO JO0CTaTOYHO Yepe3 3TH BEPLIMHLI IIPOBECTH MJOCKO-
cTu (rpanu), Napajje/bHEE €CPEIHHM» ILOCKOCTSIM.

V B xypuane «Kpant» (1974, Ne 5, c. 50) HapucoBanm Gce
29 napansiefenunenoB M [PUBENEH TaKXe COBEPHIEHHO Apyroii cro-
co6 moxcuera, Upu KOTOpOM OTBeT 29 mNoJydYaercd Kak CcyMmma
14+ 4412412

189. OTBeT: a) 10 sonpocos; 6) 11; B) 12; r) 50.

a) Pas6uBaeM 30 uucen Ha L0 Tpoek M y3HaeM npOM3BejenHs
B 3THX TpOiiKaX. $ICHO, 9TO MeHBLIUHM YMCJIOM BOIPOCOB He OGOii-
THCh, TAaK KaK Kaxk[oe YHCJIO IOMKHO BXOAHTH B KaKyl-Hubynb
TPOIiKY.

6) IlpoussedeHne UePBLIX CeMM HMCE] HAXOAHM, NePeMHOMHB
18,03, @405 U G007, a OCTajbHHle 24 uncna pasbueaeM Ha
Tpoiiky, kaKk B HyHkre a). U B 3ToM ciydae sicHO, 9TO MeHbLUMM
9HCJIOM BOIPOCOB OCOMTHCHL HENb3A.

B) Ilpou3spenerne MEPBLIX 5 4HCEN HAXOIHM, UePeMHOXAA
10203, Q10204 W Q0205 a OCTanbHLIE pa3bMBaeM Ha TPONKH.

Tax KaKk fICHO, 94TO BCSIKOE HYMCJIO IOJIKHO BXOAHTH B HEKOTO-
pylo TpoliKy, TO BOIPOCOB 3aBeJOMO He MeHbue 11.

[Ipu sTOoM OmHO M3 YMCEN BXOJAHT DOBHO B JB€ TPOHKH (eCaM
Gonble, YeM B hBE, TO HANOETCA YMCJO, He BXONfIEE HH B OAHY
¥3 Tpoek). B mpousseienne Bcex 11 Tpoek Bofiner kBampar artoro
qYCsIa M, CeHOBaTe/NbHO, NPOM3BEJEHHE BCEX HHMCEA MEl He y3HaeM.

r) 3a 50 sonpocoB MH Y3HaeM NDPOMSBENCHUS 4,203, (20304
030405, «. ., Q50102 [lepeMHOXKUB HX, MH NOAyiIMM Ky6 upousseje-
IIMfA BCEX YMCeJ, KOTOPHI COBIajaerT € CaMhWIM 3THUM NPOU3BeneHHEM.

Mennire 50 sonpocoB HejgoctatouHo. Ecam, Hampumep, mun He
SHaeM mpou3seneHue KakoH-HHOynb TPOHKHM @,asas, TO CyLIECTBYIOT
IBa HaGopa C pa3HbMK TPOM3BENEHMAMH, IJ1Al KOTOPHIX VPOH3BEHe-
HHf BCeX OCTaJbHLIX TPOeK COBNAHalT: HaGop, B KOTOPDOM @i ==
=03>=0g=0ay= ,.. = Q= 1, a ocrajeBEHe YHCJNA PaBHH
—1, ¥ nabop u3s onhux exmuuy. Bce upousBeneHust nepsoro HaBo-
Pa, XpoMe a,aza5, paBuu 1. Bo BTOpoM Ha€ope BCe pOHM3BelleHUR
paBHH 1.

V Iinsi n gucen, cpeM KOTOPHIX MOXHO y3HATH UPOH3BEACHME
JoBHIX Tpex, Kak B sajagax a)—B), HaMMeHbllee 9YHC/IO BOIPOCOB
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pasHo: k, ecom n=3k k+1, ccom n=3k+1; k+2, ecmn
n= 3k 2. Ecain xe paspewaercs y3HaBaTh JIMLIb [POM3BEIEHHE
TPeX 9HCel, BBHIMHCAHHHIX 1O OKPYIKHOCTH, TO IpH n, HeNsLIeMCcH
Ha 3, HaJ0 3anartb n/3 BONPOCOB, a LPH N, He NEJALIEMCA HA 3,—
BCE 1 BOIPOCOB.

190. OtBeT: 11 = 36 —52

Iocnenusan nudpa yucna 36% = 62* papna 6, nocaeausna uudpa
uyucia 5' paswa 5. IToaromy umcno |[6%¢ —5'| okamuusaercs suio
Ha 1 (ecam 6% > ), qu6o na 9 (ecsu 6% << 5').

PaBenctBo 62 — 5/ = 1 Hes03MOXHO, TaK Kak Torga Guiio GLi
5 =(6*—1)(6*+1), a uncno 6%+ 1 He neantca Ha 5. Ilpu
k=1 ul= 2 nonyunm 36*—5' = 11.

PaseHctBo 5! — 62* = 9 Take HeBO3MOXKI1IO, TaK Kak 5! npn
HaTypanbHoM I He HenuTcs Ha 3.

191. a) Otser: ne Bcerna. Ilpumep: ecam Ha Kaxnoil cro-
pOHe NPaBHJILHOTO TPEYroJbHHKA CO CTOPOHOH 2 HOCTPOHUTbL paBHO-
GenpenHble TPeyrofbHHKH ¢ BhicoToit 1/10, To BCce CTOpOHH mOMYy-
9EeHHOro IUeCTHYroAbHHKa Oynyr GoJbluie 1, a Bce AHAroHanu He
Gonplue 2.

6) OtBer: Bcerna. M3 tpex muaronaneii AD, BE u FC Haii-
JyTCA ABE, YrON ¢ MEXAY KOTOPHIMH He mMeHbiue 60°. Ilyctb, Ha-
npumep, 310 AD u BE. [loctpoum uapannenorpamm BEDK. Tak
kKak BEs= DK > 2, AD > 2
u LADK =a=60°, TO
AK > 2, no AB+4 BK=AK.
IlostoMy smGo AB>1,
au6o ED = BK > 1.

192. M3 noxobusa Tpe-
yromuukos O\K\P u PK0,
(0603HayeHHsi  ACHBI  H3
puc. 79) wonysum K,P-
-PK; = Rr, a us mnopobus
A KOy u AK0, cnepyert, uto AK;-KaA2 = Rr. Tenepn Ges Tpyna
nonyuaeM PaBEHCTBO KP=PKa=+/Rr, a Takxe HepaBeHCTBO
AK+ K,A,>21/E (cpenHee apudmeTHYECKOE He MeHbiue Cpen-
Hero reomerpuyeckoro). MHrak, ecin TOuka A,;, nnE KoTopoii

KAy =4/Rr, sexur mexnay Ko w L, 70 nnmHa HaumeHsliefi Go-
koBoii cropons tpaneunu pasia A Ki + KiKz + KzAy = 44/Rr.
Econ me AKa>KiL, 1. e VRF>ARr-2/(R—r)=q, R>
=3r, TO _ 2
Ahy>2 «/R_r,+rl+—€,5-=’\/R"2(,I§T-|-_')T)-
Takum obpasom, ecnmu 3r > R, 70 wmuBuManbHas pmmna Go-
KOBofi cToponbt paBua 4 4/Rr,

Puc. 79
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Ecmu xe 3r << R, TO TPaueuMH C MHHMMaJbHOR RAMHOA GOko-
Boii cTopoHn Her. IIpu 3TOM MOXHO YTBEPXNaTh, YTO HJHHA 60-

(R + r)?

i r OlieHKa TouYHas).
KoBo#l cTopoHu Gosbiue deM 4/ R % (R—r) (ow Has)

193. OT/IOXHM BCe BEKTOPH OT HekoTopoit Touxku O.
Ilokaxkem, 49TO €CAM Yye BHIGpaHH k BEKTOPOB C CYMMoil

—_—
§=0S (puc. 80) |s] <1, TO M3 OCTanbLHHIX BEKTOPOB MOXHO
BhiGpaTe /BGO ONMH BEKTOP @, I/ KOTOPOro Is+a|l <1, nubo
nsa BekTopa b M ¢, IR KOTOpHX |s -+
+b+c]<1. B camom nene, ecad cpeiu
OCTaNbHBIX BEKTOPOB €CTb BEKTOp @, IS KO-
Toporo Z.(a,8) = 120° 10 |s}a| < 1. Ecm
JKe TaKoro BeKTOpa HeT, TO, TaK KaK [0
o6e cTopoHH OT mupsiMofi OS ecTb BEKTOPH
CHCTeMBl, MOXKHO BHOpaTh B Kadectse b Bex-
TOp oAHOfi W3 MABYX Noaymjockoctefl, obpa-
sywollnli HauGoOJBWIMA Yrol € BEKTOPOM S.
TouHo Taxk e B APYyrofi MONynJoOCKOCTH Bhi-
Puc. 80 6upaercsi BekTOp €. fICHO, TTO OOMH M3
yrioB — Z. (¢, §) mm Z(b, 8) —tynofi, a

Z(b, ¢) > 120°. Tlycrs, wanpumep, Z.(b, 8) > 90°. Torna
s+ b1<4/2, a £L(b+c, s)> 120° 1 nostomy |s+b+c| < 1.
Takum oCpasoM, eciuM NPUCOEAUHATL K CHCTEME C CyMMOH § CHa<
gana BekTop b, a 3ateM ¢, To CyMMa uoC/Ae KaKAOro wara Gyner

MeHbie 4/2 o

V Mb 1okasanH, 9TO B YC/IOBMH 2 MOXKHO 3aMEHHTb Ha 1/5 .
Bonee TOHKHE PacCYyXAEHUS TOKA3LIBAIOT, 4TO BCErJa MOMKHO TaK
3aHYMepOBaTb BEKTOPH, 9TO CyMma NepBHX H3 HuXx OyLer He
Gombwe gem 4/5/2, npHYeM STa OfeHKa yiKe TOYHAH: NpHMep
9n 41 sextopoB— omun (—1,0), n wryk (1/n, AT=1/n?) u n
mryk (1/n, — 4/T— 1/n?) nokasusaer, aro Koucranty 4/5 /2 Hensast
3aMeHHTHh MeHbluei.

V Axanoruunyio TeopeMy (oHo HasuBaerca Jaemmont Ilrefi-
NHIla) MOXHO JAOKasaTh H V1A M-MEPHOrO NpPOCTPAHCTBA, NpHIEM
(ons  moGofi  «HOPMHI® BEKTOPOB) COOTBETCTBYIOILAS KOHCTAaHTA
1TeiiHuiia He mpesocxomHT m. *)

194. OTBeT: nmBa w3 uncea a, b, ¢ pasium 0, Tperbe =1
(scero 6 pewenmit).

IMoncraensisi B ycloBue NOC/AENOBATENbHO: X = y == Z = |, 3a.
TeM x =y=0, 2=1, u, HaxkoHen;, x =1, y =—1, 2=0, mno-

*) Cm. cratbio 'punbepr B. C, Cesactbsanon C. B.
O pennunte KoHcTanTh 1ltefinuua//PyHKUHOH. aHANH3 M ero MpHI.—
1980. — T. 14, pumn. 2,
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ayaum cuctemy la+bFcl =1, |a| + |bl F || =1, |la—b|F
+|b—c| ¥ |c—a| =2. Tak xak |a+b4c|=|a| + |b]| +
+ |¢|, To BCe uncna a, b, ¢ omHoro 3HaKa, 1.€. ab =0, bc =0,
ac = 0. OnHako B HEpaBeHCTBE

la—bl+lb—cl+lc—al<2|a]+2|b]+2|c|=2

(BurexaroieM u3 |a—b| << |a| + |b| u nByx ananoruuHbix) pa-
BEHCTBO BO3MOXHO Julup npu ab << 0, bc << 0, ac < 0. Orciona
ab=bc=ac=0, Tak ut0 mBa M3 umMcen @, b, ¢ pasuu 0, a
TpeTbe (Kax BHAHO M3 JIKOGOro H3 TPEX YPaBHEHHH) MO MOnyJIO
pasHo 1.

195. ITlycts F — Touka nmwepecesennssi npamux BH w AD
(puc. 81). U3 paBsencrsa Tpeyronniukos ABF u BPC (mno kartery
H ocTpoMy yray) cienyer, uro AF = B Q c
= BP = BQ u FD = CQ; noaromy }

QCDF — upsMoyroJibHUK. 4

Okpy»KHOCTb, ONHCAaHHa® oOKoJo  + ’
Hero, upoxogut 4wepes Touky H(FC — Z
nuaMeTp 3TOH OKPYXHOCTH, a ZFHC= p¢fF H\ s
=90°). Tak kak DQ — Toxe nuamerp, Sq
10 1 ZDHQ = 90°. p

196. Jlnsi HokasaTenncTBa JOCTa- SN
TOYHO 3aMeTHTh, 9TO NpH NepeKpallH- N
paHuu JmoGoil «ocoBofi» Touku B Apy~ A ) F )
rolf 1iBeT YHCJIO OTPE3KOB € Pa3HOLBET- Puc. 81
HhLIMM KOHIAMH yMeHnIlaeTcs Mo Kpafi-

Heit Mepe Ha 1. IloaToMy NiepeKpaluHBaHHe YAaeTCH INPOH3BECTH
TONLKO KOHEUHOEe YUC/IO pas, IoCle Hero He OCTAaeTc HHU OHHOHB
oco60i TOUKH.

197. OtBe:n=ku k=1, 8 unu 9.

Ecnun n® umeer k uudp, a k¥ —n wudp, to 1041 n" < 10°
u 10! << k* << 107 Ilycts, nns onpenenennoctd, n => k. Torpa
n" << 10% 1. e. n<< 10 u k << 10. OcTanocs npoBepHTs, 910 22 <
< 10, 33 < 100, 4% << 103, 55 <C 104 66 <105 77 <<I105 107 <<
< 88 << 108, 10% < 99 << 10°.

198. IloBeprem tpeyronbuuk ABC Bokpyr BepumHnt C Ha 90°
Tak, 9TO6n Toyka A nepemwna B B. Torpa E nepefiner B Touky F
npavoit AC, pas koropoit FBICLIDK u FC = CD, nostomy BL =
= LK.

199. a) OrBeT: MoxHO. Ilpn MmoGOM NOJMONKEHUH MHILKH Cle«
IyeT NOMEeCTHTh KOIIeK TaK, 9TOOH MEIKA HAXOnUJaCh Ha OTpeske
MeXAy HHMM, NapaJjjlelbHOM OJHOII M3 JHArOHaJiel NOCKH, H B
OTBeT Ha Jo6oft XON MHEIUKU nepeMellaTh KOHIEK TaK, 9TOOH MEIIKA
no-upexxHeMy Obiia Mexjy HUMH Ha OpsAMOH, TapanienbHoOl aua-
roHanu, '
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6) IlpoBenem uwepe3 MHIUKY ABa OTPe3Ka, NapaMENbHBIX ana-
TOHA/AM, H UCKMIOYHM KJETKH 3THUX OTPE3KOB. B onHOf M3 uerbipex
OCTaBIIMXCH 4aCTell NOCKM KOWIEK HET, M MBILIKa NOMXHA HATH B 3Ty
qacTb MO HanpaBJeHHIO K Kpaw. $ICHO, 9TO KOLIKM He CMOryT ece
noiimath, 1aK Kak mocie JoGoro xoja KOLIeK Nepell MLILKOH B
Hanpas/eHHH ee JBHXKeHHS OyneT CBoGOnHAa® OT KOUUEK wyacTs
IIOCKH.

200. a) Yro6bl nonyuuth TpeGyeMyl pacCTaHOBKY, B OMHOil
TONOBHHE CTPOKH 3allMilleM 4YeTHble YUCJIa, a B JPYroH — HeyeTHbie,
Ilpu 3TOM nonycymMa MoGbIX ABYX 4YHCes 13 Pa3HbIX NOJOBHMH Gy-
AerT He UeJOH M MO3TOMy He CONEPXHTCA MeXny HumH. 3arem
C uepBoii MU BTOPOH NOJIOBHHAMM NpOZesaeM AaHaNOTMYHYIO mpoLle-
IypPy: Ka¥nylo U3 HHMX pa3ofbeM Ha [Be HeTBEPTH M pPa3MECTHUM
B HHMX uMcha Bulda 4k, 4k 42, 4k+1 u 4k + 3 coorBercTBEKNO:
NpH 3TOM TONYCyMMa WYHCeJ M3 pasHuX deTBeprell B JieBoli moJso-
BiHe GyleT HeueTHoH, a B npaBofi — 9eTHOH M WO3TOMy He copep-
HMTCH MeXAy HHAMH, Hajee pasobbeM KaXKaylo 9eTBEpPTb UoNOJaM,
npUYyeM DOJb «4eTHLIX» U «HEYeTHHIX» 4uces Tenepb GynyT Hrpath
9uc/ia ¢ PasHEIMM OCTAaTKaMH OT aeneHHs Ha 8 u T.4. B urore no-
JIYYUTCH TaKas pacCTaloBKa:

8, 24, 16, 32, 4, 20, 12, 26, 6, 22, 14, 30, 2, 18, 10, 26,
7, 23, 15, 31, 3, 19, 11, 27, 5, 21, 13, 29, 1, 17, 9, 25,

6) Hdns Toro 4ToGM nOKa3aTh 3TO YTBEpXKIAeHHe AJs Jo6oro
KoauyectBa N uuces, HOCTaTOYHO HOKasaTb ero ansg N = 2¢ (anw-
HHe 9Hc/la MOXKHO BLIGPOCHTH; HalpuMep, 3 paccTaHoBku 128 = 27
quces MOXHO BLIGpocuTh aMcla Goabiuve 100 M NONYYHTD HYXKHYIO
pacctanoBky N = 100 wuncen). OcHoBHasm upes yxe NokasaHa B
pewenun a); Gonce GHopMaNbHO U KOPOTKO MOXHO M3NONKHTL f0-
Ka3aTeNbCTBO KaK HHAOYKLMH 110 7.

Jna n=1 u n=2 yTBepxleHHe OUYEBMOHO: TONATCH pac-
cravosku (1,2), (2,4,1,3). Ecmu ay, a ..., av— paccTaHoBxa
N =2" gancen 1, 2, ..., N, ynosaerBopawlLas YCI0BHIO, TO

2a1, 2a, .oy 2aN, 2al —1, 2a2—- 1 ..., 2aN—l

Gyaer paccranoskoit 2N = 27! wicen 1, 2, ..., 2N, Takxe, Kak
HeTpynno yGenutbcs, YHOBJACTBOPAIOLIEH YCJOBHIO: IS 4YuCed H3
Pa3HLIX NOJOBHUH — MO COOOPaXKEHHAM 9eTHOCTH, A/18 9uces U3 Ofi-
HOH NMOJIOBHHLI — 10 NPEANONOKEHHIO HHAYKLHH.

201. OTBeT: 15 uucen (111, 222, ..., 999, 407, 518, 629, 370,
481, 592).

Ilycts abc — nckomoe aucno. Yciobue 3ajaud 03HadaeT, 9TO

abe +acb + bac + bea + cab + cba = 6abe, '

oTkyna 222(a+ b+ c) = 6(100a + 106 +c¢), win 7a = 3b + 4c.
D710 ypaBlneHHE MOXHO peIMTb NepeGOPOM BCEX BAPHAHTOB (Has
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upHMep, nosaras nocaenoBaTeNbHo a =1, 2, +.., 9 H pewas 3aTeM
TOJIY4HBLICECS YPaBHEHHE C Y4YeTOM Toro, 410 b M ¢ — undpw).
Cokpatute nepeop €O3BOJAOT cooGpakenusi neanmoctH. Hanpu-
Mep, ypaBHeHHe MOXHO MepemucaTs TaK: 7(a — b)= 4(c —b), or-
Kyila qub6o a=b=¢, /b0 a—b=4 B ¢c—b=17 (rorma
0<<b=<?2), mbo b—a=4, b—c=17 (torna 7T<b=<<9).

202. PaccMOTPHM MHOXECTBO BEPUIMH HAHHOTO MHOrOYrOJbHH-
ka P u BuGepem 7pun u3s nux — A, B, C—raK, 9TOGW mMomazb
Tpeyronbhuka ABC Onwia HauGossiueit, ($IcHo, 970 milowans Tpe-
yroastiuka ABC He MeHbue naomaan /06Oro H3 TPEYroOALHHKCS,
KOTOphleé MOXHO TOMECTHTb B
MHOroyronbHuK P. Mmu ucnosn-
s8yeM pafblle 49acTHHIE CJayYaH
storo dakra.)

[Tyete M — apousBosbHas
TOuKa MHoroyroabiiuka P. Tak
Kak [Jaomajis  TPEyroJbHUKA
MBC wue Gonsblue Sasc, TO M se-
JKHUT B UOJOCE, OCb CHMMETPHU
Kotopoli — npaMass BC, a wmu-
puHa—ynBoeHHan Bhicota AABC,
ouylleHHas ©3 BepluuMHn A.
TlpoBoasi TO 3Ke paccyKOeHHe
s AMAB uw AMCA, wony-
9aeM, 9TO BC€ TOYKH MHOrO- Puc. 82
(YTOJIbHHKA MpUHALJIEKAT Tepe-

CEYEHHI0 TPeX NOCTPOEHHHIX 10J0C — Tpeyroasnuky A’B’C’ (puc. 82),
nJolllags KoToporo paBHa 4Sisc = 4.

V Tlono6roe paccyskueHue yke BCTpeuajocs B 3agaze 80, rne
MH [0 CYWECTBY YCTaHOBHAM, a0 AA’B’C’ — muoxecrBo Touek M,
IJIR KOTOPHIX BCE TPHM NAOWAAM Smas, Smec, Smca He upesocxonsat
SABC-

203. a) Pywkuns f MowoToHHO He yGuiBaer Ha otpeske (0, 1],
nockoneky B3 1= x>y =0 crepyer f(x)=f((x—y)+y)>
= f(x—y)+ f(y) = f(y). Kpome Toro, [(2x)= 2[(x) npu seex x
Tlonb3ysCh STHM, NONYYaeM:

npr -4 < x <1 Fo<F() <2

1 1 1 1
npi o <x¥ < fO<F5 <5 <2
- - . l. . - . - Il. . . - . L] .l. .2. . . i . ‘2.
K <x<-—,,- T <5F@)< '271‘ X,

® @ ¢ o e e o e s o o o 8 e o ° o2 o ¢ o e 0 & o o

a 1ak KaK [(0)= 0, To f(2x) << 2x npu BCeX X,
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6) OTeerT: HeBepHO.

Npumep:
0 wpu 0 1/2,
fFx)= { ngu 1/2<x</1.
Ins stoit GyHKUHMH BLINOJIHEHK! BCE YCJOBMA 3ajiaul, HO
F0,51)=1>19-051=0,969.
204. OtBeT: 1/8. Hocxonm(y (o6Go3nauenua ACHH u3 puc. 83)

C Mz <-£8 AB,
Mle C B,C

=1'

10 C,\M, < M,M,, u nostomy Sc,m.x, < Spmk, TaK Xe noxasu-
Baetes, 910 Sprm <Sppm 1
SB;K;L, < SKzKlLl

Ilycts S —miomany  obwed
gacTh  TpeyroneHukoB KLM wu
u ABC,. CnoxuB uoayueHHnIE He-
paBeHCTBa, MONYIUM

SA,B.C; —-S< SKleMl + SM1L2L1+
+ SLleKl =S5— SKlMlLl < S’

& M G A orkyna 28Z=Sppc=1/4 T e
S>1/8. Ecau Touka M cosna-
naet ¢ Cy, Touka L—c¢ C, a K—c¢
A, 0o S=1/8.

205. Ecau xopna Q1Q2 kpyra ¢ uentpoM O mojyieHa M3 XOPOK
P\P; noBopoToM Ha yron ¢ BOKPYr Touku O, TO TOYKa lepeceqeHHsl
R npavex PPz u Q,Q2 mMoxer GuTb monyuena m3 cepemmin M
xopau PP, nosoporom ¢ fieHTpoM O ma yron o2 (npu 3TOM TOu-
Ka M uepefiner B Hekoropylo Touky M’ Ha orpeske OR) u nocies
mywoweii romorerHeli ¢ geHtpoM O u  ko3ddunuentom k=
= 1/cos(e/2)= OR : OM = OR : OM’, TlpumeHum STH coOOGpaccs
HUSl K DeleHHI0 3a[ayH.

a) Tpeyromwhuk ApBC; mnosnyuaercss onucaHHEMU 1IpeoGpasos
BaHMAMH M3 TpeyronbHuka KLM, o6pa3soBaHHOro CepeMHAMM CTO-
poH tpeyronnhuka ABC. Ilockonnky AKLMoo AAyB:Cy 1
AKLMoo AABC, nonyuaem AABC oo AA3B,C,.

6) UeThpexyroNbHUK M3 YCJAOBHA 3aJayu MOJYdaeTcss NpeoC«
pa3oBaHueM NonoOUA H3 YeTHPEXYro/NbHHKa, OOGpa3OBaHHOIO cepe-
IUHaMU CTopoH uetnipexyroinHuka ABCD. Ho cepenuHB M0GhIX
CTOpOH M06Oro YeThipeXyroNbHUKA SIBASIOTCH BeplUMHAMH Napanne-
Jlorpamma. .

206. OtseT: 1/4. Ilpexne Bcero 3amMeTuM, 9To BTOPOH MIPOK
MOXET JNOGHTBbCA Toro, 910 Sxyz < 1/4 HesasHcHMO OT HIpHI meps
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poro. Jlns sTOoro emy JocTtaToyHo Bh6pate Y Tak, uro XVIAC
(puc. 84). Torma nas moGoil Touku Z Ha ocHoarun AC Oyner
BHINOJIHEHO HEPaBEHCTBO

Sxvz _ XY H—h _ h(H—h _1
SABC AC H H? =4t

C npyrofi CTOpOHEH, NEPBHIl HMrpOK, B3fB B KayectBe X H Z
cepennnn ctopod AB u AC, o6ecneunBaer ce6e paBeHCTBO Sxyz =
= 1/4 HeaaBHCHMO oT BHIGOpa
BTOpOTO.

Puc. 85

V DBosee TpyaHa aHallorHYHasi 3ajiaua, rie BMECTO MJoulazeil
peub HjleT O nepumeTpax TpeyroseEHKoB (cM. «Ksaurs, 1976, Ne 4,
c. 32).

207. OtBeT: 4+ 44/2 +84/5 + 84/10 4+ 84/13.

Kouryp 32-yrosenuka A;Az ... As; Mbl DNpeiCTaBHM KaK M30-

—> —> —>
GpaxerHe cyMmmbl 32 BekTOpoB A Ap + AoAs + ... + AsA, =0,

Tak Kak K3 JOObIX 32 pasHYHBLIX N0 HaNpaBJIeHHMI0 BEKTOPOB
c cyMMoR 0 MOXHO COCTaBHTh BHINYKJbH 32-yroJibHMK, 3ajaua
CBOAHTCA K CJeaywueii: Hafitn 32 BekTOpa, YJAOBJETBOPSIOLLIX
{ycyloBHSIM:

a) Hayalo H KOHElLl KaXXNoTO BeKTOpa JieXaT B yajax KJeT-
yatoli 6ymarH;

6) Jsio6bie J1Ba BEKTOpa MMEIOT pasHble HanpapJsieHHs;

B) CyMMa BCEX BEKTOpoB paBHa 0;

T) IpH BLINOJIHEHHH YCJOBHil a)—B) CyMMa JUIHH BCEX BEKTCDOB
MHMHHAMaJbHa.

ByneMm OTKJIaAbBaTh BEKTOPH OT OfHOH ToukH. Cuctema 32 Bek-
TOpOB, H300pa)KeKHass Ha pHc. 85, yNOBJETBOPsSieT BCEM YCJOBHSIM
a)—r). Cpenn 3THX BEKTOPOB 4EThIPE BEKTOpa AJHEH 1 (MX HeT Ha
puc. 85), yettipe — 4/2 M 1O BOCEMB BEKTOPOB JJHHDBI A/5, 4/10
u 4/13.

V AHalorHyHblii DpHEM <«IJIOTHOTO 3aNOJHEHHSI YpoRuefi» —
BLIGOP NI YETBEPOK Pa3jHYHEIX LETOYHCICHHBIX BEKTOPOB HAHMEHbw
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mefl JJIMHHE — N03BOJIsieT CKOUCTPYHPOBATh 4M-YTOJBHHK MHHHMAMDLS
HOro nepuMeTpa C BEPIUHEAMH B y3Jax.

208. OTBeT: a) k=21; 6) k=52 (puc. 86).

OlEHHM KOJIHUECTBO TOYEK, KOTOPHIE MOXHO HYXXHHIM 06pa-

30M pasMecTHTh B KBajpare m X m.
Ilycrb X; — KOJIMYECTBO TOYEK B CTPOKE € HOMepomM § H

m
Z X =k,
i=1

Ecin B HCKOTOPOR CTPOKE OTMeueHH HEHTPH KaKHX-TO IBYX
KJIETOK, TO HH B KaKOH JpYroifi cTpPOKe TakKasi e napa KJIeTOK He

* PAEIES
x| %% *
x| [*] % *
x*|% * |
X |*[*x *
x* * * *
X[ [x *|% * *
K{* * * 1% * *
*| % * * * * ¥*
* *|¥ * * * %*
* * ¢ * x| ¥
x| ¢ * * *| % *
* * | % X * % | %
a é
Puc. 86

MoxeT GHITh OTMeyena. Beero B I-ff cTpoke OTMEYeHO xi(x—1)/2

nap kJeTok. TaK Kak BCE OTMEYEHHHE NapH pa3jHyHb, TO HX

CyMMapHoe YHCI0 He GoJjbmue O6LIEro YHc/la BO3MOXKHLIX Hap, T. €.
m

xi(x;—1) m(m—1)
iz 2 < 2 *
=1

Orciona cienpyer, yto

Zx2 m(m—1)+ Zx,—m(m—1)+k'

i=1
ricpasencrBo k%m
nyer, 410

NOCKOJIbKY Z xf = (xl +x,+...+ xm)2/m =tIm, noJjyyaem
=

m(m—1)+ £k M3 storo HepapeHcTBa cJies

k<m+m4\/24m—3. )
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INpu m =7 u m = 13 nonyyaem, 910 k< 21 u k<< 52 cooTpess
CTBEHHO.

V CaMoe 3aranmounoe B PEIIEHHH STOM 3a1auM — NpHMepsI,
peanusyioiume TOYHYI0 OLEHKY. (YYaCTHHKaMH OJHMMIHAJLi OHH Gbing
Hafinensl nox6opoM, C NOMOUIBIO KaKHX-TO Co06parkeHHH CHMMer-
puun.) YkaxeM cnoco6 HMx noctpoenws. B npumepe a) B Kauecrse
«HOMEpOB» CTPOK (a TakKie CTOJOLOB) HCNONb3yeM TPOHKH M3 =m-1
cen 0 u 1, orymunbie ot (0; 0; 0). Mx kak pa3 7: (1;1;1), (1; 1;0),
(1;0:1), (0;1;1), (1;0,0), (0; 1;0), (0;0; 1). Knerky Ha mepece-
YEHHMH CTPOKH (@, G2,03) W cTonbua (X, Xz, X3) OTMEyaeM, ecid
ayxy + azx; + asxs yerHo. B npHMepe 6) B KayecTBe <«HOMEPOB®
CTPOK H CTOJIGLOB HCnoJgb3dyeM Tpoiikn M3 uucen 0, 1 m —1, or«
gnynpie ot (0; 0; 0), npuuem M3 ABYX TPOeK, MOJY4alouMXCsl ojHa
H3 JIpyroil YMHOKEHHEM Ha —I1, Hcnosb3yercs JHwb onHa. X Kak
pas 13: (1;1;1), Tpn nepecranoskn (1;1;0), TpH nepecTaHOBKH
(1; 1; —1), Tpu nepecraHoBku (1;—1;0) ¥ TpH mNepecTaHOBKH
i(1; 0; 0). Krnerky Ha nepeceueHHH CTPORH (aj, 0, a3) H CTONIGUA
i(x1, X2, X3) OTMeuaeM, eciH aiX; -+ agxz + asxs; penuTcs Ha 3.

3TO — KOHCTPYKIIHH KOHEYHHIX INPOEKTHBHHIX IJIOCKOCTeH Haj
noneM H3 p=2 M p=3 sJEMEHTOB: CTOJIOLAM COOTBEICTBYIOT
TOMKH, CTPOKAaM — NpsiMble MNPOEKTHBHON mNJOckocTH, a TpeGyeMoe
B YCJIOBHH CBOHACTBO TalJHLB! CBOJAHTCS K TOMY, YTO Hepe3 Kaxuuie
JiBe TOYKM NpPOXOAMT ONHA NpsMasi H KaXauie IBe NpsMble Nepes
CeKalTC B ONHOH TOYKe (npsMasi (aj, Gy, d3) COMEPIKHT TOUKY
(x1, X2, x3), ecym @ x; + asXe -+ asxs pasHo 0 mo monpymo p).

MoKHO YyGenHTLCS, WTO HEPAaBEHCTBO (%) NPEBPALLAETCS B pae
BEHCTBO JHmb npu m = p? -} p+ 1, rie p— HaTypaibHOE YHCIIO)
npy  atom k= (p+1)(P*+
<+ p-+1). Bonpoc o TOM, cy-
LUECTBYET JIH LA TakuX m H R
COOTBETCTBYOILAA Ta6JHLa, OYeHb
C/IOXEH: OH cBOAMTCS K (Hepe-
urenHol B o6iieM BHie) npobie-
Me CYUWECTBOBAHHAl KOHEYHEIX
fIPOEKTHBHLIX IJIOCKOCTER HOpsA-
Ka p; BO BCAKOM CJyyae, MpHp
npocroM (HIH PaBHOM CTeNeHH
TIpOCTOTO YMCJA) OTBET Ha STOT
BOIpPOC NOJIOXKHTEJICH,

209. Inowanb 4eTHPEXyrodbe Puc. 87
unka B,BBsBs (puc. 87) pabHa
YeTBePTH MIOWANM YeThipexyrodbHuka AjAsAsAs, TOCKONBKY jHaé
rouanu ero B,Bs u ByBs mapanenphn nuarosaiaMm AxA, n AAs &
/PaBHb HX INOJOBHHAM, @ IJOWAAB BHIYKJOTO 4ETHIPEXYroJibHHKA
tpoipaxaerca dopmyJioii S == ddgsin @/2, rAe dy u dy~ JHHLL ero
-
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anaruiajiell, @-—yron wexny Humu. TOuHO Tak 3Ke miomans
B,B;B;B, papna uerseptd nnowaas A;AsAsAe.

210. Tpu n =1 wernpe uuciaa 11, 21, 12, 22 ynosnersopsior
pcrosmio. JlokaxeM yTBepiKienHe 3aAayH NO HHAYKUMH.

OGo3naynM uepe3 a’ WHCJIO, NOJyYeHHOE H3 a 3aMeHolt uHGp I
Ha 2 ¥ 2 Ha 1, a uepe3 ab — uuCNO, nOJYyYeHHOE NPHNHCHBAaHHEM
K a uncna b. IlycTe noctpoeHo MHOecTBo A, H3 2°+! umces,
Kamjoe M3 KOTOPHX 27"-3HayHO, NpHYeM KaXAble 2 U3 YHCEJT OTe
JHYaIoTCsl He MeHee yem B 27! paspsinax. PaccMOTPHM MHOXeCTBO
Ant1, COCTOsILIEE M3 yHCEN aa H aa’, rne a € A.. Bce Takue uncia
2n+l 3naynni, Beero ux 27+2, Kpome Toro, JioGhie iBa H3 HHX OTe
JINYaloTCSl He MeHee yeM B 2" paspsilax. B camom jsene, uncia aa
U aa’, a Takxe yHcna ag W bb’ npu Mmo6GLX a W b oTAMaalOTcA
poBHO B 2" paspspax (B Tex paspsaax, rie @ B b otnmualorcs, a*
H b’ coBnapaioT, ¥ HaoGOPOT); YHCIA aa H bb no npeanosnoXKeHuo
HHAYKUHH OTJIHYAlOTCA He MeHee yeM B 2" pa3psijax. YTBepxJenHe
JROKa3aHo.

211, CnpoekTHpyeM BCe MHOTOYTOJIbHHKH Ha HEKOTOpYI0 Npsie
my1o. TIpoekiMs KaxXA0ro MHOTOYTro/bHMKA SBJSIETCS OTPESKOM,
MIpHUEM N0 YCJIOBHIO JiioOble IBa OTpe3ka HMEIT OOLLYI0 TOUYKY.
Otciopa ciaenyeT, 9TO BCe OTPE3KH HMEIOT ofwyio Touky (uTo6h
yOequThCs B STOM, AOCTATOYHO PaCCMOTPETb NaHHYIO NMPAMYI0 Kak
WHC/AOBYIO OCh H B3AiThb HAHMEHBIUHI H3 NPAaBHX KOHLOB STHX OT<
peskos). [Ilpsmasi, nepneHAuKy/spHas K JAaHHOA ¥ mnpoxoasinas
yepea OTMEUYEHHYIO TOUYKY, NEpeceKaeT BCe MHOTOYroJIbHHKH.

212. Bes orpannyenHs OGWHOCTH MOXHO CYHTaTh, 410 8 = b )
=c¢ Torna c(a—c)(b—c)=0, orkyna ¢+ abc > ac®-} be?,
JHocratoyso nokasats, ut0 a® 4 b® - 2abc = ab(a 4 b)+ aZc 4.
-+ b%. Ilocnenee HepaBeHCTBO npes
obpasyercn k BHAy (a—b)%(a-
+b—c)=0.

V Jlerko BHHETb, YTO paBeH«
CTBO B [laHHOM HEpPaBEHCTBE BO3e
D 2.3 MOXHO JIHIb npH a = b = ¢.

\\\\ //// 213. Ecim onMa B3 MyX Haxoe
. \\\\\ 4 /////////, JIUTCA B Bepuipne A, 70 LEHTp TH«
¢ € ) XeCTH TpeyronbHHKa, 06PasOBaHHOs

Prc. 88 0 MyXamH, HaKOHTCH B TPEYroJibe

nuke ADE (puc. 88), rae DE : BC=)

= 2:3. Tak KaK ofHa H3 MyX no6hBajla BO BCEX BEpLIMHAaX, TO

LEHTP THAMECTH «TPEYroibHHKA MYX» JNOJKEH NpHHAJNIeXAaTbh TPeM

TPeYrosibHuKaM, SalUTPHROBAHHHM Ha pHcyHke. Emuncrsennas o6mas
TOYKA STHK TPEYTONbHHKOB — LEHTP TAMKECTH AAHHOTO.

214. Ilyctb p—wuHci0 HyJell, g —YHCAO ENHHHL, r— YHCIO
zeoex, Ilocsie kapofi onepauHd Bce TPH uucia p, ¢ H r H3Mey
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HAIOTCA Ha l, T€M CaMbiM MEHSIIOT YeTHOCTb. Korna wma NOCKe
ocTaHercsl ofiHa uMdpa, Omio M3 YHCEN p, ¢ H r CTameT pasHO 1,
nBa apyrue — 0. CienoBaTesbHO, BHaYajle ETHOCTH OHOTO H3 3THX
yncen CGHNa OTJHYHA OT YETHOCTH nBYX apyrhx. CooTBercTByrowmas
nHdpa H OCTaHeTCA Ha JOCKe.

215. Mycte Ay, Az ..., An — TOUKH mNCPECEYEHHS NPAMHX C
HIXXHER KPOMKOM MOJIOCH, 3aHyMepoBaHHEle NHO TNOpAAKY (c/ieBa
Hanpaso), B,, B,, ..., B,— TOuKkH mnepeceyeHns C BepxXxHeH KpOM«
Kofi (TakXe cJeBa Hanpapo). 3aHyMepyeM NYTH, BBbIKOAAllHE H3
Touex Ay, Az ..., An, 1O nopsimKy uuciamu 1, 2, ..., n. Hs npa«
BHJ/I MOCTPOEHHS NyTeR BHTEKAIOT CJle/lylolHe cBOACTBA.

1° TTo kaxnaoMmy OTpe3Ky KaxIoH npsMOH NPOXOAMT PpOBHO
OIHH NYTh.

2° Cocepnne nytH—k-i m (k- 1)-f — conpukacaiotcss Bep«
IIHHaMH, NpnueM k-it Bcrogy uaet Jesee (k--1)-ro (ana xaxknoro
k=1, 2, ..., n—1). Hecocenine nyt# BooGIle He HMEIOT OOGLIUX
TOYEK.

3 k-it nyTh OKaHuUHBaETCH B TOuKe Bpg.

Tenepb nokaxeM BCe YTBEPXKAEHHSI 3aJjayH.

a) PaccmMotpuM Bce nyTH ¢ HeuerHhiMH HomepamH. Ilo cBofi«
ctBy 1° OHH He MOTYT nMeTb OGLWX TOYEK, & HX YHCJIO HE MEHbLUIE
n/2.

6) Iloncyntaem nsyms cnocoGamu obuiee KOJHMYECTBO OTPE3KOB
Ha Becex nytax. Kaxnnlii u3 oTpe3koB AiBnii-1 ONHOR H3 npsiMbix
p236HBaETCH TOYKaMH MEpeceyeHHs C OCTalJlbHhMH MNpSIMHMH Ha N
otpe3kos. [TosTomy Bcero otpesko n2 Ty xe cymmy n? cornacuo 1°
Mbl ZIO/I3KHB TIOJIYYHTb, CJIOXHB KOJIHYECTBA OTPE3KOB BO BCEX n My«
Tax. IloatoMy no kpafiHei Mepe OAHO M3 cjaaraeMbx OyneT He
MEHbILE 7.

Koneyno, yrBepxaeHne 6) CJACLYeT TaKKe H3 T).

B) OLEHHM KOJIHYECTBO OTPE3KOB B MIBYX KpaLiHuX NYTSAX —
1-oM H n-om.

3TH NyTH OrPaHHYHBAIOT BHINYKJHE MHOXECTBA, JIEXKAUIHE Je+
pee 1-ro H mpasee n-rO NyTH; NEPBHI IyTb JIEXKHT BHYTpH yria
APB,, a stopoit BHyTpH yria A,PB,, rne P— Touka nepeceueHHs
npsmMbix AB, B An.B,. Ocranbibie npsiMbie AgBn-), A3Bn—3, ss4«
e..s An—1B2 Moryr HMeTh OGLIHE OTPE3OK TOJNBKO C OAHMM H3 NBYR
KpaiiHux myTefi (a HMMEHHO ¢ TeM H3 HHX, KOTODHIl JIEXHT HO JPYy«
TYI0 CTOpPOHY OT 89TOil mpsiMoii, yem Toyka P). Hrax, Bcero B IBYX
KpaiiHux nyTsx He Goybwe yem 4+ (n—2) orpeskos, IlosTomy

n
B OJIHOM H3 HHX He GoJsiblue yeM -5 -+ 1 orpesok.

r) PaccMoTpuM cpedwuli nyTs, T. & NYTb © HOMEpOM m =)
== (n+1)/2, ecnn n ueyeTHO ¥ m = nf2, eCH N YETHO, H NOKAIKEM,
uTO OH npoxouHT Mo pceM npsmuM (puc, 89). B camom nene, on
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nmenuT nosiocy RA ABe obnactu: KaxauA B3 o1pekos A, By,
ABn_y, ..., A.B, naunnaerca B onHOR u3 obnactell (MoxeT GHTB,
Ha TpaMHUe) H KOHyaercs B JAPYrofi H, CJIENOBATEJTbHO, HMEET CO
tpenmuM myTeM OofWYyl0 TOUKY, MOSTOMY (MO NPaBHIY MNOCTPOCHHA
nyreiil) — 0 oGLHA OTPE3OK.

V B 370l 3amaue OuO0 Obl HHTEPECHO NOJNYIHTb XOpOLLHe
OLEHKH CHH3Y H CBEPXY MVl KOJHYECTBA OTPE3KOB MaKCHMAaJLHOTO
(DO YyHCNy OTPesKoB) myTH,

Ay Ay Ay Ay Ay Ag
8, B ByB, Bs bs
Puc. 89

216. OtBeT: npe yeTHoM k MOXKHO, NIPY HEYETHOM -— HEJb3sl.

Jnsi yeTHoro k JIErKO NOCTPOMTHL MPHMEP: MOIKHO H3TOTOBHTDL
xy6 H3 uepeaylolxcs uyepHbX H Oesnbix Gnokosp 2X 2 X 1.

Ilpepnonoxum Tenepp, 4TO HaM YAaJloChb COCTABHTb HYXKHHI
Ky6 npm HeuerHoM k. CoeMHHM OTpPe3KaMH LEHTPH COCEfHHX Oee
nbx Ky6ukob. M3 kaxporo neHtpa BHXOASAT 2 orpeska. Takas
CHCTeMa OTPe3KOB o6pasyeT OAHY HJH HeCKONBKO 3aMKHYTHIX JIO=
MaHBIK. 3aMeTHM, YTO YHCJO 3BEHBEB Y 3aMKHYTOR JIOMaHOM, CO-
CTaBJIeHHOK H3 OTPE3KOB OJHHAKOBOH AJHHH H TPEX NOMAPHO Nepe
NEHAHKYAADHHX HampaBjeHHH, YeTHO (YETHO Ja)Ke YHCJIO SBEHBEB
Kaxjioro H3 Hanpasyienuft). TakuM o6pasom, yncio GesbIX KyGHKOB
uyeTHo. TaK ke [OKa3nBaeTcsi YETHOCTb YHC/AA YePHHX KyOHKOB,
Tlporusopeune.

217. a) B xauectBe TaKOro uHMc/ia S MOXHO B3fiTb CYMMY Bcex
nudp B 3amHcH Beex Ko3bdulMeHTOB MHorowlena P(x): Torna nas
06010 1 == no, rae ny BHOpaHO Tak, YTO 10™ Gonwwe Bcex KO3«
¢uunentos, a o = S.

6) PesyssTar a) MOXHO NPHMEHHTb K MHOTOWIEHY Q(x)=
= P(x+d), rne d — Gosbmoe HaTypanbHOe YHCAO; NPH STOM IO-
JIYUHTCS, 4TO NPHM JOCTATOYHO GosbimioM fp = Mo(d) pas mo6oro
nz=no cymma Beex undp yuena Q (10")-=al0,.+d onMa W Ta Ke.

Koneuno, HyxHO npopeputh yclloBHE, 9TO Bce K03 dHuHeHTH
Q(x) onuoro 3uaka,
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Mpu nocraToyHo Goabiiom d > 0 xoabdHUHEHTH Muoro-mem;
Q(x)= P(x+d) mmeoT TOT XKe 3HAK, YTO M CTapunii Kosoue
unent mHorowiesa P(x) = pox" + pix*—1 <4 ,.. + p.. Hamerum ppa
NYTH JI0Ka3aTeJIbCTBA.

1° KospduunenT Miorousena

Q(x)=Po(x+d)u+Pl (Jf+d)"-'l + ... +pp=
=po(x"+Chx" M+ ...+ C " )+
+p (" Ch M ) L p, =
=qox" + ¢ (d) " + ...+ gn(d)

roe qw(d), k=0, 1, ..., n,— MHOTOWleHsl OT d, mnpuuem ¢z(d)
HMEeT cTeneHb k W crapuinii uJeH pOCf,d" (a g, mpocTo pasusietcst
Py). Torna mpu nocratouso Gosbwom d > dy Kaxuufi qe(d),
6yner HMETb TOT e 3HaK, YTO H po. '

2°. Ecnin y Muorounena P(x) mnepBHe HeCKONBKO KosbduLu«
€HTOB po, P1, -++, Pr—r HMEIOT OAMH H TOT e 3HaK, TO NpH
capure P(x)—>(x4-d)= Q(x) Ha d M3 Hero NONYYHTCA MHOrO<
YjeH, y KOTOporo Ko3¢pQHIHCHTH o, §1, ++» Gn—r HMEIOT TOT KO
GHaK, W CEAYIOWHA KOS(GILHENT q,_j4 = poCh RHgn—k+l 4
+p Cokd" Rt ...+ p,_4d+P, gy IPH ROCTATOUHO GonblOM
6yner uMeth TOT e 3uaK, TakpM o6pasoM, 3a n— 1 caBHT MM
MOXEM MOJyYHTh H3 JioGoro MHorouyneHa P(x) Takoii, y Koroporo
Bce K03¢G(}HUHEHTH HMEIOT TOT Xe 3HaK, 4TO H Po.

V 3neck mcnonn3opaics JHwb TOT (akT, 94TO YHCIa Cﬁ—xo-
n

spduuKenTH Ounoma (a -+ b)" = Z Cf‘akb'“k (cm, T16) — moso<
IKHTEJIBHE!. #=t

218. In paccMOTPHM cpa3y ciaydafi n KOMaHI — YYacTHHKOB
YeMNHC::aTa MHpa.

¢) OrBeT: k==n—2, ecsin n > 3 (B yacTHOCTH, NpH n = 20
nonyunM k = 18).

OGutee KOMMYECTBO OYKOB, PA3HIrpLIBAEMBIX B YEMITHOHATC MHpa
{(32 nobepny —2 oyka, 3a HHYbIO — 1, 3a nopaxenue —0), pasHO
n(n—1), B yemnuonare Epponnl — k(k—1).

Tlycte x — KOJIHYECTBO OYKOB, HaGpaHHHX 4YemnHoHoM Espomm
B Hrpax YemMIHOHaTa MHpPa, a Y — KOJHYECTBO OYKOB, MOJYdEHHHX
WM B Hrpax C eBpoNefiCKHMH kOMaunaamu x 3= y. IlycTe Kaxnas u3
OCTajlbHHX KOMaHj Hafpana B Hrpax YeMIHOHaTa Mupa GOAbLIe
HeM X OykoB, T. € He wMenbmwe uem x-+1 oyko. Torna

tw+(n—-l)(x+l)<n(n—l). HIH xgn—2+nl, a Tak Kam
lv_tg-,genoe qHCNI0, TO X S n—=2,

v
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Kaxnasi H3 oCTanbHHX €BpOMefiCKMX KOMaHj Habpana me
Gonbmwe y—1 oukop B uemnHonate Epponn B motomy

Y+y—1)(k— 1) k(e —1), B y >k ——, a nockomsKy y—

uesioe ymeno, y =k Hrag, kSy<rx<<n—2 m e kn—-2,

~

AB®
1P 21 [ 11 1 14101111 ]alofo]1
201 42]a[1]1 i1 2fop/ 4111 ]oo]1 [0
NN ZAE 11 3lojoZ]1 11 [1 ool
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6[1{1]1]1{1 - e6l1{1]|0]oJoZ1]1]0
. . 7[1i1]1]o]oloZ]0]4
. . Af{1]o]1lol1]o]1 A0

A1 Blo[1jol1]ol1]o]1 ¥
nl1i1l111{1 -t &g
a
111 [1]1]o
20211110
1WA [1{a|1{1]o]ojo]1 3lolo P4 T1 1
2loA41]1{1]|1]0}011]0 4j0j0j0pA41 11
& M Z A Slojojo{oV1
afolojopA1[1[1]111]0 6[1{1]ofolo
slofo]ojop41]1]1]0]4 2
elojofafolo 1|1 11]0 ,
?1{1]ojolo]oP/ 41 0]1 14111110
gl1]1}1]olofolo 1|0 2fo01 {10
AlaToaTolv o4 1 3lojo A1 7
bloJ1lel1 o)1 o1 [0} 4lofojo P a
Fi sl1{1{o]of
a

Puc. 90. a) YemnuoHaT no XOKKewo; n KoMaHll, k= n—2. Komans,
AH 3, ..., n— eBponelickie, KoManuaa 3 — YemnuoH Esponti. 6) Uem
NHOHAT no BoJeiibony; n = 8, k = 3. Komauau 6, 7, 8 — eBponeii«
CKHe, KoMaHa 6 — wemnuon EBponn. JloGasnenn komananl A u B,
8) Yemnnonar no soneiiGosy; n = 7, k= 3. Komaupu 5, 6, 7—
eBponefickse, Komausia 5 — yemmuon Esponn. JloGaBieHH KoMaHARW'
A u B. ¢) Yemnuonat no soneit6oay; n = 6, k = 2. §) Uemnuoua®
. no BoJeiibony; n =25, k=2,

Ha puc. 90,a npusener npumep TYpHHPHO TaG/HIb, NOKA3HS|
Baloulnid, yro yemnnon EBponn (Tpethsi KOMaHna) MOXET sammJ
HoC/e/iHee MECTO B YeMnHoHaTe MHpa.

6) OtBerT: =n—5 npu ueTHoM n =8 (B uvacTHOCTH,
k=15 npn n=90), k= n—4 npu HeueTHOM n =>7; k = 2 npn
n=06Hun=5,
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B uemnionate mo Bosnefifony noGenMBINAas KOMawna nonyuaer
1 ouko, moTepnesmasi nopamenHe — O OYKOB, TAK 4TO Pa3bIrpbls
Baerci posHo n(n—1)/2 oykos. PaccmoTpHM noppoGHO chyuail
yetHoro n = 2[.

Paccyxnas, kak H Bblile, MOJNYYHM (X, y —Te e, YTO X B
ciayyae a))

xF@A=1) (4 1)<A@ —1)2=1(2 —1), )
y+E—=)(y—D=k(k—1)2 2)

Hs pasercrsa (1) cnenyer, yro x<l——g—+§lr. ITostomy x <@
'<<1—2. U3 nepasencts | —2 > x>y u Hepasenctsa (2) cje«
Ayer, 410
R+ (5—2))k—2<0. 3)

Ilpu ! > 4 HanGonbiuee uesnoe k, yIOBJETBOpAIOLLEe HEpaBEHs
ctBy (3), pasio 2[—5 (npu k = 2l —5 HepaseHcTBO (3) cnpa«
BEAJHBO, a NPH k= 2/ —4 ero JnesBasm yaCTh NOJIOMHTENbHA).

Tenepp nokaxeMm, 4To paseHcTBO k=2[—5=n—5 npn
1> 4 BoamoxuHo. Ha puc. 90,8 npueesiena TypHHpHasi Tabauua
s n=8, k=3 (nocnepHne 3 KOMaHAH — eBponefickue), 3ra
TabnHUa NOCJYXKHMT HayanoM HHAYKUHH.

Janbrefiiye NOCTPOEHHR NPOBOIHM MO HHAYKNIHM, HoGasiss
Ha KaXX[oM wary no 2 esponelickHe KOMajbl.

3ameTHM npexje Bcero, YTO npd k =2/ —5 HenpeMeHHO
x =y =1[—y. B camom pene, ’

G—U(k+2) k11 1
y= % =gtg—gp wmy2l—2—5m5r—g,

a TaK KaK y— uejioe 4HCJOo, TO y = [ —2 = x, DTO 3Ha4MT, YTO
yeMnHoH EBponsr nponrpan BceM HeeBpONEHCKHM KOMaHA2M.

Tenepb NPeANoOTOIKHM, YTO YXKE peajH3oBaHa Tab/iHLA YEMITHO<
HaTa ¢ k=n—>5 = 2l—5. JloGaBum jBe eBpONefiCKHE KOMaHIbi
A B B no cnepysomiemMy npapmily: koMaHna A BLIHTPHIBAET y CTapbiX
KOMaHJ C HeyeTHHIMH HOMEpaMH M y Komauis B M npourpeiBaer
OCTA/BHBIM; KOMaHHa B BHHrpbBaeT y KOMaHL C YETHHIMH HOMes
paMH M TNPOHrpbiBaeT ocraliehbiM. Kakzas H3 NPEXHHX KOMaHA
foJlyyaeT B pe3ysibTare NO OAHOMY OYKY, TaKk 4TO HX B3aHMHO@
NOJIOKEHHE HE MEHSETCS.

VY yemnuona Esponm teneps [ —1 ouko, y xoMasan A —{-- T
OYKO; y KoMmaHnw B-—1[ oykoB, Tak uTO cTapbifi yemmHoH Esponst
no-npexkHeMy Ha nNocienneM Mecte. B Hrpax ke ¢ €BpONeHCKHMH
KOMaHiamH Komauna A Habeper [ —2 ouka (I—3 B HIpax co
«CTaphiMH» KOMaHJaMH H OJHO — ¢ KoMaejnofi B); koManna B s
HIpax C €BpONefiCKHMH KOMaHIaMH Takxke Habeper ! —2 ouka, Tak
uTo YemnHoH EBponm ocranercs npexHuM,
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Cnyuap meweTHux n=2l-=1 npu 1>7% a takke n<6°
paccMaTPHBAIOTCA aHANOTHYHO (PHC. 908, ¢, 3).

219. a) Ormerum JBa HauOONBLWHK YHC/IA H3 YETHIPEX, COCTass
asomx Tabamny 2 X 2. Ecnu oHM cToAT B onmoM cronbue, TO
HCKOMBMM UMCJIOM SIBASIeTCS MEHbLIee H3 HHX, 8 ecJH OHH CToAT
B OHHOH CTpOKe, TO — GOJibillee M3 HPYTMX JABYX YHCEN (NpH STOM

JIONYCKAIOTC M HECTPOTHE HepaBel«
9 cTBa).
prypo-mmemmmmoos OctaeTcss cayuafi, Koraa nsa
OTMEYEHHUHX YMCJa CTOAT NO JHa«
roHans (u crporo Ooabiie ABYX
ApPYrHK), HO 3TOT cayuafi HeBO3-
moxen. [lpoue bcero yGemHTbcs B
d C C+d & 3TOM, onupasicb Ha TOT (akT, YTO
Prc. 91 npobe (c+d)/(p-+ q) Becerna Jne-
) HHT Mexmy c¢/fp w dfg (npu
p>0, ¢g> 0, puc. 91 naer sTomy axkTy reoMeTPHYECKYI0 HHTEp-
wpetauuio). Ms Hero cnenyer, uro.%t +bi+as+bs
pnta+ptaq
ath a3+b,’ a Takxe Mexuy aitb az+b..
nt+aq  p2taq ptq  p2taq
S5TOMY JBa HauGosbuiHe H 1BA HaMMEHbLINE YHCNA B Hamed TaG«
JIHLE He MOTFYT CTOSITb NO JI¥MaroHaJsfiM.

6) Hanum npa pelueHHsi sToH 3ajaul, OJHO —He3aBHCHMOE 0T
a) W, TeM caMbIM, Jlaloliee HOBOE PeleHHe STOr0 YaCTHOIO cJayyasi,
a jpyroe — Hcnosb3yiowee a) Kak JieMMmy.

IlepBoe pemenne. MH JONXHH YKasaTb TaKoe YHCJIO

q——

P

JIEKHT MEKLY

no-

b
x‘=-:::::—_—q: B Hawed Tabnuue m X n, YyTO BHNOJHEHH YCJAOBHSA
ar+ by ai -+ by

——— < x* (219 BCex j), = x* (nns BCEX {); MepenHiuem
ey S ¢ i > (n ); nep

S5TH YCGJIOBHSA Tak?

pi+qi

prx"—Gr>=—qix*+b), pi" —ai<—qi*+ b (9)

PaccMoTpHM KycouHo-jiuHefiHble ¢yrKunn f(x) = gaém (pix — ay)
I

H g(x)= \ 22” (—qx -+ bj), rpadur Kaxzioit GYHKUHH COCTOHT

H3 OTPe3KoB mpsAMEHX H JBYX Jyueil. IlepBas — MOHOTOHHO BO3pa-~
CT8eT, BTOpaH — yOHBAET, ¥ NOTOMY ypaBHerHe f(x)== g(x) Hwmeen
eJIMHCTBeRHOe pelenme (x*,y*) (Touka (x*,y*), rhe y* = f(x*) =i
= g(x*) —camasi BLICOKas M3 TOYEK NEpeCeyeHHsl NPSAMBIXK Yy =i
= piXx —; ¢ NpAMEIMH Yy = —¢@;x + b;, puc. 92). TlpumeM sa Fk
¥ | HoMepa Tex JIHHEAHHX OGYHKUHA y>=peX—ar H Yy =
= —@ix +} b,;, nepeceyenne rpadpuKOB KOTOPHX AA€T TOUKY (X*, y*),
TO €CThb TeX, /A KOTOPHX ppx* — ap== lrg:ém (pix* —ap) =
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= yt= =g’ + blé:gr?g (—gjx" - b)), Man yxasammmx k, I

¥ Xx* BHIOJHEHH BCE HYXHHE YCAOBHA (). .

BTopoe pemieHHe OCHOBAHO HAa TAKOM 3aMeYaTe/NbHOM Ha+
6monennn. ByneM roBOpHTb, YTO TabiuHa MMEET «Ceasio», eCiH
{y Hee eCTb 3JIEMEHT, KOTOpPHIi He MeHblie BCEX B CBOEHl CTPOKe H
He GoJibuie 3Cex B CBOEM croJsbne.

Puc. 92

Jlemma. Ecan xaxnaa Tabauna 2 X 2, nmodydyeHHas H3 JlaH-
noit TabnHub m ), n BHYEPKHBaHHEM m — 2 CTPOK H n— 2 cToab-
10B, HMeeT CeAJo, TO 3THM cBoOiicTBOM o06aajaer B BcA Tabamua
mX n.

ITa seMMa CBORHT Sapavy 6) K YacTHOMY cCJyyalo a).

“JlokaxeM nemmy. [lpennonoxmm, 4To cywectsyer TaGinia, y
xoTopoifi Her ceasa, HO Jwbas noptabimpa 2 X2 HMeET CenJO.
OrmetuM B i-fi cTpoke aTol Tabiuubl HEKOTOpoe HauGoJblIee YHC~
Jo M, a B j-M cron6ue — nanmenouiee my. IlocrponM u3 oTMe-
YEHHBIX YHCeJN LeNOYKy, Nepexons OT HEKOTOpOro HaHGosbliero yucia
B CTPOKE K HaHMeHbLIEMY B €ro cronabue, a OT Hero — K HanboJsb-
uieMy B ero CTpoke, H T. A. Takas 1enoyka He MOMKET OKOHYMTLCH
Ha K3aKOM-TO ONHOM SJeMeHTe (TaK Kak Tabinna ne uMeeT ceana),
NO3TOMY OHa ROJKHA COAEPHKATb HHKJ; 3aMeuHMB HOMepa, T. €. ne-
+ECTaBUB CTPOKH H CTOJGHB HajJjexauuMm o6pasoM, Mb MOMEM
_CYHTaTb, YTO STOT LHKJI COCTOMT M3 3JeMeHToB M; = Xy, m; == x3,,

Mg == x99, My == X32) asey My == Xrr—y, M, = xp, m, == xy,
i(prc. 93), npuyem M;e= m‘in M;. Tockosmbky Tabanpa 2 X2 B
Ii<r

JIEBOM BEPXHEM YIJIy HMeeT Ceaso, npuueM my < My << M, my <)
<My H x3<<M, pomxuo 6umts M, = x;20<< M, Ananornyno
MOXHO NOKa3aTb (paccmarpupas TaliHum 2 X 2 ¢ BHMHUME CTPOY=

201,



Ramu (mg, Ms), (s, M., w5, uto Bce SJeMeHTH mnepBol CTpoka
PBBHH M xpj == X12 = X13 == «as = Xir = M. Torpa xiy == m, —a
cennoBan Togxka. [lonyuunH NpoTHBOpPEYHE,

V HntepecHO OTMETHTb, 9TO WIEHAM XKIOPH sapaHee OO Ha<
BECTHO HECKOJbLKO pasHHX pemeHH#i sanauyn 6), HO MoCJaenHee H3
NPHBEJICHHBIX BhILIE — HCTONb3YIOIee NYHKT 8) H JleMMY — OHH 00«
HapYXXWJIH JIHLb 0poBepAs PaGOTH LIKOJBHHKOB Ha OJHMIHAAE.

220. Hnelo pelieHns MOXXHO BLICKAa3aTh ONHOH ¢pa3oii: cymma
PACCTORIHHIT 10 KOHLOB CTPEJOK B cpenHeM (no BpemeHH) OGoJibLue,
geM cyMMa DacCTOMHH{l N0 LEHTPOB 4acoB. JloKa3aTeabcTBO MOXKHO
IPOBECTH TaK.

PaccMOTpHM CYMMH §; M Sp paccTosHuil or mewrpa croia O
JIO KOHIOB MHHYTHBIX CTPEJIOK B JlBa MOMEHTa BpEMeHH, OTCTOAIIHE
na 30 MunyT. Beanunna s, 4 s; Gonbwe 2sq rie Ssp— CyMMa pacs
crosiHuit or O n0 HEHTPOB YacoB, MOTOMY YTO Y KaXKAOTO TPEYroJb+d

M M ese {Tp
1y Mz e-e Mj
My M3 ess  ase M ,
e ese ese sse 2,
Mey M
o 1
Puc. 93 Puc. 94

nuka OM\M; cymma puin meyx ctopon OM, n OM; Gosbiie yapoeHs
HOi IVIMHH Me[HaHbl, pacnofioxeHHOii Mexny HuMe (puc, 94),
IlosroMy xoTs OWl OOHO H3 YMceJ §;, HJH Sp Gosbiue So.

22]1. Pewenue 3ajayd a) BuTeKaeT H3 TakHX ABYX coobpaikes
suii; (1) nom KaxawM YHCJIOM @ B m-ii cTpoyke (m > 2) HanlHe
CaHO YHCJIO, He MeHbuiee 4; (2) Kaxuoe U3 STHX UHCEN He NPeBocs
xonHT 1000. Jlas pemenns 6) HYIKHO elle y4YecTb, YTO €CIH GHCIO G
B m-# cTpouke (m == 2) CTporo MeHblle CTOAWIEIO NOJN HHM YHCe
#a b, T0 b == 2a: HeckoJbKO rpynn mno a yMcen [Kamzasm rpynmna
CTOHUT NOA PaBHRIMH YHCAaMi) oOBENHHAIOTCR B ONHY Ipynmy H3
b uncen; orciopa NO HHAYKIMH CJHE€NYeT, YTO B TAaKOR CHTYauUHH
b= 2m—1, Ho 2m-! «C 1000 sumb npu m << 10. TlpuMep nocnenos
BaTeAbHOCTH, AN koropodt 10-st cTpoyka He coBmapaer ¢ 11-fiz

01,2 2444488, ...,8 ..., 256, ..., 256, 488, ..., 488,
N J N J L W)

D4 V-

NG
8 238 482
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Bor XaK BHIIMAAT NOCTENOBATENHHHE ee npeoGpasopanuni ™

N2 1,1,224 00 d 8 eeey 8 aven 256, ou0y 256, 488, ..., 488
N3 22224 ceisd 8 aeuy 8, auey 256, o0ey 256, 488, ..., 488

® o o o 8 0 o 0 @ oocuo.o.oco'

N 10 256, 256, ... "v.., 256, 488, ..., 488
Me 11 512, 512, ... ..., 512, 488, ..., 488,

V AHajorHYHO JJS1 NOCJeNOBAaTENLHOCTH M3 N yuced, TIAQ
2¥-1 << n << 2%, MOXHO AOKa3aTb, 9to (R -} 2)-1 cTpoKa OyHer COB«
napats ¢ (k<4 1)-%, no (k- 1)-1 eme Moxer He cosnanarb c k-A,

222, 3anaya a) — BHIPOKAEHHBLIH YacTHHIT cayyall 6) H pes
11aeTCA aHAJIOTMYHO. YKaiKeM HEel0 pewienny 3anaud 6).

Puc. 95

Mycts O,, Oz O3 — LEHTPH OKPYIKHOCTER, cOLEPIKALUNX AYrH
,TE, C?b/, ﬁ‘/ cootseTcTBenno (pHc. 95, a). Torna OTZ=—O—27).

—> —  —> —>
0,B=—04E, OsF = —0sL (k3K NPOTHBONOJOKHHE CTOPOHH
pom6og). Ilostomy, mepenecs cextop OWAB, OsEF u O,CD x
obueMy uentpy O, MH NOJyYMM TPH CeKTOpa, KOTOPHE BMecTe €
CHMMETPUYHBLIME HM OTHOCHTEJBHO TOYKH O JaloT NOJHbE KpYD
(pvc. 95, 6). .

223. EcnH nepecrasuth TPH NEPBHX uYHcia B mopsaake YOmBa<
HHf, TO JIIf BCEX WYJIEHOB NOCJEAOBATENbHOCTH GYNET BHNOJHATHCA
[YCIOBHE Xk <S Xp—p— Xx—;, @ [OC/IEJOBATENbHOCTb CTaHeT YObBalos
melt: X3 5= X2 == X3 == ev» 5= Yoo ECAH OPENNONOKHTD, YTO X2y ==
=1, ToO H3 Xp—p=>xr-} Xr— CJI€QOBANO Obl X0 221, X9 >2,
s =3, X17=05, «s» Ocraerca TONBKO Hanucarb 21 wieH «nocies
JopatenbHocTH Pubonayuu» (I121)

1, 1,238H5,8, 13, ..., 6745, 10916,
ToGH NMoNy4uTh npoTHBopeune § x = 10 000,
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224, Moxuo (npumep H3obpawen Ha puc. 96). Jipyrumu cao-
BaMH, MOKHO YCTPOHTb OTOOpaX(eHHE MHOXECTBA BEpUIHH Ky6a Ha
ce6st Tax, 9ro0u JoGHe ABe cocelnme (Coenunennbie peGpom) sep-
' UIHUE TepeuviHn B BEPUIHHH, HE cCoOe-

12 il JHHEHHblE peGPOM.
225, IlpaBaa 49acTb HepaBeHCTBa,
22 122 TaK 2Ke KaK M JieBasi, CHMMETpHYHA

OTHOCHTENBHO G, b, ¢ u d (npr ycJo-
BHH, YTO UX cyMMa paBHa 0); nockoJib-
222 12 Ky b+c=—(a+d) u 1. n, ona
m 27Z= PpaBHa nNoJycyMMe J[UIHH BCeX monap-
HBIX CYMM [JaHHHX BEKTOPOB, YYHTHBast

Puc. 96 STO, MOXEM JJiA JAHHOR YeTBEPKH
BEKTOpOB ¢ cymmoff 0 BuGpaTh
o003HayeHHss TaK, 9ToO6H JIOMaHas, COCTABJEHHAS M3 BEKTO«

—> —> —> —>

pos AB=a, BC=20, CD=¢, DA =d, 6una camonepecexaromieft
cf. Jina sToro poctaTtoyHo, 9To6H BEKTOPH 4, b, €, OTIOMeHHHe
or onHoft Toykm O, Jexan¥ B ONHOM NOJYNAOCKOCTH, NpPHYEM @

H € Jexalu IO OAHy CTOPOHY OT mnpsMol, npexonsaiiei yepes O
H napaJiesnbhoil b. Torma

la+d|+le+d|=BD+4ACL|b]+|d]

B octaeTcs fo6aBHTb K STOMY

lb+dl=|a+c|<|a]l+]|cl|

Jlpyroe pellienHe, OCHOBAHHOE HA HJe€ YCPEAHEHHS MpoeKuHd
BEKTOPOB Ii0 BCEBO3MOXHEIM HANPABJIEHUSIM, NO3BOJISET CBECTH ABY-
MEepHEIl W name TPeXMePHHII BapHAHT STOH 3aaiH K JOKa3aTelbs
CTBY aHAJIOTHYHOTO HEPABEHCTBA [JIH YHCENM, T. € K ONHOMEPHOMY
Bapunanty [73].

226. OrBer: 1976. Bece oTmeuenHwe ToYKH, Kpome neuwtpa O
1976-yrosbumka, Jnexat no 1976 wryk Ha 987 okpyxuocTax ¢
uentpom O. Jlio6ass Apyrasm OKPYIKHOCTb Y NepeceKaeT KaXAylo
H3 sTHx 987 okpyxHOcTeii B ABYX TOYKaX; KPOMe STHX TOYEK M«
Peceuenysn, Ha y MOXET JiexaTb elle JHb OJHAa OTMEuYeHHas TOY<
ka: O. TlostoMy Ha Takofi OKpPyXuoCTH y He Gonee 987-24 1 =
== 1975 oTMeuyeHHHX TOYEK.

227. OtMetuM y Kamporo u3 Rk KYCKOB, HA KOTOPHE pacras<
Macb OCTaBIIAACH YaCTk JMCTa, 4 BepUIHHE (YrJbl NIPH STHX BEp<
wHHAX — 90° mm 270°). Kamnan us 4k OTMEYEHHHX TOYEK — BEpw
IIHHA OZHOrO W3 N BHPE3aHHWX NPAMOYFOJLHHKOB HJIH HCXOLHOIO,
OpHYEM eC/IM KaKaf-TO TOYKA OTMEYEHA JBANKAB, TO K HEN NPHUMH«
Z‘OT: l)lBa npaMoyronbhuka, Ilostomy 4k < 4n -4, orkyna k <

n+1,
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228. Tpu Toukn (xo, Yo), (x1, 41}, (%2, y2) nexar wa onmoit nps-
MO TOrzla H TOJIbKO TOrAa, Korjha

(1. — x0) (y3 — o) — (x3 — Xo) {y1 — yo) =0, (+)

Ecmm i n oy (i=0, 1, 2) — nuneiinve Qynkuun OT BpeMeHH f,
TO (%) CTAaHOBHTCS KBAaAPaTHHM YypaBHEHHeM OTHOCHTEJBHO f; OHO
wMeeT He Gusiee NBYX KOpHei.

229. a) MOMHO CYHTaTb, YTO YK H3 LEHTPAJIbHON KJIETKH
CMEeCTHJICSI BNpaBo Ha k > 2 kyetku. Hanummem p kaxnoit u3 49 kie«
TOK MpaBOro psna, Ha KaKOE YACIO KJETOK O FOPH3OHTaJH CMEs
CTHJICS YK H3 COOTBETCTBYIOLIEi KJIETKH; CMelleHHe BIPaBo CiHe<
TaeM MOJIOXHTENLHHM, BJEBO — OTpHNaTeNbHEIM. QOueBHAHO, IS Ca<
MOrO NPAaBOrO JKYKa CMelleHHe OTPHUATeNbHO, 2 HANHCAHHHIE HAMH
yucja B COCENHNX KJeTKax orJuyalorcs He GoJiee yeM Ha 2. llBH-
Tafchb MO PANY OT REHTPAJbHOIH KJNETKH BIPABO, MB TME-TO JOJKHH
enepefiTH yepe3 O», NOSTOMY ONHO M3 HaNHCAHHLIX YHcen paBHO 1,
0 uan —1, T. €. ONHH M3 XKYKOB AOJNMEH CMECTHTLCA He Gojee geM
HAa OAHY KJETKY.

6) OTBeT: yTBepwnenne He pepnHo. Ha puc. 97 npueenen
npuMep, KOTia BCe XKYKH OKa3bLBalOTCA NaJeKO OT CBOHX HAYAJIbHHX

1.|.l. ? .|.—F3 .30 oJ..s .].I. .2

T H HH OH OE

a a olEs A ..

T TEEEETe]|  [elelelfollels

clc:

1[-[e]-l8]]-]-]8 P L1
Puc. 97

KJIETOK (C/1eBa NOKa3aHO, KaKWe HOMepa Mbl NPHOHCHBAEM KaXo-
MY YKy, cnpaBa — Kyna ROJXKIUL JieTeTb XXYKH C COOTBETCTBYIO-
WHMH HOMepaMH).

B) OTseT: BepHo. JlokameM STO YTBEp)KLEHHe cpasy AJs
DpAMOYToJbHEKAa M3 m X n kjetok. Jlas xeanparoB 13X 1, 2 X2
u npsvoyroibHEKa 12 oHo oyennno. (Boo6e, s npsiMo-
yroabHukoB 1 X n 1 2 n ero jerko N0KasaTb TaK e, Kak a).)
Ilycts pasMepw npsMoyroibnuka m X n Gonvme 20 2<m << n.
Mb nokameM, 4TO H3 Hero (OTpPe3aHHeM KPafHHX PANOB) MOXHO
nosyuuth Menpuinii npsmoyronbHHk II, Bce XyKH wu3 Koroporo
BHOBbL nonapator B [Il, nosToMy RocTarcuHo Oyner yGeamthes,, YTO
B Il uMeeTCH BYKHbI «NOYTH HENOABHXKILIA» KYK,
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.- ¥YnobHo wmamepsth paccrossue p Mewny kinetkamu A, B mo
UHCAYy XOBOB, Sa KOTOpHE IUAXMaTHBHI KOPOJb MOXET monacTh
u3 A B B: mHOomecrso kiaeTok M (Ha kJerdaroR Oymare), HaXOe
IALHMXCA OT MAaHHOH KIeTKH C Ha paccrosiHHH He GosbllieM 1,
ans qboro r =1, 2, ... sanouuser kpanpat (2r--1)X(2r + l)ﬂ
¢ nentpajbHoil kaerkoit C. Ilo ycnobmio, xyk n3 knetkn K no<
napaer B takyw kiaerky f(K), uto mas kierok A, B na paccrosi«
vue 1 Oyner p(f(A),f(B))<< 1. Torna nnm mobbix nBYX KIETOK
AuB

p (F(A). F(B) <p (4 B). *)

B npamoyrosbhHke m X n (m << n) Gymem Ha3bBath <Kpalis
HHMH» KJIEeTKH, PacCTOfHHE OT KOTOPHX IO HEKOTOPHX KJETOK
npsamMoyroJjbiuka pasHo n— 1. Ecim m < n, Takue KJeTKH sSanolls,
HAIOT NBa KpafiHHX pAna (KOPOTKHE CTOPOHBI MPAMOYrOJIbHHKA)JF
B Kpajpare n X n OHH 3aNOJHAIOT 4eTbpe KpaltHHX pana (kaem<
Ky). 3aMeTHM, YTO PACCTOfIHHE P MeXAY NBYMA KJETKaMH NpPOTH<
BONOJOMHbIX KpaliHHX PAAOB paBHO n—1, a pas Jo6HX HBYX
APYTHX KJETOK OHO MeHbliE.

Ecnn B kakofi-To H3 KpafiHHX PALOB He MONajaeT HH ONHH KYK,
To, y6paB STOT PAA, MH NOJYYHM HYXHHI npsaMoyrosbuuk I1
pa3mepamMn m X (n—1); u3 moGoii kjietkn K XKyk nepesneraer B
kaerky f(K) ns I

B npotuBHoM ciyuae B KayecTse II MOMHO B3ITH MPAMOYTOJIbs
HHK, MOJyueHHb!I M3 QNaHHOrO OTpPe3aHHeM BCEX KpaiHHX PpSAnOB,
JleficTBHTE/IbHO, MOXXHO OTMETHTb HECKOJbKO (ABe, TPH WJIH 9eTbl«
pe) kunetku K; Tak, uTo B KamjaoM KpaiiHeM pany comepKHTCS
onna n3 kaerok f(Ki). Ilockonbky p(M,Ki)<<n—2 piasn nwGoit
kietkn M us IT uw raxpoii knetkn K;, To cornacuo (s) Gynmer
p(f(M), f(Ki))<<n—2, a oTciona H M3 3aMeyaHHf O NPOTHBOMO-
JIOXXHBIX pAnax cieayer, uyto f(M) copepxurcs B I

Tenepp fOKa3aTeJbCTBO OYEBHAHO NPOBOAHTCH HHAYKuueR (no
n = max{m, n} uin no m+ n). Bosee TOoro, u3 Hero caenyer,
YTO BCerAa Haiinercss Ksagpar 2 ) 2 KJeTKH, mnepexonsuwuii B
cebs.

V 3ta sagaya —oauH W3 AMCKPETHHIX BAPHAHTOB SHAMEHHTOIN
Teopemb Bpayspa o Tom, 4TO HenpepbiBHOe OTOGpaKeHHe BHINYKJIOTO
MHOXECTBA B ce6Sl HMEeT HENMOABHIKHYIO TOYKY.

230. Ha puc. 98 ykasan myTh HoCTpOeHHR pa3Cuenwii, ynosJe-
TBOPAIOWHNX cPa3y caMblM CHJIBHEIM yciaoBHAM 6), B) H r) anA mpa«
BHJIBHOTO TpeyrosbHHKa CO CTOpOHOH 3: mpu mepexone OT JieBOro
PHCYHK2 K npaBoMy KaXnas u3 Touek Mz, Ms, ... u N,, N,
N, ... cnerka oronpuraercs BHH3, 06PasyA NOMOJHHTE/IBbHHE OYEHb
Yyskue TpeyronpHuke AMgNp, BNaMer; k=1, 2, ... (Cm.
«Ksant», 1977, \2 5, c, 22.), '
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231, Mpumep a) oOueBMAEH: NOCTATOYHO BHINMCATL M Pa3 MON<
pan «6nok» 123 4. n; i-10 undpy moGoli NepecTaHOBKH MOKHO
B3ATb M3 i-ro 6ioxa. B KauecTse mpumepa 6) rojHTCA TOC/AENOBas
TEJILHOCTD

12...n 12...0...12,...n 1,
) (] | ] i

n=-1

B camom nene, ecnu B nepecraHoBke (Ky, R, 4.0y k) XOTL OAHA
napa cocefHHX uucen k;, k;4y CTOMT B NOPAAKE BO3PacTaHUAl, TO
HX MOMHO B3Tb M3 OAHOro 670ka 12 ,., n (j-ro mo nopaaky)}

npu stoM nocaepuss 1 paxe He monapobures. Ecnu sTo He Tak,
T0 nepecTaHopKka o6s3aTenbHo copnanaer ¢ (n, n—1, n—2, ...
esns 2, 1); TOrma U3 j-ro 6Joka HyXHO B3ATb 11— j, H NPUTONHTCH
nocaenuan 1.

B) OTmetHM zas Kaxjaoro gucna k& (ot 1 po n) nepsoe ero
BXOXIEHHE B YHHBEPCAJBbHYI0 NOCAEOBATeNbHOCTb, ONHO M3 OT<
MeueHHHIX YHCEJl BCTPedaeTcs Ha n-M MecTe OT Hayajla HiM [axe
panvuie, Ilyerb ans onpepmenenHocTH TakuM ynciom Oyaer n. Ile-
pen HUM CTOMT no Kpaiinelt mepe n— 1 uucen. Ilocne Hero crour
NOCAeNOBATEJNbHOCTD, KOTOPas NOMKHA OBITH YHHMBepCaJbHOH IJiA
nepecTaHoBOK ynces (1, 2, vaay #— 1), ¥ NO HHAYKHHH MH MOXEM
CYHTAaTb JNOKAa3aHHBIM, YTO ee JUIHHA He Menbwe n(n— 1)/2. Tlo-
STOMY JUIMHA N-YHHBepCaJIbHOH NOC/IENOBATENbHOCTH HE MeHbIIe
ntn(n—1)/2 = n(n-1)/2.

r) 3aMeTHM, 9TO €C/IH YHCJIO A BXORHT B 71-YHHBEPCAJIBRYIO
NoCNeN0BaTeNLHOCTD JIHLIL ONHH Pa3, TO JO Hero H Mocjie Hero
HOJXHA CTORATb (11— 1)-yHuBEpCcaJbHAs NOCAEAOBATENILHOCTL. DTO
JaeT BO3MOXKHOCTb NOJYYHTh Gosiee TOYHYIO OHEHKY CHH3Y, uYeMm
B DNYHKTE B).

IMycts I, — pjMHa MHUHHMANBLHOM AH-YHUBEPCAJIbHOR NOCNeAO0Ba«<
_frenbHOCTH, Torna Ig=3. Jokamen, uro Iy =7, [lpumep: 1213121
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pan 1231231, Ecnn kakoe-to uncno (ckameM, 3) BXoaut s mocneno-
paTe/JbHOCTD JIHIIL ONMH a3, TO ee JUIMHa He Meubuie 142 << 7.
B ApyrbM clyqae pacCMOTPHM HHCJIO, KOTOpO€E BNEPBbLIE BCTPETHTCH
Ha 3-M MmecTe uiu no3xe (nycrb oto 6ymer 3). 3a HHM BCTpeTHTCS
ele pas 3, a TaKiKe 2-YHHBEPCaJIbHas MOCIENOBATENILHOCTb, TAK YTO
obmas aauHa He menbuwe 21414 Ilp = 44 I = 7. Ananornu-
HO y6ewnaemcs B ToM, 4ro lg= 12, Ilpumep: 123412314231 nau
412341243142. OneHku: ec/aM HEKOTOpPOE YHCJAO BXOAMT B nocjaeno-
BaTeJbHOCTD JIHLIL ONHMH Pas, TO ee NJIHHA He Membuie 1 -} 203 == 15,
B [pPYrom caydae oHa He Menbuie 34114 I, = 12,

To xe paccyxnuenue nokasbiBaer, 9t0 l, = n(n-+1)/24+n—2.

1) MOHO JnOKasaTb, HTO n-yHHBepCaJbHOH SABJSAETCA TaKan
nocJe0BaTeNbHOCTh JJHHH n? — 2n + 4:

n ‘l 2 ... (n—l)t: |l 2...(n—2Qn(n-1 ...
|l 2n3 ... (n—l)| 1n2 (v)

rne B Kaxaw#t H3 n—2 OGaokoB 12 ... (n—2) mBcraBjeHo n
(nocne n—1, 3areM nocie n—2, ..., HakoHel, nocie 2), Kpome
TOro, n CTOMT B Hayaje H B KOHue, umetoweM BHA 1 n 2. (Tak n3ro«
TOBJIEH BTOpOil mpuMep aJs n=4.) Jlas 3Toro NOCTaTOYHO yGes
JUTBCA B TOM, HYTO CJ€BAa OT K-FO BXOXJEHHA n B (%) MOXHO
BbIYEDKHBAHMEM MNOJYYNTb JIOOYI0 NOC/IeNOBaTeJbHOCTD H3 kR —1
pasnuuHbIX YHcesl (cpenn 1, 2, ..., n—1), a cnpasa — so6Gyi0 u3
n—Fk Takux uuces; A€o B TOM, 4TO o6e STH 4acTH —Jepas H
gpaBasl — nocje BHUEPKHBAHUA BCEX BXOXAEHHWH n (mpaBas — TaKs
He Noc/je HUK/IHYECKOll mepeHyMepaunHH) HMEIOT TaKofl THI:

l1 2... m Il 2 ... mnl 2 ... m 12...,rae r<m=n—1.

r—1 pa3
A 3Ta nocnefloBaTENbHOCTL  06NiafiaeT  CJAeAYIOWMM  CBOICTBOM
«(m, r)-yHBepCaJbHOCTHS: U3 Hee DbIYEPKUBAHHEM MOIKHO HOJNYYHTD
Mo6yto NoCeN0BATENbHOCTb F pasubix umcen (cpemd 1, 2, «.., m).
232. Iycts m = [n/2], Tak 4r0 n = 2m win n = 2m -} 1. 3a«
HyMepyeM NaHHBIE@ YHCIA CIERyIOWHM 00pa3oM: Xp == 1, — «Havallbe
HOe» YHCJIO; X, X3, ..., ¥m — MAYLIHE NOAPAA NO YacCOBOH CTPENKS
OT Xo; X1y X—2, co0y X¥—my1 (M X—m, €CJH NI HEYETHO) — HAYILHO
MOAPAM NPOTHB YACOBOR CTPEJIKH OT Xo.
a) Ecan so6bie mBa cocenHne 4HCna pasninyaloTcess He Gonea
9eM Ha 8, TO
x =>1—s, x_ =>1—g¢,
x2>1—2e. x_2>l—2e,
e ¢ e 9 @ 2 5 0 o o 4 ® o o o & 9 8 o 9 e
X, 2l—(m—~1)s J:_m_‘_lbl—(m—l)e,-k
X, =1—me (x_mbl—me).
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CroxuB STH HepaBeHCTBa, BKJiOYafi TAKKe pPaBeHCTBo Xp=J, o
YYMTHIBAS, YTO CyMMa BCeX n yuces paBHa 0, MONyqHM

0>n—(U4+24.c.+(m—1)+m+(m—=1)+ (n .
e+ 24 1) gt o rgige

OTKyRa e = nfm? = 4/n (nockonbky m? << n*/4).

V Ilpu yetHoM n ouenka tounas. Ilpn HeverHoM n=2m T
€€ MOXHO, MCTIONIb3YA elle X—m, CJIErKa YTOYHHTB: 8 = nf (m2+m) sl
= 4nf(n®—1).

6) 3neck MOXHO JBaXKNH BOCHOJIB3OBATLCA PE3YJLTATOM 8)g
Ilycte HauGosblias 6O MONYJI0 PA3HOCTB COCENHHX YHCen Ha
oKpyxHoctH paBHa e. CorsacHo a) 8 == 4/n. C npyrofi CcTOpOHBY,
CHOPMHMPOBAHHHE» DA3HOCTH COCENMHMX YHCEN HA60pa (X1, X2 eeq
oevy Xn) —UHCNA Yr = (X — Xe—)/e— B CBOIO oOvYepenb YaROBJes
TBOPAIOT BCEM YCJIOBHAM 3ajaud a), MO3TOMY AJA Hekotoporo &

L |

x -_—X X, — X
—x, =l Ret — %k % T Feq ]

2 2
e 8
=|Yes1—Ylg =77

‘(3zech HHOTZA WHIEKC HYXHO, KOHEYHO, YMEHbLINTb HJH YBEJHUHTb
Ha n, TaK KaK YMCJa PACIOJOMEHH Ha OKPYIKHOCTH).

) u 1) IlokaxeM, kak jjis Jio6oro n NOJYYHTH HAKJIYYLIYIO
BO3MOJKHYIO OLEHKY CBEpPXy AJfl BEJMYHHb 8 — MaKCHMaJLHON 1o
MOAYJII0 Pa3sHOCTH MEXAY YHMCJIOM Ha OKPYXKHOCTH M CPenHHM apud-
METHYECKMM ABYX ero cocenell M NOCTPOMTb ONTHMAJbLHHII (c Hau-
MeHblRM 3HauvenneMm §) HaGop. Ilpn sToM Ha6op (xx) MOXHO cpasy
CYHTATb CHMMETPHYHBIM: X == X_p, [IOCKOJbKY 3aMeHa X, Ha
«xr 4+ x_r)/2 coxpanser mBce CBOHCTBa, OrOBOPEHHBIE B YCJOBHH
8anauH, M OUEHKY |xp—1— 2%x + xx41|<< 26. Ilpexne uem ouenn-
BaTb CaMH YHCJIA Xp, OLEHHM Pa3HOCTH Xgp—; — Xi, HAUHHAA C Xo,
@ 33aTeM — HAaYHHaf C NPOTHBONOJOMHON TOYKM (cepenHHM Habopa),
TTocroJbKy X; = Xy,

.

Xo— % | —x_, +2x, —x, |/2<6;

X1 —x3 < (X — ;) + | —x0 + 2%, — x2[ <38,

X3 — X3 < (X — x3) + | —x%; 2% — x5 | B, ...,
Xy —x,<(2k—D3, ...

)

an YeTHOM n == 2m, KOrga HMeeTCA OLHO NMPOTHBOMNOJIOIKHO pPacno«
JI0XEHHOE 0 OTHONIeHHI0 K Xp YHCJIO X, AHAJIOTHYHO NOJYy4YHM

X

el *m <0 Xy = X K38 e xm-l—xm—l+l<

<@-ns @
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Ecw n'== 9m F 1 HeyeTHO (Xm == X_n, = IBa COCENHHX yHcna), 10

Xy —xm<2b, X% 1 <49, ..., xm_,—xm_,“gmb.
@)

3aMeTHM, YTO JAR E Menbllero, geM mf2, Jyuuieft olleHKoR
A Xe—y — X& Oynmer (1), 2 nna k Goabuwero m/2— (2) wm (2');
s OnTHMajbHoro HaGopa uymcen (Xx) COOTBETCTBYIOLIHE HepaBeHs

cTBa JIOJIKHH CTaTh DPaBeHCTBAMH, NMPH TOM rpadHK ONTHMaJILHOX
nociepopatesnbHocTd GyneT JeXaTbh Ha Kycodkax mapaGon (puc, 99).

A

5"

-1

Puc. 99

U7o6u N0Ka3aTh STO U NPHBECTH TOYHYIO OLEHKY O IIs Kaxmoro n,
HYHO Pa3o6parb OTAENBHO YETHIPE Ciyyas, COOTBETCTBYIOIIHE pPase
HbIM oCTatKam # npu neienun Ha 4. [lycts, nanpamep n = 4142,
M3 (1) g (2) crenyer, 4r0 xx = X—p = 1 —s:0, rhe s3—cymma
nepeHX k gncen B CTPOKed

L3 ..,2—-1L24+12—-1,...,31

TouHasn onenHka O HOJAYYWTCA W3 YCJNOBHA, 9TO CyMMa BCEX Xz paBs
Ha 0, a onTHManbHHIM Gyner Habop X == X—s == 1 — 6. B wacr«
HOCTH, 1aa n == 30 (I = 7) nony4mm:

O=xo+2(xsF+ %2+ o0e F 2x10) + x15>30— S8,

rae S=2(s; +F s+ ses + S14)+ S15. D7y cymMy yRo6HO cunTaTH
TaK: MOCKOJIbKY

.3l5=1+3+5+ vee+NF134 114 0eeF3F1072482=
=113=8 Fs14=52F S1s =100 =57} Ss,.
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10 S =1(2-7°F 1)s;5'5¥15-113. Taxuu o6pasoi, 8 &> 9/113, npm?
geM 8 =2/113 Tombko AnA HaGopa (MOKA3aHHOLO H@ DHCYHKe)

={ 1—k®¥mpr 0, 1, ..., 7,
U1 — (113 = (15 — £)%) 8 = —1 -} (15 — £)28 mpm k=8, ..., I5.

‘AHaJIOTHYHO MOXXHO MOJNYYHTb TOYHBIE MpaHHUB 8 jns Jsoboro
n n y6eauThCsl, 9TO NPH BCEX N BHIIOJHEHO HepaBeHCTBO 8 > 16/n?
\(mpu GonbmMX n 3Ta ouenHKa GaM3Ka K TOYHOM).

V HenpepwiBHbii aHanor mocjenHedl safagm: HafiTH HaHOOMb<
IIYI0 BO3MOXHYIO Da3sHOCTh MEKAY MAaKCHMYMOM H MHAHMMYMOM
neprofHYeckoi (yHKkUmu c nepHogom 7, y KOTOporo BTOpast mpo<
HM3BOJlHasl He mpeBocxoAuMT Mo mMopy/o 1. dta 3amava pame npoue,
yem <«auckpeTHeifi» Bapuaut. Ipadux ¢yHKuuu, wumeroweli Hau-
Gonellee «KoneGaHue», TaKie COCTOMT H3 Kycoukop mapabon [69]

233. OTMeTHM CHagajla HeCKONBbKO (HDAaKTOB, OTHOCALMXCH K
caysaio JoGoro HatypasmbHoro n. CyuiecTByer Bcero 2% paccraHo-
BOK uucel 41 ¥ —] B BeplIMHAX NPaBHJLHOIO £-YroJbHHKA. By-
feM Ha3pBaTh [(B€ PACCTAHOBKM SKBHBAJIEHTHHIMH, €CJIH OT OMHO#H
M3 HHX K fpyroft (a cTano GhTh, H 06paTHO) MOXHO MepedTH yKa-
3aHUBIMM B YCJIOBHH ONEpPaLMsMM — H3MEHEHMeM SHaKOB B BEpPUIH«
Hax NpPaBUJBHBIX N-yroJbHHKOB, JIio6ble fgBe OnepauuH TaKOro THMa
«KOMMYTHPYIOT» — Pe3y/JbTAaT He SaBHCHT OT MOPARKA, B KOTOPOM
OHH BBHIMOJHAIOTCA; MOBTOpeHHE Jo0Of Omepauny ABaMAM TaKkKe
MOXHO HCKJIOUHTL — OHO SKBHBAJNEHTHO TOMKAECTBEHHOH oOmepauuy,
He MeHsioulell paccTaHOBKH. IIpE 3TOM MOXMKHO OrpaHHIMTHLCA JIHIID
onepauusAMH H3MEHEHHSl SHAKOB B BEPUIHHAX [PaBUJBHBIX P-YrOJbe
HEKOB C MPOCTHIM YHCJIOM BEPUINH p (HASOBEM HX «06PAa3yIOLIHMH»);
MHOMECTBO BEPUIMH MPaBHJIBHOrO N~YroJbHHKa 0Npu JiobGom n, fe-
JIAMEMCS HA P, MOXKHO pasbuth Ha nfp 06pasyOLMX pP-YrONLHEKOB.

Ilpexxme wem gmBHMraThCfl fanblile, PacCMOTPHM KOHKpETHHE 3a-
JAaun.

a) Ilpr n =15 cymectByer Bcero 8 06pasyIOLIMX p-YrONbHH«
KOB: 5 TPEYroMBHUKOB B 3 MATHYroibHuKa. Efunmunyio (coctosmryio
u3 Bcex --1) paccranmosxy o6GosHauum 9gepe3 E. Jlio6Gas skBuBa-
nentHasn E paccTaHoBxa omnpelensieTcsi YKa3aHHEM HEKOTOPOrO Mof-
MHOXKEeCTBA H3 8 STHX p-YrONbHUKOB; Pa3J/IHYHBIX NOAMHOKECTB
(Bxarouas mycroe) cymecTByeT 2% —3T0 MeHEmlle, geM obliee guCIO
215 pacctaHoBoK. IIosTOMy CYIECTBYIOT PACCTaHOBKH, HE SKBHBas
neHTHee E,

6) Ilpu n = 30 ofbmwee 9nCIO0 OGPA3YIOLIHX P-YIOJNBHUKOB Dap«
HO 1541046 =31, TaKk uTO ANA pewIeHHs Safaun HYKHH [0«
NOJHUTE/IbHBE coobpaeHHs. 3aMeTHM, 9TO MOXHO OFPaHHIHTHCA
MEHbUIAM WHCIOM O0pasylomux: HampuMmep, H3 KaxAofl Mapw CcHM-
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METPUIHBIX OTHOCHTENLHO UEHTPA TPEYTOJBHHKOB (H NATHYTOMbRII
KOB) MOXMMHO OCTaBHTb JMUIb OAHN — H3MEHEHUE SHAKOB B HeMm, a
TaKXe B Tpex (NATH) <«ABYYrOJbHHKAX», CONEPMKALIMX €r0 BEpLIH<
HLI, 3KBHBAJIeHTHO M3MEHEHHIO 3HAKOB B JPYroM, eMY CUMMETPHIHOM,
Ocraercs 15454 3 = 23 o6pasywowux, TakuM o6pasom, Cyuie-
cteyer He Gosee 2% <C 230 paccTaMOBOK, 3KBMBaNeHTHMX E.

B) Iokaxem, Kak pais moboro n HalTH TOYHOE KOJHYIECTBO
T(n) paccTaHOBOK, 3KBMBaJeHKTHBIX E. 3amerHMm, 9TO KOJHYECTBO
paccTaHOBOK, SKBHBAJIEHTHHIX KakKOH-TO Apyro#t paccraHopxke A H3
+1 u —1, Takxke paBHo T(n): BCce OHH MONYYAIOTCA NOWIEHHHIM
yMHOX(eMHeM 3HaKOB paccTaHOBKM A Ha nobylo pacCTaHOBKY H3
knacca SkBHBaNeHTHHX E. OGosnauuM dgepes K(n) wucno «knaccos
SKBHBAJIEHTHOCTH» — MAKCHMAJIbHOE KOJIMYECTBO NOMAPHO HEeSKBHBA«
JIGHTHBIX APYr APYTY PacCTaHOBOK; TOrja

K (n) = 2"T (n).

TlycTb n comepuT s pasHbiX NMPOCTHIX MHOXHTeJefi:

Q. a
n-=p‘:'p22 eee Pgt (»)

TonoxuM PPz s.- Ps=q; nlg=m. PasobbeM npapuibHHIT
P-YTONBHHK Ha m MPaBWIbHBIX @-YTOJLHHKOB. 3ajiaya BBHYHCJIEHAS
¥(n) csomutch K Gonee npocTofi samade Bbyucaenua T (g)==i
t==T(P1 ... Ps); BeRb KaXAblii M3 O6PasyroUMX p;-yrONLHHKOB CO-
JEPXKUTCA JHllb B OAHOM M3 @-YrOJbHHKOB, — LPYFHMH CJOBaMH,
NPOMCXOAfllHE B PAa3HHIX ¢-YroJbHHKAaX H3MEHEHHs SHAKOB He3a-
BHCHMBI, 03TOMY
T(n)=(T (@)™, K(n)=(K(g)™

HauneM cc cnyyaa s = 2: mycTb n = p;p2. 3aHyMepyeMm Bep-

MK n-yronbHuka uucnamp O, 1, ..., n—1. 3andweM 3TH yucha

B Tabsuuy p X P Tak, 4TO 4HCIa
4 B OJIHOM cTOJ0le MAIOT OAMHAKO=+
9

BHl OCTaTOK NpH [ACJIeHHH Ha Py,
B OfHOM CTpOKe — NMpH JeJIeHHH Ha
7 13 4 P2- D10 MOXHO cfieflaTh, IIOTOMY
970 Ifapa OCTaTKOB (rj, r2) OT Res
25 1 z 8 % JIEHWsl ¥Ma p; ¥ Pz ORHO3HAYHO of-
penenser uomep or O no n
Puc. 100. Kaxpoe uncio or  {puc. 100). PacctanoBkam guces
0 o 14 onpenesnsieTcs OAMO- 4| g —] B TOYKAX HA OKPYH-
SHra;l:onmcei%M:a gc:a::agm HOCTH COOTBETCTBYIOT PaCCTaHOBKH

aycen o(r, r2)=-4+1 u —1 B
KjeTkax Tabmuupl (r) — HOMEp CTPOKH, r2— HOMep crosibua), Hs«
MeNellHI0 3HaKOB B P~ H Ppo-YTOJIbHHKAX — H3MEHEHHEe SHAaKOB O B
Crpokax u cronbuax, Jhio6yio PacCTaHOBKY STUMH OMepauHaMi
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MOXHO NpHBECTH K Takoff, ¥ kKoTopofi B mepeofi CTpoKe W IEPBOM
cronbue crosit ontH -}-1, Takue «npuBefeHHbIe® pacCTaHOBKH OYAYT
NONapHO HESKBWMBANEHTHM; B CAMOM feJle, PH SaMeHe SHAKOB ¢
B CTPOKax H CTOJI6HAX BeJHYHHA NPOH3BefeHHSA '

o (ru r2)o (0, rz) o (ry, 0) o (0, 0)

coxpansiercsi (Habop TakMX BeNMYHMH JJIA BCeX (r,ry), 1 << <
sp—1, | <rp<<p2—1 onpegensier Knacc SKBHBAJNIEHTHOCTH)y
TlosTomy

K (pipa) =2P=D =D, T (p, p) = 2P¥Pr=,

B uwacthocry, K(15) = 25, T(15) = 27; K(10) = 2%. Ilocentee pas
BencTBO mno3soisier uafith K (200): n =200 = 2.5, ¢ =10,
m = 20, K(200) = (K(10))2® = 2+20 = 2%,

Ananornunbie coobpaxeHdss no3podistor HaiTH K(n) mna ciye
gasg moboro s. Ilycte ¢ == pip2 ... ps; Homep k or 0 po ¢ —I
OJIHO3HAYHO OMpefe]sieTCsl OCTATKAMH ry, fz, -.., s OT [eJeHUA ¢
Ha pi, Pz, --., Ps («xuTafickas Teopema 06 ocratkax», I12); e
paccTaHOBKaMH ©O(ry, 2, ««., 7s) — QYHKUHAMH HAa MHOXECTBE Has<
Gopo r;, 0 << p—1 (1 << s), npunUMaOMMH 3HaYeHUA
~1 u —1, — paspelieHo npojenLBATE ONEPald OHOBPEMEHHON 32«
MEHH 3HAKOB B OfHOM <«psily», COCTOsuleM 43 p; Habopos, y Ko-
TOpPHIX §-5 KOOpAMHATA r; IPOW3BOJIbLHA — MeHsieTcss OT 0 fo
pi— 1, a ocrancubie s — 1 gucenr; puKCHpPOBaHH (AN KA K A OT O
=1, 2, ...,5); 3THMH omnepauusiMi Jiobasi pacCTaHOBKA CBO-
AMTCA K Takol, Ansi KoTopo#t o(ry, 72 ..., rs) = -+1, ecmu xors
ofHO r; paBHo (; MOJNydeHHHe NpPHBEJEHHBE PACCTAHOBKH HEIKBH-
panenTHb (COXpaHsieTcsl IpPOU3BEAEHHE 25 3HaueHHH © Ana HaGo«
POB, MONYYAIONIMXCH M3 [AHHOrO 3aMenoll HEKOTOPLIX KOOPAMHAT Ha
Hy/H). BeimuumeM oTBeT AJfA ¢ = Pips ... Ps H JJIA JOGOro n = gqm
BHA (#):

K (g)= 2(91-—1) (ps-l); K (n) = 2q;(n)'
1

rze ¢(ﬂ)=n(l——pl—l) (1_E

B uacrnocty, K(30) = 28, T(30) = 2%

V BosHuKuIas 3/eCh HECKOJBLKO HeOXHAaHHO OYHKiuA ¢ (n)
XOpOLIO M3BECTHA B TEOPHH uMceNl: 9T0 — pyHkuma Diisepa, Bbpa-
3Kalomas KOJWYECTBO HATYPAJbHBHIX 4YHCEN, MEHbIIMX 1 H B32aHMHO
npocthix ¢ HuM [53].

234. M GynmeM paccMaTpuBaTh JIHUIL TOYKH OfIHOFO &CEBEPHO-
ro» monywapus ¢ nomocom P (snavenusn ¢yukumu f B AuaMerpann-
HO NPOTHBOIOJOXHBIX TOYKAX OAMHAKOBH). Ilomoc P MH cautaem
camoif BHICOKOH Toukoit cdepr. Ouesunmo, f(P)=1, 0 < f(M) <
< 1 g Beex Apyrux Touek M chepaty,
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. a) nyctb Oa-=uentp cpepu. Pacctosnue ¢y OT Toukn M po
SKBATOPHAILHOM NJIOCKOCTH PaBHO KOCHHYcy yria MOP, Tak 4ro

f(M)=chy=cos?y, y=Z£ MOP.

Eean ¢y, €2, €3 — KOCHHYCH YriioB, obGpasyembix ¢ OP Tpems
B3aUMHO NepNeHAuKYJspHbIMM  panuycamn OM,, OM, OM, To,
c'f+c§ +c§, MOCKOJIBKY €j, €gy €3 — 3TO [UIMHH TPOEKUMH eHHHY4
noro otpeska OP Ha TPH B3aUMHO NEPNEHAUKYJSIPHHE NpPSIMBIe
(MOXHO TIOCTPOMTE MNPSAMOYrOJbMBHIEA Napaluiesienunes c peGpamu
¢y, €2, €3 ¥ AuaroHamsio OP = 1).

Peulerne 3afad 6) B B) ONHMpaeTcsi Ha Takoe CASACTBHE YCJO«
BuA (#).

Ilycrs I'x — nonoeuna Gofblioro kKpyra (OTAMYMas OT 3KBas
TOpa M MepHAMaHa), C KOHU2aM{d Ha 3KBaTope, AJsi KOTOpoH X fB«
nsercss camoit Buicokoit Toukoil. Torna gna moGoit touku Y nyru Tx,
ormuanof or X, f(Y) < f(X). B camom nene, -

FO+FX)+FQ=FX)+0+F(Q=1,

tne Y’ —rouka nyru Ty, ans xotopoki £LYOY’ = 90° a Q — Konen
panyyca, neprnesauKyJAspHOrO OJIOCKOCTH I'x.

6) Uepes kawnyioo Touky X nyrH 'y MBI MOXKeM nNpoBecTH
cso0 ayry I'x u Buibpate u3 HuX Takyw Iy, Koropas comepiut N
Torna f(M)> f(Y)> f(N).

p) AHanorvgHo npefbiayuiemy Anas moGofi mapw Touek M m Ml
(rne M Beune N) moxHO mocTpouts nenodky M = Xo, X1, Xz, aeo
e.ey Xy =N TaK, uTO0 X; JEXUT Ha I‘x!_, s j=1, 2, ..e, 1}
(ecit M u N O6auskd MO WHpOTe, HO CHMABHO Pa3NMYalOTCA 0O
JIONTOTe, TO MPHUAETCA ce/aTh GOMBIIOe THCJO £ LIAroB).

r) Eciu ana peyx touek M M N, nexanmx Ha ofHofl mapan«
semn II Ha paccTosimum ¢ oT 3KBaTOpHaJbHOR miockoctH, f(M) —
—f[(N) =¢>0, To ana mobux nByx Touex M’, N’, rme M”"
BhllLe ¢, a N’ Hume ¢y, 6yner

FMY—F(N)Z=F(M)—f(N)=¢€,

T. € Ha BHcOTe ¢; GyHkuus [ COBepUIAET «CKAYOK» BEJHIUHH €,
H3 (x) caenyet, 9to Torna ass moGofi mapwl wncen cp > €3> 0 Ta-
Koii, 4To cf+c§+c§=l. yHruMa f JOMKHA COBEPUIATH CKAYOK
BeJMYHHL He MeHee €/2 NGO HAa BHCOTE Cp» JHGO Ha BHICOTE Cge
Basp Gosee [2/€] Takux mnap (Cg, ¢3), MB DpPHAEM K MPOTHBOPEUHIO
c ycnopeM 0 << f<< L.

n) U3 npensnymux nyukToB caenyeT, uro bymrxuua f(M))
paBHa g(cﬁ,), Tie Cp — PAcCTOSHHE TOUKH M OT 3KBATOPHAJBHOR
NNOCKOCTH, ¥ = g(x) == HeKOTOPaA MOHOTOHHO BO3pa raloas GYHK',
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uns wa otpeske 0 < £ 1, ynopnersopsioman yenopmamy g{0)=3"
=0,g(l)=1mn

g(x1)+ g(x2) F g (x3) =1, ecru ¥y 4 ¥2+x3=1

YiIa nocnegmero ycnopus (mpu  x; =0) caenyers  g{x;) =
= 1—g(1 — x3), nostomMy ann JOGHX X1, X2

gx)+gx)=1—g(1—x,—x3) =g %1+ x2).

Ho enuHcTBeHHasi ¢YHKuUMA, YAOBAETBOPAIOMAR STOMY (DYHKIHO«
HANLOOMY YPABHEHHIO H YCAOBHIO <HOPMHPOBKH» g(l)=1,—sT10
g(x)=x. Dtor dakT sO0Ka3LBaeTCA CHagala ANA PALHOHAJBHHX
&« (x = 1/n, satem x == k[n), a NOTOM H3 MOHOTOHHOCTH — Jl/Isl BCEX
w (cm. [72]). -

235, lpsAman, npoxoffmlas N0 HekoTopoMy speHy BC Joma«
HOH, IepecekaeT 9YeTHOE WJM HEYEeTHOE TUCJAO APYIHX 3BEHLEB B
B8aBHCHMOCTH OT TOrO, Jewxar Ju cocennde speHbi AB u CD no
OfHYy MJH MO pa3Hbie CTOPOHH OT npsmofl BC (B mocienneMm ciaydae
speio BC Oynem uasbipaTbh «3Mr3aroM»); B CaMoM jielle, 4eTHOCTb
yucJa Nepecedendit Jomawod ¢ npamoit BC onpepensercs Tem, B
OHOl HJIH B PasHHIX MONYIJIOCKOCTAX OT Hee PACHOJIOKEHH TOYKH
A u D (puc. 101,a). Ho na Kawpmo#l saMKHYTONl JloMaHO# 9YeTHOE

Puc. 101

9HC/0 «3Hr3arop»: Npoias MO STOH JIOMAHOH M OTMETHB, B KaKYIo
CTOPOHY — BJIEBO WJIH BIIPaB0 — MK MOBOpauYnBaeM B Kamjofl pepe
LIMHE, Mbl OJMHAGKOBOE KOJHYECTBO pPa3 MeHsleM Hanpaplienve [0«
BOpOT2 C/IeBa Hampaeo W crnpaea Haneso. M3 atux nByx takros
BLITEKAeT YTBEpMAeHHe Sajfaduu.

Fute Goslee KOPOTKO® [OKAa3aTesbCTBO IMOJYYAETCH, €CAH HCs
NoNB30BaTh TOT (AKT, 9TO CTOPOHH YIVIa, MONYYalOUIErOCs NMPH NpO«
JOMKEHH KamABX ABYX cocefiux speuveB AB um BC sa Touky B,
JIOMaHas mepecekaeT geTHoe gucao pas (puc. 101, 6).

236. Tycre B ormeuennofl TOUke X HAMMCAHO YHCJIO Qx M gee
pe3s Hee NpPOXOAMT nx > | NpPAMBIX, COMEPKAIMUX JADPYTHE OTMEs
geHHble 70o9kH, CyMma wuMceZl Ha KaxXJofl M3 HHX 1O [C/JOBHIO
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pasHa 0. O6mas cyMmma wucel Ha Beex nx NpAMBX (B KoTOpok ay
yuactByer nx pas) pasua s (nx—1)ax =0, rae s —cymma pcex
YHCEN, HAMMCAHHLIX BO3Jle OTMeueHWbIX ToueK. Ilpenmnonoxenue s &5
%= (0 npHBOAMT K HBHOMY NpPOTHBOPEUHIO: JAJA Kamuofi Toukn X
SHAK 9YMC/a ax WMPOTHBOINOJIOXEH SHAKY CYMMH s STHX YHCeN; HO«
aTomy s = 0 4 ax = 0 nana scex X.

237. Yteepxaende 6) noxkasaHo B peuienun 3agnagd 58. Hes
nojb3ys eule nBa aHanorugHeix pomGa (c Bepumnamn B u C),
Jerko MoJYYHTh M pPe3yibrar a).

238. OtpeTH: a) gna, 6) 8 xomop (kamawk Hrpok — no
# xona).

Ha puc. 102 noka3an npumep paccranosku 41 ¢uuIKH; BO3ne
Kaxzod ¢UIIKM HanMcaH ee paHr — YuCJIo, MNOKasplBampllee, 8a

CKOJILKO XOROB OT KOHUA OHA

3 0 3 6yner y6pana. CTpouth TaKyio

o @ . PACcCTAaHOBKY YNOGHO «C KOMLa»y

3o * ¢ 3 K ocraomefica nocaenHedl dvep-
'2e . HOl ¢muke paura 0 n06GaBUTH
. ®Z ppa Geawx panra 1, psaom ¢
Je 3 Kammoll M3 nux noGauo ABe
. o vepHbie pavra 2 (c Tof u npyroi
30 s  CTOpPOMBI), PANOM € Kaxuofl u3
° OF uepntix —nee Genwe pawra 3
3°, R H T. A S$lewo, 910 3TOT Cnoco6
?.. .°3 laeT ¥a KaXJAOM UIary Mak-
fo %, CHMalILHO BO3MOXHOE UHCIO (i

3 3 IeK COOTBETCTBYIONIEr0 PAaHra.

Tem camum ana xaxporo ¢ mnos
Jly9aeTcA pacCTaHOBKA C HaMe
GONBIUMM  BO3MONKHBIM  GHCJOM
a; = by -} we duwek —b; gepubix w w; Gewix, KOTOpasi MOep
3a { XOJI0B MPEBPATHTECS B OfIKY 4ePHYO GHIKY (bo == 1, wo = 0);
NPaBAIO [l MOC/ELOBATENLHOrO BHYMCIeHHs (by, @) o©Yenb MNpo-
croe: mpH nepexofie ot ¢ K #--1 Gosbluee u3 yucen by, w; HE Mes
HAETCH, @ K MeHbLIeMy N06aBisieTcA yhABOeHHOe Gofbulee;

tj01 2 3 4 5 6 7 8

by|1 1 5 5 29 29 169 169 985
w0 2 2 12 12 70 70 408 408
a {1 8 7 17 41 99 239 577 1393

Puc. 102

Jlna pewenus sagaud a) moctatouso M3 41 Toukm Ha puc. 102
BBIKMHYTE OfiHYy MUIKY panra 4, He BAHAIOLYIO HAa CHTYyauuio Hocie
nepsoro xopa (T. e. CTOAmyI0 psfoM ¢ Apyroft bHiKoO!H «4»), —

HAlpUMep, IA8 COXPaHEHHA CHUMMETPHM, OTMEYEHHYIO 3BE€3[O4KOM:
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Tepexox ot 1000 ¢umex Kk onHOM He MOKeT NPOH3OATH MeHee
yeM 32 8 X0[0B, NOCKOJMBKY, KaK BHAHO H3 Tabauub, a; = 577 <)
<< 1000. lpumep posro ¢ 1000 duuIKaMH MOIKHO DOJNYYHTH H3 Maﬁ
CHMMaJIbHOH PaccTaHOBKH AAA 8 XOomoB ¢ ap = 1393 dumikaMn, Bbie
6pocHB 393 ¢uwKM paHra 8, He BJMAOUIME HA CHTYauUHIO HOC]e
NEPBOrO XOfida — 3TO MOXHO CHeNaTb, MOCKONBKY 2:408 = 816 dus
wek pavra 8, pasmemasice cpemn 577 ¢uuiek panra He Gonee 7,
obpa3syioT He MeHee 816 — 577 == 239 nap crosmmMx paAoOM (HHLIEK,

239. Bocoosb3yemcsi onpefiefieHdeM Mpenesia NOCJAENOBATENbHO«
ctn (F121), Ecnn nns Bcex n > N W HekoTOporo k BepHH Hepas
BEHCTBA

la,—a,,,/2]<e ® lay|2F<e,

to npu m 2= N -} k 6yner
1 1 e
Iam'<'_2-|a —l|+e<'§§'|am—-2l+T+e<"'

'<;m'l—_1vla~|+ ~+1+"'+ G+ +°<

<-é7;'aN'+2e<3&

240. YcTaHoBMM B338WMHO OJHO3HATHOE COOTBETCTBHE [ MEXAY
n—1 otpeskamu 1-ro ¥ 2-r0 MappyTOB Takoe, YTO INpPOE3A MO
oTpe3ky l-ro crout He GoJibule, YeM MO COOTBETCTBYIOLIEMY OT-~
pe3ky 2-ro. Bynmem uepes f;(A) o6Go3nagaTh «xBOCT» i-r0 Mapii~
pyta (i =1, 2), Haunnatouwiica ¢ ropoga A — MHOKECTBO TrOpO«
A0B, crefyowux B i-M Mapuipyte mociie A. Uepes A’ u A” Gynem
0603HayaTh ropoja, HemocpeACTBERHO cleayowye 3a A B ToM H
APYroM MapiupyTe.

Onpepenum [ Tak. Eciu AA’ — oTpesoxk MepBoro MapupyTa
Takoi,, 9To f;(A) nepecekaercs (uMeer ofbwme ropopa) ¢ f3(A),
10 mnoaoxum f(AA’)= AA”. B TUpOTHBHOM ClIyyae NOJONKHM
¥(AA’)= BB’, rne B—nocnegnuii na BTOPOM MapupyTe TrOpPOA
u3 £(A). 3ametum, 910 B 3TOM caydae #(B) Takxe He mepecekaeT-
csi ¢ t(B), npuvem A — nocnefHuil Ha NEepPBOM MapuipyTe TOPOA
u3 f(B) (orciona ciepyer, 9TO COOTBETCTBME [ B3aUMHO OLHO-
sHauno, mpuyeM obpatHoe K Hemy f~! ompefensieTcsi TeM e Mpa<
BHJIOM).

MNposepumM, uto |f(a)|=lal, rne |a] osnauaer crommocTs mpo-
e3na no orpesky a. Eciu C —ropon u3 nepecedenus £ (A) un £(A),
10 |AA’|<|AC|<|AA”|. Bo sropom cnysae |AA’|<<|AB|=i
"= |BA|<{|BB”| (B o6oux ciyd9asix HePaBEHCTBA CJEAYIOT W3 IIPHHU-
HUnoB cocTaBlfeuus mapupytos: [DA|>|AA’| naa mo6oro D w3
2(A); ann moGoro E u3 f,(A), nao6opor, |EA|<|AA”])."
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V Ilpyroe, menee sddextHoe, HO Oosee npocToe ansi Opuay-
MBIBaHMA pellienHe (MHAYKUMS € [OMOIIbI0 <YDaBHMBAHHSA LeH»)
CM. B KHure [43].

241. Jlpe OKpYIKHOCTH, B KOTOPHI€ BNHMCAHH [PaHH, NPHMBIKAIO«
uue k pebpy AB MHOrorpaHHHKa, OAHO3HAaYHO ONpeneNAiT cde-
py ©, Ha KOTOPOii JIeXaT 3TH OKDYXHOCTH ¥, TeM CaMbM, BCO
BepwMHb 3THX ABYx rpaneil. Ecniu BC m BD — npyree nBa peGpa,
BHXOASAIME M3 B, TO OKPYKHOCTb, copmepxauas Touykd B, C, D
(omucanHas BOKPYr COfepIKamed HX rpaHi), TaxkkKe NPHHANJIEKUT
0, TaK 49TO BepIUMHH TrpaHell, NpuMHKawowux K pebpy BC, Bce
JexaT Ha To#t e o. Temepp MOKHO paccMOTPeTb aHANOrHIHO
rpand, nNpuMbiKalomue K pebpy, Bbixogsiuemy u3 C, m Tak AOHTH
A0 Jo6oH BepuIMHB MHOrOrPpaHHHKAa — BCE OHM JieXXaT Ha OfHOH
chepe o: pns mobGoH M3 HHX MOMHO NOCTPOMTb leNouKy peGep,
OKaHYMBAIOIIYIOCA B S5TOH BepIIMHE H HayHHawoIllylocs ¢ pebpa AB.

242, OTBeT! Yy BTOPOrO ecTe Buiurpwiul. Jlnsi AOKasaTenbcTBA
HYXKHO NpPefbsBHTh BHHIPHIBAIOILYIO CTPaTeruio. 3a CBOH YeThlpe
Xona BTOPOH 8SaBefloMO CMOXET AOOMTbeS, 9TOOH OCTaBlIasca AJIs
nocienHero 5-ro xofa MepPBOrO 3Be3fioYKa CTOSJIa MPH HEYEeTHOM
crenenu x2+1, Ilycte mepex mocnentuM 4-m XONOM BTOPOrO BO3HHK
mHorounen P(x)+ #x™ 4 l+x¥+!, rpe P(X) — ¥3BECTHBII MHOrOWJICI
C YHCIOBBIMH KO3 dunMenTaMu.

MNonGepem gucnma p u ¢ >0 Tak, 9To6b mpH moboM 3Haye-
HHH A nJia mHorouneHa F(x)= P(x)+- px™ -+ Ax¥+! 6po cF(1)+4-
+ F(—2)=0 (torna F(x) Gyner 3aBefOMO HUMETb KOPEHb Ha OT+
peske [—2;1] (cm. IIS); anA sTOro spoOCTaTOdHO B3ATH € == 2%+1,
u=w (xoneuno, pon 1 ¥ —2 moraM 6 UrpaTh

¢+ (—2)"
sjecb M Jpyrue 9Hucia pasHbX 3HakoB.) IlocTaBuB 5TO 3HayeHde
Ha 4-M xopny, BTOPOil 00ecneuuT HaJH9IHe KOPHSL.

243. OTBeT: —(75—, -‘;’—, —;—-, -3—, —3—, -7;-. 0 auTpoB.

IlpoBepiiTh, 4TO YKA3aHHHE 9MCAA CAYKAT OTBETOM, HE CO=
cTapjIfieT TpyfAa: Nocje Pa3ji¥BaHdsi MOJIOKAa TNEepBBHIM [HOMOM
(mo 1/7 xaxAoMy H3 OCTajbHBIX) MOJNYYaeTCA TOYHO TO e pace
npeneneHde, HO CO CABUFOM Ha OfHOro rHoma, a cymma (124
+3+4 ... +6)/7 paBna kak pas 3. HymxHo ewe nokasaTb, 9TO
Apyrix oTeeToB Her. [lpeAnonoxuM, 970 5TO HE Tak.

[lycre x — HanGoJibiiee KONMYECTBO MOJIOKa, OKasaplueecs 3a
BCe BpeMsi TepeluBaHuii y Kakoro-iu6o ruoma I, xorfa npuuLia
€ro ouepenb pasnusaTh. TOrfa nocjie OYepefHOro LHMKIA M3 7 «pa3-
JuBauuit» (UX MOXKHO HEOTrPaHUYEHHO MPOAOMKATh, TAK 9T0 I' MOXK-
HO cudTaTh mnepsbiM B Uukie) y I' Hakomutcsa He Oosee uem
6-x/6 = x nUTpOB; mpuueM pPaBEHCTBO BO3MOXKHO, JIMIIbL €CJIH Kas
®xAot w3 6 gpyrux riomos nanupaer I, poeHo mo x/6 AMTpoOsB.
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Takum o6pa3om, H3 YCNOBHA C/eAyeT, 4YTO KAXABR rHOM paznu<
B3aeT OfIHO H TO XK€ KOJNMYECTBO X MOJIOKA M MOC/Ie NOJMYYeHUs A
nopuuil y vero B Kpyxke Hagato kx/6 sutpop (k =1, 2, 44, 6);
SHaueHue X HaXONUTCA M3 YCJIOBHs, 9YTO CYMMapHO@ KOJNHYECTBO
MOJIOKa — 3 JAMTpa.

V 3rta 3apaua, ¢OpMYJHPOBKA KOTOPOH HaNOMHHAaeT 09apo<
BaTeJbHBIX repoeB aucHeeBckoro ¢uapMa <«Denocrexxka m cemb
rHomMoB», Oblla npu3HaHa guTatensmu «KBaHtay opuofl W3 JydwMx
safgags roma. OTBeT sfech yrafaTb HeTPYAHO — €CTECTBEHHO MPefs
NOJIOXKHUTL, 9TO 8a OfHO Mepe/iuBaHHe paclpene/ieHHe MOJoKa mpe«
TepreBaeT JHWL CABHr Ha ofiHoro rioma. Ho aToro, kKoweuno, He<
JOCTATOYHO — HYIKHO eIle J0Ka3aTh e[HHCTBEHHOCTh peuieHus (3o
MOXHO Cie1aTb MHOFHMH Pa3HBIMH crloco6aMu).

244. a) OTBeT: CYWeECTBYeT OAHO fBYy3HauHoe 49 m OfHO
neTnipex3HagrHoe 1681 = 412 ocoGoe uucno.

ITycte (10x 4 £)2 = 100x2 - 20xf +- £2, toe 20xf -} £2— kBan«
paT HaTypanbHOro 9Mcaa, mesbuiero 10, x u ¢ — uenne guciaa or 1
120 9 rn x2>10. Torna x >4 u xi << 4, 4T0O BO3MOXKHO JHUE NPH
a=4uit=1

6) OtserT: na; Hanpumep, 256036 = 5062

B) Uto6Hn mosyeuTs HyxKHOe Ocoboe UHCIO BHAA

(10%x + 1) =10'0x2 4 2. 105 -}- |,

JOCTATOYHO HailTH uenoe x Takoe, 90 10 <2< 109 n
2:10°% 4 1 = 32 < 109, MoxHo B3ATH X == 5-10*—1 (uckoMBIM
20-sHayuBIM 0COOBIM THCIOM 6Gyner

(4999900001)2 = 24999000019999800001;

OHO «cocTOMT® H3 499992 u 999992).
r) Jns mo6oro k o0cobbiM 4k-3HAUHBIM 9YHCJIOM MOXKET GHITB
s

(10%% 4 )2 = 10%*x2 + 2. 10°xt - 12

npu 1021 << x2 << 102%, otkyma x > 3-10*-1, u 6.-10%-1 < 10%,
otkyna £ = 1. Tlpn stom papenctBO 2-10*x -} | = (2u + 1)2, akene
pasenTHoe 2¢-15%x = u(u -4 1), BHIOJHSAETCA JMUWIL B TPeX CHIy«
gasx:

(1) u+41 gemurcs ua 5-10%-1;

T (2) u neautcs Ha 2%, u 4 1 —mnHa 5%

(3) u nesmrcs Ha 5%, u -} 1 —mHa 2*-L,

Kaxawpit cnyuail pnaer He Gosee 4eM OfHO peuUleHdE, YAOBJe+
gBOpsiioniee ycaosuio u << 5-10*1, skeusaltenTvomy 2u -1 << 10*
(e cnygasx (2) H (3) HOCTATOYHO PaccMOTpeTb pasHOCTb J[BYR
pewennii, uTo6n npufiTR B NpOTHBOpeuHe C 3THM ycnoBuem). Ilos
8TOMY CylllecTBYeT He 6oJiee TpeXx OCOOHIX qucen,
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V Bones peramunme paccyxnaenus («KsanT», 1978, Ne 6,
‘€. 46) nokaswpaloT, 9TO TaKux Tucesn He Gonee ABYX.

n) Ilns moGoro k cymectsyer mo Kpa#Hed Mepe onHo
‘(4k + 2)-3naunoce ocoboe 4uca0, a EHMeHHO 22 = v -} w? rhe v =
= 25.]102*~1, w — HauUMeHbllee HaTypaabHOe aucio, GoJbilee 1/ v.
Tlyere y = w?—v; npu 3ToM 22 == 4u-w? -} y? = 102+l | ¢
<«COCTOHT» H3 w? H y? u 6yner ocolbM, eClH BHIOJHEHH HepaBeH<
ctea 0 < y? < 10%*+1 B 10%* << w? << 10241,

l']ocxo.nbxy w—1<4v 1 (w—12<o—1, T0 y<24/v
B y° <4v=10%%% panee, 10! <v<wl=vty<ov+24v <
< 3v < 10244,

V B 9acTHOCTH, ¢ HOMOLIbIO KOMILIOTEPAa MOXHO HaWTH, OpR
& =7, aucao

-

2 ==25.10"? -}- 15811389® = 500000022109321,

KBaapar kortoporo — 30-3HagHoe ocoboe wymeno. Ilonvee mecnemopas<
nHe B samade 0 (4k - 2)-3HauHBIX OCOGHIX 9HCJaX, CBA3aHHOE C
HeCATHIHHM pasnomenuem Tucna 4/10, npencTapnseTcR NOBOJBHO
6e3HaZEMHBIM U HE CJHILKOM HHTEPECHHIM.

245. 3aHymMepyeM faHHBe 9HCIa B MOpsAAKEe BO3PaCTAHUIN]
Q< s ... <.

JlokaxieM, 9TO Kaxnas CyMMa S HEKOTOPHIX H3 HHUX JIGKHT
B OfIHOM U3 MPGMEXKYTKOB MEXLY be/2 v by, rae by = a1+ az+ ...
oo Far (=1, 2,..., n). JocratoyHo AOKa3aTb, 9TO HHKaKaf
CyMMa S He MOXET OKa3aTbCs CTPoro mexny br H beyt/2. Tlpen-
NMOJIOXKHB, 9TO § > by = a,+ ay+ ... 4 @, ¥, cTano 6LITb, S CO-
AEPHCHT HEKOTOPOe @i > Gryy, @ NOTOMY S == Gp4y, MB HOJYTHIH
Obl (C/I0MMB HepaBeHCTBA), 9TO 25 > a4 a2+ ... + Ge4) = basy,
T. € 8> bpy/2

246. a) Paso6eem pecste uudp O, 1, 2, ..., 9 Ha fse rpynnu
no 5 uudp B Kawpo# (Hanpumep, or 0 no 4 —oaHa rpynna,
or 5 no 9 — npyras). JlocTaTOuHO MCMOMB3OBATH SIUHKH, Y KOTO-
puix o6e uudpe GepyTcss M3 OAHON rpYNNbl, NOCKOJAbKY TaKHe [iBe
HbpLl ecTb B JIOGOM TPEX3HAYHOM HOMEpE.

6) Kpome 10 swwmkos 00, 11, ..., 99, xotopne HempemeHHO
6ynyt 3aHsaTh, norpebyercs ne Menee 30 sAUIMKOB, 9TOGL! pasmes
CTHTH GuneTsl ¢ Tpemsi pa3HBIMH wuHpaMu: TaKuX GuJieToB BCEro
10-9-8 =720, a B KaxAnfil AMHK O Homepom pq (pqﬁq) nomes
maetca He Gomee 3-8 =24 mus nux (zpq. pzq W pgz, rhe z-—
moGas nudpa, oTVIHIHAA OT p H ¢).

B) [lycTb x — HauMeHbIES KOJHYIECTBO HOMEPOB SAMATHIX SIUHY
KOB, HagyHHaIOWMXCA ¢ OfAHOA Kakoi-mu6o wuHPpu (x ==1); mo«
CKOJbKY BCe UMGPH PaBHONMpAaBHH, MBI MOXKEM CYHTaTh, YTO MEHbIIA
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—
BCEro HOMEpPOB HauynHaeTcs ¢ 9 B 5TH Houepa——99 9, ..., 9y
rne y = 10— x. Torna Jo6oii 6uner 9pg, the p <y, § <y, He
MOXeT nomemarbca B AIMKax 9p u Og, T. e. JOMKeH GWTb 8aHHT

AMMK pq. Takum 06pa3soM, 3aHATH MO Kpaiiheli Mepe Bce Y2 sm-
KOB C HOMépamH, Y KOTOpnX o6e undpu—or 0 no y—1, n ewe
no Kpaiinelt Mepe x? fALIMKOB, HAYMHAKOLIMXCR € OAHOA M3 uup
OT ¥ N0 9 (He MeHee YeM NO X AJA KaXJod M3 sTHX x uudp),
T. €. BCEr0 SaHATO He Mekee

y2+ x?= (10 — x)? 4+ x2 > 50 swmkop.

r), n) Jas pauHHLX HaTypaiabHux ancenl kK n s, k <s, 06o-
snaunM uepes F(k,s) Hammenbwee n3 wucen x4+ xa-+...+ xi

TIe X, X9, ..., Xp— HATypaJbHLIE YHCa, B CyMME RNalOIIHE S§; BC-
auunny F(k, s) MOXHO BHpasHTb uepes K M S — HaMMeHbLIEE SHa-
YeHHe CYMMB KBaApaTOB JIOCTHTraeTcsi, KOrja 4YHMcJa X; <«NOYTH
paBHLI»; TOYHee, €cin s = kg-+r, 0 <r <k, TO0 k—r u3 munx
PaBHL ¢ U r ocTalbHBIX g -} 1, Tak uTO

Fk, sy=k—=r)g®+r(g+1)2=kg*+r (29 + 1)

¥Yno6Ho paccMaTpuBaTh cpa3y Gosee ofwyio 3anauy — pds
k-sHauppix «6useToB» ¢ s «undpamu» or 0 no s—1 (B Hamed
sagnave s = 10). JlokaxemM, YTo HamMeHblnee uncio M(k,s) smmp-

KOB C HOMepammn p—q 0O<p<s, 0< g<s), B KOTOPbHIE MOKHO
noMecTHTL 6ujieTwl, BhiYepkHYB k— 2 nudpw, paBio F(k—1, s),
B uyactHOCTH, B Sajauve r)
M4, 10)=F (3, 10)=3%} 32 } 42 =234,
a OTBeT M Sajaye 1) jaercs Tabnuuedt

k |3 4 5 6 7 8 9 10 Il
M(k 10)=F(k—1,10)|50 34 2 20 18 16 14 12 10

Hepasenctso M(k,s) > F(kE—1, s) MOXHO NOKa3aTb HHAYK-

unefi no k- s, pacCyxnas Tak JKe, KaK B NYHKTe B):
Mk, s)}x min (Mt —1, s—x)+x3).
=1y 2y 00e,y &

Ilns pasmemenns 6unetos no F(k—1, s)=x"+ x4+ ... +x2_,
SILIAKaM JAOCTaTOYHO, KaK B NYHKTe a), pa3butb S undp na k— |
rpynny (no xj, Xz, ..., Xx—; UWHQP) ¥ OCTaBHTb FIHKH, Y KOTOPHIX
o6e undpu u3 onHoii rpynnn (cM. [77]).

247. PacKpacHM BCe YaJibl B IaXMaTHOM MOpsnKe B YepHH
n Genwh mBer. Ha rpannue sexar 4-99 yanop (ue cuutas Bep-
IIHH) — NOPOBHY 9epPHbHIX M Gesnix. TIycTb Bce OHM CJYXKAT KOH-
UaMH JoMaHHX, Toraa HMeercsl OfiMHaKOBOE KOJIHYECTBO JIOMaHbIX
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C aByMs OelniMM M ABYMA WYepPHHIMH KoHuaMH. Ilo3Tomy o6mee
KOJIHYeCTBO GeJibix M YepHLIX Y3JIOB, JieXKalHX Ha JIOMaHHX BHYTpH
JIOCKH, Takxe onuHakoBo. (Ha JomaHbix ¢ GejnMM KoOHIAMM Ha
OIMH uepHbifi y3en GoJibiie, Ha JIOMaHLIX C YepHHIMM — Ha OINH Ge-
Jeifi.) Ho Bcero BHYTpH JlocKH 997 — yeueTHoe WYHCJO — Y3JI0B, Tag
yTo Mo KpaiiHeli Mepe ONNH M3 HHX He JIEXKHT Ha JiOMaHOfi,

248. M3 ycnoerii 3ajaun cienyeT, YTO BeJHYMHA

s=u+xt...txn=y4+y+...+yn

ne MeHbmwe 2 (MOCKOJABKY M <<S, n< S, s<<mn). B cayyae
=n=2, 2< §< 3 yrsepxAeHHe 3alayy JeTKO NpoBepseTCH.
Hoxamxem ero B ofmeM cayuyae uuaykumehi no m-+n==~&, rne
k=4
Ilyete % > y; — HanGosiblle 9NCJI2 CPENH X3 H I; COOTBET+
cteeHio (1 <<i<m, 1< j<<n, cayyailt x =y, OYEBHIEH).
Yrto6pl npuMeHNTb HHAYKUMOHHOE NPEANnojoXeHHe K PpaBeHCTBY

K=yttt i txn=m+ 0. +Ym

c k—1=m-+n—1 uncramn B o6enx yacTax (mocie wero OCTa-
HeTcsi, OLITE MOXET, NepeHeCTH Y, B NpaByl0 4YacTb), JOCT2TOYHO
npopepuTb  BuoJHenne  HepabeHCTBA S = o+ «ou Fyn <
<m(n—1); nockonbky y>s/n, T0 S'<s—s/in=)
=mn-(n—1)/n=m(n—1).

249. Buibepem cammiii Gonbluod M3 AaHHmX KeanpaToB K, sa-
TeM — caMbiil Goabmohi K, M3 Tex, usM ueHTpw He JexaT B K,
saTeM — caMpifi  GOJbIIOA M3 OCTaBLIMXCH, YbH LEHTPH He Jexar
B yie oTMeueHHbx kBagpartax K, n Ko, u 7. I.

IpepnosioxuM, 4To npH 5ToM ueHTp C HeKoToporo Keanpara
nonaner Gojiee yeM B YeThIpe OTMEYEHHBIX, TOrfia LEHTPH KaKHX-TO
aeyx u3 HAx (Ki » K;) nonapyt B onHy M TY e M3 YeTBepreil,
Ha KOTOPYIO JEJAT IVIOCKOCTB OCH CHMMETPUH KBaJipaTa © LEHTPOM
C. Tor u3 xBagpatoB K; n K;, neHTp KOTOpOro HaXONMTCH Aajblie
OT 5THX OCefl (Mo CyMMe pacCTOsSHAH, WiM no HanGosblieMy u3
HHX), comepMuT neHTp zpyroro. Ho sTo mpoTHBOpeunt npasuny
Bui6opa KBajpaToB.

250. Ilyctp Macch THPb My < Mg < eus << Mpe

a) BynmeM crapuTh rHpHM Tak: Ha Je€BYyl YallKy m;, SaTeM Ha
npaeyi0 M Ha JeBYW Mms, Ha npaByio mg W T. A Ilpn sToM mo-
clenoBaTeABHOCTL  pe3ysbTaToB  B3pemuBaHuii  Gyaer  Takofs
LRLRLR ... DTo BHITEK&8T M3 TaKOro NPOCTOrO YTBEPIKAECHHS,

JJemma, Ecmn 0 <m <My < aaa <My <My, T0 N3
JIBYX CYyMM

mtmstmsg+ oo 8o mptmgtmgt ...

‘(conepxamux BCe n naHHBIX uucen) Gosbwe Ta, B KOTOPYK ROS
najiaeT HauGosblUee YNCJIO fMxe
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Ilns ee noka3aTeNbCTBA HAAO NpH WeTHOM k C/IOXMTH Hepad
BEHCTBa My << Mgy Mg << My, assy Mr—-) << Mp, & NPU HEYETHOM k,-j
m >0, mg>my, cas, Me > Mi-1a £ S

OTa Xe JneMMa, HO B NPUMEHEHMM K OTPE3KY My << My < asd
s < Mp_y << My, coctossmeMy mu3 k—1-1 uncen, npuroautcs
B peweHun sanaun 6).

6) Yno6Ho onncaTh RNOPALOK pPaCCTaHOBKH THpb, COOTBETS
CTBYIOLUNT paHHOMY cJoBy u3 O6ykB L u R, «HauuHas C KoHUA®
c/ioBa.

IlocTaBuM Bce THpPH € 9eTHHIMH HOMEpaMH Ha OfHY YaluKY,
C HEYETHHIMH — Ha JIPYryio, NpHYEM CaMyl0 TAXEAYI0 THPIO IMia
NOCTaBHM Ha JIEBYI0 WM NpPaByl0 YaWIKy B COOTBETCTBHH C TIOC/ells
Heii OyKBOH HaHHOrO CJioBa; 3aTeM, MepexXois OT Kaxaofi GYKBH
cJioBa K npennfiymeii, 6yneM CHAMaTb CaMYi0 TAXEAYI0 WS OCTaBs
LINXCA THPb, €CAM A0JXKHa NPOH30HTH cMeHa Gyksw (L Ha R uim
R na L), n camyio Jerkyio — ecig He posxua. Ilpn sToM Kaxaun#
pa3 ocraeTcss OTPE30K M3 (SaHyMepOBaHHBIX TNOAPAA) THPb, KOTO-
pbie, Yepenysch, CTOAT Ha ONHON W ApPYroii wamke; K HeMy RpH<
MeHMMa JieMMa.

251. a) OTBeT: MHorowlenn Q;(x)=x n Qa(x)= P(x}
KOMMYTHPYIOT ¢ MHorowieHoM P(x)= x?—o npu mo6oM o; MHO«
rounen Q cTeneHn 3, KOMMyTHpYioOWHi ¢ x2— o, CYWECTBYeT NpH
a=0 (Q(x)=1x% n npy a =2 (Q(x)= »*—3x).

JlokasaTeJbCTBO, WTO JAPYTHX MHOrowieHOB HeT, M NpoOBEpKa
noAy4yaloTcs NpsMbIM CpaBHeHneM kxosdénumenton. Hanpumep, nas
MHOTO4JieHa CTener” 3: TOXAECTBO

x4 Bix* + Bax + Ba)2 —a=(x2— ) + B, (x¥* —a)’ +
+ B2 (x2—a)+fs

pHINoOJHEHO, ecin B = P3 = 0 (cpaBHeHne KosdoduuUMeHTOB npn x5,
x ¥ x), 2= —3c (cpaBueHue Kospduumentos npu x4,
p2=3c?+ B, (npu x%), a=10+4P,0 (cBOGORMLI wren), OTKyna
an6o o = 0 u B2 = 0, 6o

Bp=—30/2=1—a?=p2—3a%

KaK HY YAHBHTEJBHO, TPH YPaBHEHHS C ByMs HEH3BECTHLIMH HMeIOP
pewenne o = 2, iz = —3.

6) HerpyaHo npoBepHTb, 9TO NpH OLHOBPEMEHHOM npeo6pas
SOBaHMM JIBYX KOMMYTHDYWOIIHX MHorouseHoB P(x) n Q(x)

Px)>P (x)=P(x—v)+v Q@)->Qx)=Q(x—1y)+vy

(Y — HeKoTopoe uHCNIO) TNoOJydeHHbie MHorowieHs P*(x) n Q*(x)
TaKe KOMMYTHpYyioT Apyr ¢ apyroM. (Ecam paccMatpuBaTh MHOIrO«
gjeH Xa8K OYHKuMIO, OTOGpajkaiollyio WHC/AOBYiO NpsMyl B cebd,
g0 yka3daHHOe npeoGpa3oBaHHe COOTBETCTBYET CABHIY Ha y Hauala
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orcueTa Ha npsiMoli.) JlwGofi MHorowneH 2-fi cTemesy co CTapumm
ro3ddunuenToM 1 MOXKHO (BHIAEJHB MOJHBbIH KBafpaT) YyKasaHHBIM
npeo6pazopalipeM NpuBecTH K BuLY P*(x)= x? — a. [To3TOMy MOXK-
HO cpa3y cuuTaTh, WT0 P(x)= x?—aq, K nelcTBOBaTH TaK MXe,
Kak B nyHKTe &).

BuinuchiBas CHCTeMY ypasHeunfi Ha KodbduumeHtn By, Bz, ..o
e.-y Br u3 TOMIEecTBa (Q(x))2—a =Q(x®2—a), rae Q(x)=
2= x* 4 Bixt—1 4 Pox*—24- ... 4+ B, NOTYyuMM mpexpe BCEro pa-
peHctBa B = B3 = ... = 0, a najee — ypasHeHHus] BURa PBg = Fa,
.= F,, ... rne dynxuus F; 3aBHCHT OT 2 M OT Py, 2j < i, Tak
410 KO3pdHuNeHTH P2, P4, ... HaXOaATCA OAHO3HauHo (AHwb [k/2}
3 k ypapHeHHil, noJlydeHHKX NPHpaBHHBaHHeM Ko3(dHIHEeNTOB NpH
x2k-2 y2%~4 __ _ x? B CBOGOLHOro WieHa, HCIOJB3YIOTCA ISl OTbi-
CKaHufl Py;; OCTaJbHLIE — LONOJHATENLHBIE YCJIOBHA, KOTOPHE MOTYT
H He BLINOJHATBCA).

B) 310 P(P(x)) n P(P(P(x))).

r) Bynem Bmecro P(Q), P(Q(R)) nucate P Q, Po Q< R. [lo
wecaopuio Qo P = PoQ u RoP = PR, otxkyna

(QeR)eP=QoReP=QePeR=PoQoR="Po(Q°R),
(RoQ)oP=RoQoP=RoPoQ=PoRoQ=Po(RoQ).

Mul BHZHM, YTO MHorowiesol Q°R m Ro°Q o6a KOMMYTHPYWOT
¢ P. Tlockonbky OHH HMMEIOT OAHHAKOBYIO CTeneHb ([POM3BelieHHe
crenexeil R n Q), cornacHo 6) onp COBNAAAIOT.

n) MeToioM MareMaTHYeCKOH HHAYKUHH MOXHO JOKa3aTh, YTO
ana mobGoro k =2 cymectsyer MHorowieH P, cTeneHH & Takoi,
YyToO

1 1
th 4 = p,(t —)-
+7 k( +-):
B qacwocrn,
t’+ (t+—) —2 P4t =(t+-—) —-3(t-|-——)
Tak 4T0 Py(x) = x2 — 2, P3(x) = x® — 3x. Ilpn stOM

gt = Py G +ti,,) G +—tlm) =

i (ra(44)) = (5o (141 e (1)

H3 STHX TOXMECTB CAERYET, 4TO Pm© Pp == Ppo Py = Pmn.
V 3t MHorowieHw nojy4alTcA NPOCTOH 3aMeHOf nepeMeHHLI®
H3 MHorouneHoB YeObimeBa Tz, OnpenenfieMbX TOXK/AECTBAMH
coske=Tp(cosq), k=23, ...; Pp(x)=2T¢(x/2).
TonpoGuoe o6cyxkmelne CBOACTB MHOrouneHoB UeGniiesa CM. B i
cratbe [68].
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252. OtBeT: 88.

Kaxpoe uucno k=1, 2, 3, .., BCTpeyaercsi B NOWIENOBATENb=
HoCTH (@) 2k pas, MOCKOJILKY ycJioBHe @, == k SKBHBAJEHTHO TOMY,
4TO

he g <A <h4b, wm H—k<n<Hth

Tlostomy B Ccymme

1 1 1 1 1 1

) (e et
(“l aq a3 a4z G
1 1
et (——— ot )
444341 "y

Kanas H3 44 KPyrJbix CkoGoK pasua 2k-1/k = 2.

253. ITycts  E — BepumHa TpeyrosibHuka ADE, noayuenHoro
nepesocoM Tpeyronvunka BMC (na Bexrop BA, puc. 103). Torna
MDEC — napannenorpamm, yrm EAD, CBM, CDM, ECD pasun
n touku A, C, E n D nexar Ha ¢

onHoit orpyxHocTi. Crenosatenn-
HO, paBHB Takxe yrm ACD,

AED w BCM. B
254. Ecnu 6n1 1978™ —1 pe-
Junocb Ha 1000 —1=4d, 10 n E
gucno 1978m—1000m=2m (989m—
—500™) penuaoce 6n Ha d. Ho
5TO HeBO3MOXHO, Tak Kak 989™ — A D
—500™ < d u d HewerHo. Puc. 103

255. a) OtBeT: n=1T.

Mnoxectso K. cocrour m3 Touex npamoit AB, ynaneHHbX
or A n B Ha ue/oYMCIEHHbIE PACCTOSAHMA, NpPHYEM KpaiihHe ero
TOYKH YyhaJieHH OT cepenuHul ortpeska AB na paccrossne 372
(n=1 2, 3,...), . e or A—Ha paccrosnust (3"—1)/2 n
(3" + 1)/2. Tockonsky (3% 1)/2 =365 << 1000, a (374 1)/2 >
> 1000, nckomoe mHoxxectso — K.

6) MHOroyrosbHUKH, SBASIOINECH BLIOYKALIME  06OJOYKaMH
(cM. T117) wmuoxects Ky, Kz, o«.— wecTuyrosshuxn (puc. 104, a).
Bepummsibl  BoinykI0it o6osoykH K. mnosydaioTcs Tak: Hajo B3fTh
KaXnyio napy BepuHH Ttpeyroivinka ABC n npopenate ¢ Hek
n onepauMfi «CHMMETPHYHOTO OTpPaX{€HHS» — KaKk B 3aJaue a)
Yro6uw noxa3aTh, 4To BCe TOuKH K, nexar B npenenax BbilYKAOK
060510ukH H, 1ECTH NOCTPOEHHHIX «KPaIHHX TOYeK», YHOOGHO pac-
cMmoTpets H, Kak mepeceyenne Tpex MoJoC, Kpas KOTOPLIX HAYT MO
TIPOTHBOMNOJIOKHBIM CTOpOHaM wecTHyroybrnka o (n=1,2, 3, ...),
IleppoHavanbhbiii Tpeyrossink ABC MOXHO TaKXe pacCMaTpHBaTh
KaK nepeceyenye TPeX noJioc; MOJOCH, Y KOTOpO#i onmH Kpafl uzer
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no npsMoRt AB, a npyroif nepexoAMT vUepe3 TOUKY C, u nByx AHa«
qornwibix. Bee CHMMeTpHUHLe OTpaX(€HHs TNOJOCH OTHOCHTENbHO
o060l ee TOYKH MpHHAAJEXKAT MoJoCce e TOii e OCBIO, HO B TpH
pasa Gonuehi wupnHb. IloabSysich STHM, MOXHO J0KasaTb, 4TO
Ki (n=1, 2, 3,...) nprHapjexut KaXxao# H3 Tpex noJoc, B
nepecevenny naomux Ha.

IMnomany H. MOXHO TOACYNTaTH Kak KoMOMHanuio mjomapeft
gpeyronbunkos, roMorernunblx ABC, Ona pasna (3*+!—1)/2,

Puc. 104

B) Muoxectso K; comepxuT, Kpome Touerk Ko, eme 12 Touex,
NONYYEHHKEIX OTpaxkeHHeM onHoil u3 BepuiHH Tetpasppa ABCD ot«
HOCUTeNLHO apyTofi. ¥mo6Ho npenctaente STH 12 «xpafinnx» To«
uex K,, nocrpoms Ky6 Lo, y koroporo Toukn A, B, C, D —wues
CMEXKHEIE BEpPIIHHb, H TOMOTETHYHLII Ly OTHOCHUTENILHO LEHTpPa C KO+
sboduuentoM 3 Ky6 L, ¢ cooTeercTBylomMMKN BepmmMHamu A;, B,
Cy, D,: 12 Touex K, nexart mo onHoii na pebpax L, ¥ ReNAT HX,
cyutas ot pepumu A,, B,, C,, D, B omomennn 1:2. Ecan om
Kaxno# BepuwirHbt L) nJIoCKOCTbiO, mpoxopsweil 4eped 3 «KpaiiHuew
TOYKH Ha BLIXOAAWMX H3 STOil BepuiMHL pebpax, OTpe3aTe NHpa«
MHAY, TO OCTaBLIMHCH MHororpauluk M, — Bunykias oG6osouka
K, — 6yner uMetv 14 rpanueil: 6 npsmoyronvHukos a X 2a (rne a —
Zanua pedpa terpasppa ABCD) n 8 npaBmibHLIX TPEYroJbHHKOB —s
4eThipe CO CTOPOHOI a U 4 co cTopowoit 2a (puc. 104, 6).

r) O6beM M, MOXHO MOACYMTATh, BLYUTA M3 obbeMa xy6a (81}

06bEM OTpe3aeMuIX MHPAMMIL, (4- —;— +4.4= 18). On paBen 63.

1) Bunyknas oGosouka M, Muoxectsa K. GyneT BHINYKJLIM
MHOTOTPaHHHKOM € BepliHHaMH B 12 «kpaliHHX» TOYKaX, NOCTPOEH-
HHX fis KaXpnofi napw BepmumuH Terpaspapa ABCD. Bepumun M,
JieXaT no onHoil Ha pe6pax Ky6a L,, noiayueHHoro 3 Lo ueHTs
panbHO# roMoTerTHelt ¢ Ko3dduunenToM 37, H AelAT HX B OTHOIIEs
HuAx (3" —1):(3" -} 1),
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B noxasatenscree yIOGHO pacCMoTpeTb 7 mMoJioC, B MNepecene-
HPu jpaomux M,: Kaxpaas u3 HHX NojydaeTcss pasfyTHeM B 3" pas
H3 NOJIOCH, Kpasi KOTOPOH COJiepXaT BCE YeTHIPE BePIIHHB TETpa«
snpa ABCD. O6vem M, pasen (5-3%" — 3n+1)/2,

256, a) Ilycte m = 2n. IlokaxeM, yto 1-Bi Hrpok Moxer cne-
J1aTh B MO3NUHM (1, ) TaKoH XOJ, YTO HOJyYyewHas MO3HLHA CTaHET
(nns 2-ro wrpoka) npourpuimiHofi. Eciu nosuumsa (m — n, m) — npo-
HIpHIIHAsA, TO HCKOMEW Xonp: (m,n)—(m—n, m). Ecin ke 3ra
MO3HUHA BHIMTPHINHAA, TO B Hel CyilleCTBYeT XOji, RNpeBpalalciui
ee B npourpweinnyio. ITockoibky m —n == n, 3toT Xon HMeeT BHI
(m —n, n)>(m—kn, n), roe k— HeKOTOpOE HATYPaJbHOE YHCJO.
Ho 7rorma Hckommii puumrpbiuebii  xom 1-ro  urpoka: (m,n)—»
- (m — kn, n).

JlioGonuTHO, 4TO 3M€CH yRaeTcsa HOKa3aTh, YTO nosuuus {m,n)
MpH m >> 2n BHIMTIPHIUHASA, He NPELbSBJAA B SIBHOM BHJA© BbIHIPbi«
Baliled CTpaTeruy.

6) Otser: npu a>>(1-44/5)/2

Kaxnoit nosmwmu (m,n), roe m == n, NOCTaBHM B COOTBET«
cTBHe TOYKy x = m/n =1 Ha uuciosofi ocn. Ilpm kaxzaoM Xxone
TOYxa x CMeHlaeTcs Ha HEKOTOpoe lejioe YHCIO k BlieBO; ecH OHa
nonanaer B oTpe3ok 0 << x << I, To sameHseTcs Ha o06paTHYIO?
x— l/x; nonapaiwe B O — npourpuii. OTMETHM Ha OCH OTPE3OK

[1/B: Bl nmenm 1; s—%=| npn B=(1+4/5)/2. Toukn x =
= m/n, JexKalue BHYTPH 3TOrO OTPE3Ka, COOTBETCTBYIOT INPOUIpHIlll«
HLIM [O3MUHMAM, NpaBee Hero — BHIHIPHIIHBIM; B CaMOM Jiesle, H3
TaKoil TOYKH MOXKHO ouYepeJHHIM (BLIMIDHBAKOMM!) XokoM mno«
nacth B 9TOT OTpe3oK; ecin 1 << x << B, TO ouepenHOH XOjx BHIBO<
JINT M3 OTpe3Ka, a ecH x == 1, To BefeT K npoMrpuiuy. Ilockosbky
Hau6oJibIee YHCAO COHYEK B KOpOGKax YMeHbILAeTCsi, Yepe3 Hes
CKOJIBKO XOZOB Hrpa o6s13aTesIbHO 3aKOHUYHTCS.

257. Ycnoeuio  8ajaud  YLOBJETBOPSET  NOCJENOBATEbHOCTb
4{n '\ﬁ?—}, rne  {x} = x—[x] — npo6ras uacte uyncia x (n =
=1, 2, 3, ...). JleficTBHTEbHO, €CIH P M ¢ — HATYypaJbHLIE YHCIE,
p<(t—2) g 0

AT — 2 I A2 =p? 1
gl qlev2+p) " 44

nostoMy npu m > k> 1
- B _ 1
Hmv2} = (e V2 H == VZ — 1> g
snech [ =[mA/Z]=[k V/Z] < m VE—kAZH1<(m—E) (/2 +1) <

< (4 —42) (mn— k).
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V 8petv ucnontaoead ToT $akT, 9TO HPPALMOHAJBHOE WHCNO

1/-2' IJI0X0 Npu6nu:kaercs APoGAMM C HEGOJbIINMA SHaMeHATeJSIMH,
Jlpyroe peienne — HanpuMep, KOHCTPYKLUHS [OCJENOBATENBLHOCTH @
noMombio pecaTHynbx npoGeil (cM, «Keawt», 1979, 6, ¢ 24) —
3HAYMTEJIBHO AJIMHHEE.

258. IMockoneky f(1)==f(0)= 1, To cBodonHui wien P.(0)
muorousnieHa Ppu (x)=f {f (... (f(x))...)) pasen 1, CnemnoBatennuo,

n

npx JioGoM NHEJOM m OCTAaTOK OT nenexus P,(m) wa m papen 1,

3amensB specb m Ha m’ = Py(m), noayuuM, 4T0 Pnir(m)
u m’ = P,(m) B3auMHO TNPOCTHL

V U3 Toro dakra, 4YTo CymeECTBYeT ROCAEAOBATENbHOCTD
(P:(2)), BCe WieHB KOTOPOH noMapHO B3aHMHO NPOCTH, Cpa3y Cljee
AyeT GECKOHEYHOCTb MHOXKECTBA MPOCTBHIX YHCEJL.

259. Ilyete M — mo6ass  ToYKa nepeceyeHHa rpaduka Y ==
= Asinx ¢ ero o6pasom x = —A siny npu nosopore Ha 90° Bo-
Kpyr Hayana xoopmuuat (puc. 105). Torna Touka M n ee o6pasm

¥

s x=-Aslny

-~
-~
-
e

Puc. 105

K, L n N npu nosopore Bokpyr O ua 90°, 180° n 270° npmuman-
Jiexar rpaduky y = Asinx, Tak 4ro kpanpar MKLN Bnucan s
RauHuiit rpaduk. Ilpn pocratoyHo GonbioM A Touky M nepece-
ey rpadukoB MoxHo BbiOpaTb Gosee yeM 1978 cnoco6amu, mpH«
H9€M Ha Pa3JNYHBIX paccTosHmAX oT Toukw O; Hanpumep, npu A >
> 1978-271 moHO B3ATH MO ONHOH TOYKEe Nepeceyenns k-fi BOMHHI
HCXONHOH U k-fi BOJIHBI [OBEPHYTOR TPAEKTOPHH (BOJHBl OTCYMTHI-
BaioTcs o1 0). 37ech HCMOJb3YeTC TeOPeMa O CYHIECTBOBAKMM KO-
Hfl Y HenpepeisHoil ¢yHkumM, mensiomeit sHaxk (c. I15): u3 Hee
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HCTPYAHO BBHIBECTH TOT HarasnHo ouyeBHAHBIA ¢hakT, uto na  a-
8aHHBIX Y4aCTKaxX rpad)MKH nepeceKaroTcs.

260. a) O TBeT: MOXHo.

Crauana nonyyaem Kaptoury (1;8):

(5; 19) > (6; 20)-—)(3;{!0)—> o> (16 17)-;)(3; 17) >

-> (4 l8)-—>(2;' 9)—>...>(9 16)7(2; 16) — (1; 8),

f M3 Hee Yyxe Jerko mnoayuute kaptouku (1;15), (1;22), ...
w1y (I; 14 7£) npu nro6om watypanbsoM .

6) OTBeT: Henbas. Ilpu JOGHX oOMepauUKMAX pPasHOCTb gHce
Ha Raproukax Oyner ne-
JHTBCA Ha 7.

B)OTBerT: myctod—
Han6onbIIHA HEYeTHBIi
AeNuTeNs pa3HocTH b — a;
Torpa M3 Kaprouku (a; b)
MoxHo mnoayuute (I;n),
ToNbKO ecan n = 1 + dk
NpH HEKOTOPOM HaTypalib<
HOM A.

Heo6xonuMocTe 3TOrO
ycnosns  oyeBnjaHa  (no-
Ka3LBaeTcsl  aHaJIOTHYHO
nyHkty 6)). Tenepb IHo-
CTaTOYHO KOKa3aThb, YTO M3
(a; b) MoxHO noOAYYHTB
(; 14d). Ecm a n Puc. 106
b opHOil 4WeTHOCTH, TO

b a+l b4-1
BHINOJHKMa onepauns (a; b)»(%: ?) mm( -,: H ;_ );

oHa JaeT mapy ¢ Bnsoe MeHbuedi pasHocThio M T. n. C napoit
(a, a4 d) moxHO npoaenaTs CepHIO cnepari

£ 4+9)
(@ at+d)—>(add; at2d) > -
->(a; a+2d) > (a+l.a+l+d)
2 ' 2 '

OHa JaeT napy ¢ Tofi e pa3HHuedf, Ho MeHbIMMR YHCA&MH (eciH
a > 1). lNlosropenne STHX CE€pH#l, Kak B MNpHMepe a), NpHBEIET
K nape (1; 14-4d).

261. ycte A;— BepmMHH BOHCAHHOrO n-yroibhuka (=1,
2, vssy N): bi— OTpe30K, COCAMHAIOIMA nBE OTMEYEHHHIe TOYKH HA
€ro CTopoHax, Bbixopsmux M3 A;; O —uewtp kpyra (puc., 106):
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5™ s,—— niomany TPeyrosibHAKOR c ocnoBaHueM by, BepuMHaMu

KoTophlX cayxar A; n O, npuyeM s, 6epeTca CO 3HAKOM MMHYC,

eciu A; m O nexaT no OLHY CTOPOHY OT npsMof, conepxameit
4 4 (4

b,. Torna s;+ s, <b;R/2 pna xampuoro i u cymMa s+ Sp+ ..o

+s paBHa mJowann MHOrOYI‘OJIme(aC BEpIIMHAMHE B OTMEYEH=

HBIX TOUKAX (3HAK -+ WIH — YHCIZ §; MOKA3LBaeT, HHYTPH WM
cHapyxH n3 TouxH O BHAHa cTopona bi). Ilostomy

S=s5+s,+ ...+sn+s{+s;+...+s;<
<(bi+ b2 ... 4+ ba) R/

262. a) Ecin n ueTso, TO BCIO JOCKY MOXKHO pa3bGHTb Ha
NpsAMOYTro/ILHUYKH pasMepoM 1 X 2 kietku («momuHos). Haumnaro-
LKA Beeria GyAeT MMeTb BO3MOMHOCTb CIE/aTh XOZL (M TeM CaMBiM
BbIrpaeT), ecii OoH GYAET CJACLOBATb TAKOH CTPAaTEruu: eciaH ¢uika
CTOMT Ha O[HOi M3 KJETOK KAaKOro-To JOMHHO, TO OH CTaBHT €®
Ka BTOPYIO KJIETKY TOro e JOMHHO («3aKpPHBaeT» JOMHHO).

Ecin n HeweTHo, TO MOXHO pa3GuTb Ha LOMHMHO BCe KJETKI
fIOCKH, KpoMe HayasibHOH — yryiopoil. Teneph aHanornuHas CTpaTe«
ris 6yneT BBMIPHILIHON AJIS BTOPOrO Hrpoka.

6) OTB&T: BCEraa BHIHMIpbIBAeT HayuHaomuii Ilpy ycTHOM n
cTpaTerus Ta e, Yyto B a). IIlpu HeueTHOM n HYXHO CHOBa pa3-
6iTh Ha AOMHHO BCE€ KJETKH, KpOMe YIJIOBOfl; PacKpacHB JOCKY
B I1aXMaTHOM ROpsLKe, Jierxko yGenMTbCs, YTO Ha YIVIOBYIO KJETKY
BTOpOii HHKOrna MOATH HE CMOXeT, MO3TOMY
nepebifl BHIHIDHIBaeT, cllenys Toil xe CTpaTes

THH «32KPBIBaHHs» JAOMHHO.
263. O TBeT: He BCerzaa.
\ / Ha puc. 107 uso6paxen npumep 6 otpes«
KOB —3 KOPOTKHX M 3 JIJHHHBIX, KOTOpLie
HeJb3fl BKJIIOYHTD HYJKHBIM 06pa3oM B HeCaMo<

Puc. 107 nepeceKaioimyiocss (Aaxe He3aMKHYTYK) Jio«
MaHyio. B caMoM pene, OIMH M3 KODPOTKHX
OTPE3KOB — He KpafiHuii B JIOMAaHOH, HO €ro KOHUH MOTYT GhiTbh CO+
€ILTHEHL! JIHIUbL ¢ KOHNAMH GM3JIEXAMEro AJRHHOTO.
264. [Tepsoe pemenne. IMone3ysce nepasencreom ab <5
< (a 4 b)?/4, paa npowssoneHoro uncaa ¢ > 0 mmeem:

P=‘(X1+x2+..-+xn)(7l-+—;:—+-~-+$)=
(o) (e )<
1 c \?
<z(F+5+Z+o+ 2 S

Xn



c t
3ameTuM, 9T0 (GyRKUUS f(t)=7 + - PpHHHMaeT HaudoIblee Ha

{a; b] sHauehne 06A3aTENBHO HA TOM HJIH APYrOM KOHLE MPOMEXKYT-
Ka; BoiGepeM ¢ Tak, YToOH STH 3HaueHHd copnananu: f(a)= f(b),

T. €. Bo3bMeM ¢ ==4/ab. Torxa npu a < ¢ << b 6yner f(f) <+a/b+
-+ 4/b/a. ITostomy

P < n?(1/ajb + A/b]a)’[4 = n? (a + b)?/4ab.

BTropoe pemenne. Pasmecrum Ha ayre runepGosH y =3
t==1/x, a < x<<b, B TOuKax c aGCUHCCAMH X, Xg, ..., Kn OJH=
Hakosble rpysbl. LleHTp Macc STHX rpysoB —Touka € abCUHCCOil

p=(x1+ %2+ +ua + xn)/n ¥ OpavHATOH ¢ = TI."I"TI; S )

1
+-x—-)/ n — GymeT Jexatb B Npenenax cerMeHTa, OrpaHHYEHHOro
n

Zyroii runepboaH H OTPE3KOM, COENHHFIOUIMM ee KOHUBbL. $ICHO, 9TO
TOYKY (p: §) B STOM CerMeHTe,

AJIA KOTOpOH BeJIHYHHA pq Hau- IA
GonblLiasl, HYXHO HCKaThb Ha
OTpe3Ke — BepxHell rpaHHue cer-
Menta (puc. 108). [ns Touek
(p; q) npsmofi, conepikaiues 3TOT (2,0)
OTpe30K, ¢ MOKHO 3alHCaTb \ !

KaK JIHHeHHYI0 (QYHKNHIO OT p, g
Toraa pq OydeT KBaipaTHLIM "
TpexuneioM oT p (obpauiaro-
muMea B 0 opu p = 0). Urobw
He BHIHCHIBAaTb €0 B IBHOM BH-

Jle — XOTb 3T0 U HeTPyHAHO, —
3aMeTuM, UTO IPH p=a ¥ p = b OH MpPHHHMAET paBHLle 3HayeHHHA

ol
/
P

LN

a b Y
Puc. 108

o X

1 1
a--;=b-77-=l; Ce[0BaTeNbHO, HauGoliblilee 3HauYeHHe OH MpH-
WHMaeT mnocepeAuHE MexAY STHMH TOYKAMH H OHO pPaBHO

(a+0b) (% + -117—) / 4, Orciopa criegyeT HYXHOe HEPaBEHCTBO.

V U3 Btoporo peulelusi JIeTKO BLIBECTH NOGOUHBIH Pe3ynbTaT)
oTpe3ky /M0G0l NpPAMOH MEXAY TOUKaMH mnepeceyeHHs ¢ rHnepGo-
Joit y = 1/x H ee «aCHMITOTAMH»— OCAMH KOOPIHHAT (IIOKa3al«
Hble Ha PHCYHKE NYHKTHPOM) paBHBI

Bosppauianch X HCXOAHOI 3anaue, 3aMeTHM, YTO NPH YETHOM K
HepaBeHCTBO R4eT TOYHYK OLEHKY JIeBOH 4YacTH, a INPH HEYeTHOM
ee MOXHO HeckO/lbKo yTouHHThb. (Il1A n =5 3Ta 3apmaya npeanara-
Jach HenasHo ta onumnuafie CIHIA, cM. sapauy 7.22 B kuure[41])

265. B kavectBe TpeGyeMOro MHOXECTBA MOXHO B3SiTb MHO~
2KECTBO, Ccocrosimlee m3 Touek Ax =(k;r(k)), £=0, 1, 2, ..,
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wey P—1, e r(k) —ocratok oT nmenenusn k2 wa p. Ins p=17
9TO MHOXECTBO Noka3aHo Ha puc. 109,

Ecmu 611 kaxue-To TPH TOUKH Ai Am, An (< m < n < p)
JieXan¥ Ha OJHOH MpsiMOil, TO BHIIOJHANOCH Gbl COOTHCUIEHHE

r(m)—r(l) _ r(n)—r(m)
m—1l = n—m

7. € JNA HCKOTOPHIX HENbX @ KW b BHIONHsIOCh 6bl PaBEHCTBO
(n—m)(m2— 24 ap) = (m —I) (n2 — m? - bp). Ilepenocs unensl,
He cojepXallde p B JEeBYl® UacTb pPaBEeHCTB3, BHIAHM, YTO
(n—m)(m—1U)(n—1) nemmt-

g ca Ba p. [Nockoneky p mpoctoe,
370 HEBO3MOXKHO.
6 Ecmn Obl Kakue-TO 4ethIpe

TOUkH Ap, Ai, Am, An J€XManu
B BepUIHHAX napa.nnenorpaMMa,

—> —>
ApAp= ApApm, TO BHIIOJHSIIHCH
6bl paBeHctBa l—k=m—n
H r(l)y—r(k) =r(m) —r(n),
I/ T.e. uneno (12— k2)—(m?—n?)
~ Jlenuyioce 660 Ha  p, Torpa
ol 1 p=7 6 % queno

Puc. 109 (U+Ek)—(m+n)=21—2m,

a MOCKONBKY p >3, H l—m TakxXe AOMKHO Gbo Obl AE/NATBCS
Ha p, 4YTO HEBO3MOXKHO.

266. INposesieM 4Yepe3 jfBa NPOTHBONOJOXKHLE pe6pa a u b
TeTpasipa napajuiesibHele MAOCKOCTH p B p’. Ilycre h — paccrositine
MexAay HumH. ByZem paccMaTpHBaTh JMLUb DPOEKUMH TeTpasapa Ha
NJIOCKOCTH ¢, MEPIeHINKYNSIPHEE p, W YyXe CPead HHX HaiiieM Ta-
KHe, OTHOUICHHe IJowaneli KOTOPHX He MeHblie »\/2_. ITpoekuueit
TeTpasfpa Ha [IUIOCKOCTb ¢ CJYKHT Tpaleudss C OCHOBaHHSIMH

a:, H b;— NPOCKUHSIME @ B b Ha ¢, BLICOTOH h (B 9YacTHOM cayuae,
€cN¥ MpOeKUMs OfHOro u3 pebep —a uAH b — COCTOMT H3 OAHOI
TOYKH, TPalelUHsi BEIPOMIAETCS B TPEYrOJbHHK); IIOMAAb MNPOeK=
LHN paBHa (a;+ b;) h/2. Yrobul npocnenuTh, KaK 3aBUCHT 3T3 Bee
JHYHHA OT Hak/JoHa pebep a ¥ b K IJNOCKOCTH ¢, PaCCMOTPHM BEK-
T0pHl @ u b, uzobpaxaeMuie pebpamy Terpasppa (prc. 110). Moo,
OUEBH[IHO, CYMTATh, YTO a => b H yrosl y MexXAay BekTopaM# @ B b
He npeBocxoanT 90°. OTa0XEM BX OT omHoii Touky O — TOrha BMe-
CTO JJIHH NpOexuMd Ha INIOCKOCTb ¢ peGep TeTpashapa Mul MoXkeMm
TOBOPHTb © JUIMHAX IPOEKUMii BeKTOpOB @ # b Ha mnpsMyio (B 110«
CKOCTH, NapannenvHoit p u p’). Cymma npoexuHii Ha npamyio [,
napajenbhvio BekTopy @ -4 b, papna |a-+b|, a Ha npsmyio I
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Ye[MeHANKYAAPHYI0 @, bsiny; OTHOLEHHE STHX ABYX BEINYHH He
metibe 4/2 :

|@+ B2 = a? + b3 + 2ab >a3 + b3 > 262 > 2b2 sin? y

V 3amerum, 910 ANA NPaBHILHOTO TeTpasfipa OleHKa 1/§'—-
HawrTydllas niomanb Jo6oft €ro NpoeKuMH 3akiodeHa MeXRY a¥f2

8 a*/(24/2), rae @ — nmuna pebpa.

[
pI
|
aff}
I
!
. i b
N 1
[ 4
2NN
S =NV
A A
Puc. 110

267. Ilonoxum
F)=@x—a)+ ... +(x—an)
BLiziensB B STOM KHaJpaTHOM TPeXuJieHe [OJHBIA KBajpat, MOJyuHM
f(x)=n(x —bs)® -+ (bnk (*

npH NpoBepke STOTO pPaBeHCTBA HYXHO YueCTb, uT0 nb, = a, 4
’i‘ az+ ... + an.

Ilpu n =1 HyxHbe HepaBeHcTBa oueuiun (C = D). Urobu
J0Ka3aTh KX, NOJb3YACh METONOM MaTeMaTHUYeCcKOH HHAYKLHH, AOs
CTaTOYHO JIOKA3aTb HEPABEHCTBA

o<t (er-l) —'f(b,,) < (au+l - bn+l)z'

NOCKOJLKY NpH NOGaBJeHHH K @;, G, ..., Gn €lU6 OAHOrO uHC/IA
@n4y Bemunsa C  BospacTaeT Ha  (Gny1—bn41)% a D —Ha
(Bn+1— bn41)2 + F(bnt1)—f(bn). JleBoe HepaBeHCTBO CPasdy BHTes
K&8eT U3 paBeHCTBAa (#) NpuU X = bp+1; NPaBOE CAGNYET H3 DABEHCTB

(nt1)b, =mnb,+a, . n(by,, nt1 " Oy

Flrp)) =1 (B) =1 (byyy = ,) = (a4 — by yy)/me

-—-bn)=:a
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V Tomnectso (), Bbpamalomee CYMMH KBALDPAaTOB PacCTos<
i N0 n TOYeK uepes KBaapaT pacCToOffHHA A0 HX «UeHTpa Mace»
(u1H «cpentiero SHaueHHsI»), IMOCTORHHO HCIONL3YeTCH B TEOpHH
BCPOHTHOCTeI'r'[, CTAaTHCTHKE, 4 ero AaHaJlorH Ha IJIOCKOCTH H B IIpO-
CTPAHCTBE —H B reoMETpPHH.

268. PaccmoTpuM BMecTe ¢ WHCAoM Ay =1 + 4/2 + 4/3 «co-
NpsXKEHHBIEY, oTauyamlinyecsi OT Hero 3aHakaMu pajaHKaloB: lz= 1—

— V2 443, Aa=14+4/2 —4/3 1 A =1—4/2 —4/3, Ecm
7u?=qn+fn'\/2—+sn'\/§'+tn1/é‘,

TO, KaK MOKHO NPOBEPHTb NocjefoBaTenbto A n==1,2, 3, 4, v1es
A =g, — 1, AT 5, — 1, V6,
hg""‘qn’i'fn'\/f—sn’\/g—tn‘\/e—-

M =g, —r, V2 —5,4/3 +1,4/6.

CJIOXHB STH HeThpe paBeMcTBa, MONENMB cyMMy Ha 4AT u nepefins
K npefieny, nosyusm lim (qn/}\.?)= 1/4, NOCKOMBLKY MII <A nns
=2, 3, 4, u notomy lim(|7\,l |"/A,f)==0. [puGapiB K NepsOMy
PAaBEHCTBY OJHO M3 Tpex APYFHX M BHYTA JABa OCTABLIMXCS, M
nosyuuM:  lim (r,, 1/2—/}.f) =1im (s, 1/3_/?»?) == lim (t,,o\/-(i-/l’l") =

= 1/4 (TaksM 06pa3oM, B CyMMe gpn -+ rn 1/2—+s,m/§ +tn «/'5

npy GOJBLIHX n BCe CJaraeMue NpPUMepHO pasum Apyr Apyryl)
Orciona HaxoauMm

im (rn/gn) =142, lim (Sn/gn) =1/4/3, lim (fn/gn) = 1/4/6.
n->oo n-y»oo n-»oo

V OrtMeruM, uTO OTBET B 9TOR 3ajaye Moayuunacss Obl TE€M Ke
caMbiM, ecas Ou BMecto 1+ 4/2 +4/3  crosno mo6oe wicio
6+ b4/2 +c4/3 + d4/6 ¢ watrypanbunmvu a, b, ¢, d.

269. OrseT: 1/5. HyxHo paccMoTperh 1Ba CJyyas: BepuiMHa
OPSIMOro yryia MeHblUIero TPeYroJbHHKa MOXKeT JieXaTh MM Ha rH-
NOTEHY3e, WM Ha xartete Oosbuiero. B nepBoM ciaydae OTHOLIEHne
KaTeTOB JIByX TpeYroJlbHHKOB He MeHblle 1/2, OTHOWIeHHE X
nyomaneil — 1/4. Bo sTOpomM cJayuae, 3adHKCHDPOBAB MEHBUIHH Tpes
YTOJbHHK M NOJb3YsICh TeM, YTO BepUIHHHI GoJbuwero 6yanyT npoGe-
FaTb Jyru OKPY¥XHOCTefl, MOMKHO NOJYYHTb YHCTO reOMETPHYECKOe
Pelllelye; eule Npole aHaIBTHYECKOE pelieHye; ecaH NPOeKUHH Ka-
TET2 MEHBUIEro TPeyrobHUKA Ha KaTeThl GOMbIIEro PaBHW X H Y
(puc. 111), 10 x?4 42 = a2 a xater Goabimero paben 2x + y <C|

<aq5,
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270. O TBeT: MHOXeCTBO TOYEK, H3 KOTOPHIX HEJIb3fl YCKAKATH
«B GeCKOHEYHOCTb», HMeeT MoWanb 15; 970 — cTynenuaTasi urypa
T, usoGpaxennas ua puc. 112.

Us mo6oit Toaku BHe T MOXKHO HeCKOJNbKMMH uiaramu (1;—1)
nonacte B obnactb x =5, a 3arem pnenarp wark (—5; 7))+
+5(1; —1) = (0; 2).

V Eme Gonee untepecHmie ¢opMu ¢uryp obpasywrcs B arTolt
8anaue, eCiH YHCJIO paspelieHHWX NpHKKOB 3 H Gonbuie,

y\

7

Puc. 111 Puc. 112

Y

271. PaccazuM CHagaja mnapJaMeHTapHeB NO [BYM IanaTaM
npou3BoJblibiM o6pasoM. Ecin B Kakoii-1o manare y ee wieHa A
He MeHee IBYX Bparos, TO B Apyroii majnate y A tie Gonee ogHOroO
ppara. IlepecanumM A B Apyryio najaty; NpH STOM CyMMapHoe Ko~
JIEYecTBO § nap BparoB B Toft u gpyro# nanare ywetbuaercs. ITo-
CKOJIbKY § — LieJI0€ HEOTpHuATeJbHOe YHCJI0, TaKOoe YMEHbLIEHHE A
MOXKeT GbITh NPOAENAHO JHIUL KOHEYEOe YHCJIO pa3, H B pesynbrare
nonyyutcs TpeGyemoe pasbuerne fia najaThbl.

272. Jlerko MNONyualOTC BCe ABOHYHO-PAllHOHAJbHBIE HYHC/A)
Apobu co 3HameHaTeJsiMH 2, 4, 8, 16 u T. 1.

HOnsi Toro urobm u3 napet (0; 1) nonyunth npoGb 1/n, mocras
TOYHO BHIOPATh £ Pa3NHUHBIX ABOHYHO-PALHOHAJBHBIX YHCEN C CYM<
moit 1 ¥ B3aTh HX cpentiec apudMeTBYeckoe; Hampumep, AIJd
n=>5:

3 3 3 3 1
TtetEtatw
5

{anazoruuHblii HaGop CTPOMTCA AJS J06OTO n).
3amMeTHM Temepb, YTO €CAM MBI yMeeM NO HEKOTOPOMY IJIaHy
u3 napel yucesn (0; 1) monyyarts £, TO MO TOMY e IJIaHYy H3 Haps

233

1




unncen (1,0) mb nonyunm 1—1{ (Bclogy umcna x 3ameHsTCHS HA
1 — x— onepauns «cpenHee apupMerpHueckoe» COXpaHsieT 3Ty 3a-
MeHy), a u3 uapu (0;r) no ToMy ke niaany b noayusm (O: rf)
(Bcrony x samenntcst Ha rx). Taknm oOpa3oM, €cad Mbl NOIYYHIH
yxe 1/n u Bce uucna k/f(n—1), k=1, 2, ..., n—1, To MOKEM
1 n—1 k n—1 k
nonyynth | —~—=———— n Bt — =——— ¢ ———=¢
n n n n n—1
273. PaccMOTpHM  OTpe3kHM psila  uHCEd Xm/m, R m <
<(k+1)2—1 (k=1 2, 3, ...), k-l oTPe3ok cOCTOHT H3
(k4 1)2— k2 = 2k + 1 uncen ot x,fk* no x(k+1)7—1/((k +1)2—1).
3amenus KaxAbll Wi€H Xm/m B k-M OTpe3ke HauGoMbUIHM Teps
BHIM 4JEHOM OTpe3Ka xkz/kz, IOJTy4YHM, 9TO CyMMa YHCE] 3TOr0 OT-
pe3ka ne Gonbuie
2k + 1) xp 3kxy, 3x e
k2 D
Tenepy ans J06Oro0 HATYPaNbLHOrO 1 OJAyYaeM

x x x X x X X,
22 n i ST R 9
Tttt n<3(1+2+3+---+ 2
Ile ¢ — HaHMeHbllee YHCJO, AJSi KOTOPOro g2 > n.
274. Buibepem rze yronuo Touky O u MpencTaBEM KaxIbi H3

—> —_—> —_>
B3ATHX BekTopoB AB kak OB — OA. B cyMme BCeX BEKTOPOB Kae«

KBTI BEKTOP O_’M, rie M —onHa u3 naHHEIX ToueKk, OyZHeT BCTpes
9aTbCsl CO 3HAKOM <MHHYC» CTOJIBKO ¥e pa3, CKOJbKO CO 3HaKOM
«ILIIOC», TAK YTO BCA CyMMa paBua 0.

275. OtBeT: a) npy n = 8 — 16 ¢uuek; 6) Npu n UYETHOM —
2n, npu n Heuetom — 2n 4 1.

Pacnonoxenne  Takoro  KoiauyectBa  ¢Gmulek  scno  H3
puc. 113,a, 6. Jloka3aTesJbCTBO TOrO, 9TO MEHBUIEM 4YHCJIOM ©O60ii«
THCb HeJb3fl, NpOIle JJIA YETHOrO N; Ha Ka)AOH NpsAMOH, mapai.
JIeNbHOI ONiHOH JIMaroHaJ¥, NOJIKHO CTONTh NO (uuIKe, a Ha caMof
JHaroHajay— fige (B yrjax).

Ilpyroe nokasatenbCTBO: Ha Kax[olt NoOKasaHHOH Ha PHCYHKax
fIYHKTHPCM TpSIMOfl IOJIIKHO CTOATh NO ¢uuike. HIMEHHO 3TO MOKa<
SaTe/bCTBO MepesleNibiBaeTcsl Ha caydadl meuetHoro n (puc. 113,6)%
KPoMe 2n— 2 nNyHKTHPHLIX NpAMBIX (HA KawkAok —mo ¢uuke),
CJe/lyeT pacCMOTpeTb elle WIeCTh NpPSIMBIX, COENHHSIIOIHX LEHTPH
Knetok A, B, C, D; Ha HHX HyXHO NOTPaTHTL e€llle He Mehea
8 ¢uuek.
a+bAaT—0% b+aV@F— @

icere T A i—ere

CxnaneiBasi ¥ BHYHTAs JNaWHKe YpaBHehHf, a NOTOM mepeMHOs
BKasl Pe3ysibTaThl, IONYYHM T4KOe CJeACTBHE CHCTEMHI:

P—y?=a—b% 1, e 4/x%2— y2=+/a? — b3

276. OTBeT: xX=
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Toacrapass 370 B NCXOMHYIO CHCTeMy B pelasi ee (Kak JiMHERHyo),
HaiinemM otBeT. To, 4YTO noONygeHkble (OPMYNB COBIAMAIOT C HC-
XOLHLHIMH C 3aMeHolt a Ha X, b wa —y, no3BoJsieT He HesaTh NpPO-
BepKy: H3 (OPMYyJl OTBeTa NOJYYaTCH, KaK CJAeJCTBHE, BHAJOrMYHLIE
¢opMynn ¢ 3aMetiofi x Ha a, y Ha —b, T.e. BCXOAHas CHCTeMa.

A
d ESPAREASAS A
AEARAVARANANAN AN vAvdy ANANAS

2%
Y VA W4 AN AN , \\\
7 ANAY / w
P2 ~ D R B
AN s ’
N\ /]

‘\ ,’ /’ 7 //
~ ™ A A7 N A7,
NN A w [N NN [ A5 7]

'y

a )

Puc. 113

¥V 3aMeTHM, YTO HHYEro He H3MEHHJOCh Obl, ecay OBl BMeCTO
AauHOW CHCTEMB! PacCMaTpHBalacCh Takas:

x—yf(—y?) _  _y—xf(x*—y?) _
VI—F T —9?) V=P — 47
rae f— moGas ¢yHkuus, He npesocxopsuas no moaymo 1. Cyrw

9T0il 3aflayd B TOM, 9TO «mpeobpaso-
patine Jlopenua»

x —uvy
x, y)> (%, y) ¥=——"7
(5 )= (", ¢ T _
r__Y—2xv L
Y=

Mrpaiolllee  OCHOBHYIO pOJIb B TEOPHH
OTHOCHTENBHOCTH JiiHuTeliHa, coxpa-
HAeT BeMBURHY Xx2—g2:x2— 2=
= (*)2— ()2

277. Eciiu NOKpHIBaTh KBajpaT Ha-
6GopoM KBajpaToB, CTOPOHA KaXAOro Puc. 114
H3 KOTOPHX yMeHbleHa JO OJHxali-
1I€ro MeHblilero Yncjaa Bufia 1/2% k=1, 2, ..., TO 5TH KBajpaTh
MOXHO pa3MecTuTh Ge3 tanoxeuuit (puc. 114). INockoabky nuowags
KaxJoro yMeHbUIWJIaChb MeHee YeM B 4 pasa, TO CyMMa HX IJOiGa~
Jeit Gonplue 1, Tax 94TO0 OHH 3aBelOMO MOKPOIOT Bech KBAaJpAaT.
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278. Tlonoaum s == %1+ %3 F 493 F %

Tlockonbky x,>x3 s Kakaoro i =1, 2, v41, M, TO HyXHOG
RepanetcTBo caenyeT u3 Taxkoro: (s 4 1)3 == 4s, sKBuUBaneHTHOrO,
oueBHnto, (s—1)2=>=0.

279. TIocKONIEKY P H ¢ B3aHMHO NPOCTH, TO KaXJoe U3 HHZ
B3aHMHO NpocTo ¢ n = p 4 ¢. IlosTomy Bce uMcaa

{ i .
< —;— L =19 o= j=1 2 e, g=1)
pasnuuMb. 3aMeTHM, 9To Beeraa +i JIEXHT MEXIY L R -L;
ptaqg p q
N0STOMY $CHO, 4TO Bce APOOH %, -z—- nexaT B pasAHX OTpe3Kax
E k41
[‘n_p -"1- ]r k=1,2 epe, n—2,

280. Ilycts e€;— epuuHYHEA BEXTOp, HanpapieHHH No Nps-
moft ;. Tlonoxum ey =1¢ (=1, 2, «s., 1978), eion€) = Cio1
(€1 —kocuHyc yrna mexny € H CJENYIOUMM N0 HOMEPY BEKTOPOM

—>
€iy)); nycts OA;= gie;,, YcioBHe nepHeHANKYNAPHOCTA NPAMHX
Ai—1Ai4 ¥ |} SKBHBANEHTHO TaKBM:

(3181 — 9 1841) =0 01, =06, (*

Mu MoxkeM, B3SIB @, NPOM3BONLHO, BHGPATL Q3, Qg ees, Oi979, Q2,
G4 wvs, Qig7s TaK, 9TO6H BHINOMHANHCL Bce 1979 yciaoBuit (=), Kpoe
Me, ObTb MOIKET, OLHOrO: Gy978Cis78 = @G1Ci97s. HO, MEpeMHONKHB BCE
1978 pasescts

a3 [41 as C3 Q5979 Cy977
TR, e ER e, ey T = ——,
a C2 Qs Cq ay977 C1978
Qg  Cior9 a4 C2 aisrs C1976
STITREITT Ty TSy ey T =y
Q979 N az C3 a,976 Cio77

MH KaK pa3 OOJlydHM II0CjIe COKpaiiehufi Hepocramoulee 1979-e pa<
BEHCTEBO.
281, YKa3aHHYI0 B YCJOBHH 3aJlauH BelIHYHHY

Pp=0,p + 8yl 49 +o+ Cp 1%

yno6uo TNOACYHTHBATL TaK: MNOCHENOBATENBHOCTL An = (a1, @z, <32
eesy @) H3 0 B 1 nopmucoiBaetcss cama nox coGoff co capurom
Ha k paspanoB; MpH 3TOM pr = Pix(An) — UHCIO Pa3psnoB, B KOs
TOPLIX B OOGHX CTPOKAaX CTOAT €AWHHLBL

IocaenosaTenbiiocTs A, MJHHB #2 YOOBJETBOPSIET YCJOBHIO 3as
naus, ecny Bee px(An) npu 0 < k << n— | HeyeTHnL.

Crenyomas KOHCTPYKUMS! MO3BOJSET N0 ABYM TAKHM MOCAENOA
BatesbuocTaM Am K A, NOCTPOMTD Al=AnLlAm JIMEE [ =)
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= (2m —1)n= (m~1) = 2mn—m—n4 1, 3amerum Kaxayio 1
B A, Ha Gnok Am0 .., 0 n3 2m—1 uudp, Kaxapii 0 B Apes
m—1

Ha 6ok H3 2m —1 wuynell, a nocrentime m— 1 Hyaelt or6pocuwm.
Ilpn noncuere pr AN A; YKasaHHHIM Bhmle CLHOCOGOM NpH JIOGOM
ciBure k Kaxnblt 610Kk Am B BepxHeil CTpoke 3azeBaeT JIHUIb OLHH
6nox A, B HHUXKHell; ecaH =2m—1)g+r nm k=
= 2m—1)qg—r, 1He O0<r<m—1, 0<gKg<n—1, ToO
Pr(As) == pg(An) - pr(Am), NOCKONBKY DOBHO pg(An) nap 6nokoB Am
3a71eBalOT JPYr Apyra H NPH STOM OHH CHABHHYTH Ha r pa3psikoB}
OTCIOla SICHO, YTO NOCTPOEHHAS NOCHeNOBATeNLHOCTE Aj==A 14
YROBNETBOPSET YCJIOBHIO 3aflaud BMecTe C An B Am.

Ora KOHCTPYKUMS NO3BONsieT u3 Ay == 1101 H3roTOBHTb OTBER
Az = A ,UA, & nyHKTY a):

Ags ==1101000 1101000 0000000 1101,
1 ] L ] 1 ] ]

m

Hanee, Axs1143 umeeTr Yyxe 2-252+~50-- 1 = 1201 — 6Gones
1000 uubp, uro B TpeGyercs B myHKTe G).

V CyuecTsyloT W APYrHe CEpPHH NOCJeNOBATENbHOCTEH, YHAOBs
NeTBOPSAIOIWMNX YCIOBHIO 3anayd. ORHY M3 HHX NPUAYMaj Y4acTHHK
omumnuansl A. A. PasGopos. HurepecHo NONyuHTb HX IOJHOE ONH«
canne. AHAJIOTHUBYI0 3afayy MOXHO PacCMaTpPHBaThb ¥ Ha OKPYH«
HOCTH.

282. Ilpennonoxum, 4TO AHaroHasiH wyerblpexyroibiuka ABCD,
nepecekaiomuecs B Touke O, He NEPNEHAMKYJIAPHH [APYT HAPYry,
Hanpumep, uto yroa AOB octpuit. IToctpoum Touxku A’ u B’, cume«
merpuyHeie A u B orhocuTenbtio Touku O. Papuychl OKpyKHOCTef,
BIHCAHUBIX B Tpeyrombtinky A’OB u B'OC, weHblue paguyca A
OKpyXHOCTH, pnucahrofi B AAOB (nyowapy BCEX STHX TPEYronb<
HHKOB paphibl, a nepumerp AAOB MeHblle), MOSTOMY KacaTesblible,
nposefielttle U3 Touek A H B K OKPYXKNOCTAM pajByca r, BIHCau+
ure Byl BOC u AOD, nepecexaiot ayuy OA’ u OB’ B toukax C
K D, pacuonomxennnx painbuie ot O, uem A’ B B’ cooTpercTBelilio,
Tak 4To OTpe3ok CD He MOXeT KOCHYTbCS OKPYKHOCTH panuyca ry
pnucaitofl B AOA’B’,

Takum oOpasoM, B yciopHsix 3amaun npsaMuie AC w BD nepe
NeHAUKYJIAPHH APYr APYrYy ¥, C yueTOM DaBeHCTBA pPalNycoB BIIH«
CaliHLIX OKPYMKHOCTel, CAYIKAT OCAMH CHMMETPHH UeTHIPeXyroJbHHKa
ABCD. CnepoBarebtio, 3TOT YeTHIPEXYroabHHK — POMO.

283. a) PacCMOTPHM BO3MOXMHLIE paccTaHoBki I Napbl KPAacHHR
Touek (Ay, A,), nensumx otpesok ApA, Ha Tpu uacTH A4; AA.,
A,Ap; KauGONBLIYIO W3 JJIMH STHX uacteil oGosuauM M, HaHMelibe
wyio m. M3 Bcex paccranoBox T prifepeM Takue, IR KOTOphx M
MUHEMAsbHa, @ H3 HHUX — Ty (WIH OXHY M3 TeX), JJA KOTOPLHIX m
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MakcuManeptia, JlokaxeM, uto s Takofi pacctanoBku T = (A4, A.)
Gyner Bhionreno yeaoswe M —m < 1,

IMycts nas wee M—m > 1. Ecan ee wactu M u m pacno-
JIOKEHBl psAOM, TO, TNEPeNBHHYB KPAaCHYIO IDaHHUY MexAay HHMI
Ha ONUH OTPe30K, MH MONyu#M paccraHoBry I’, y KoOTOpoil Hai-
MeHbliuasi 4acTh Goabue m M (BO3MOXHO, HJAH) HaHOOJbLIAS —
Melblue M, uto npotuBopeuut BHIGOopy 7. Ecau m = A¢d, M =
= A,A,, TO AB60 y pacctaoBKH (A4, Ar) HauMeHbwas 4YacTb
Gonbute m, w60 AiAr <m<<M—1 u TOrAa y paccTaHOBKH
(Ait1, Ar41) HanGonbuast uacTh Mehbile M: ¥ TO, W ApYyroe NMpOTH«
Bopeunt BuiGopy T = (A; A/) (puc. 115).

m
| S | I T I | J I A [ SO -
1

r ' ] se e 1 ae e
Ay Ay A A Ar Arsq Ag
Puc. 115

6) PaccMoTpuM paccraHoBKy, Y KOTOpoil HauGosbluasi mo AJKHE
u3 k vacteil Ay, Oy ..., Ax paBua M, a nauMenblllas paBHA m <
< M—1. Ilyctb A; = m aexnt Jepee A; = M. Ilepensuunem mpa-
BHH KOHel 4YacTH A; Ha ONHH HJIH HECKOJbKO OTPe3KOB TakK, YTOOH
osa crajsa ne meHbwe M-—1 (H0 He Gonbiwe M). Ecinu Tenepn
Ay < M —1, crenaem ¢ Helt TO XKe caMoe, 3aTeM nepelifieM K Aipz
H T. 1., 90Ka JH00 IJMBHBI BceX uactefi A; Argyy ».., Oj—1 He OYRYT
Gonbule Hnn papiel M — 1, muGo HaM ynacres yMeHbumth A& = M
x0T Obl Ea OAMH OTPe30K. 3aTeM (€ClH B INOJy4eHHOH paccTa-
HOBKe no-npexctieMy M-—m > 1) npopgenaeM Ty Xe nPOUERYDPY
ele Heckonbko pa3. Ilpu 5TOM MHE He MOXeM NOBTOPHTbCS, NO-
CKOJIbKY BHOBb IOJIyuaeMasi pacCTaHOBKa «JIyyllle» B TOM CMHCIe,
4970 Yy Hee JqHGO CTPOro MeHblle AJMBHA HauGouableli yacty M,
aub6o M onuHakoBH, HO MEHbile YHCaO uacrteil, paBHbx M, nuGo
H 3TO YHCJO OAMHAKOBO, HO Toraa Gonbule m uny (IPH PaBHBLIX 1)
MeHblle yacteH, paBHBIX m. ITOCKOJNBKY BCEro pacCTaHOBOK KOHed-
HOE 4YHCJO, MOCJe HECKOJIbKHX IOBTOPeHHil Npoueaypbl MH NpHaem
K DPaccTaHOBKe, KOTOPYIO &YJNYYLIHTb® HeBO3MOXEHO, T. e. M —m <
<L

284. OtBeT: penurcd. JlanHOe uHCNO, O9YEBHAHO, JEJIHTCH
Ha 20. Ilenumocts Ha 99 caenyer u3 Ttoro, yro 100 =99-+1, u
paBetcrBa 19+ 20 ... 4 80 = 99-31.

285. Ecan S v Sz cyMMbl miomafieil Jesbix uacTefl C 4eTHBIMH
M HeueTHLIMHM HOMepamH, 3 S; H S; — aHANOruyHbLIE CYMMBb! JUISL IIpas
BHX yacteil, TO

S+ Si=8+8=8+S8=8+S

286. JloctaToOuHO AOKasaTh, YTO B MOGOH MOMEMT MOMKHO MOTpPYa
3HTb KOHTeilHep Maccolt He Gosbmeii 0,5 TOHHEL,
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287. Sasco = 2Samec. [lycte AM = &, Torna

SAMCD < 2SAMP

az
<x(a—x)<-‘—1-.

288. Orse1: He uMmeer. II3 y® =(22—x) (224 x) m upocro-
TH Y nosnyyaem JH60 22— x =1, 22} x = 1? nubo 2—x =y,
22+ x = y2 OGe CHMCTEMB HE HMEIT PELIEHHMIl B TMPOCTLIX YHCIAX.
289. OTBeT: myctb O — LEHTD JaHHOH OKPYKHOCTH, R — ee

panuyc u OF = a. Ecmn a>> R/4/2, 10 uckomas xopza BD cra-
rusaer ayry B 90° M KacaeTcs OKpyxkHocTH pamuyca R/4/2 ¢
nentpom O. Ecmm a < R/4/2, uckoMassh XOpHa TepueHIMKYAspHa

amerpy AC. JloCTaToyHO 3aMETUTh, YTO =£.
Juaverpy A Sapcp =4 Spop 2

SBOD= 1/2R? sin ¢, rie @ = £.BOD, u naliTh HauGoJbluee 3Ha<
YEHHE sin () B 3aBHCUMOCTH OT MHOJIOMKEHHA TOuxkH E.

290. flycts A, B u C — 7pM ToC/efoBaTeNbHHIX TyHKTa Ha Ge-
pery osepa. M3 yciosus cneayer, 910 A W B coefuHEHH TOTAA H
ToNbKO TOrpa, Xorma B m C ne coegumenn. Taxum oGpasom, Bce
NYHKTH pa30uBalOTCH Ha Mapbl COCENHHX, COENUHEHHBIX peicoM Temn-
Joxona. Ilpun atom moGule OBe Takue TMapwl COENHHEHBI, T. €. OJHH
H3 NYHKTOB TNepPBOH TNapbn COeOHHEH C HEKOTOPBIM TYHKTOM BTOpOH
napsL.

291, Bmecre ¢ unciom N = abcdef penstcs ma 37 wuncia
abc - def, beafde u cabdef.

922. OtBeT: (nk;nl;mm), k, I, me Z. Ckiagpipas uepBhie
[iBa YPaBHEHUS M BHIYHTAf H3 HMX TPEThbe, NMPHXONMM X YDaBHEHMIO
sin x—2l-y *Cos x—2'—z * €O y;l—z ==0.

293. Eciu 8 %= 0 —cyMMa BCEX BEKTOPOB CHMCTEMbl, TO JJif
Jo6oro a = 0 u3 3T10it cucreMbl S8 = ka, rae k — HEKOTOPOE HYMCJI0,

294. a) OrBeT: 1962 1 S(1962) = 1980.

6) Ecnn gucno n oxanumsaercsa Ha 9, T0 Sp4; << Si, ecnd He
a2 9, 70 Spy1 = S+ 2. Ilna mo6oro HaTypasibHOrO m => 2 Bbl-
Gepem HauGoswwuee N, mnst xoroporo Sy << m. Torma Swy41 = m,
npuyeM nociefHsas ukMdpa N—wue 9, n noromy JuGo Sy = m,
260 Sy = m + 1. 3necy S, = S(n)-}n.

295. Otmet:33. Kaxawit mnpsmoyrosenHr 3 X1 coaepxut
POBHO ONHY KPaCHYIO KJETKY.

296. a) JnMZeMHSAs He KOHYHTCS, HAmpHMep, €cCJAH B TEPBbIA
nenn nna tpex apysedt A, B, C: y A mMMyHuTET mOcie TPHBHBKH,
B Gosen, a C 3popos.

6) Ecnn sumpeMusl He KOHUHTCH, TO HaiiIeTca KOpoThiKa A,
KOTODHI paHbile BCEX 3a6ofe] BTOPUYHO, HO TOrAa 3apasHBLLHI
€ro B 9TOT pa3 KopoTwiuka B gonmxen Omu 3aGosneth BTOPUYHO
o A,
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£97. OrBeT: He #MOWeT. IlocrefoBaTenbHOCTs 1y, HauMNasy
€ HeKOTOPOro HOMepa p CTaGHIHM3HPYETCH, TO €CTh My = Npyq == ...

298. Orper™y L DEC =90°, LEDC ==60°, LDCE = 3(°.
Tlpu nosopore Ha 60° OKONMO TOYKH D B Hy»XHOM HanpasiieHuH H
roMoTeTHH @ kosdp¢uuueHrom 1/2 ¢ uentpom B D Touka P muepe-
xonur B cepenuny I orpeska MP, B—pB cepennny K oTpeska
BP, npamas BP —B npamyio KH, nepecekaomyio AP B Touxe E,

299. Uncna o u P — xopuu KBajpaTtnHOoro Tpexunena f(f)=
=({t—a)(t —PB)=12 —-é-tp-l-—%-s, npHueM x < a-2l~ﬂ
I(x) >0 n f(2) >0,

300. OrpeT: ({I; 2 3; 5 10; 20;' 25; 50; 100}. Ilycte k(=
=1k ... Kkp=100 — nanuve uucna. Tak xak 2k, =k
10 k, <21 nna moGoro . B wactwocrs, 2°7!>100, orkyna
n>8. Us npegmonoxenus, uro n=238, caenyer, uro k;=>50, a
2ks = 25, IlpoTnBOpEYNHE.

301, Kaxnas w3 n? nap natypanbumix uscen (x, y), roe 1<
x<<n, 1<y n, ABIAETCS pELIEHHEM HEKOTOPOrO YpaBHEHHS
[#2] +[*Pl =c (1<e<2[n%”]). Ecin npu mobom ¢ uncao
pewenuit we Gonbwe M, 10 2[n¥Z]-M>n? wm M 2%'\/ n.

302. Ilposenem BEICA u AEWBC. Touxkn A, C, B, E u D nes
xaT Ha chepe ¢ nuamerpoM AB ¥ uentpom O, CE — TOXe RHas

merp stoit chepw, LCDE = 90°, a cos £DCL =—|l—%1;—:-. Jlocra«

<z,

TOYHO HoKa3aTk, uyt0 sin ZDBE > sin ZDCE, upumensii Teopemy
cunycoB K Tpeyronbuuxam DBE u DCE.

303. a) Ilpy k> m Bce uyncaa X HMEIOT ONHHAKOBHIE TMED+
sple m uudp nocne 3anAToil.

6) Orser: Moxuo. B nepuomnuecxkoii pgpobu x = 0,(10) Ha
yuactkax ¢ Homepamu 10* << k << 10"+ 5 samennm rpynny wudp
1010 na 1100.

B) OTBeT: x=0, X1X2 «¢ Xk «esy THe X =1 npn 10" <
< k<< 10" 45, a octalLHble Xx == 0.

304, Otpet: 32(4/2 —1). HyxuHo BOCNO/NB3OBATHCH TeM,
4YTo npu noBopote Ha 90° ofHON H3 [OCOK uYepHBIe KIETKH CMes
HAIOTCA GeJIIMM H Hao60POT, a WPH MOBOPOTE OGEMX JOCOK YEPHHIe
KJIETKH CMensiloTcA GenbiMH Ha oGeux pockax. [lostomy uckomas
WIOllafAb paBHa 4YeTBEPTH NJIOIAAM BOCHMHYTOJIBHNKA, OOPasoBary
HOTO nepeceyeHHeM JOCOK.

306. Ioctatoyno  poxaesatrb, uto L BMA = £ AAB, =
= / A\B,B.

306. a) k= 3; 720 = 2.3.4-5-6 = 8.9-10.

0) Ecmm m(m+4-1)=n(n+1)(n+2)(n+3), To m*+mr

+ 1 =(n?+ 3n41)2, uro HeBO3MOXKHO,
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307. Ecin B HekoTopoM CTONGuE TaGJHIEI TepBHIE TPH wHCAa,
CYATaf CBEPXY, 4, m H n, TO Kaxioe H3 uncen 1, 2, «esy, m—1, m
BCTPETHTCA BO BTOPOH CTPOKE JieBee YHCJAA m MO Kpaiineit mepe n
pas, a moGoe uuclO, Gosbluee m, BCTPETHTCA MEHBIIE YeM N Da3.

308, Oreer; S=(—a)41—a npr a<<0; S=1—2a
mr 0<a<1/2, S=0 upn a=1/2

309. Ilpu nosopote Ha 60° BOKpyr BepuHHbi C TPEYTOJLHHK
CAD nepeiiner B Tpeyrosbuuk CBE, a upu nosopore Ha 60° Bo-
Kpyr touku H Tpevronvnuk HBE nmepeitmer B Tpeyroapuuk HDK.

310. Bynem rosoputh, 4TO *HTedd X, A;, Az 1oy, Ar, Y 00«
pasyioT uemnouky, eciH X sHakom ¢ Aj, Az SHAaKOM C Aj, «s., Ax
suakom ¢ Y. M3 ycioeus caenyer, 4to JoGble OBa KHTEJNR COETH<
HeHBl HEeKOTOpO# nenoukoi. Bynmem cuurath, 9TO SaMKHYTHIX Leno<
gex (7. €. menouyex, B Kotopuix X 3uakom ¢ Y) uer. Bo3bmem camylo
pamunyo penouky X —Ay—A;— ... —Ap—...—Ar—Y. Ecmn
k < 19, T0 HOBOCTh, coobuieunas Ay, uepes 10 nHelt cTaHeT H3-
BeCTHa BceM XHTedaMm nocenxa. Ecaum kB == 20, oTnpennM xuteneit
X, Ay, ..., A ¥ ncex, KTo ceA3aH ¢ HHUMM e gepe3 A;; (MX He
Menbite 11). OcraBuiasica rpynna JoTened no-mnpexHeMy YIOBJe-
TBOpSieT YCJOBMIO 3anaud. I[lOBTOpsfi yXKe ONMHCAaHHYIO nNpOLenypy
89 pa3 (M Ma xaxnom wary Bmienas cBoero Ay), MB JuGo
Ha KakOM-TO LIAary HcuepmaeM Bcex kuTeneft, aH60 ocTaHercs He
Gonee 1000 —89-11 = 21, u3 KoTOpHIX BHIGEpeM elle OJHOro, Kax
onucano Buime. EcaM e B mOcenke ecTh 3aMKHYTHE LIETOYKH, TO
HX MOXHO Pa30opBaTh, COXpPaHAf YCJIOBHS 3aiauH.

311. HUmeem f(mn)=(—1)"a+(=1)"b f@n/3)=0a/2—b)
(27/3) = — a/2 + b. [lostomy |a+b| <1, [a—2b| <2

312, IMapannenorpamm KL’MN’, rme L’ u N’ — cepeiuHbl CTO«
pos BC u AD, nubGo copnamaer ¢ KLMN, nu6o He coBmamaet.
B nocienneM ciiyyae yethipexyroabux ABCD — tpaneuus (BCIAD),

313. OtBeT: Xn=L, neN;, xo,=nupunes Z.

314. Hasosem ctpoxy TaGmnubl m )X n Genoil, ecin B Hed mpe-
obnagaior Gesbie KJETKH, H uepHOM — B mpOTHBHOM chayuae. IlycTs
p H g —KoapdecTBa O€JIHIX H YEPHBIX CTPOK, 7 H S — KOJMYECTBA
GesbiX W yepubx cTosbuoB (p -+ g =m, r 4+ s = n). MoxHO CUH«
Tath, 4T0 p < . Ilycts B xaxpom pany (ctpoke u cronbue)
MeHee YETBEDTH KJETOK «4yXoro» upera. lorma ps - qr He GOJib-
e ofulero 4YMcaa KJIETOK «4yXOro» UBETa BO BCEX CTPOKax H
cronbuax, 1. €. Meubie mnf4 4 mn/4d = mnf2, nostomy r < S,
a ofulee yHCNO GeJIbIX KJIETOK MEHblIe

gn , sm _ mn _nhp __mr mn__p i_)_.
rtrt =t - 2 =35 ~2o\277)"

r m mn
-5 (3-r) <7
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315. U3 ycnosus cnenyer, uto AE=MB=XK=PC=HA=BT,

316. OtBeT: x=25, y=6. Ecu x=d+y, rpe d =1, 10
{8d — 1)y2 4+ (3d2—d)y + d° = 61, otkyna d < 3.

317. I1a mo6oii koManibl HafigyTci 9 KOMaHA, ¢ KOTOPHIMH
OH2 elle He Hrpaja, a CpegM STMX LeBATH — JBe, He HrpaBlLIHe
MeXZIy coSoif.

318. IMycte A, By, C;—Touxkn Ha croponax BC, CA n AB
takue, 4T0 AC3/CoB = BA/A\C = CB,/B;A = 3. Tlepumetp wwectu-
yronbuuka A;AsB1B,C\C, paBen 3/4 P u Gosbwe mnepuMeTpa Tpes
yromsuuka AB,C,. Jlanee cienyer 3anucarb HEpPaBEHCTBO TPEYTOJb+
snKa gas TpeyronsHukoB AgCB;. CiByAy, AiB,\C,.

319. Cnenyer BoOCHONL3OBaThLCH HepaBeHCTBaMH X >y >0 B
0< ¥ —P <45

320, ITyctb A u B —xosunl nocrpoexHodt Jsomanofi. Crnpoek-
THpYeM JOMmaHylo Ha upaMmyilo AB. OtHocuTenbHas NOIPELIHOCTh
KaxXJoro M3 3BeHLeB paBHa p, NO3TOMY CymMMa 2alCOJIIOTHBIX
NorpeliHOCTeil BceX 3BeHheB He Gosiblie 4p, c/ieLOBaTesLHO H
d << 4p.

321. a) Hesw3n (cymMMa BceX TOCTABJEHHBIX YMCEJl OCTaercH
HEYeTHOI).

6) Moxno.

B) Hesnasn. [Jlns [okasaTesibCToa YTBepXKAEHMH TYHKTOB a))
H 10) TO0JIe3HO paccMOTpeTb 2 TeTpasfpa, OGPa30BAHHBLIX BepILH«
HamMu xy6a, HHKakue IBE M3 KOTOPbIX He MPHHaLJeXaT ONHOMY
pe6py. Ilpoussomnmble onepauuH yBeJHyMBalOT Ha | cymmy umcer,
CTOSIIMX B BEPIUHHAX KaXJOOro H3 3THX
TETPasapoB.

322, OreeT: Hanpumep, 9440.
fMycte m = 2-3.5-7-k. TlonGapan k
TaK, urobm m—1 pgemusocs Ha 11,
a m+4 1 —mna 13, nonyuum, yro yucio
n=m— 10 ynOBJeTBOPAET yC/JOBHIO
sapauu (I12).

323, OTBeT: B moOC/edHeH CTOM«

Puc. 116 Ke KapToykH OynyT Jiexatb B HeyObls
BaIOlIEM TOpPsiIKe HOMEpOB.

324. VI3 moObiX wecTH KaHHBIX TOWeK nO Kpakiueli mepe JB@
OK2XYTCA B OLHOH M3 (Hryp, mOKasaHHHIX Ha puC. 116,

325. 2) OtBeT: 3mpu x =y = 1.

W3 HepapencTBa © cpenHeM apu(METHYECKOM CJAELYET, YTO
F x24  xfy? > 3x%y2

6) Tlyers P (x, y) =&} (x, y) + g5 (%, ) + ... + g5 (x, y), rno
g (x y) i=12 ..., n— wmHorounensl. Tak xak P(x,0)=
= P(0,y)= 4, MHOrowleHL gi He MOTYT COLEPKATb OLHOYJNEHOB
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pupa ax® u byl. Tloatomy koadduwrent npu x2y? nomxen GHTb
IO/ KU TEJIeH.

326. OTpeTr: onua Touka O — peurp rtpeyronbuuka ABC,

327. OTBET: 172,

328. OrBeT Tpu uncna, Ilo HMuoyKuud AOKa3niBaercs, 9TO
G < b < an npu n = 4.

829. a) U3 Bcex uucen Buna 2k‘ + 2k2 + ...+ 2k". LeNsXCs
Ha 2™ — 1, BoifepeM uYHCJIa C HaMMEHbLIUMM fn, 8 H3 MOJYYeHHBIX
quces BoibepeM QHCJIO € HaumenbuinMm k- ka4 ... + ks Bcee
ancna B HaGope (ki Kz ve», kn) pasnuunbl. Eciw n<<m, 10

EE<m—1 u 2h' + 2k’ + ..+ 2k" <2 —1 fIporuBopeuue.

6) He cywectyer. Ilycte P = q,10" + ... 4 a- — HaumeHp-

Iee H3 qHCeJ, feasmMxcs Ha M=11...1 u umelolWHX CcyMMy
N o/

m
mibp, MeHbiuylo m. Torna r == m u uncao Py = P — (10" — 10'-m),
nensueecs #a M, menbwe P H nmeer cymmy nubp, He TPeBOCXO-
asmyio cymmy uubp uncaa P.

330. Cpegn BOCBMH uucen HalifyTcsl TpH, He NPEBOCXOIAILHE
1/6, npuyem B2 M3 HuX GYAYT CTOATh Ha KOHUAX AMAroHajld ONHOA
H3 rpaHefl. 3Ty rpanb u cjaenyer Bui6paTb NMEPBOMY MIPOKY.

331. OTBerT: B cy66ory.

332. OtBeT: MA/MB = K2 Ilycth O — LeHTPp mapajiienorpaMs«
ma. Tpeyronbuuky AOM u MOB nono6uin.

333. IIpennonoxum, uTO YTBEpXKAeHHe He BepHo. ITokpacum
KOHUBI OYT 4YepHOH xpackofi. Pa3jiesHM BCIO OKPYKHOCTh Ha AYTH
IauEbl 1 ¥ HOBLie TOYKH JeJeHHS noKpacHM B Kpachbifl user. Bosb-
MeM Tenepn Kakylo-uuGynb nyry AC IIMHB 2 ¢ YEepHbIMH KOHU2MH
H KpacHod cepemuHoil B’. J[uamerpasbHO TPOTHBOMOJOXHAas et
Touka B uepuas. Ilycth Ha nyre AB pnunb 3k—1 ny ayr nids
HH 1, np oyr nauuun 2 8 ng pgyr aameel 3. Ha nyre BC Gyner ny
Ayr mjuebl 3 (TOYKM, OHaMeTPaJlbHO TPOTHBONOJIOXHBIE KOHLAM
Ayrd eaMHMuHON [OJIHHB, KpacHme!) [lostomy n3 =k —n,, uro
NPOTHBOPEYHT paBeHCTBY 3k — 1 = ny - 2n, -} 3n,.

334. Ilyctv AM, BM, CM u DM —otpe3kn nHbi 1, 01210«
JKEHHble Ha Jlyyax, COeNHHAIOILHX TOYKY M C BepluHHamH TeTpa-
oppa. Ilpamas DM nepecexaer TpeyrosbHuk ABC B HexoTopoit
aqouke P. Ecan xocusiycn yrnos AMD, BMD v CMD Gonvbie —1/3,
T0 3TH yMIB MeHbue @ == arccos(—1/3), a yramt AMB, BMP u
CMP Gonviie ;— @. Moxuo cuntath, ytro ZAPB > 120°. Torna,
samucap TEOPeMY KOCHHYCOB AJA TpeyrosbhikoB APB u AMB,
noayauM, uro cos ZAMB < —1/3.

335.Ortsemb<a<e. > s

336. Ilyctk O —rTouka, ans kotopoit OA;+ OAy+4- ...

oo + 0%znqy =0, Bubepem k Tak, wro6m 2 —1 pemmiocs wa
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2n 4 1. Toraa nomanas M, 6yner romoteruuna M oTHOoCHTENEKO O
¢ KoapduunenTom 2-*.

337. Orser: 100. Cnenyer paccMOTPETh UMCIO @ — HAHOOJb~
1ee H3 mneppbix 99 uucen, W YHCAO b — HauMeHbinee H3 OOCIAEIHHX
1882 uncen m yGeputhes, uto a < 100 < b.

338. OrBeT: 3nalixa mpaB. O6was pIuHa OPOEKUMH OCTPO+
BoB Ha Geper Mmewbite 4 m. [loatomy oT npucTanm no GamKaiiuiero
npocBeTa MeXJY OCTPOBAMH MEHbIIE 2 M.

339. IMocnenosatenbro mposopum: 1) [Be mapajsieibhbie OPsi
Mble, Xa)iafd H3 KOTOPBIX mepecekaeT napaGony B ABYX TOYKax;
2) npaAMyl0 uYepe3 CepeAMHH TOJYY2IOUIHXCH OTPE3KOB; 3) TEpneH-
IUKYJIAD K STOi npsAMO#, nepecekawoumii napaGosy B ABYX TOUKax
A u B; 4) cepenuHHbI nepneHmuKyAAp K oTpe3ky A, B —osr0
ock Oy. Oce Ox nepnenHmukyaspHa Oy B TOUKE TepeceyeHus C ma=
pabonoii. Exuanna macuitaba — abcuncca nepeceuenusi npaMolt y =l
= x ¢ napaboJoi.

340, 6) Ilyctb mp u Mp — HanGosibllee H HaHMEHbILEE H3 YH-
cen k-ro cronbua. Torma B cTon6ue BCTpeTHTCH Juoboe my <<
< x << My TlosTomy M6O CywIECTBYET X, U1 KOTOPOrO ms < X <3
< M, npu Bcex k=1, 2, ..., n, a60 M, = mp > M, = m, nna
HEKOTOpBIX kK H p, HO TOTZ2 B KaXIOH CT P OKe BCTPeTHTCH Joboe
4HCHO Y, MY KoToporo My << y << mp.

4 12
12 4 Ax+4/x 8 _

31, oVE L oVi>0.2 2 >o.9VE

342. OrBet: 43 uucna: 2, 3, ... 44. EciH BHYEPKHYTb MeHbe
mwe 43-x uucesn, T0 xotA 6m onaHa Tpoitka (k, 89—k, k(89 —K)),
rie 2 << k=< 43, COCTOHT H3 MeBBIYEPKHYTHIX
YuCel.

343. Haumenbinee M3 4YHMCEJ, CTOSIIHX B
XJIeTKaX (Hrypol, nokasaHHo# Ha puc. 117,
YIOBJIETBOPHET YCJOBMIO.

344. MOXHO c9YHTaTh, YT0 @) -} a2+ ...
«.s +an = 0. llycte MuOXecTBO Mir (i, k=0,
1, i = k) cocrouT H3 BCex uucesa a; LA
xotopeix ! = i(mod 3), a TaKkXe MOJNOKHTEIb-

Puc. 117 HBIX YHCeNl Om, NAA KOTOPHX m == k(mod 3),

Tonurcs onHo M3 mHoXKecTB Mip.

345. CronGeu, He COfepXKalluii OTMEUYEHHBIX KJIETOK, TepecTaB-
A€M C XpaiiHMM NpaBHIM CTONGLOM, 2 NOCJENHION CTPOKY MOMY+
YeHHOif Tabanuw — ¢ KaxkoA-HHOynb CTPOKOH, copmepKalleldl oTmes
YeHHbBle KJeTku. 3afiaya cpesack K tabmume (n—1)X(n—1).

346. Ilyctb ap, ayy, -.., an—udena 0, 1, 2 ... n, 3anymepo-
Baubie TaK, w0 |e|K|la—q|<la—a < ... |a—aq | Mpn
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k
Beex 1 <<k < n BepHu wepaBseuctsa [a —aq, | = 5» Tepevnoxas

KOTOPHC TOJYyYHM
lalja—1]...]la—n|= |
=|a—agy|la—al... la—an[>(a)—;n—.

347. a) wers mpu x =1, y =2, 2= 1 nepan qacte paBHa 0.

6) ma. flyetb u=x—y+1l, v=y—2—1, w=2z—x+L
B paBenctBe (u-} v -4 w)? =1 packpoem ckoGku. Ilocse rpynnu-
poBKH nonyuum #3P 4 v3Q 4+ wiR = 1.

348. Ilycts rpans KLM terpasgpa KLMN umeer HakGOJBIIMA
nepumetp. Ilycty A,, By, C,, Dy — npoexuuu Touek A, B, C, D Ha
nnockocTs KLM n nycte I' nomanas, orpaHMyHBaiolllas TPOEKIKIO
Trerpasppa KLMN Ha sty nmnockocts. IlycTh Pgsrq — CyMMa AJIHH
BCEX INECTH OTPE3KOB, mOmapHo coenmHsoumx ToukH R, S, T u Q.

Torna 1) P 2) P <P 3) Pr<

kimy S2Pgpap KLMSS

2
< -3— PAIBICID[: 4) PA13101D1 < PABCD‘

349. 6) Huxaxkue J1Be JoMaHble HE JOJXKHH HMeTb OOLHX
orpeskoB. [losTomy 12 y3J10B peweTKH, PacHOJIOXKEHHHIX Ha Ipaiuue
KBafipaTa M OTJHYHBIX OT €r0 BEPMIMH, [NOJKHb OBITh KOHIAMH
JIoMaHLIX, 2 ¥ 5 J0MaHuX Beero 10 Kouuos.

350. OrBeT: a) uer; 6) na.

3neck nonesHo paccymnaTh «C KOHuas: Tpoiika (17, 1967, 1983)
morza GbiTh NOJNYyYyeHa TOJBLKO M3 Tpoiikk (B, 3,3), a Tpoiika (5,3, 3)
nonyuaercs: u3 Tpoiikn (3, 3,3) H He moayuaerca M3 TpoikH (2,2, 2).

351. Ilycte O —Ttouyxa BHYTpH TpeyronbHuka XYZ. Coenehum
ee ¢ uentpamMd Oy O, O3 nanuwix kpyros u toukamu X, Y, Z. Oand
u3 mectd 06pasoBapwMxca Yraos (ocTpmx!) He mewbuie 60° (Ha-

npumep, yron 0;XA). Torna A0 < 0X/sin 60° = 2_3_ 0X.

352. [lyere M <a<b<c<d<(n+41)? ad = bc. Torna
(a4+d)2—(d—a)? < (b3 c)? H atd>b+e OTKYyna
(d—a)3>(@+d+b+c)(atd—b—c)>4n% vo d—a << 2n,
TIpotusopeune.

353. Oreet: (0; 0), (24+4/2;2+4/2), (2—4/2; 2—4/2).
Briuuras W3 nepBoro ypaBueHHsi BrOpoe, noayuum f(x) = f(y), rne
dyuxuns f(x) = x® — 2x2 - 2x Bo3pacraer (f' (x) > 0).

354. Ecou k>a44 ... 45, (a>1—nueppag uadpa), 70

' n—-2
(@+n10"' ~ at1l _ 18
a4 ... 45 < 13°
———— a+ )
n-—-2

Ecm k<a44...4, 10 k=al0""1 u E/k <.
N e’

n—1

E=@@+ 110" u B
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1 1
355. Sppr =5 (Sper + Saer) <5 (Sper + Sapr) =

1 1 1
=7 SABFE=§ (SABF+SAFE)<'§‘ (SaprtSape)=
=Sppr T Sape-

356. OTBeT: a) HerT; 6) Her.

a) IMocrepuas uudpa uyucaa ogeyy paBHa K- nudpe mnocae
SanATON B eCATHYHOM pas/ioxenuH unciaa 4/10-

6) Iycte y» =0, eciu P, —uetTHo W Yy, =1, ectn P, — He«
qetHO. Tak KaK yzn4; COBNAnaeT ¢ n-biM 3HAKOM NOCAE 3aTATOH BO-
AYHOTO DPa3JIOKeHus yucaa 4/2, NOC/IeL0BATENbHOCTD Y2n+1 HENEpHO-
JnyHa,

357. U3  ycnoBsss  csjenyer, 4To  sin o (sina — cosf) =
e=sin B (cosa —sinB). Eciw sina>cosf u cosa>sinf, 10
sin? f 4 cos? B < 1. Hepasenctsa sin @ < cos B, cos @ < sin f Taxxe
HeBO3MOKHbL TToatomy sinm @ ==cos f, cos a=sin f.

358. Ilycte @ W f— paHHBie TJIOCKOCTH M [— JIHHHA NUX Ile-
pecevenus. JlocTaToyHO NOBepPHYTH IJIOCKOCTh € BOKpYr mpsmoit [
JO coBnajeHus ¢ miockKoctelo P (toukn A, By, C,, D, nosopauh-
BaIOTC BMECTE C TJIOCKOCTBIO Q).

359, Orset: 5. Ecnu ypaBuenue fn (x) =x2+4 ppx + gn=0
Ee TnocJequee, TO p;‘: >4G, 9,> P PpGn > —(Pn+q,) ecm
n>=3 H pugn > 0. Ecnn ypasrenwe [5(x)= 0 He nocnenuee, TO
60 py < 0 << gy, G0 0 < py << gy ¥ TpH 9TOM p3 < 0 < Ga.

1
O6a cayyas seso3moXHbl [pumep ans n = 5: fs5(x) =x2 — 5 x+4,

i.(x):x’—%-x—z fa(x)=x2+l2l-x+7, fg(x)=x2-—2—25x+
1925
et

360. Ecaiu a® penutca ua b", 1o a neantcs wa b.

361. Orpet: Her. Beero cymecryer 128 npyGYKEEUHHX CJI0B
amebel 7. U3 HUX «HeBO3MOXHBIMH» GynyT 3-8 4 10-4 4 30-2 =
= 124 cnosa.

362, OTBeT: a) MOXHO; 6) MOXKHO.

a) BosbMem fipa GecKOHEYHHX JIHCTAa XJeTyartoii GyMarH H Ha
J[HaroHaiax, yAaleHHHX JAPYr OT ApPyra Ha 4 KIJETKH, Ha NEpBOM
JIICTE PacCTaBHM ENMHHIL, & B OCTalbHBIX KJETKax — HyJiH, Ha
BTOPOM e[HHMIB pAacCTABAAIOTCH B [MaroHalfAX, OTCTOSIHX Ha
6 xJerok, moclie Yero CKJaAnBaeM 4YHOIZ, CTOfIHE B COOTBET-
CTBYIOUIHX APYr APYry KIETKax.

6) Ha 1ex Xe [uaroHalfX pacCTaBlfieM 4YePE3 OAHY KIeTKYy
0 ¥ | ¥ BouTaem wucna B COOTBETCTBYIOUIHX KIETKAX.

363. Orser: 4/5 +1.
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364. Ecnu a — ofllee XOJMYECTBO Wap M M — KOJHMMECTBO Tan,
COCTOSIIHX H3 MallbyuKOB, TO 2a == 8m.

865. OTBet 3+24/2. Ecm Sy, Sy, Ss, St — nitowanu mps-
MOYIOJILHHKOB, 3aHyYMEpPOBaHHBIE TO 4YacOBOii CTpesKe, TO S;Sg =

=858>22a S+ S+ S+ S:>3+24/2.
366. Ilycte e,, ez €3 — enqHUHHYHBIE BEKTOPH, COHAMpaBJIEHHbE

—> — —>
c sekropamu OA, OB, OC; £ BOC=a, £ COA=f, £ AOB=y,
Jlocratouno poka3ats, 4TO e sin a - e sin B -+ e3 sin y=0. Haa
STOro CclefiyeT paccMOTpeTh TpeyrodbHuK PQR, CTOpPOHBI KOTOPOro
cooTBercTBenro napanensisl OA, OB m OC, u BOCHOJL30BaThCH

- —_ —>
pasenctsom PQ -+ PR+ QP =0.

367. Unpykuus no m: upH m = 1 yTBepxIeHUE NPaBHJILHO.
Ilycts oHo Bepno pas m=k—1 (k=2). Paccmorpum Joboe
MHOXecTBO A, coctosiuee u3 2k -+ 1 uucesn, ue Goabumx 2k—1
no momymo. Eciu cpemu Hux Hafimyrcs 2k — 1 uuces, He mpeBOC-
XomsauMx mo momyiio 2k —3, To Bce scHo. B mporuBHOM chiyuae
MOXHO cunTath, Yto B A subGo comepxkarca uucna 2k—1, 2k—2
H —2k+41, mibo 2k—1, 2k—2 u —2k—2. B nepBom cayuae
caenyer paccmorpers  napm (1 26—2), (2; 2-6—3), ...
ooy (E—1, B w (0, —2k4+1), (=1, —2+4+2),...
eeey (—k+1, —k). Xotss G OOHa mapa COCTOMT M3 4YHCeN, BXO-
pauwex 8 A. Bo BTOpOM cayuae aHasOrMYHO paccMaTpHBAaTCH Naphl
(I, 26—3), ve., (k—2, k) u (0, —2k+1), (—1, —2FR), ...
vooy (R4, —E).

368. OTBeT: pPaBEHCTBO BO3MOXHO TOJIBKO IJ11 PaBHOCTOPOH«
uux TpeyroibHukos ABC u DEF ¢ COOTBETCTBEHHO NEPNEHJHKY+

2 _ min (dy, dg, ds)

43
cllefyeT, YT0 Bce yraml Tpeyroiphuka ABC wmenbiue 60°.

369. Eci Ha mpAMOil [aHM HemepecekaioulMecss OTpe3kH Ay
H A; ¢ JNHHaMH @ H P, TO MHOXKECTBO LJIMH OTPe3KOB C KOHLAMH,
NpHHAZJIEXaWMMHE A; H Ap, 3anoJHSET HEKOTOPHH OTPE30K HJIMHLI
o 4 B. Tlostomy ecau &;, 8g, ..., Or — IMHLI JAHHBIX OTPE3KOB,
70 614 (01+62)+ (61 +83) + ... + (1 +6:)+ ..o + (614
F6) O =k(61+ 84+ ... +8)=1

370. SlcHo, ut0 U =10 H U, << Upyp. Ecu U, = Unyp TPM
Kakom-HuOyab #, TO Opo6b mepuojuyHa. ECiM Un4q1 = v, TPH BCEX
n T0 Up=Upa+l1Z2v24+2=2...200+n—1=n4+9>
> n-}8.

371. a) Ecin n He peautcs Ha 4, TO CPelH COMHOXKMTeJeil
JIMLIb ONHO YEeTHOe YHCJIO H MOTOMY MX Cymma He papha 0.

6) OTser mpu n==4k, ne=2-(—2k)- 132, (—1)% ecou k
@etHo, H n = (—2) (—2k) - 13%. (—1)*~2, ecau k meuerno.

JAAPHHIMH  cTOpoHamu. Us Hepasenctsa dp <
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372. 20 > VaF watb+ 5> Va+ b

673. Bekrop ,71—5 noJjiyyaercs u3 A—C" nopopoToM ua 60° (A_f =

= — AB\ + AB; AC=— AL, + AL).

374. OTBeT: UPH M H N, HMEIOUHX ONHHAKOBYI0 YETHOCTb.

Ecau m u n HeueTHH, TO HYXHO CKJIEHTH nosocky 1Xn, a
M3 m TaKuXx NOJOCOK TMOJYYHTh TpAMOYronbsHK m X n. Ilpu uer-
HBX m K n CHayala CKJEHBAIOTCA NPAMOYrombHMKu (m — 1)X
X(n—1), 1 X (n—1), (m—1)X1 u 1 X1 Ecm yucna m
H n MMCIOT PasHyl0 9eTHOCTb, TO H3 TPENTOJOXKEHHA O BO3MOX-
HOCTH CKJIEUTb NPAMOYTOJLHHK TpebyemMpiM 06pa3om caepyer, 4UTO
ofuiee XOJIMYECTBO MIMTOYEK GyneT HeweTHO.

375, xS ¢, 4S8 — max (x, y) < x + y.

376. OtseT: He Bepuo. IlapTHepy AOCTaTOYHO MOKPacHTL B
selleHbll 11BeT JIIOGble TPH TONMapHO CKpelluBalowuXcsa pe6pa, a OH
3TO BCErha CMOXeT clesaThb.

3717. Tlycts q), Q2, ..., Gn— DAHHBIE YHCAA H

Sp = an+02+a1+az + ..'+an—l+a|

a; ag Qn
as a; Q) an
-4 — eee — 4+ — )= 2n.
) Su=(S2+2) 4 o+ (2 +22) > 2
6) Hepaeenctso S, << 3n pokaswipaercs no uupykums. s
STOro CleAyeT CHayaja PacCMOTpPeThb ciydalt m =3 u 3aMeTHTh,
uTO Hauboabliee M3 WYHCEN @y, Qg ..., Gn DABHO CyMME CBOHX CO=
cepeil.
378. Ipavwe A;A;, BB, u C,C; sAsnmwoTca OGUCCEKTPHCAMH
yraoB Tpeyroabhuka AB,C|.
379, OtBer: m=n=0. Ecan (5+34/2)" =(3+5+/2)",
10 (5—~34/2)"=(3—54/2)", Ho 370 HeposmOxHO, TaK Kak
0<5—342<1,a542 —3>1
380. Eciu B mepBoH cTpoKe cTOAT quchia @) < A2 < ...
cee <om<ampr1 < ... < au, 8 BTOP2s CTPOKA COCTOMT M3 HMCeS
Qg Qg veos e, - a"m+|’ “ee Qps TO B TpeThe#i CTPOKE CTOAT

yucna a; + ak.’ a + akz, ceey Gyt akm. fIycts o, #+ akl. Torna
@,==a, TPH HEKOTOPOM m=>2, Io ycnosuio a, + ap < 0p + a .
a, + ap, < O +ay ..oy ap g+ Q. <a, + ag,» OTKYLA
akz<am. aks <Gy eeey akm_l < a,. Kpome Toro, 0 <@,

a, < a,. Mp Hauu m PasNUYHBIX 4YHces, MEHbWHX a,. [TpoTn-
Bopeune.

381. 3nece ynoGHO BOCNONL3OBAaTECA JieMMOil: ecaH XOpHa
AB 1exoTOpOM OKPY)KHOCTH HENOABMKHZ, 2 xopna A;B; CKOMB3HT
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KOHLIAMH TO 5TOH OKPYXKHOCTH, TO TOUK2 TIepeCeUeHHS TPAMHK
AA, 1 BB, omMchBaeT OKPYXXHOCTb, IPOXOLSLLYI0 4epes TOuUKH A
u B.

382, OrBeT: 24 1/_ - Brupasute D wuepes mnomagb Tpe-
yronbruka XYZ (puc. 118).

383. OrpeT: Bepuo. Tak kak f(—1)= 11, a g(—1)=—9,
B KaKOH-TO MOMEHT KOPHEM TMOJYYEHHOro Tpexusiena Oynper —l1,

384. OtBeT: mr2+ 2pr —(pr3/2R).

385. Ilyctb k-—macca caMoii TaXeJOl THpH, a M — YHCTO
rupp Maccu 1. Torpa m >k B gamanii MOMeRT Mmacch THPb Ha
IBYX 4Yawkax OTmiMUaorcs He Oojee uem Ha k. Ilostomy, mnocie
TOr0 Kak OyRyT TOJIOMKEHE Ha BeChl
BCe THpPH Macch, Oonbuiedn 1, yamku
MOXHO YpaBHOBECHTb JA00aBJieHHEM
THDPb €IMHHMYHONH MacCHI.

386. B 3amucu a6conioTiio npocTo-
TO YHCIZ MOLYT YYacTEOBaTb TOJIBKO
uudpu 1, 3, 7, 9. [us Jjw6oro M
gueno M 41379, M 43179, M+
+ 9137, M-+7913, M+4-1397, M--3197,
i M 47139 pemutcs na 7. Iporm-
BOpeune.

387.0TBeT: x=09, y = 0; x=4; Puc. 118
y=2.

388. Ecnn Touxa M nexuT BHYTPU HJIH Ha CTOPOL@ TPEYTOJB-
HuiKa PQR (M %= P), to MQ+ MR << PQ+ PR. Hczoanoe He-
PaBeHCTBO AOCTATOYHO KOKasaTh pisi chayyas AB = CD.

z

1 r5\"
389. OrBeT lim x,=0 |xn+7|<—4—(€) npu n>1).

n—>»oo

390. Paccmotpum waxmatayo pocky 1985 X 1986, coaepia-
myio nocky 1983 X 1984 u umeroiyo ¢ Heff o6uwmir 1entp. UepHbie
KJETKH, COCEeRHMe C GeJhIMH KJETKaMH, B KOTOPBIX CTOSIT —I, Jiexmar
Ha 3aMKHYTOH TPaeKTOPDHM ILIaXMaTHOrO CJOHA, JBHIAIOLIErocsi mo
GonbllOH Jlocke, NMPOXOAAILEr0 AHArcna/m He GoJiee OLHOrC pasa M
MEHSIIOLIEro HanmpapJjeHHe MABHXKEHHS TOJBKO Yy kpas poc.i. Ha
nocke 1985 X 1986 Takofi TpaekTOPUH HET.

391. Yxe ra 4 mary BO BCEX KJETKAX OKAaXYTCA €TIHHHIIbl

392. OrseT In1,01 > 2/201. Pyuruus y = In(l + x) —-—;271}?-‘-
sBospactaeTt npu x > 0.

393. OTBeT: r = nrars/(rro —rars + rirs).

394. Takoe ceyeHne — napanyieiorpaMM HJIH LEHTPANbHO CHM=
MeTPHYHBI IUECTHYTOJIbHHK, NEPHMETP KOTOPOre He Mmenbwe 4a,
B YEM MOXHO YOGENHTLCSH, PaccMOTPeB pa3pepTKy Kyda.
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895. flycts A;, B), C;-— cepeuiitl CTOPOH HAHHOTO TPEYro.Sibe
Auka ABC, a O —uentp ero omucarHol OKpyxHOCTH. OTpesxu OA,,
OB,, OC, pa3CuealoT IUECTHYIOJNbHHK Ha mnapajJeforpammsl [lo-
£TOMY IJIOWlAfb IMECTHYrONbRHKA PaBHA YNBOGNHOH MIOWAmM Tpe.
yroasuuka A,B,Cy.

396. OTBeT cyuecrsyer. Ilycte n — k-sHauHoe UMCJIO, 3ani-
CHIE@EMOE C MOMOLIBPIO /M E€NUMHHI, H KaKOro-TO KOJHYeCTBa HyJieil
n Takoe, 4t0 S(n?) = m2 Torpa mgns uucna ny = 10*+in 41, roe
k — uncro sHakop B sanucH 1, S(n)=m+1, S(nf)=(m+ 1) .,

397. OtBeT: 16. Bece maMKu [ONIKHBL HAXOAMTHCA Ha JLOCKG
6 X 6 ¢ neHTpoM, coBnafaoUIEM C LUEHTPOM HOCKH 8 X 8.

398. OrseT: n useros. [Nycts A, B u C — Tp¥ uayuye nof-
pan Bepumubl. JloGhie pBa M3 n orpeskos: BA, BC, AC u n—3
[Harorany, BHIXOAsIHE M3 B, umewT ofuyio Touky. [anee cie-
DyeT NMOKPacHTs B ONMK M3 7 ILBETOB BCE CTOPOHH M [JHAroHalH,
ofpasyoume co cTopoHoii AB COOTBETCTBEHHO ONMH M TOT Ke Yro.d
k. 180°

n

399, fTyets S; (0)=0,. C nomomrl0 cHMMeTpHH S; H NOBOPO-
70B ¢ UentpoM O Touky O MOKHO mepeBecTH B JOGYI0 TOYKY
OKPYXHOCTH @ ¢ uertpoM O; u pamuycom r = 00,. OkpyxHOCTB
© MOXHO TepeBecTH B JIOSyI0 M3 OKpy:KHOCTEH, MOKa3aHHHX Ha

nppu k=0,1,2, ,.,, n—1,

4 6 g 20
l /)
2 —> 3 ~—>11

AN /]
A}AZ/ —

[
‘,

puc. 119. Ilpu spawenun eokpyr ToukH O uenouka OKpymHocTedl
32METAeT BCIO MJIOCKOCT.

440. OtBeT: B nByx Toukax. EC/H ecTb TPH TOUKH, YHOBJEs
TBOPSIOLIME YCJOBHIO, TO Kakue-TO ABE H3 HHX JiexaT N0 OHHYy
CTOPOHY OT TOYKH x == —b/2a. Octanoch OLEHHTb MOLYJAbL Pas3HOe
€T’ Y (x1)— y(x2).

401. OTBer: d =20 (puc. 120). Ecnmu d << 20, 10 20 > d =<
=2(+h+tat+l+r+Ek=20+h)+10, okyra l+he< 4t
Moxro cuutats npu stom, uto ! < h. Otciona sm6o I =1, h =3,
6o l=1, h =2, O6a stu cilydass NPHBOZAT K NPOTHBOPEYHIO,
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a
402. Mycts Sk=?'-+ ver + . fIpn mocTaTouHo Gofibe

2 %1 |
ux k (m << k) cnpapeannBu HepaBeHcTBa Sp < k -3 y SE—8m<
1
<k—m— §.

403. Orpem: x=am, y=mnn (m, neZ). s yciosus
ClIefyeT, 9T0

Jsimx|+|siny|<|sinx|-|sinyl.

404. IMyecte O u X — mo6uie TOUKH MJOCKOCTH H x=0_)?. Mo
ycaoBuio e+-e =2a, a4+a =2b, b+b=2c, c+c =2d,
d 4 d, = 2a. Pewas sTy cucTeMy, HaXOAMM BEKTOpH a, b, ¢, d, e.

405. Ecnm T = 27.¢ (g — HevweTHO) — NMEPHOX [OaRHO# mocie-
JLOBaTeNIbHOCTH, TO NpH =4m+4-3u k=2p+2 1=a k=

=ap .= 0. Nporusopeune. [lpn g=4m + 1I: l = ap= azk+3r

=0, YTO TaK)Xe MPHBOAMT K NMPOTHBOPEYIO.

406. Eciiu Bce pnaHHble npsiMble NONapHO napaslieNbHbl, yTBep-
*xpeHue ouesunHo. Ilyctb ma, ms, .,., Mg — KOJHYECTBa OKpallUeH-
HbiX o6nacrteir, umetoumx k cropon. Torpa mp << n. Kpome Toro,
Kaxznas npsiMasi JeqHTCSi OCTaJIbHBIMH He GoJiee yeM Ha n yacreii,
Tak yTo obulee KOJHYECTBO yacTeii NpsMbiX He Gosbwe n2 [loatomy
2my 4 3my 4+ 12 << 1% Hakonell, mg4+ms+ ... +mp+ ... <
gin_?_ 2m2+...+kmk<n(n+l).

3 3 3

407. Ilyctb A u B—1uBera aHa u Kpbiuku KopobkH. Kakue-To
JiBe TIPOTHBOMNOJIOXHLE rpaHH Kyba mnokpawueHb B Apyrue Lseta C
u D. Bnoxum ky6 B KOpoGKy Tak, ytoGn rpanp Lpeta D oka-
sanacb Ha OHe KOpPoOKM, a rpanb ky6a LBeTa E npuJersia K rparu
wectoro usera F KOpoOKH.

408. Tpeyrosmpuugn A MN, AAsN u NA;O pasnoGenpenHble.

409. Ecnun  uetBepka (ap, bp, cp, dp) mnoJydena u3 [auHOH HA
n-M 1are (n>l),'roan+bn+c,,+dn=0uaf,—|-bf,+cf,+d,2,>
>2(a_ +6i  + o+ )

410. Kaxnoe cnaraemoe |ar—be| (=1, 2, ..., n) paBHO
pasHoCTH 4YHcJia, Oosibluero 7, ¥ 9ucna, He mpeBocxopsiuiero n. [los
STOMY

a—b|+ ... +lag—bpl=(+D)+(n+2)4 ...
vee Fo2n—(04+24 ... +n)=n?
411. OTBeT UNCIO OKPaleHHHX KYOMKOB MOXMET NpHHHMATb.
ONHO M3 NATH 3Havennmii: 60, 72, 84, 90, 120. Ilyctb mapasinenemnt-

nen umeer pasmepsl m X n Xk (k<< n<<m). Becero Heokpaiuehn-
HBIX KyOHKOB Oymer (m—1)(n—1)(k— l) Mo yenosuo mnk =
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=2{m~1)(n—1)(k—1), oTkyma cnenyer, uto 2 <k <5,
Ocranoch pewiMTs B IHENLIX 9UCJIaX yPaBHEHHE OTHOCHTEABHO M M n
mpu k=3 uk=4.

412, Touka K, cuMMmeTpHuRas Toyke C OTHOCATENBHO P, Jexut
Ha OKpy:HOCTH, npoxonsieii yepes3 A u AKMD — napanneiyiorpamMm,
TaK uto Tpeyroibiuku AKM uw AMD pagrul.

413. INycts uneta @ u b (a < b) cToST B COCEAHHX yanax
A u B cerkn. Ilpopenem MmalleHbKyl0 CTPeJIKy, HampaBJiEHHYI0 BJIEBO
or AB, ecnn peuraTecs ot A K B (puc. 121).

Ecau 4ncna, sanMcaHHbie B BEPUIMHAX TPEYrOJbHHKA, BO3pas
CTalOT mpH OGXONE MO YacOBOH CTPRNKE, TO BHYTPH HEro HaXOMATCSH
2 CcTpesikM, eciM NPOTHB 4acoBOM CTPEJIKA —TO opHa. Ilycts 1 —
KOJIMYeCTBO TPEYrOJIbUMKOB IepBoro THna. O6liee KonuuecTBo N

Pue. 121 Puc. 122

CTpeJIOK BHYTPH LIECTHYrOJbHMKa paBHOo 2n+4 24 —n=n- 24,
Ocranocs 3aMetutb, uto N =31 (ectb 30 cTpedok, HAYUHX OT
BHYTPEHHHMX OTPE3KOB, H XOTA Obl OHa — OT I'DAaHHYHBIX).

414, Otpe™: 3. //x +1 — 1 =x/(4/xF T -+ 1), nosromy npu
x£>—1 1pobb pasra 4/x + 1 — 1,

54/3 F14
i 7%

416. ITpsMOYTONLRHK yIOBJETBOPSET YCJOBHAM, €ClH OIS ero
CTOPOK x H Yy (Xx<Cy) BHNOJHEHH KepaBeHCTBA XYy > m H
x(y — 1)< m. Tlpu no6om m > 12 sTa cHCTeM2 HMEET pellenus:
x=k—1, y=k+4+2nppn m==Fk% x=%k y=*Fk41 npu 2L
<m<kk+1); x=k—1, y=Fk+3 nppu m=Fk(k+1) n
E=y=Fk+lmpukt+l)<m<(E+1)%

417, Oteet: (4/3 —4/2)/2. PaccMatpuBaeMue OKpYIKHOCTH
JeXXaT Ha JOBYX KOHLEHTPHYeCKHX cdepax: ONHCaHHOH OKOJO KyGa
M Kacawulefics Bcex ero peGep. HaumMerbluee paccTosiHHe PpaBHO
PasHOCTH paguycoB STHX codep.

418. Tlycts % 1 x» — Kopru ypasrernsi. Torpa o + b? = (x? +
+1) (3 +1).

419. Tlpn napannensHOM nepeHOCe CHHEFO KBafipaTa BIOJb Ofs
HOH U3 €ro CTOPOH CyMMa CHMMX CTOPOM BOCHMHYTOJBHHKA He Me-
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HseTCs, a KOr4a NEHTPH CIIHECIO M KpacHoro KB2ApPaTOB COBNAanaloT,
CyMMa CHHHX CTOPOH paBH2 CyMMe KpacHLIX.

420. OrpeT: korpa BM — BHICOTa TpeyrosibHHKa,

421. a) Moxro (puc. 122),

6) Henbas.

Ecmu TpeGyemasi ceTb [OpOT CYLIECTBYET, TO OXHO H3 YHCEJ —
n UM n— 2 — ABJSETCS KBaIpaTOM ILIeJIOrO 4Yucsia.

BriGepem kakoi-HHOynb ropon A H Ha30BEM ero «xOpOLIMM».
Jlio6oi1 ropos HasblBaeTCA <XOpOWMM», eclH pJuHa nyth A 4 B—
geTHOe TUHCJIO, H «IJIOXHM» — ecliu HeueTHoe. IlycTb x — umcsio «xo-
POILMX» TOPOROB, Y — YIICJIO «MJIOXHX» ropoaoB (x -+ y = n). Bcero
€CThb Xy Nap roponoB, B KOTOPbIX ONHH TOPOJ XOPOILHMii, a Apyroi —
n(n—1)

2
HedeTHeIX uucesl. Ecim n mewetno, 10 n = n?—4xy = (x—y)?,
€C/IH K€ YETHO, TO B = (x — y)2 4 2.

— —> — —>
422, Pagencteo AC« BD == BD? 4/2 nenosmoxno (uucia AC BD

¥ BD2 — penue).
423. IMlyctb a; < az < ... <ap—;, TOe a;=>3 — HeEYeTHo,

8 OCTalbHHE @, (=2, ..., n— 1) —uetnrL. [lyctb af+a§+ cee
ceet i =224+1 =u a, =k Torma ad+alit ... +add=

= (k + 1) PaccmorpuM 7Takke uncia b, < by < ... < by, rOe
by > 2a, wewetHO, a b, ..., bpy_; — yeTHble, npwieM b;y; > bian

Mb,=S, e 28+ 1=0b,+ b2+ ... 462 _,.

Tpebyemasi TabJiulla mnoJlyyaeTcsi PacCTAHOEKOf B IlepecedenHi
i-#t cTpoxu M jTo cTonbla wucen a;bl.

424. a) Nycts O; u Oz—nenTpnl OKpymHocTedl u Touka O
Takopa, ut0 A0,0;03—napamnenorpamm. Torma Os— uenTp
OKDY:KHOCTH, OMHCaHHOH OKOJO TpeyroJibHHKa
ABC.

6) OTEeT: BCC TOYKH OKPYXKHOCTH ¢
nentpom Oz BTOPON OKDYXXHOCTH H Paiunycom,
PaBHBIM pafHyCy NepBOH OKPYIXHOCTH, Kpo-
mMe Touek M* u N*, nonyyarommxcs 3 M
u N napawieJbRBIM TICPEHOCOM, IIEpesofisi-
wum O; B Os.

425. 3aHyMepyeM YsaJe CeTKH YHCJaMH
0, 1, 2 rag, uto6u: a) B BepuMHax JOGOro
MaJIeHBKOI'0 TPeyroJIbHHKa CTOsIM BCe TPH
yncna, 6) B BEpUIMHAX LIECTHYTOJbHHKA cTosild Luppa 0 um T
(puc. 123). CyMma BCex umcesi, CTOSIMX B y3Jiax CETKH, NDH [e«
Jienu Ha 3 paer B octarke 2. Ilyers P, Q, R — mo6oil npaBuibHLL
TpPeyroJibHHK C BepuMEaMp B y3jax, Ecaw B Bepumnax P un @
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CTOST OAMNAKOBLIC YHCAA, TO 3TO Ke YHCJIO CTOHT H B Bepuwniie R,
Ecan B Bepwmnax P # Q CTOST pasHbie 4icia, TO B BepuinHe R
CTONT TpeThe M3 uncel. B mobom ciywae cymma 4hced, CTOSILIMX
B Touxax P, Q u R, menutcsa na 3. M, cienosatelipno, B J0oGoit
MOMEHT CyMMa YHCCH B elle HEMOKPAlCHHBIX YsJaXx MpH JefeHH:
Ha 3 naer B ocrarke 2.

426. Orset: 1 1 9. Lcyp yucao n = m2 umeer m > 1 pean-
rencii, T0 m Heyetho (m = 2k 4 1), a n umeet posro k nesnteneii,
MCHBLIHX m, H MOTOMY OeJIHTCH Ha 2k — 1.

427, Moxno CuHTaTh, YTO Q) << G2 << ... <X a,. HepasencTBo
Tenepp SNefyeT H3 OLEHOK:

2 <,
a1 az ay
! 2% — 1 2k —1
a‘+a2+ +a2k-| < ak+ +¢12k_l <
k—1 k-1
2k < 2k
al+a2+ +¢12k

428. Otset: AB, AC, 6uccektpuca yraa BAC, xacarteinnas
B TOodKe A K OMHCaHHO# OKPyXHOCTH Tpeyronbeuka ABC, kaca-
TeJibHas B TOYKE A K OKPYIKHOCTH, ONNCAHHOH OKOJNO TPEYroJbHHKA
AB\C, roe Toyka B, cummerpuyna B
— oTHOCHTeNBHO A.
+ 429. TpeGyemasi paccTaHOBKa IO+
Jly4aeTCsi H3 PacCTaHOBKH ORKMX HyJei
C NOMOLIbIO NOBTOPEHHA CJenyIOLHMX
J IBYX onepauuii: a) nepecTaHOBKa Me-
T + CTaMH [BYX CJIOEB €QHIHYHBIX KyGHKOB,
napajJieNIbHbIX  Kakoii-nn6o rpamm Ky-
+ - 6a); 6) npuGaBnenHe X YHCJaM, CTOSi«
Puc. 124 WHM B BeplIMHaX HcXoAHoro Ky6a M
MOMEYCHHBIX 8HaKOM «-}», H OJHO-+
BPEMCHRHO BLHIYHTAaHHE H3 YHCeJ, CTOSILIMX {y BepLIHH, TOMEYEHHbIX
BHAKOM «—» (cM. puc. 124), onHoro u TOro e uMcia.
430. OtBer: x=38, y=2, z=1, n=22; x=6, y==_§,
E=4n>=>2,x=8,y=3 2=7,n=2
431. Nycts O n O’ — nanHble TOYKM, NPHYEM, AAS ONpefesieHs
HOCTH, TOuka O’ JjeXHT BHYTPH HIM Ha CTOPOHAX TPEyroJbHHKa
OA\A;. Tora O'A,+4 0'Ay < OA;+ OAy 1 O'A;—OA; < 10 M
=3 4,...,12).
432. OTBeT: MoxHO. HyxHo HanuTb BO Bce cTaKaHE, KpPOME
onxoro, mo 100 r mosnoka, a B ocrapumiics — 200 I,
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433. OTseT: a) 1; 6) 5000/4999.

a) NPH CHMMETPHH OTHOCHTeJLHO LEHTpa NPAMOYroNBHMMKA pacs
KpacKa TMEPeXoAMT B NMPOTHBONOJOKHYIO.

6) caenyer paccMOTpeTb MpOeKLMH GeJbiX H 9epHHX OTPe3Kos
Ha OJHY u3 CTOPOH MPSAMOYrOJAbLHHKA.

434. a) Nycte O — uentp onucanHOR OKOMO MHOTOYrOABIIKA

—> — —
oxpyxuocts. Torna MA; == MO + OA; u B CyMMe [OCTATOYHO B3ATH
8Hak <«+{» [ ClaraeMHX C 9eTHBIMH HOMEpaMH, SHaK ¢—»—Y
OCTaJIbHbiXe

—p —
6) Iycrs MA‘:’ MAg, oo, MA, , BXOLUT B CyMMy CO 3uaKOM «-+-»

—> —>
H MA’:' caes MA,n_k-co suakoM ¢«—w», Eciu cymma pasna 0, To

—> 1 — — —> —_— —>»
MO = prgumg; 7 (OA,,l + OA,.+...+OA,k ~ OA“—.. .—OA,n_h),
8 3TUM ycsioBHeM M onpexeisieTcs OXHO3HAUHO.

435. Otpet: &) | nmpy n=3; (n—1)*—1 mpu n>4;
6) n—2.

436. ToctaTouHo n0Ka3aTb Npu BCceX X HepapeHCTBO |sin x|-H
o sin(x + 1) |4 |sin (x 4 2) | > 8/5.

437. Cpenu unucen or 1 no 1986 posuo ppa, 729 = 3% u
1458 = 2-3%, pensarca Ha 35, Ipusenst cyMmMmy mcex npoGeit, kpome

'7%7[175;7’ K oflieMy SHaMeHaTeno, NOJyYnM apobb y.a.—b. TAe

b we ngemmrca Ha 3.
438. Jlio6as KacaTenbHas OTCEKAeT MPAMOYTOJIbHLIA TPEYrofbHHK

2 2
€ OCTPHM YI/IOM @ H Mo aab0 1 — o F g1 <(4/Z —1)2

Ilnowaser S oOweR yacTH KBajJpaTa M TPEYroJbHMK2 YAOBJETBO-
psier nepapenctey S >4 —3(4/2 — 11> 34.
439. OTtBeT: [g-] + 1. Kaxaomy suavenmio m=0, I, 2, ...

n
:
NOCTaBHM B COOTBETCTBHE MHOrowies P, (x)== ‘Zo (a, + 2b,) 5%,

rae & ¥ by cooTBeTcTBeHHO — nubpH SanuCH wucen #—2m H m
B ABouuuoit cucreme. JlioGoit u3 muorouwieHos Pn(x) monmyctum u,
Ha060poT, KamMIb AONYCTHMEHIA MHOrO4leH COBN2ZaeT C HEKOTO-
priM U3 P (x).

440. Myctb Ay, Bi, X1, Y{— Touku kacauus cepn C rpausiMu
BXY, XYA, YAB, ABX coorBercteenno. Torna AXY,B = AXA,B,
DAY X = AAB X u 1. g Hcnomb3ays STH paBeHCTBa, MOMHO MO«
Ka3aTh, YTO CYMM2 YIJIOB NPOCTPAHCTBEHHOr0 YeTHPEeXyroJbHHKA
AXBY pasna LAY B+ £LAX\B=2/AXB u yGeautbcs, 4TO
ZAY,B+ £ AX,B Be saBucur or X 0 ¥,

9 H. B, Bacaavep, A, A, Eropos 267



441, x.-l-yl-=xg+y,== e =X0+ Yro=%u %+ x5+ ..&
eoet X m=y, 4yt ... + g, [NosTOMY pasocts Sxi4...
e — B e — B =9+ oo Xy — oy —
— Y™ oo _ylo)=0-

442. Orpet: 1, 2,4, 8 16, 32. IlyeThb xi < 22 < 00 < Xg—
Maccsl THpb. Slcno, uTO Xy =21, X2 =2, x5 ==4. Ecin xp = 2+~!
OpM Beex R << M, TO Xm4p = 2™, TaK KaK HaHGOJBLIAA Macce, KOw
TOpYI0 MOXHO B3BECHTh C NOMOLLIO Iupb 1, 2, ..., 2! papHa
2m—1.

443. Myctb B —Touka mepecedennss AiAz v Al Tpeyronbuuk
BA3A, — paBuoGeppeunniit, a A A;BAj;00 A AjBA,.

444. OTBeT: a) 12 BHCTPenos; 6) 20 BuCTpesOB.

e) B kBagpare 7 )X 7 MOXHO pasMecTuTh 12 HeHaneraommx
UPAMOYTOJLHHKOB 1 )X 4; 6) B Kaxauii NpaMoyroibHUK 3 X 4 Hes
OGXOMMO efiellaTh & BHCTPEJIOB.

445. 2(1 +4 21987 + ... + nlﬂu) = (n|981 +2l957) + ves
ooo + (2!987 L. n1987) L 2 za (n 4 2) M 4 2, rre M — Lenioe uncho.

446. OtBeT: a) 11 ¢uryp. B raxmom keagpare 2 X 2 mosixKe
BO OHTb DOKPHTO He MEHbLIE JBYX KJETOK.

6) YTeepwieuue cnpaBefauBo gns kpanpata 7 X 7. Ecimm oro
cnpaseAauBo Aaf AOckd (6n-41)X(6n-f1), 170 B onHOM wus
yraos kBappata (6n - 7)X (6n - 7) nomectnm xsagpat (614 1)X
X(6n 4 1), sakpHBalOUIHit BLIPE32HHYI0 KJETKY, a OCT&BIIYIOCA
Q2CTh pa3pexeM Ha NPAMOYTOJbRHMKH 2 X 3.

447. MNycts A,, A;, By, By, C;, Co— TOUKH nepecevueHHs IPO-
BOJIK@HUH CTOPOH C paHuniMu npsameiMH. Toukun By u B, sexar
Ha OHPYXHOCTH, ONHACAHHOMi OKOJO PpaBHOGENPERHON Tpamemhu
A1A5C\Cs. )

448. Ecn yTBepHIeHHE HEBEDHO, TO KaXAas npsaMas, coxep-
|auag SBEHO OXHOM HS JIOMAHLIX, MepecekaeT 3BeHbsl APYroit Jo-
MaHOH PO BHYTPEHHMX TOYKAX M YHCIO TAKHX TOUeK nepeceyeHHs
NeTHo.

449. OrpeT: 121, 241, 361, 481, 601. YcnopHio yAOBJNETBOPSET
Joboit HaGop w3 n uucen g =i-nl+1 (i=1, 2, ..., n). Cymma
JoOrx k uucen sToro uabopa nenurcs Ha k.

4680. Iycrs F ~—~ Touka nepecedeunst puarovane BD u CE.
Touku A, F, D, E nexar na oxuoii oxpyxuocru. Touku A, B, C, F
ralm{e JlexaT Ha OnHOMN oxpy)xnoc'm.

451. OtBeT: Q= :I: 5 + 2kn, ke Z. Ecan @ ynoBreTBopsieT
YCJIOBHIO, TO €08 0 < — T (unave cos 4o > 0). TouHo Tak xe npu Jo-
3
Gom HaTypanbHOM 1 €08 2" a <G — —, OTKyAa l cos 2" @ — % l)—‘;
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Ho Ttorna

>

1 1
n —| = n—1, _ -
Icos2 a+2l 2| cos 2" a D)

-lcos 2""la+—;—

8
=75

cos2" g +% l
Hrax,

Icosa +—;—l<%lcos2a+-%-l<

2\" " 1 o n-—-1
e <(F) o2 °+?|<(?)
npy mo6om n. OTciona ciefyer, 4TO cos o == —1/2,

452. k¥ = (a + A)(b 4+ B) (¢ + C) = abc + ABC 4 k (aB +
+ bC + cA).

453. Brinenum JICBYIO BEpPXRIOIO YIVIOBYIO KJIETKY TaGaHuH. 3a<
TeM paccMoTpuM obJsact: yraosoil kBagpaT 3 )X 3 6ea 9TOH KJETKH,
kBagpar 5X 5 6es keampata 3 XX 3, xsanpar 7 X7 6es kpajpara
5X5 u 1. n. CyMma umces, CTOSUHX B KJeTKax mioGo#i H3 nos
CTPOEHHHIX O6.sacTeif, He 6osbiue 2.

454. Ilycre Guccekrpuca yrna ABC u npsimasi I, cuMMeETpUYHaA
efi OTHOCHTENBHO LEHTPA OKPYIKHOCTH, MEPECEKalOT MPAMYI0O B TOY«
xax L u N coorsercrsenno. Torma NP = KL = LM, PM = LN,

465. OTpeT: a); 6): Haunnalowuit pourpeiBaer. a) Hanpu.
Mep, NepBbIM XOAOM TNHIIET YyHCJIO 6, Mocne wyero BTOPOIt MOMKET
HanMcaTh OmHO H3 uMcea (4,5), (7,8), (9,10), koroprie Mbl 06b-
enuunan B napsl. IlepBomy B OTBET Ha Ji0GO# XOpx BTOPOro clenyer
3anUCHIBaTh APYroe YMC/IO M3 TOft e naphl.

6) PaccMoTpHM HOBYIO Hrpy: mpaBuia Te e, HO Cpeiy uucen
HeT enuuMUbl. ECIH Yy nepsBoro ecTb BHIMIPHIBAIOIAS CTPATErHs
B STOil Hrpe, To OH cpasdy ee npumeHsier. Ec/u Her, To OH cHauala
nuwer 1 M MOTOM NPHMEHSIET BHIUTPHIBAIOLLYIO CTPATETHIO BTOPOro
B HOBOil Hrpe.

456. OtBeT1: 7 greit. [Tycts k— uncio pHeft, korga AEKYPUIH
9 Goratwipeit, a |— korma mexypuin 10 GoraTblpeil, mpHuYeM Kas
A W3 HEX pexypun m paa. Torpa 9k 4 10l = 33m. Ilpu m = 1
pelueRHtit HeT, 2 MpH m =2 uMeeM k=4 u [ = 3.

457. Ec/iH 9uMCJIO OTMEYEHHHIX Y3JIOB KOHEYHO, TO, OT/IOMHB OT
MpaBoro BEPXHEro Yyala BCe BEKTOPL, NOJNYYHM, YTO BEKTOPOB
(x,9) ¢ y>0 # x>0 u y=0 GCojpwe, yeM OCTAJbHEX. OT-
KNagriBaf BCe BEKTOPH OT JIEBOTO HHIKHEro ysJja, NOJy4HM, 4YTO
HX MEHbLUE, UeM OCTaJIbHBIX.

458. PaccMOTpHM BepUMEH Ap—y, Ap A1, Aa, As m A4 mamworo
p-yronbunka. IIposeneM auaronamn A;As, AzAs, ApAs, Ap—1As. Tlyets
B,, B;—Touku nepeceuenuss puaroranu ApA; ¢ Ay mn A, a
By, B;—7ouky nepeceuenna /p-1A3 Q TEMH 1K@ JHMAroHansMH.

o* £59




(Ecru p =5, 10 B, = A.) U3 pasencrsa nnomanedl crenyer, 4ro
BBy = BA; u A;B; = ByB;. Hostomy AAllA2Ap—1. Tlpotuso-
peune.

459. Mycts To(n) — MHOXKECTBO BCeX 9Hcen w3 T, Memublnx
(2°)1, u N, (n) — konuuecTo uuces B HeM. Beaxoe uncno us 7 (n)
npencrasumo B Buie Po-+ Bi(2')1 4 B2(22) 1+ Los + Poe(2*)L
TIlycrs Ap(n)— 1 — HauGoibwnii u3 BeeX KO9QGHUHeHTOB Po, Piy a.s
eees Pt cpenu 6cex wncen w3 Tp(n), JOaa moGoro &k
(=0, 1, 2, ..., n—1) kospduuuenr npu (2*)! npuuumaer ue
Gonpuwe uwem Ap(n) pasmmynnx  3uavennii. [losromy N,y(n) <<
< (Ap(n))~. Ocranocs AOKasaTh clenywupe JeMMBl,

1987
1) Ap41 () < Ap (n) - Np () < (4 (m)"+; 2) Am1(ﬂ)<2("+l)
3) o+’ ® ¢ (g™) npu uekotopom n; 4) (2")1 > 92" fpu n>2'
6) 2" > (n + 1)'*%7 npu uekotopom n.
460. a) Eciu f(0)=a, 10 f(—a)==0 u f(0) = —a, T2k uTO
§(0)= o.
Papenctso f(xg) = xo npu xo & 0 HEBO3IMOIKHO.
0 npu x=0,
6) OtrBeT: f(x)=<{ —x/2 npu 4k<|x|<2-4",
2x npr 2-4*7I<|x )< 4R,

481. [Tycts A—pepluuna MuOrOrpannMka u AA,, AAs, ..., AAa—
pebpa, H3 uee Buixoxgsuve. Pe6po AA, kpacuM B CHHHIi LBeT,
ocTalbible pe6pa — B Kpacuuit. Bce 3penbs nomanoii AqAs ... Aa
KpacuM B cuuuit user. Pe6po A;A2 — B kpacuuil. Hocrenosatenbro
RoGapsisieM rpauy, NpUMHKaloW¥e K yiKe NMOKPalleHMOli YacTH MHOTO-
rpaunnka. Ecoim y rpe8HE OKasanuch fABa IOKPalleHHHX pe6pa, TO
TpeTbe pe6po KpacuM JOGHM IBETOM, €C/H MOKpaweHo onHo peGpo,
TO OCTaBLUHecCH ABa KPacHM paanbmu IBETaMU.

462, (1+ o ) (1 72759"" (2n), + ivs

THe 9HCNIa aj, Gg, ... NOJOKHTENbHEL,



TEMATHYECKHA NMYTEBOAHTEJD

TeMH, YyKa3anHne B MNyTeBOAHTeNe, OGLEAHHAIT 3afaUH MO
PAsHHM NPH3HAKAM: MO METONY, HCMOAb3YeMOMY B peiueluH, AnGo
1o o6beKTy, QHrypHpYyIoLleMy B YC/IOBHH.

1. Meton HHAYKUHH

Meron a0Ka3aTesnCTBA HEKOTOPOI0 YTBEPKAEHHH Aans Joboro
HaTypa/ibHOro 7 OCHOBAaH Ha C/EeNyiolleM NPHHUKNE: eCJAA yTBep-
HKAeHHE BepHO A/ n=1 B H3 CApaBeNJHBOCTH €ro AJR n = &
BHTEKaeT CNpaBe]sIHBOCTh STOro yTBepxaeHas aaA n=~Fk4 1, to
OoHO BepHO AJA Bcex n (npuniun maremarudeckod undysyuu). Ya-
CTO [OKa3aTelbCTBO MO HHAYKUHH HMeeT (GOpMy «CMyCKa»: [OKas
3ATe/ILCTBO YTBEPIKJEHHA [Jif HEKOTOPOrO M CBOMHTCA K TOMY, 9TO
TBEDKIEHAE BePHO MJi HEKOTOPOTrO MEHBILEro 3HAYeHHH ny < 1i;
S8ech HCNOMb3YeTcA NPHHUHN HHAYKUHH B Takoh ¢opme: ecum
yTBepKAeHHe BepHO 1A n==1 K (npu n > 1) H3 cnpaBen/HBOCTH
ero AJH BCeX k<< n cleayer cnpapefIMBOCTL AAA kR =n, TO
yTeepikieHHe BepHO asA Bcex n. HHorma yno6Ho HauyaTh HMHAYKUHIO
Re cn=1, a c n=0 winm c HeKOTOPOro n = np. [IpuHOHN HH.
NYKIOHH SKBHBAJIEHTEH TaKofi aKcHoMe: B JIIOGOM MHOMKECTBE HaTy-
panbHHEX 9HCes ecThb HaHMeHowiee (cM. samauy 11).

Yacto MeToj HHAYKIHH MNPHCYTCTBYeT B JROKA3aTenbCTBe Hes
asHo. Hanpumep, nokasatenscTBo TOXKIECTBA

143454+ ... +(2n—1D=n?

0 HHOYKUHA CBOAMTCA K nponepxe ero iu n =1 M BLIKNAAKG
(ewary mHaykuuue): ecan 1434 ... +(2k—1)=F, TO
1434+ ... F (22— +(2+1) =M%+ 1l=(k+ 12 o
CyWecTBy TO e JOKAa3aTeJbCTBO MONHO 3anncath Tak (coGpaB
MLIC/IEHHO NepBHe N IWaroB HHAYKUHH BMeECTe):

143454+ oo +(@2n+1)=
=1+@—=D+O~D+ ... +((r+1)2—n)=(n+1%

Ne 5, 15, 26, 36, 39, 52, 72, 76, 77, 90, 97, 100, 102, 110, 113,
120, 137, 142, 144, 148, 164, 176, 179, 181, 183, 193, 203, 210,
218, 223, 229, 231, 240, 246, 248, 260, 267, 345, 367, 396, 4466.

Buinenny elle 3agaun co cnenupHYECKOA Breet MHOrOKPATHOrG
AeseHAA nonosaM (HAH yXBOEHHA).
Na 155, 200, 277,
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2. Henne gncaa. JeauMmoctb

B pastoo6pasHnX Saiayax Mpo ue/he YHCAa HCNOML3YITCA
OCHOBHHE MOHSTHS M TeOpeMH, CBA3AHHHe C nesuMoctbio. Kaxnoe
1enoe UHCAO @ MOXHO PasNeauTb Ha HATYpalbHOE WYHCIO m C
OCTATKOM, TO €CTb MpeICTaBHTh B BHAE a=rmq-}r, Tne q u r
(ocTaTok) — Lesbie FHCAa H 0 <7 < m. )

Cpenu mo6ux m MOCTENOBATENLHHX MLEJRX 4HCed Halinercs
POBHO OZMO 9HCJIO, nensiueecs Ha m. Ecin npa uwacna a u b npm
JieNeHHH Ma YHMCJIO /i NAlOT OAMHAKOBHE OCTATKH, TO TOBOPAT, WTO
a cpaBunMo ¢ b 1o MORYAIO m. 3aNHCHBaIOT 3TO Tak @ =3 b(mod m),

Ecan a u b— Hatypanetine uucia # a=bg+4r (0<<r < b),
TO HaHOOMbIKA o6mMil nesuTesb d 3THX Yucesi papeH HanGonbLEMY
oflleMy AGNHTeMO b H r; MOJb3YACh 3THM YTBEPXAEHHEM HECKOIbKO
pa3s, MOXHO HafiTH e€ro Kak MOCTeRHHA HE paBHHI HY/IO OCTaTOK
B LleNoYKe feseHnfi ¢ OCTaTKOM:

a=bg+r, be=rqi+r,r=rqa+ry; ri=rqs+rs ...
cies In—y=rndnt1+d, rp=dqupyis

(asreopurm Eexauda); otciona cnemyeT, uTO CYIUECTBYWOT lLejne
yucaa x H Y, Takue, 970 d = ax + by. B 4acTHOCTH, eciu 4yucaa a
M b 83aumMHO npocTH, T. €. HE HMMET OOWHMX MHOXHTenelH, 60/be
IWHX ], TO CYECTBYIOT UeJble X U Y, WA KOTOpHX ax 4 by =1
(cM. sapagy 68).

Kaxxzoe HaTypannHOe YHMCNO eNMHCTBEHHHIM 0GpasoM mMpejcTas-
fi5ieTCA B BHAE MPOHSBEAEHUSI MPOCTHX (OCHOBHAA Teopema apudg-
meTuru). KoauuecTso mpocTHX yucen GeCKOHEYHO; [JOKA3aTeJLhCTBO
STOr0 yTBepIKAeHHs Mo EBKJHAY OCHOBAaHO Ha TOM, YTO MNpPOH3BEs
J€HHEe HECKOJbLKHX MPOCTHX, CJAOMKEHHOEe C eAHHHLER, HMEET OTAHY-
HHE OT BCEX STHX MPOCTHX YHCEN MHOMHTENH.

Ecau uncna by, bs, ..., b, MomapHo B3aMMHO NPOCTH, TO JJN
JNOGLIX OCTaTKOB ry, Fg ..., Fa (0 << ry < b;) Haimercs umuciao a,
KOTOpOe NpH feNeHHH Ha b; maer OCTaToK r;, T. € a =3 ry(mod by)
npu i =1, 2, ..., n (kuraiickaa reopema 06 ocrarxax).

Ne 3, 9, 16, 30, 36, 42, 46, 48, 51, 59, 68, 74, 85, 88, 89, 93, 102,

107, 122, 137, 141, 162, 190, 233, 254, 258, 260, 288, 306,
316, 322, 352, 360, 371, 386, 411, 416, 426, 436, 445, 449, 456,

3. Lludpu H CHCTEMBl CYHCACHMA

B sapauax, rze peub HaeT O uudpax B MECATHYHON 3AMUCH
HATYpajbHOrO YHCAa A = @n 10"+ a5 ;-10"~' 4 .. + a;-10 F ap

(312 3amucL HHOrma OGO3HAYACTCH YEPE3 Gnln—j vee O1Gg), HCMOJbe
BYIOTCSl PasHOOGpasHhe COOGPaXKEHHA: JEeNHMOCTb LeJnX 4Hces,
anre6panyeckHe npeoGpa3oBaHus, ONEHKH. B 4YaCTHOCTH, moJjieseH
NMpH3HaK MENHMOCTH Ha 3 W Ha 9, a Takke cJjepylouiee ero yToy-

HeHHe: YHCA0 A = Q,Q,-; ... Q,0p NaeT OpH nesieHHH Ha 9 (H Ha 3)
TOT K€ OCTaTOK, YTO H ero cyMMa uudp (pasHocTs

A‘_(an+an—|+ eee a1+ ap) =

=an (10"~ 1)+ a,_, (10" = 1)+ ... 44a,(10—1),
O4eBHJHO, fICNTCH HA 9),
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Huorna oxasmiBaercs mosie3Ho#t 3amnuch HaTypajibhoro uyucia A
B CHCTEME CYHCJIEHHS C OCHOBAaHHEM §:

A=ayq"+ ﬂn—n‘ln—] + ..o +a1g+ao

rie a;, 0<ai<q (i=1, 2, ..., n) —«unudpb» 3TOf CHCTEMDI
CUHCIIEHHS.

Ne 3, 21, 43, 54, 85, 88, 93, 122, 132, 139, 141, 142, 144, 148,
168, 175, 197, 201, 244, 291, 294, 297, 329, 354, 396, 430, 439.

4. Yucna papuonaapHbe U UPPANHOHAMLHBIS

PanuonanbHoe 4KCIO a npeacTaBMMO B BHAE a = mfn, rAe
meZ neN, a TakKe B BHe NEPHONMYECKOH OGECKOHeUHOM mecsi-
THYHOM (g-uuuoi) Apo6u. JlecsTHuHHe (g-M4HLIE) APOGH, NpencTaB-
JISIIOILHE UPPAYLIORAAbHDIE YHCNIA, HEe TIEPHOLHYHEL.

BmecTe ¢ MppanuoHaTbHHM uHcioM a -+ b 4/d (roe a v b—
paluoHasbHbe 4Hcsa, d — medioe, He SIBJSIONICECS] KBARPAaTOM Ha-
TYpaJibHOrO 4YHCJa) MOJe3HO pacCMOTPeTh <«COMPSIKEHHoe» C HHUM
yncno a—b4/d: ero cymma u NPOM3BE/IEHHE C HCXOAHEIM — pa-
LHOHA/MBHBIE YHCAA, TaK YTO a:l:b«/ d SBASIOTCR KOPHAMHM KBal«
paTtHOTrO ypaBHeHHsI C LEJHMH KOIbHIMeHTamMu.

Ne 94, 114, 257, 268, 303, 356, 370, 379, 422.

5. Ksappatumit Tpexunen. Henpepoisibie (yHKnuH,
rpadHKH H KOPHH ypaBHEHHit

B 6osbmuHcTBE 3ajad, CBOASIMHMXCA K HCCIENOBAHHIO KBajgpa-
THYHON OYHKUMM ¥ = f(x) = ax2+ bx 4 ¢, none3Ho NpeACTaBHUTH
cebe ee rpapuk. Ecin on mepecekaer ock Ox B ABYX Toukax (Kop-
HAX) X; H X, TO MEXAY KOPHAMH 3HaucHHf OQYyHKLIMH y = f(x)
MpPOTHBONOJIOKHB MO 3HAKy YHCJIY @, a Biie oTpe3ka [x;, xz] — cos-
nagawotT Mo 3Haky ¢ unciom a. Ilpu 3ToM Bepnmua napaGoset
y = [(x) (abcumcca KoTOpoil paBHa MOJYCyMMe KOPHei) COOTBET-
CTByeT TOYKe 3SKCTpeMyMa OGyHKuMH y = f(x): MuHMMyMa, ecIH
a > 0, 1 MakcuMyma, ecan a < 0.

B psne 3agad NoJe3HO MCNOJNBL30BAaTh TaKOR (aKT: eClH Hes
npepuBHas Ha otpeske [a, b] dyuxuna y = f(x) npHHHMaeT B KOH«
Hax 3TOr0 OTPe3Ka 3HaYeHHA pA3HHX 3HAKOB, TO MCXKAY TOYKaMM
a u b Jexut xors 6n OAMH KOpeHb ypasHeHus f(x) = 0.

Ne 32, 119, 149, 157, 178, 180, 206, 228, 242, 259, 264, 269, 278,
299, 308, 339, 359, 383, 400, 418.

6. Aarebpa MHOrowJiexos

MuorowieH P(x), MMelOmHIl YHCIO @ KOPHeM, AEJTCA Ha [BYs
wieH X —a, TO ecTb Npexactapssiercs B Buoe P(x)=(x —a)Q(x),
rie Q(x) — MHorouJled Ha eRMHMUY MEHbLIEi cTeneHH (NpH 3ToM,
ecan P(x) umeer weavie xosdduuments, T0 1 Q(x) —TOXKe). MHo-
fousieH CTeleHn N uMeeT He Gosee N KOpHedl (llaxe c yuerTom
kpaTHocTH). OTclofia crnexyer, 4ro €CiiM JiBa MHOrowena P(x) w
Q(x) creneuw, He Gonbweidi n, NMPUHHMAIOT ONMHAKOBHE 3HAYEHHS
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Gonee, ueM B n TOuKaX, TO MX KOSGGHUHEHTH TNPH COOTBETCTBYIO-
UMK CTENeHAX PaBHHI.

YacTo wcnoab3yloTcs TOXAECTBA XIJS MHOFOUJEHOB € ABYMSA
nepeMeHHLIME X o Y:

ey =) Tl 4 Ty,
K2 ol
=@+ (P — 2y 22—y ),
a Takxe ¢Qopmyna «6uHomMa Hruiorona»
4 ) =x"+ Cl" Y+ C R O ey
rae GHHOMHAANbHbE KOSPOHLUHEHTH BHYHCARIOTCA MO (opMynam
C* = nin—1)...(n—k-+1)
n 1:2. ...k '
Ne 16, 24, 38, 51, 125, 142, 162, 217, 242, 251, 258, 325,
347, 439.

k=12, ... n.

7. ToxpecTsa. YpaBHeHAR H CHCTEMb YpaBHEHAR

Ilpn peleHHE M HCCIENOBAHMH YypaBHEHHH, NOMHMO OGLIYHBIX
€IKOJLHLX® METONOB (MOACTAHOBKH, 3aMEHH IepeMeHHOH, npeo6-
pa3oBaHusn), KHHOTAA HCHOJB3YIOTCH COOOpaKEHHs MOHOTOHHOCTHI
ecan ¢yukuHs y = f(f) — cTporo BOSpacTaeT HJH CTPOro y6HBaeT,
10 ypasHeums [(g1)= f(g2) H g = g2 pasHocHabHH. Ilpu perre-
HHUA CHCTEM YypaBHeHufi HHOTZa OLIBAIOT MOJIE3HH TreoMeTpHYeCKan
HHTepnpeTauus, coo6paxeHns CHMMETPHE H T. X.

A} 8anad CBA3aH C JIHHEAHLIMA COOTHOLIEHHSIMH MeXIy Hes
CKOJIbKAMH TepeMeHHHMH,

No 88, 63, 98, 146, 189, 194, 243, 276, 292, 353, 357, 364,
882, 414, 460.

8. HepaseucTsa

CPeAH 4acTO HCHOMb3yeMbIX HEPABeHCTB OTMETHM CJEAYIOLIHe)
Dix+yl<x{+lyh Ix—ylZ=1xl—1yl;

2) Vab € a—;-b ans abux a0, b >0

8) ecam ay, a4z, «u., 0, — HeOTpHUIATE/LHBIE 9HCAA, TO

n
T e

(uepasencTBo KomH MeXKY CpeHHM TIeOMETDHYECKHM M CPeaHHM
epumeTHYECKHM) ; .
4 (a,+a,+ oo + a0 )0<(d + a0} + ... +ai)[n (amn

JII06BIX ay, Qg ¢aer an);

c+d
b) nna nonoxurenbumx uucen a, b npobb 3aKJoueHa

atb
MeXay npoGsmu —‘0-1- " % (cm. samauy 219).
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6) sin < x npu x> 0.

Ne 19, 56, 95, 109, 113, 118, 127, 128, 130, 134, 169, 172, 187,
203, 208, 212, 232, 264, 267, 278, 279, 299, 308, 311, 319, 325a,
835, 841, 346, 354, 357, 865, 372, 875, 377, 392, 403, 427, 436,
452, 462,

9. Npuuunan Anpuxae

Ecirn B k kaetkax 6oamwie nk 3aiiues, To xoTa O B ofHOR
XJeTHe cHaur Oonsite n 3afines. TlomoGHme coOGpaMeHHA HC~
TNOAL3YIOTCA B PasHBIX 8afayaX A/ [OKa3aTeNbCTBa CyILECTBO+
Banns [65]

IlpuBenemM etlle HECKONLKO MOXOMKHX Ha «mpuHUMN JlupHxaes
(n cTOoNb JHe OyeBHAMHIX) yTBepKAeHul, HCMOJL3YEMHX B TreOMeT-
PHUECKHX H aHaJUTHUeCKHX BSanayax. Ecau cymma nnomapeft ue.
CKOJILKHX (uryp Mexbme S, TO HMH Hesb3fl NOKPHTb (HIYPY MO«
magu S. Ecau Ha oTpeske pmamHE | pacrnonioeHO HECKOJBKO OT-
peskoB ¢ cymMofi pnuH L, TO Haifimerca TOuka, MOKPnTas ue Gosee
yem [L] sTHMn orpesxamu. Ecau cpenuee apupMeTHYUECKOE HECKOJIb~
KHK uyncen Goabwe @, TO XOTA OM ORHO M3 3THX yucen Gosble a,

Ne 3, 4, 12, 37, 67, 72, 78, 87, 91, 110, 166, 220, 343, 367,
444, 446,

10. KomGrHaTOpHKA

QcHopHol mpHeM B 3aRauaX Ha MOACYET YHCNA Da3JHYHBIN
KOMOGHHANHA S/eMEeHTOB KOHEYHOIO0 MHOIKeCTBA — YCTAHOBJICHHE CP=
OTBETCTBHA MEXJAY MHONKECTBAMH, 8aJaHHHIMH PA3NHYHHIMH YCJIO+
BHAMH.

B 9aCTHOCTH, MHOMKeECTBO BCeX YNOPAJOYEHHWX HaGoOpoB H3 n
e[BHHI, B HyJefi — BCeF0 TAKHX HabGopoB 2" — MOXKeT GHTb MOCTaB-
JIGHO B COOTBETCTBHE MHOMECTBY BCEX NOZMHOMECTB NAaHHOTO MHO-
JecTBR M3 n s/eMeHTOB. MHOXeCTBO TakuX HaGopoB, comepIKalNy
k enmuHul, COOTBETCTBYET MHOMECTBY BCeX k-3JleMEHTHWX NOAMH
HeCTB n-3JeMeHTHOr0 MHOXecCTBa. Bcero Takkux naGopoB

Ch = nl nin—1)...(n—k+1)
TN =y e 1-2+ ... °k .

[Ip n = 2 $TO~ YUCJO HEYMOPAJOYEHHHX Map SJIEMEHTOB H3 HaHe
HOr0 MHOXKECTBa: C?, =n(n—1)/2.

UYucno nepecTanoBoK (YUOPSAOYEHHI) NAHHOFO MHOIKECTBA H3 A
sneMenToB paBuo nl==1-2- ... -n.

Ne 52, 61, 76, 117, 136, 210, 231, 246, 301, 361, 439, 442,

11, I'padmu, orobGpareuun

H3o6paxan sjleMeHTH HEKOTOPOFO MHOXECTBA TOYKAMH H COs
eHHAA HEKOTOpHE Naph TOYEK OTpE3KaMH, MH Mofydyaem Harisf-
HOoe MpeficTaB/ieHHe AJA OYeHb MOMYJAPHOrO oGbeKTa JHCKpeTHOH
mareMaTHKE, OH Ha3WBaeICA 2pagor; TOYKH (SMeMeHTH MHOXKecTBa)
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Ha3LIBAIOTCH GepuiuHamy, OTpe3kH (MM Ryru) — pebpamu rpada,
I'pad, w3 mo6oii BepUIHHK KOTOPOTO MOXHO MpofTH B MOGyio
JAPYryio MNyTeM, COCTOSILUHM H3 pebep, HasHBaeTcsd C6A3HLIM. 3aMa
KHYTHIi nyTb no pe6pam rpada Hasmpaetcs yuxaosm. CBA3HLA rpad
6e3 uur/IoB — Oepeso — HMeeT BePUIHH Ha OfHY GoJsiblue, YeM pebep
(cMm. 3anauy 8). Ecax Bce LuMKJIN rpada MMeEOT YeTHYw© AJHHY, TO
€r0 BepLIMHB MOXHO PacKpacHTb B [Ba LBETa TaK, YTO BEPLIHHLI
OJHOTO LBETA He COEAHHEHH HA OJAHHM pe6poM; Takoil rpad Hash-
BAETCS JBYIOJBHEIM.

Ecan Ha pe6pax rpaba paccTaBHTb CTPEJKH, TO NOJyYHTCS
opuenTHpOBaHHH# rpad (opepagdh). Jlwboe oTobpameHHe [ Ko-
HeyHoro MHoxectsa A B ce6f 3afnaeT oprpad, U3 KaxuoR BepLIHHGLEL
a e A KoTOporo BLIXOAMT OfHa CTpeska — B pepmudy f(a). (IIpu
9TOM BO3MOXHH H MNETJH — CTPeJIKH, HAYLIHe H3 a B a; OHH CO-
OTBETCTBYIOT KenoOsudcHoIm TouKam otobpakenus f.) Ecau f B3aum-
HOOZHO3HA4YHO, TO oprpad pacnajgaeTcs Ha WUHKJIB (M NETJH).

OnHH M3 MPHMEPOB CJIOXKHOrO rpada — cxema TesnedoHHOA ceTst
(cm. 3anany 158).

PaccmaTtpuBatoTcsl TaKe rpagn, pe6pa MK BEePLIHHBI KOTOPHLIX
pacKkpanieHn B HECKOJIBKO IBETOB, HJIH NOMEYEHH YHCJIaMH.

Ne 8, 72, 79, 111, 123, 126, 163, 176, 183, 196, 240, 271, 290,
296, 310, 317, 421, 461.

12. YeTtHocTh, packpacka. 3apaud Ha pewerkax

B sapavax npo rpadu yacTo BaXMHH COO6paKeHHs YETHOCTH.
Hanpumep, 4#c/I0 BeplIMH, K KOTOPHM NPHMBIKAeT HEYETHOE YHCJIO
pebep, Bcernma 4eTHo (cM. Takxke 3agayy 1). CooGpaikenus noaoG-
HOFO poja mMoJie3HH H B APYrux 3ajauax; Hanpumep, AJIA PewieHHst
KJIaCCHYeCKol 3ajauu: MOXHO JH waxmaTHylo Jocky 8 X 8 kaetox
Ge3 JBYX KJIETOK B TNPOTHBOMOJIOXKHLIX Yriax MOKPHTb «AOMHHOLI~
Kamu» 1 XX 2 — poctaToyHo 3aMeTHTh, YTO KaXAafd NOMHAHOWIKA IO-
KpHBaeT [Be KJETKH pasHoro nsera (mpH OGBIYHOM IaXMaTHOIX
packpacke), a yrJOBHe KJeTKM — OAHOrO mneera. BuBaer noneska
M packpacka B GoJiblLiee YHCJO LBETOB.

Ne 1, 17, 33, 49, 61, 72, 85, 132, 133, 142, 143, 154, 184, 235,
247, 262, 333, 364, 374, 413.

TloMMMO TeTHOCTH WM packpacku, B 3ajadax Ha KJeTYaToit
GyMare H APYrHX MJOCKHX M MPOCTPAHCTBEHHLIX pelleTKaX TakKiKe He-
PEeNKO HCMOMBL3YIOTCH pasfiHyHue reoMeTpHYeckKHe H KOMGHHATOPHEIG
€006parieHns, MeTOL KOOpAMHAT. DriBaeT Mofie3aHo pacCMOTPeThL KJleT-
9aTyl0 6yMary Kak YHCJOBYIO NMJOCKOCTb, Ha KOTOPOA Y3JbLI peuier-
KM — TOYKH C LeJOYHCJEHHBIMH KOOPAMHATAMH, MJH KBampaT u3 p?
{/3710B, KOOPJHHATLI KOTOPHIX — MapLl OCTATKOB (X, y) MpH AeNeHHH
Ha p.

Ne 91, 96, 111, 181, 199, 207, 208, 229, 265, 275, 295, 304,
314, 349, 362, 397, 416, 425, 433, 444, 446, 457.
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13. Opepanuy ¥ MHBAPHANTHY

B sanawax, rne TpeGyercs BHSCHHTb, MOXHO JIH C NOMOIILIO
BaJlaHHHX onepanuii nepefiTH OT OXHOrO H3 OGLEKTOB K NpYTOMY,
9acTo HOJMESHO HafTH <CHHBAPHAHT» — YHC/IOBYIO XapaKTePHCTHKY
obvexroB (Aau GYHKUHIO ¢ KakMMA-TO [APYTHMH SHAYCHHAMH Ha
MHOXecTBe O6BEKTOB), KOTOpast He MeHSeTCA NpPH YKA3aHHHX oOne-
panusx. Ecniv npy 9TOM 3Hauenuwe uHBapHaHTa Ha ABYX OGheKTax
PasfiMyHO, TO MPEBPATHTL ONMH B APYrofi HeabssA. B nejouynciienunsx
M JAPYr#X «IOHCKDETHHIX» 8afayaX HHBAapHAHTOM 9acTo CJOYXHT
OCTATOK OT JieJeHHsi Ha 2 (MeTHOCTb) MJIM Ha APYroe HaTypa/ibHOe
YHCJIO.

Ecin Bce BuNoNHfieMbe onepaun OGPaTHMH, TO BCe MHOME-
CTBO OOBEKTOB, Maj, KOTOPHIMH OHH BHIOJHAOTCH, pasGABaercs Ha
KJacchl SKBMBAJIEHTHOCTH (#Ba OOBEKTa SKBHBAJEHTHH, eCJH OJNH
M3 HHX MOxer GHiTh noAydeH M3 APYroro SamaHHLIMH ONEpaiHAMM),

Ne 105, 154, 214, 233, 260, 276, 321, 425,

B 3anayax, roe Tpefyercs oneHATh KOJIHYECTBO onepanuft wmim
JI0Ka3aTb, 9TO HX HEeJNb3fl NpOfe/LBaTh OGeckoHedHOe YHC/IO pas
(cxaxeM, y6emBThCH B OTCYTCTBHH <«lHKJa»), HHOrAa OnBaer OO-
JIe3HO MPHAYMaTbh (QYHKUMIO, KOTOpasi MPH KaXAOA oOMnepauud BOSs
pacraer (unM NpH Kaxknoil onepanuy y6wsaer),

Ne 5, 7, 21, 44, 151, 196, 271, 283, 409,

14. PaccraHoBKH UAGP M UeAHX IHCEH,
HX npeobpa3osanus. Typuupm

B pewenusix 3agay O KOHEUMHX IOCIEJOBATENbHOCTAX H3 N@-
JqEx uucen, 6yks, OHiuex, PacCTaHOBKaX HMX MO OKPYXHOCTH RIH
B TabJHLE COYETAIOTCS pa3JiHulLe COOOpajXKeHRs, CBASaHHHEe C 16~
JIHMOCTBIO, KOMOGHHATOPHKOM, OLEHKAMH, MCIOJb3YIOUHMH HHAYKIHAIO,

Ne 4, 37, 39, 87, 117, 143, 154, 156, 181, 200, 221, 224, 229,
231, 238, 275, 281, 300, 307, 321, 323, 337, 340, 345, 350, 385,
390, 391, 409, 413, 432, 435, 442, 456.

3anaun o TypHupax, Ha6paHHWX OYKaX M 3aHATHX YYaCTHHKaMH
mecTax, oGbeiHHeHHNe CMOPTHBHOA TeMaTHKOfE

Ne 28, 108, 126, 179, 218, 317, 441,

15. IaaBumeTpRn

IMouty B kamjoM BapraHTe O/MMMOAAANLIX 3afaY BCTpeyaercs
TpagHIHOHHARA IIKOJbHAfA, XOTS H He NpoCTas, sanaya Mo reomer-
pun. Cpenn uanGosiee pacrnpocTpaHeHHHX TeOMETPHYECKHX TEOpeM,
HCNOMb3YEeMBX JUIS X PENIEHHs, OTMETHM CJEAYIOLLHe. YTom MeXny
KacaTesibHOil H CeKylleli OKDYXHOCTH paBeH MOJAYPa3HOCTH BeJHIHH
Ayr, SaKMOYEHHHX MeXAy CTOpoHaMM Yrja; KBaApaT JJHHH Kacas-
TeNbHOH paBeH NPOM3BELEHHIO OTPE3KOB CEKYILEH OT BEPUIMHE Yria
JIO TOYEK ee NepeceyeHMs ¢ OKpYyKHocThio. KacaresbhHe, mposene-
HEle M3 OJHOM TOYKH K OKDYIXHOCTH, PaBHH; YETHIPEXyrosbHHK ONH-
CaH OKOJIQ OXPYX>XHOCTH, €Cl H TOJLKO €C/H CYMMM NPOTHBONOJION <
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HEIX cTopoH paBHH. [lnollajs OMMCAHHOTO MHOrOYTOJBHAKA paBna
HO/OBHHE NpOM3BefleHHsl MEPHMETPa Ha PAJHYC OKPYIKHOCTH.

Ne 2, 13, 85, 50, 55, 58, 69, 84, 92, 103, 104, 106, 112, 114,
115, 129, 138, 145, 152, 159, 165, 166, 170, 177, 182, 195,
198, 209, 222, 237, 253, 305, 332, 378, 381, 393, 412, 428, 447,
450, 454.

B oTpenbHLe TPYNMK BHACTHM 381344
a) 0 MpaBAJLHBIX MHOrOYrOJLHAKAX]

Ne 20, 99, 103, 127, 226, 398, 408, 434, 443;

6) HCMONB3YIOLUAE NOHATHE €reoMETPAYdecKoro mecta» (MHOXes
©TBa) TOYEK:

N 6, 12, 14, 18, 20, 31, 40, 60, 69, 78, 82, 167, 202, 207,
213, 270, 424;

r) Ha fpHMEHeHHE reoMeTpHYECKHX mnpeobpasoBannft (MoBOpO«
TOB, Napaj/esibHHX NepeHocoB, NONOOHA B HX KOMIO3HIHA):

Ne 6, 22, 45, 47, 73, 101, 112, 140, 147, 165, 182, 198, 205,
222, 253, 259, 298, 309, 315, 373, 399, 414, 460;

I) 3afayd, B KOTOPHX pedbr HAeT O Mjiowagu Guryp (mnm,
KaK HepeAKO OHBaeT, MJIONIafb CJAYKAT BCMNOMOraTeJAbHHM HHCTpPY«
MEHTOM B peLIeHHH):

Ne 12, 18, 23, 29, 53, 55, 78, 106, 147, 152, 186, 204, 261, 253,
285, 312, 327, 363, 366, 384, 395, 415, 438, 458,

16. Crepeomerpusn

B peureHHsiX sSajay rnoJie3Ho paccMOTPeTh NpoeknHE GAryp ia
nnockocTh (MAH Ha mnpsaMywo). OTMeTHM Takke TeopeMy, He BXO-
ASILYK OGLIYHO B IIKONbHHIA KYPC: B TPEXTPAHHOM YIA@ Kamibill
IVIOCKUI yroJi MeHbile CyMMH ABYX APYTHX.

Ne 53, 70, 80, 82, 104, 121, 150, 188, 234, 241, 255, 266, 299,
326, 348, 358, 394, 417, 461.

17. KomOuHATOpHAR reoMeTpHN

OT0 Ha3BaHH® OTHOCHTCA K Pa3HOOGPA3HBIM OLEHKAM, CBA3AH-
HHM C pa3melleHHsIMH, NOKPHLITHAMH, Pa3s/HYHEMH KOMOHHALAAMH
¢nryp. 3neck HCnosb3yloTCH CaMue oOfiue CBOMCTBA, CBA3aHHbE
C pacnosoxendeM (Hryp Ha MJAOCKOCTH (H B INpOCTPAHCTBE).

YkaxeMm cpenu HHX TeopeMy JKophasa: mi06asm Hecamornepece-
Kalollascs 3aMKHYTasa JoMaHas AEMAT IJIOCKOCTh Ha fBe 06aa-
CTH — BHYTPEHHIOI0O H BHeUIHIOO, MPHYeM JIOGOA MNYTh H3 TOYKH
BHyTpeliiei 06naCTH B TOYKY BHemHel NepeceKaeT 3TY JIOMaHY1o,
a Jipe TOYKH KaxKAoH Oo6/acTH MOXKHO COEfMHHTL MyTEM, HE Mepe-
CeKaloOLUM JIOMaHOM.

HanomusaM onpepenienve BHIYKIOr0O MHOXECTBA: 9TO — MHOXe-
€TBO, KOTOPOE BMeCTé C KaMALIMH ABYMS TOYKAMH CONEPIKAT H
BeCb OTpe3ok, coemuHsonMA 5TH TOYKH. Boinyxaod o6onoukod ¢u-
TYPbl HasBaercsi HaHMeHbiuee BHITYKJOe MHOXKECTBO, COfepalilee
9Ty Gurypy; BHnyknam o60/MOYKA KOHEYHOIO MHOMECTBA — MHOLO-
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yromeHEK (B TpOCTpaHCTBE — MHOTOTPAaHHHK) C BeplUIRHAMH B WHe<
KOTOPHX H3 JaHHHX TO4YeK.

Bmecte ¢ gpaunofi ¢urypoii GniBaeT MOJe3HO PacCMOTPeTh €@
r-OKpecTHOCTb: MHOMECTBO TOYeK, HaWMehblllee paCCTOsIHEE OT KO~
TOPHX 1O TOYEK (Hrypht MeHbwe uYeM r; npe ¢Gurypn (B 9acr-
HOCTH, TOYKH) HAXOLATCA Ha PACCTOSHMH He MeHbweM 2r. ecTH H
TOJLKO €CIH HX 7-OKPECTHOCTH Me mepecekatorcs (3apaud 12, 81).

Ne 27, 49, 53, 64, 86, 147, 155, 166, 157, 164, 188, 202, 211,
215, 226, 227, 229, 230, 235, 237, 249, 255, 277, 314, 324, 338,
351, 406, 448, 461.

18. TeoMeTpRUECKHE HepaBeHCTBA, ONEHKH, SKCTPEMYMB

CpengH MHOTOYHCJEHHHIX TeOpeM, HCMOJMb3YeMHX B ONEAKax H
JNOKA3aTeJbCTBE HEPaBEeHCTB TeOMeTPHYECKHMH CpDEeNCTBAMH, OTMe-
THM cJjenywoulHe, HauGosiee pacnpocTpatieHine. B TpeyronnHake
Kamaana CTOPpOHA MeHbllle CYMMH OBYX JpyruX (hepaBencrso
TPeyroJbHHKa), Yroa TpeyronbHHKa Metblle, pased mim Gonpwe 90°
B 3aBHCHMOCTH OT TOro, MeHbue, paBeH RJH G6OJbIG CYMMEI KBal«
paToB IBYX IpHJEXAalMHX K HEMY CTODOH KBajfpaT NpOTHBOJENKa«
wefR cropotr. JMHA NpPoEKNHH OTpe3Ka HA MJOCKOCTbL HiIM TPSMYIO
He Gosbwe AJIMHK 9TOro OTpeska. [liomaznp npoeknHH MHOrOyroJbe
HNHKAa Ha Jo6yl0 NJIOCKOCTb He GoJibwe MJOIAnH Mnoro'yn‘onbnnm.

Ne 23, 29, 32, 41, 62, 70, 73, 78, 82, 84, 86, 104, 115, 121, 124,
127, 131, 134, 135, 140, 167, 185, 191, 192, 193, 202, 204, 206,
213, 222, 225, 261, 266, 269, 282, 290, 267, 299, 302, 318, 320,
334, 348, 355, 365, 368, 388, 394, 420, 431, 438,

19. Bexropnt

Kpome HauGosiee CTaHRApPTHHX ONepauHii Hal BeKTOPAMH —
CJIOXKEHHS, BHIYHTAHHA H YMHOMEHHS Ha YHCJO0 — MOJE3HO HCOOJbe
30BaTh TaKXKe CKaJisipHOe NpoussesneHue uv == |u||v|cos a, rne ==
e=. Z(u,v). Ecm u= (x1, 1), v = (%2, ¥2), TO UV = x1x2 + thya

Jina no6HX n ToueKk MMOCKOCTH (MK nMpocTpaHcTBa) Aj, Az .ve
sv+y An CyliecTBYeT enuHcrTpeHHas Touka O (LEHTP THIKECTH) Tae
Kasi, 4To

—> > —>
OA,+ OAz+ ... +0A,==0.

Ne 6, 13, 143, 193, 207, 222, 225, 234, 270, 274, 280, 293, 315,
336, 366, 373, 404, 434, 457.

20. OUEHKH M SKCTPeManbHLE 3SalagH
AJIA Ha60poB uMcen H TabAHL.

Bo muornx onyMnHajgax BCTpeYalOTC 8aflayH O CPaBHEHHM 00
BeNHUHHe UHCEN H3 HEeKOTOpOro KoHewHoro HaGopa, pacrnosiomelHaX
TOueK Ha NpAMOA, ONeHKaX CyMM, pasHOCTe!l H Apyrux ¢Qysrimf,
CBA3AHHHIX C YHC/IOBWM HAGopOM HJIH TaGJIHLEH.

M 56, 77, 127, 232, 252, 283, 344, 354, 369, 377, 453,
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Yacto B TakHX SafayaXx GniBaeT MOJie3HBIM:
a) BHIGpaTh HawGosblee MJM HaMMeHbLIEE YHCIO H3 HaboOpa (&MPHH-
LM KpaiiHeros):

Ne 5, 26, 44, 72, 109, 126, 128, 156, 160, 163, 202, 219, 243,
246, 248, 283, 337, 343, 380, 401, 409;

6) ynopspouxTh yHcia Habopa Mo BesHUHHE!
Ne 34, 65, 75, 153, 245, 250, 346, 410.

21, IlocnenoBaTeNbHOCTH

INoc/enoBaTeNibHOCTD X, HA3bIBAETCA MEPHOAMYECKOH, eCaH
Xnit = xp, n &= N (Hatypannhoe uucio { — nepuon). B pape 3amay
BCTPEYAIOTCH peKyppeHTHoble TOCAENO0BATENLHOCTH X, — Takue, I
KOTOPHIX Xn4i == [(X,), rae f— HexoTopas ¢Qymkumus, fubo Kammmil
ynek (vauuHas ¢ (k4 1)-ro) onpenensercs Yepe3 & MpeAbIAYLIHX.
Takosa, HanpsMep, nocjenoBaTesbHOCTh PubGonawuu 1, 1, 2, 3,
5, asv, B KOTOPO KaXALIi YIeH PaBeH CyMMe IBYX MNpeRbIIYLIHX.
B ouenkax nociemoBaTeabHOCTeHl YacTO NOMOraeT MeTON HHAYKLHH,
HCMOAL3YIOTCA «OrpyGrieHue» OLIEHOK H COOGpaXKeHHSl MOHOTOH-
HOCTH.

Ne 11, 15, 25, 36, 90, 100, 113, 223, 251, 255, 257, 267, 273,
303, 313, 328, 356, 402, 405, 459.

Yucio a Ha3HBaeTCsi MNpefeloM NOCAefO0BATEJIbHOCTH X, €CJH
ana moboro e > 0 Haiigercas Takoe N, uro ans mo6oro n > N
BHIMOJIHEHO HEPAaBEHCTBO |Xn —a| << &,

Ne 239, 268, 300, 389, 451.

22. UrpH, npeclienoBaHHe, CTPaTerHd H AJTOPHATMBI

PeweHue 3agay, B KOTOPHX peYb HAET O JNOCTHKEHHH INEJH
€ MOMOUIbI0 MOCJIEROBATENLHOCTH XONOB — B 9YAaCTHOCTH, TpeGyercs
BLIACHMTH, KTO H3 HIPOKOB noGexiaer B TOA WA HHOA wurpe —
TpeGyer onucaHus CTpaTersd, NpaBuaa BhGopa XoA0B, obecrneyu-
BalOLIEro0 AOCTHIKEeHHe LiesM; B 3aJayax Npo Mrpel (Miu B 3ajavax
<MOrOHH», NpecieqOBaHHA) Npu 3TOM Tpebyerca KoKa3aTh, YTO CTpa-
Terus  obecrneydBaeT BBHIMIPHII MPH J060M TOBEAEHHH MapTHepa.

Ne 10, 57, 60, 71, 83, 91, 110, 116, 125, 168, 174, 199, 206, 242,

250, 256, 262, 283, 330, 376, 455.

28. HHrepecHhe MpHAMEPH H KOHCTPYKWHA
Bo MHorux sagauax HauGonee TpyAHas YacTh PpeELICHHS — He
JAOKa3aTeJbCTBO, @ NOCTPOEeHHe HeOOBLIYHOro MpHMepa.
Ne 123, 156, 202, 208, 230, 231, 244, 257, 263, 300, 371, 398,
401, 416, 423, 444, 446, 456, 460.

K 3TuM 3ajauaM OTHOCATCS M TaKWe, Ifie MOCTPOCHHE M HCcse-
JlOBaHKE MpUMepa — MHOTOIIATOBasi KOHCTPYKUMA (MPH STOM wvacTo
HCMOJIb3YETCA NPHHUMN HHAYKUHH).

Ne 64, 144, 158, 183, 200, 210, 238, 272, 281, 405,
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3AJJAYM 17151 TPEHHPOBKH

3nech TpHEBeJeHH OKOJO CTa 3afay MJA CaMOCTOMTENBHOro pe¢
meuns. Kix ﬁacnoaomemle B OCHOBHOM CJieJlyeT TEéMaTHYECKOMY NyTes
sonuremio. Hekoroprie TemMn (eHHAyKums», <npeHuED Jlnpuxies)
TIpeACTaB/eHH NoJHee, Apyrue, GoJjiee CBR3aHHHE CO WIKOJbHEIM Kyp+
COM — MeHbIle; K NOCJACAHHM, B YacCTHOCTH, OTHOCATER reoMeTpHYe+
CKHE TeMH, KOTOPHM NOCBAIIEHH BHIeAWHe HKelaBHO O6O0JbMING
c6opuukr [31], [49] Cpeau BKIIOUEHHHX B STOT COHCOK Safau He«
CKOJBKO KJIAaCCHYECKHX TeopeM, pa3GHpaeMhX OOLIYHO Ha SaHATHAX
KDYXKOB, HO OCHOBRas 4acTb— SajlayH, MnpeiJaraBiiHec Ha 006«
JIaCTHEIX H pecnyGAHKAaHCKHX TypaXx oauMnHaau. Heckosbko 3apad
mipensiarasuck Ha TypHHpe ropojoB — MaTeMaTHYeCKOM COPEBHOBa+
HEE IIKOJbHEKOB, NPOBOJALIEMCH perysnfpHo ¢ 1980 r. no enHHmM
sajayaM, BHICHJIaeMHM H3 Mocksn (pepakurefi xypHana «Ksant»)
M OXBAaTHBAIOLLIEM YK€ HeCKONbKO necATKoB roponos B CCCP, a tak-
2xe Boarapnw ¥ IToapwe [81] B nocnefHRe roan TYpHEP NPOBOAHTCA
JBa¥jAH B rOR — BECHOH B OCEHBIO; B SaK/IIOYEHHE Mb NPHBOLHM
HaGop 3ajlay NOCJTEeQHEro TypHHpa.

1, Joxaxwute AN MmoGoro HaTypanbLHOrO # PaBeHCTRO
1- 14224 ... +nenl=(n-4 1)1
2. Hokaxwute, YTO NPH J060OM HaTypasbHOM 7

P44 +nt=(1+2+... +n)d

1 1 1 1 n

3. Jloxaxwure, 4TO -§-+-—3—+T+ PO +7‘,a->—2- npy
n>1
4. a) Ha cxonpko uacrefi nensiT IVIOCKOCTh fi NPAMEIX, H3 KO-
TOpHX HHKaKHEe JiBe He NapaJueJbHH ¥ HHKaKHe TPH HE NPOXOAAT
yepes ORHY TOUKY?

6) Jlokaxwute, 9TO n IJIOCKOCTEA B OOLIEM NOJIOKEHHH (HHKa«
KHe TPH He NapajeibHH OAHON NPAMOH ¥ HHKaKWe YEeTHpe He HpO-
XOAT uepe3 OLHY TOYKY) HelsiT NMpocTpaHerso Ha (n® - 51)/6 + 1
yacrei.

5. a) IlnockocTh pa3bMTa HECKONbLKHMH OKDPYIXHOCTAMH Ha Yas
cre. JlokexuTe, YTO KaM(yl0 YacTh MOXHO BHIKPAacCHTb OARQA H3
JIBYX Kp@COM TaK, YTO 1BE 9acTH, rpaHmyaliie no ayre, GHIIH Bbls
KpallleHH B pasHhie KpackH.

6) Ha naockocTH pacinofioKeHH HeCKOJBKO «TPEHOXHHKOB» (Tpes
HOXHHK COCTOHT ¥8 Tpex Jyuel ¢ o6iei BepumHoH). Jlokaxure, ato
yacTH, Ha KOTOpHE OHH Pa3CHBalOT NJOCKOCTh, MOMHO BHIKDPacHTb
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B TPH KPaCKW TaK, WToOH ABe uacTH, rpasuualiie N0 OTPe3Ky W'
ay4y, ObiJIH BBIKpAIIEHH B Pa3HbI LBET.

6. B Tabauny us Tpex CTPOK H 7 CTOAGLUOB PaccTaB/esH Npo-
HM3BOJIBHEIM 06pa3oM OHIIKKH TPex WBEeTOB: i GelnlX, 11 KPacHHX H n
seneHniX. JIOKaxuTe, YTO MOMHO NepecTaBHTh GHMIIKH B Ka)Xunof
CTPOKe TaK, 9ToGn B KamxjoM croalue cToaaH (QHIIKH TPeX Pa3HbixX
1BETOB.

7. Ilo OKpPYyHOCTH PaccTaB/eHH 11 TOUeK — YEpPHHLIX H KPACHhLIX,
Hokaxute, Yr0 MOXKHO NpPOBECTH He GoJee ueM 3n/2 —2 Xopau
C KOHI{aMH B TOYKax Pa3HOro LBeTa, He NepeceKaiolllHecs BHYTPH
OKPYXCHOCTH.

8. Jlokaxkure, uTO KawmAaoe leJ]oe HEOTPHUATeJbHOe YHC/IO enMIis
CTBeHHEIM O6pasoM npeactasnfeTcA B Bupe X+ (42 -+ y)/2, roe x
fi y — nensie HEOTPHIATENbHEIE THCIA, X << Y.

9. Ygcno a + /o —uenoe. JIoOKaxuTe, WYTO TOrAa WHCJIO
a" 4 1/a" — uence npu JoGoM HATypasbHOM 7.

10. oxkaxure, 9T0 7 Y4YacTHHKaM TEHHHMCHOr0 TYpRHpa, Ife
Ka}/iple NABOE BCTpeNaJHCh OfHH pa3, MOXHO NPHCBOHTb HOMepa
1,2 ..., 8 tak, uto k-ii Buurpaa y (R4 1)-ro (ana Bcex k=
=12 ..., n—1).

11. B ropose xuByT N ixureneft, mobuie ABa u3 KOTOPHX RGO
npy3bd, nHGo Bpary. Kaxnui#i neHp He Gosiee 4eM OAHH XKHTeb MO-
KeT HauaTh €HOBYIO MM3Hb»: NEPECCOPHTLCH CO BCEMH CBOHMH [Py«
ShAMH M MOJPYXMTBCA CO BCceMH CBOMMH BparaMH. HasecTHo, uTO
nio6uie TPOE MOryT NOAPYXHTHCA. JIOKaMHTe, UTO BCE MHTEAH MOryT
TOAPYXHThLCA.

2. a) Ha kakywo HanGoJbllyio CTeneHb uHCna 3 [HeJHTCA THCAO
2" 12

6) Ilokaxure, uTO 9HCJO, 3aNHCHBaeMoe B NECATHIHOM CH«
cTeMe 3" elHHHI[aMH, NEJHTCA Ha 3" H He nenHTcA Ha 3"+l

13. JloxaxuTte, 4To ¢ NOMOWbIO 7 rHpp Maccamu 1, 3, 9, ...
essy 3! TpaMMOB MOXHO B3BeCHTb Ha 4YalleuMslXx Becax JoOGoR
npeamer Maccoft M << (3 — 1}/2 rpammoB (M — uenoe wucao, THPH
MO HO KJIaCThb Ha ofe HauK# BecoB).

14. Otpesox aminof 3* paabupaeTcA Ha TpR paBhie uacty. Ilep-
BaH M TpeTbfi H3 HHX Ha3uBalOTCA OTMeUeHHBIMH. Kakaufl w3 ot-
MeUeHHHIX OTpe3KOB CHOBA pa3GMBaeTCA Ha TPH WACTH, M3 KOTOPHIX
l-a 4 3-7 cHOBa Ha3LIBAIOTCH OTMEYEMMBIMM H T. . NO Tex Kop,
noxa He nosnysarcs oTpeskn AnnHoi 1. KoHus! BCcex OTMEYeHHHX
OTPe3KOB HA3HBAIOTCA OTMeYeHWHMH ToukamH. Jlokaxute, uto Aaf
no6oro HatypanbHoro d, MeMbulero 3% MOXHO MaitTH fBe OTMeYeH«
Hble TOUKH, PaCCTOIHHE MCXKLY KOTOPHIMH paBHO d.

I5. a) IoxaxHTe paBeHCTBO

a+20+D0+0+27) ... (2= 1,

6) Ioxaxure, 970 MOGHE fiBa uUMCJa NOCJAeL0OBaTeNbHOCTH 3, 5,

17, ..., l+2’". ... B3aHMIIO NPOCTH.

16. 15 npocteix uncen o6pa3y0T apupMeTHIECKyi NPOrpeccHIO.
IlokaxuTe, yTO pasHOCTb NporpeccHH Gonbue 30 000.

17. Hatypasnbhoe YHCNO X AeNAT MOCHEAOBaTeNbHO HA BCe WiCaa
OoT 2 10 x— | ¥ BeNHcHBaT nonyuxsuitecs ocratkd. Hafgure x,
IJIi KOTOPOr0 CyMMa BCEX PA3JHYHHX BLIMHCAHHHX OCTATKOB pas-
Ha X.

18. Ioxaxwure, uto npoussenesse unp HaTypasibHOro WYMCJa,
Gonewero 100, we npesocxoput 27/37 sToro kmcaa,
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19. TNoapan sHmscano 99 pepHTOK, JIOKaXuTe, 4TO K HUM MOXK-
'H0 NMpUNHCATH cnpapa eue posHo 100 uudp Tak, uTo noayunsweecs
199-3HauHoe YHCI0 OKaXKeTCi KBaAPaTOM KHEJOro THCAA.

20. OokaxuTe, YTO CYIIECTBYIOT HppalHOMaNbHKE uHCAa o H §
TaKHe, 9TO " PaUHOHANBHO,

21, Tlycts @ # B — HppaLBORAJbHKE THCI2, CBA3aHHLIE COOTHO-

aneHHeM r + B = 1. [lokaxure, 9o cpeny uncen [na] u [mP), rnen

H M -—BCceBO3MOXKHHE IesiHe YHCAa, KaxJoe iefoe HHCJIO BCTpe«
YaeTcsi POBHO OJMK pas.
22. lokaxuTe, uro nepssle M SHaKOB NoCJe 3alsitofl B jAecA-

THIHOM PAa3JIOMEHHH -:ncna(1/ 26 5)” — BCe HYJIH HJH BCe AEBSATKH,

23. a) loxaxwute, 9TO €C/H COS @ W SiN ¢ — paUHOHa/bHLE TH-
C/la, TO COSMQ u S8ifl 1Y — pauHoHaNbHBle NPy JMOGOM HATypasibs
HOM n.

6) Hoxaxwure, 9ro ans mioGoro N cymectsyior N Touek mJjo-
CKOCTH, HHKaKHe TPH M3 KOTOPHIX HE JieXaT Ha MpAMOf, Bce monap-
Hble gaccromma MeXIYy KOTOPHMH — WeJHe YHC/a,

4. Haiigute a u b TakHe, 4To XaMABA M3 KBAADATHHX Tpex-
wneHoB x2—ax+ b H x*— bx -} a uMeer pa3sMuHhe LENHE NOJO-
HUTeAbHbe KODHH. .

25. Hokaxure, 1T0 ecad abc — TpexaHauHoe NpocToe THCMAO, TO
b? — 4ac He MoxeT GuLITb NOJAHHM KBaApaTOM.

26. Iokaxure, a0 eciy a* - pa+4q =0 u B*—pb—q =0,
70 ypasHenHe x? -} 2px 4 g = 0 HMeeT KOpeHb, 3aK/IOUEHHBIH MEXAY
aHb (g30).

27. I{oxaxnTe, 9TO AJA JIIOGHIX UHCEN p M ¢ CyMMapHas HJIMHA
oTpeskos ocH Ox, Ha KOTOPHIX BHIIOJHSETCH HEPaBEHCTBO |x2-4-2px+
o+ 29| < 2, ne npesocxoauT 4.

28. Ykaxute Bce ueanie n, AAA KoTopuix: a) a2 1 peautcs
Ha n+ 5; 6) n5+ 3 neaurca Ha n?+ 1.

29. Hafinute Bce MHorowiens F(x), ans kKoropux F(x-4y) =i
= F(x) + F(y) + 3xy(x+ y) npu Bcex x u y.

30. Ha sBcTpede coGpalHCh BCe YUaCTHHKH JBYX TYPHCTCKMX
noxofoB (HeKOTOpPHe #3 HKX OHIH B JIBYX NOXOKAaX, HEKOTOphie —
moabko B ofHoM). B nepsom moxome 6uino 609 MyKuHH, BO BTO-
poM — 75 Y. JlokaxkHTe, 9TO Ha BCTPeRy NPHULIO HE MEHbIIE My~
9HH, YeM JKERILHH. . .

31. Kakoe aucao Gonbines 1/ 1001 4 1/999 nm 2 4/1000?

32. HoxaxuTte, 9T0 npu moGoM

(3 + D) (1 5) - (4 5r) <.
33. JlokaKuTe HepaBeHCTBO

1 1 3 5 99 1
BT<Z2'7°% 0 <10

. 84. MNycrb %1+ x2+ «.. + xx = 0, m — nanmenvwee, M — pay-
Gosbliee H3 WUHCER Xy, X2, .., Xk JIOKaXKHTEe HEpaBEHCTBO

GGt F xS — kil

.+ 86. Cymma HeoTpHUaTe/IbHHX WHcen @, b, ¢ pasHa 1. Hoxaxure
uepasenctBo ab + b’ + o << 4/27,
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36. Ha o:;gyxmoc'm PAaCCTaBNEHO n 9YHCEN, CYyMMa KOTOPHX Iov
JNoxuTeAbHa, JlokaxuTte, UTO MOXKHO BHOpaTh M3 HHX TaKOe THCIO,
KOTOpOE CaMo NOJIOKHTENLHO, @ TaKKe CYMMa ero CO C/EAYIONIHM,
CO CAENYIOIUHMH JIBYMA, ..., CO CJACAYOUMMH 71— 2 YHCIaMA —
BCE NOJNOKHTENLRH (OKPYXMOCTh OOXOLHTCH NpPOTHB %acoBofi
cTpenxu).

37, Hokaxkute, 4ro AN MOGOr0 HATypaslbMOre YHCJIa MOXKHQ
HafiTy jpensineecs ua Hero 9ncao Bupa [11..100..0 (B necATHye
HOil 3aNHCH KOTOPOTO BCTPEYAlOTCS TOJMBKO €AMHEUL M HYJH).

38. B rpymne 30 uenosex. KaxpoMy Bpamstcs poBHO k mojed
3 otoit rpynnue. Ilpu KaKOM HaHMeHbieM R MOXHO YTBEPHKJATD,
970 06fi3aTeNIbHO HafLyTCA JIBa 4eJlOBEKAa M3 3TOfl IPyNnH, KOTOPHE
HPaBATCA JApPYyr ApYry?

39. 3apano wicao a. Jlokaxute, 9T0 Ansa NOGOro HaTYpPanbHOro
N MoxHO HafTy uenoe n Takoe, uTo 0 << n << N u an orunaetcs
OT LeJIOro YHC/Aa MeRbwe geM Ha 1fN.

40. Ha 3emne KHBYT 5 MMIIHApPAOB TeJOBeK, H3 KOTOPHX MEHee
1 9% wumelor Bospact ceume 100 ner. Jlokamkure, uTO HalpyTCH
100 "enoBek, POLHBIIMXCA B OJRY H Ty e CEKyHAY.

41. Umeercs 30 MenHnX MoOBeT. JlOKa)kure, 9TO H3 HHX MOXHO
cobpats cyMMy B 30 Kon. (MelBHIMH Ha3LIBaeM MOHETH CTOMMO-
cteio B 1, 2, 3, 5 kon.).

42. Ha nonoce O6yMarH aanMcaBa TIOCNeHOBAaTeJbHOCTbD U3
860 nudp 1231231..123123..123. Ha kakoe nanGosbmee uwscno
gacTell MOXKBO DaspesaTh Mnojocy, 3TOGH BCe YHCJa Ha MNOJYYeH-
HHX KyCKaxX JIeHTH OblnH PasiHuMBIMH?

48. a) JloxaxHTe, 9TO H3 JIOOHIX 7 HATYPAJBHHX HYHCEJ, MeHbs
mux 27— 1, MOXXHO BHOpaTh IBa, H3 KOTOPHX ORHO AEAHTCA Ha
Lpyroe.

6) Jloka)ute, 9TO H3 N Pa3JMYHEIX HATYPAJbHHX THCE], MEHbe
wux 2n—2, MoxkHO BHOpaTh TpH, GoJbliee H3 KOTOPHX PaBHO
CyMMe ABYX JIpyrux.

44. Kakoe naHGOJbIIee HHC/O TOUEK MOXHO PACCTaBHTh Ha OTe
pe3ke AnBHOA | TaK, WTOGH Ha JO6OM COLEPKAIEMCH B HeM OTpes«
ke JJHBH d nexano ne 6onee 1 4 100d? H3 paccTaBieHHHX TOweK?

45. a) B oxpyxHocTH AnaMerpa | npoBefieHO HECKOJBKO XOPA.
JloxaxuTte, 9TO ecny KaxAWR nuameTp nepecekaer He Gonee k2 XOpj,
TO CYMMa JUIHH BCeX XOPA Membuie 3,15k

6) B kyGe ¢ pcbpoM a JeXHT JIOMaHasl, KOTOPYIO Kaxaas ILIQ«
cKoCTb, Mapannenbiasi OGHOR W3 rpanefi, nepecexaer He Gonee k pas,
Jloxaxure, YTo AJBHa JoMaHoi He Goabue 3ka.

46. Ha mnowanv 1 xm X | KM pacreT cOCHOBHA Jec, cOCTOSIIMA
na 4500 pmepemner nnaMerpoM 50 cM Kaxjoe. JokaxHTe, 9T0 Ha
©TOM KBaJpPATHEOM YUaCTKEé MOXHO pasMecTHTh 50 BPAMOYTrOJNBHBIX
mwiomanok 10 M X 20 M, Ha KOTOPHX He pacTeT HH OLHOro Jepesa.

47. Ha oxpyxHocTH orMeueHH 100 Touek Ay, Az, o4, Aro- Ka-
KAX BHOYKJHX MHOTOYTOJBHHKOB Gojbuwie: TeX, y KoTtopux A, finns-
£TCH BepIUMHOR, MMM ocTaJLEHX? Ha cxonbko?

48. Kakux IUIECTHSHAUHHIX THces GoJiblile: TaKMX, KOTOPHE MOX-
HO TpeiCTABMTH B BAJie NPOH3BEJEHHR [BYX TPEXSHAYHEHIX, MJIH Tas
KHX, KOTOpHE HeJb3fi?

49. a) MoxHO JH Bce A@CATH3HAYHHE WHC/IA, BaNHCHBAaEMHE NPH
noMowH uudp 1 B 2, pa3bnTs Ha JABe rPynne TaK, 4roCul CyMMa
Mo6HX ABYX YHCel B KaxaoR rpynne coieplana B AeCATHYHON
sanmcH He MgHee ABYX uudp 32
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6) JloxaxwuTe, UTO CpPeAH n-3HAYBHX uHCeN H3 UA(GP | H 2 Hesbe
85 Bubpath Gonee 2°/(2n -+ 1) ynces1, Kax/JHe JIBa H3 KOTOPLIX OT«
JiHganHch 6H no kpaidiHefi Mepe B TpeX paspsjax.

50. a) Ckonbkumu crnoco6aMy MOXHO PaCKPACHTL 71 Pa3HBIMK
KpPackaMu Kpyr, pa30GuTHii Ha p CEKTOPOB, TA€ P — NPOCTOE YHC/IO?
(Kaxanlii ceKTOp OKpamHBaeTcss OZHOH KpacKoll; BCe KPacKH HCe
NoJjb30BaTh He 06si3aTeNbRO; ABE PACKPacKH, cOBNAajaolline MpH No«
BOpOTe Kpyra, CUHTaIO0TCH OAHHAKOBEIMH.)

6) JlokaxuTte, UTO nNpH JIO60OM HATYPAJLHOM 1 H NPOCTOM p
YHcl0 nP — n AelRTCA Ha p (masas Teopema Pepma).

51. Ha dectupanb cobpanuce 6 myankanTos. Ha kaxjoM kowe
1lepre 4acTh MY3HKAMTOB BHICTYNaer, a OCTaJbHHE CAyMAIOT HX H3
3ana. 3a KaKoe HaHMeHbUlee YHCJO KOHUEPTOB KaxAMiH H3 wecTH
MY3HKaHTOB CMOXeET Mocaylath (M3 3ana) Kamaoro H3 OCTallbs
HBIX?

52. B ropoge X, rae Bce ceMbM MXHBYT B OTAE/IbHBIX AOMaXx,
pa3pelialoTcA TOJNLKO napHbie OGMEHE OJHOTO JOMHKa Ha apyrofi
(cemMbH, KOTOpPHE MEHSIOTCH JOMAMH, B TOT e LEeHb He y4acTBYIOP
B Jipyrix obMenax). Jlokaxnre, uro Jo6oft cMOXKHKIH O6MEH JOMaMu
B roposie X MOXHO OCYINECTBHTb 32 JiBa JIHS.

53. JlokaxHTe, YTO H3 KycKa mnpoBoJokH AnuHoit 120 cM, He
pasnamHiBas ero, HeJb3si cAelaTbh Kapkac Ky6a c pe6Gpom 10 cm.

54. B npyx nyctuan 30 myk, KOTOpHe NOCTeNeHHO NOeNaT APYD
apyra. lllyka cuHTaeTcs CHTOHM, €CM OHA CBECT TPeX YK (CHITHX
uau ronojueix). Kakoe HanGoJbliee YHCJIO LYK MOXKET HaCHTHTBCA?

55. Kak coeprHMTh 50 ropoaos HAHMEHBLIHM YHCJAOM ABHAJHHHN
TaK, 4TO6H M3 JiI06Oro ropofia MOXHO 6HJIO nonacTh B JIOGOH APy«
rofi, cnesaB He Gosiee KBYX nepecafiok?

56. Kaxpnafn B3 8 GyTGONBHHX KOMaRJ CHIpasna ¢ Kaxpnoil H3
octanbHeiXx no onHoll Hrpe. IlpH sTtom He Onno HuubHX. J{oKaxuTte,
YTO MOXHO BBLIEANTh TakMe ueTnipe Komaugn A, B, C, D, uro A
puirpana y B, C n D, B sunrpana y C u D, C suurpana y D.

57. JloxaxuTre, YTO ABafLATh KAPTOYEK, HAa KOTOPHX HANHCAHH
mndput 0, 1, ..., 9 (Kaxpaf —Ha HBYX KapTOYKaxX), HEJb3fl BLLIO=
XKHTb B PSIA TaK, YTOOB MEXJY KapTOukaMH ¢ UHbpamH «k» Jexas
Jio poBHO k APYrMx Kaprouek (ans scex k=0, 1, ..., 9).

58. Hanucano (2m - 1)-3anaunce uucno. JloKaxHTe, 4TO MOX(«
HO BHIYEPKHYTb OfHY X3 €ro NH(P Tak, YTO B NOJYyYeHHOM 2m-3Hay-
HOM 4YHCJIe KOJMYEeCTBO CEeMePOK Ha YeTHHX Mectax OyneT PaBHO KO«
JIHYECTBY CEMEPOK Ha HeYeTHRX MeCTax.

59. Moxuo nu HaiithH 100 pasnHYHLIX HEYETHBIX YHCEJN @1, O3, . 4§
61+s Qoo TAKEX, uTO /@y 4 l/az + .0u + 1/aw = 12

60. loxaxnre, 4TO0 mwaxMaTHyi0o A0ocKy 50 X 50 kieTok Heab3s
pasbHTL Ha QHrypKH M3 yeTHpex kjeTok B ¢opme 6yksm T.

61. JloxaxuTe mna JMoGOro HaTypaslbHOLO 1 PaBEHCTBO

3 n
[Wal + Vel + ... + [Val =[loge n] + [logs n] + ... + [logn nL

62. V3 fByX TOYEK, 3alaHHBIX Ha NJOCKOCTH, Pa3pelaercs nonay«
YaTh TPETbiO, CHMMETDHYHYI0 OfHOI H3 HHX OTHOCHTEJIbHO JApPYroi.
Jlane TpH BeplUHHH KBajpata. MOXHO JH H3 HHX YKa3saHHHIMH
onepauHsIMH TNOJYYHTh YETBEPTYI0 BEPLUHHY 3TOrO Ksajparar?

63. Jl106y10 BepIIMHY TPeYroJibHHKa pa3pellaeTcsi CHMMETPHYHO
OTPa3HTb OTHOCHTENLHO APYrodl M 3aMeHHTb €e NOJNYYEHHOH TOYKOii.
MoxHO JIH TaKHMH ONepaunHsMM Ji0GoH TPeYroJbHHK NPEBPATHTL B
OPAMOYTOJILHEI MJIN OCTDOYTOABHHI?,
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64. Iokaxkute, uTO INJOLIAlL MHOTOYrOJbHHKA C BEpLIHHAMH B
¥37ax KJaerdyatoii Gymars pasHa i-r/2—1, rne i—yHcao yanop,
JIEXAIHRX BHYTPH STOTO MHOTOYFOJBHHKA, 7 — YHCJO Y3JI0B, jieXa«
LIMX HA ero CTOPOHAX M B BepPLIMHAX; CTOPOHA KJETKH NPHHATA 3a
1 (reopema [luxa).

65. ViMeercA MBOrO OLHHAKOBHIX NPABHJIBLEHR TPEYroJLHHKOB,
BePLIHHH KaXXIOro M3 KOTOPHX NOMeYeHH (B NPOH3BOJNBLHOM MNOPS=
ke) uudpami 1, 2 u 3. TpeyrosbRHKH CNOKHAH B CTONKY M HALLIH
OYMMB THCesl B KaxJlofi BepliuHe. MoXeT sM okasaThef, 9T0 B
KaX[oM Yrny oHa paBHa: a) 25? 6) 50?

66. Jlan HeBHNYKJHi MBOroyroibH#H. C HHM NPOJENLIBAIOT CJe«
AYyIOIIYI0 Onepainio: BHOGHPAIOT HEKOTOPHE jBe HecOCOAHHE BepliHe
BH A u B Tak, 9TO MHOrOYroJbHHK JIEXHT WEJAHKOM NO OLHY CTO-
pony ot npaMo#t AB, u wacTh KOHTypa Mexny Toukamu A B B chm-
METPHIHO OTPaXaloT OTHOCHTENLHO cepefMHH oTpeska AB. Ecm
BHOBb NOJYYHJICS HeBHNYKJHI MHOTOYrOJLHHK, ONEPALHIO [OBTOe
psior. JlokaxHTe, 4TO [10C/Ie KOHEYHOro YHC/a ONepauHi MHOTOYroJbs
HHMK CTaHET BHINYKJILIM.

67. B pepumHax npasuabHOro: a) 7-yroabHrka, 6) 8-yrosbHHKa,
B) n-yronbHHKa (n =>9) paccTabjensl UepHHe H Oenne  HuIKM.
BepHo nH, 4TO HaHAYTCR TPH (HIIKH OAHOrO UBETa, CTOsllie B BEPs
WHHaX paBHOGEADPERHOTrO TPeYTOJALHAKa?

68. Moxuno nu 3anymeposatbh pe6pa ky6a uncnamu I, 2, 3, ..,
e, 12 Tax, 9TO6B ANA KaX Ao BEPUIMHH CyMMa HOMEpPOB BHXONsie
IMBX H3 Hee peGep Onna oauHakoBoR? MOXHO JNH paccTaBMTh Ha
pe6pax uwucna —6, —5, ..., —2, —1, 1, 2, ,,., 6 TaK, 9TOGH BH«
UOJHAJNOCH TaKoe e ycloshe?

69. Tpy pacHEIX OKPYXHOCTH MepecekalTcs B OfHoR Touke. Mo«
KaxXuTe, 9TO TPR JAPYTHe TOUKH NONAPHOIrO NepecedeHHst STHX OKpYHe
HOCTEl NIeXXAT Ha OKPYXHOCTH TOTO e PafHyca.

70. Tlo nByM npsiMHIM, nepeceKaloli¥Mcs B Touxke P, paBHoMeps
HO C OAHHAKOBOH CKOPOCTBHIO ABHXXYTCS TOYKH: NO OAHOH NPAMOl —
M, no apyroii — N. Uepe3 TouKy P OHH npOXOAfiT He OXHOBPEMEHHO.
JloxaxHTe, YTO OKPYIKHOCTb, ONHCaHWAst BOKPYT Tpeyronbhuka MNP,
BCe BpeMmsl NPOXOAHT Uepe3 HEKOTOPYI0 (PHKCHPOBAHRYIO TOUKY, OTs
Jangkyio ot P.

71. IoxawxnTte, uto ecnn toukk A, B, C, D, nexamHe Ba OK<
PYKHOCTH, TaKOBHI, YTO Kacate/pHHe B Toukax A u C nepecekaiorcst
ua npsMoli BD, To KacaTesblike B Toukax B m D nepecekaiorcsi Ha
npsavoir AC. :

72. Ha croponax AB u BC Tpeyroaviirka ABC BO BHeLIHIOIO
cropony nocrpoennl Kpanpath ABDK u CBEL. IokaxHuTte, 910 npo-
pomkenveM Bhcotsl BH tpeyronbhika ABC ciyXuT menHaHa Tpe-
yronshika DBE.

73. IlokaxuTe, 9TO BHYTPH TPEYTOJbHHKA, YTJIH KOTOPOro MeHb-
me 120° cymecTsyeT eIMHCTBeHHas Touka T, M3 KoTopo#l Bce CTO-
poHLI BHAHH NoR yrnamu 120°, ¥ 4TO cyMMa pacerOfiBMli OT TOUYKM
T no BepwMH TpPEyrofbHHKA MeHblile, 9eM OT JOGO# APYrofi TOUKH
IJIOCKOCTH.

74. Tlycts a, b, ¢ m d — nocnefoparenbribie €TOPOHH HeTHpex-
YyroJbREKa. JloKaxHTe, YTO IIOUaAb YeTHPEXYroJbHKKAa He GoJbuiel

a) (ab+ cd)/2; 6) (ac + bd)/2.

76. Ha xaxpoii cTopoHe napainenorpaMMa BHOpPaHO no Touke.
JlokaxKHTe, 4TO eenH NNOLWAfb HeTHPEXYrOJLHHKA € BepUIMHAMH B
STHX TOUKax paBHa MOJIOBHHe IVIOWI3JH NapajjeforpaMMma, To XOTf
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O onna B3 AuaroHafell WeTHPeXyroJbHHKa fapajliesibBa ORHOA H3
CTOpPOH NapaJieorpaMMa.

76. Ha ocuopanuu AB tpaneuusu ABCD 3apana touka K. [ae
Ha ocHoBauuH CD HYXnRO BHOpaThb TouKy M, 9TOGH n/omaib 9ethi-
PEXYrONbHHKA, NOJAYYAOLIerocAi NpH NepeceyeHHH TPeYroNbHHKOB
AMB u CKD, 6nina nauGonsiedt?

77. Moo Nu PacnosoXKHTb HA NJIOCKOCTH 7 TOYEK TaK, YTOs
6u cpesd MOGHX TPEX H3 HMX HAIJIHCh ABE HAa pPAcCTOAHRH 1?

78. Tlpoexuns miockoRl ¢urypsl Ha moGyio NPAMYIO B ee HJIOCKO«
CTH uMmeeT AnuHy He Gosmine 1. Bepwo sm, uro STy Qurypy Moxuo
TIOMECTHTL B OKPYXHOCTb AHaMeTpa: a) 1? 6) 1,52

79. INapasnenenunen paspemiaeTca NepeMeLiaTb B NPOCTPAHCTBE,
HoKkaxkute, 910 €ro «TeHb» — OPTOroHaNbHAf NPOEKUHA HA FOPH3OH<
TaAbHYI0 NJOCKOCTh — OyJleT HMeThb HauGoJbIIYI0 IOWEAL B TOM
MONOXEHHH, KOTfla HEKOTOPHe TPH BEPIIHHH NApajJjefenHnefa Je«
¥aT B OJHOH OPH3OHTAJILHOR NJIOCKOCTH.

80. Hafinure 8aBHCHMOCTH AJHTENbHOCTH T CaMOro KOPOTKOro
JHA B NYHKTe, Pacno/iOXEeHHOM Ha NOBEPXBOCTH 3eMJH, OT ero wifi-
poTH @ (0 << @ < 51/2). 3eM0 MOKHO CIHTATHL IIAPOM, OCh Bparie-
HHAl KoToporo o6pa3yerT € MJOCKOCTBIO ABHXeHHs 3eMIH BOKPYP
CoJnla H3BECTHHI yroa o.

81. 300 uwenosek BHCTpoeHn! B mpamoyroabEHK 30 X 10 {30 ge-
NOBEK B Kaxnaofl uiepenre # 10 venosek B kamxpaofl Konorme). Hs
Ka}paoR 1wepeHrn Bo6paN¥ CaMOro BHICOKOrO; CaMHIM HH3KHM H3
otux 10 yenosex okasancs Ilerpos, 3aTeM u3 KaXAOA KOJOHHH Bbi~
6palu CaMOro HH3KOro; CaMslM BHICOKHM H3 HHMX OKa3sancs Hpawos,

to Buiwe: Meanos unu ITetpos?

82 Uncna 1, 2, 3, ..., 81 paccrasnmor B Tabnuuy 9 X9 Tak,
qro6H B KaX A0 CTpoKe uHc/ia OuIH pacnosioxXeHH B NOpsiKe BO3«
pacranusi. Kakoe HauGosblliee H KaKoe HaHMehblliee 3HAU€HHE MO-
JeT HMETb CyMMa 9HCENl B NATOM cToaGue?

83. B Tabmuuy n )X n paccTaBi€HB llesibie HeOTpHUATe/IbHBIE
ukcna. MapecTHo, 9T0 ec/IH Ba nepeceneRHH CTPOKH H CTO/6LA CTOHT
0, To cymMMa ocTajibHbiX 27— 1 uHces B O06pasyeMOM HMH «Kpecte»
He Menbwie n. JIoKaXHTe, 4TO cyMMa BCeX n? uynces He MeHbuwe n2(2,

84. Pewnre cHCTeMy ypaBHeRHA

ndAVa=1 ntyo=1 ..., x+Vn=1 K+/n=1

85. Ilsoe urpator B Takyio urpy. [lepefl HHMH /iBe KYy9YKH CIH+
yek. OfHH #3 HHX BHOpacHBaeT KaKyw-HROYmb KyuKy, a ocTaB-
mrylocs pa3GHBaer Ha jgBe. Bropoii cHopa BHIGpachiBaeT OAHY u3
Ky4eK, a APYryso AeJNHT Ha JBe # Tak Aanee. [IpourpuBaer TOT, KTO
He MOXET Cle]aThb O4YEpeHOM XOJ M3-3a TOro, YTO B KaxJAofl Kyuke
ocranoch no ofHo# cnxuke. KTo BHMrpaer npu mpaBHNbHON Mrpe —
HayHHAIOLUIHA MM ero napTHep, eC/lH BHauajde B OJHOM KyiKe GHJO
19 cnuyex, a B apyroit 88?

86. Hmeercs HeckoJibKO Kyuek kamHefi. JIBoe urpasoor B Hrpy,
XOI KOTOPOM COCTOHT B TOM, YTO HIPOK Pa3GHBaeT KaMAyld KYuKy,
cocTosilyl0 Gojee YeM H3 ONHOrO KaMHfl, Ha JiBe MEHbLUHe KYUKH.
Xogw penaloTca noovYepefiR0 A0 TeX NOp, NOKa BO BCeX KydKax
He ocTanetcss no ofHoMy KamHio. IloGenuTeneM CuHTaeTcsi HIrpok,
chenasunft nocaeiumnii xoA. Kax foJKeH HIpaTh HAUYHHAOIMNA, €caH
cHayasa B KaxJof Kyuke 6uin0 oT 80 no 120 kamueh?

87. Cpen n OAMHAKOBHX NO BHOY MOHeT MOryT OuiTb ofHa
HAH aBe GalbIMBLIX, OT/IHYAIOUMXCS OT OCTANBHHX 00 Hecy (MO
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MOXeT He OMTb ¥ HH OflHOM (anbWHBOR; eciM baNbIIUBHX HIBe, To
OHH MeXJly co6ofi paBHH no Becy). 32 TPH B3BEIIMBAHHS Ha Yauey«
HHX Becax 6e3 rupb HYXHO ONpPEeNeJNTb, €CTb JH (aJLUIMBHE MO-
HEeTH M KaKHe MOHeTH TfXejee — danbluHBHe HNH HacTosuue. Kak
STO chenatn, ecan: a) n=8; 6) n— moboe uenoe yucio, n > 8?

88. N ppyseit onnoBpeMeHHO y3Hanu N HoBOCTel, npHueM KaXe
BHil y3Han Ofny HOBOCTh. OHM CTaJK 3BOHMTH ApYr APYry H obwme-
HMBaTbCA HOBOCTAMH. KaAHi pa3rosop AMMTCA OnMM €ac. 3a OAHH
Pasrosop MOXHO NepPefaTb CKOJBKO yroaHo Bosoctefi. Kakoe MuhH<
MaJjibHOE KOJHYECTBO 4acoB Heo6XOIHMO, YTOGH BCe Y3HANH BCe
HOBOCTH? YKa)XHTe OTBeT, ecnH; a) N = 64, 6) N=55, B) N=100,

JEBSATBIAI TYPHUP I'OPOIOB, BECEHHUF TYP
(mapt 1988 r.)

3asaun 1—7 npepnarajinch yueHMkaM 7—8 KJaacca, 3afavuH
8 — 12 — yuenukam 9 — 10 xnacca.

1. a, b H c—nuenne uMcaa. [{oxkaxnre, uto ecau a+ b =y,
T0 at+ b* + ¢! — yABoeHHHIl KBAApAT LENOrO MHCAA.

2. lan Tpeyronbhuk ABC. Jlpe npsMHe, CHMMETPHYHHC npsi-
Mol AC orvocutensHo npsaMHx AB u BC cooTseTcTBEHHO, mepeces
KaTcH B Touke K. Jokaxute, 3r0 npaMas BK npoxoiHT uepes
LleHTP OMHCaRHOH OKPYXHOCTH Tpeyronbuika ABC,

3. Peunte cHcremy

(%3 + x4+ x5)° = 3xy,
(¥4 + x5+ x1)° = 3x,,
(x5 + %1 + x2)° = 3xs,
(X1 + X3+ x5)° = 3x,,
(x2+ x5+ x,)° = 3x5.

4. B naGope umeloTcs rHpH Mmaccoli 1 r, 2 r, 4 r v 1. I,
{Bce cTeneHH uMcia 2), nMpMYeM CpPeAH IMpPb MOryT OHITb OIHHAKO«
sule. Ha npe 9alIKH BeCOB NOJIOXHJH HEKOTOPOE KOJIMYECTBO THMphb,
TaK 4TO HacTynwio pashoBecHe. MsBectHo, yTO Ha JeBOll wallxe
BCe THpPH paannuHe. JlOKaXHTe, YTO Ha NpaBoii Walike He MeHbLIe
THPb, 9eM Ha JIeBOki.

5. MOXHO JIH NOKPHTb IJIOCKOCTL OKPYXXHOCTAMH TaK, YTOGH
gepes KaxAyl0 TOUKYy NPOXOAWNO poBHO 1988 oxpyxBocrefi?

6. PaccMaTpuBaercsl rnoc/ea0BaTeJILHOCTL ¢JIoB M3 6yks A u B,
[Mepsoe cnoso — «A», BrOpoe — «B», k-e monydaeTcfi NPHIMCHBA-
HHeM K (k—2)-My cioBy cnpaBa (k—1)-ro, Tak 910 Ha4ajo mocjaes
OBaTEJILHOCTH MMeeT BHA «A», <«B» <«AB», «BAB», «<ABBAB»...
Moxker 28 B NOCNEAOBAaTENLHOCTH BCTPETHTHCH <«NepPHOIHYECKOe»
CJIOBO, T.e. cioso Buaa PP... P, rae P — nekoTopoe CJOBO, MOBTO<
peHHOe MO KpaiiHell Mepe ABaMAH?

7. llpamoft yron pa3GuT Ha GecKOMeYHOe YHCIO KBAJAPATHHIX
KieTok. ByJleM paccMaTpPHBAaTh PAJAH KJETOK, NapajuiefbHbie CTOPO-
HaM yria («BepTHKaNbHbie® W «TOPH3OHTaNbHHE» psfinl). MoxHo au
B KaXAyl KJeTKy 3aMHCaThb HaTypalbHOe YMCJIO TakK, 4TO6bl Ka-
LK BepPTMKAAbHH H KaXALH rOPH3OHTAJNBHHI PAR KJAETOK COREp-
JKan BCce HaTypaJibBHe WHCIA N0 ORHOMY pasy?.

278



8. Tlpn kaKoM OTHOLIEHHH OCHOBAHHE TpaNeUHH CYLIECTBYET
npaMasi, Ha Kotopoil 6 Touek nepeceuyeHHs C JIHaroHalsIMH, GOKOBHI-
MH CTOPOHAMH H NPOAOJKEHHSIMH OCHOBAHHH TPaNelUHH BHCEKaloT
5 paBHBIX OTpe3kos?

9. IIpo muorouneH c UeaniMi KO3((HINEHTAMH H3BECTHO, YTO
1 B 2 ssnsuorca ero KopusiMp. JlokaxuTe, 4To Haijercss Ko3ddu-
1IMeHT, KoTopwil MeHbe —1.

10. Umeerca MuOMecTBO 6HneToB ¢ Bomepamu ot 1 zo 30 (wo-
Mepa MOryT NoBTOpsitecsi). KaXahill H3 yuYeHHKOB BHITSIHYJ ONHH
6nner. YuHTesqb MoXeT IPOYHTATb CIHCOK M3 HECKOJBKHX HOMEPOB
(BO3MOXHO — H3 OAHOTO) M MONPOCHTL HX BJAajieblieB MOAHATH
pykH. Kakoe HaHMeHbluee YHC/JIO CIHCKOB OH JO/IKEH OIJIACHTb, YTO-
6bl y3HaTL HOMep OnJlieTa KaAoro yyeHHKa? (YueHHKOB He 00si3a-
TeapHo 30.)

11. Ky6 20X 20 X 20 coctasneH u3s 2000 xupnHuelt pasMepoM
2 X 2 X 1. JokaxHTe, 4TO €ro MOXKHO NPOTKHYTH HIJIOH TaK, 4TOGH
HIJia Npollia 4Yepe3 Ky6 H He YTKHyJach B KHPIIHY.

12, PaccMarpuBaercsi NOCJEAOBATENBHOCTH CJIOB, COCTOALIAA H3
6yks A u B. [lepsoe cnoBo B NMocien0BaTeNLHOCTH — «A», k-e cloBO
nonydaercs 3 (k—1)-ro ¢ nomouipio cnenyiouleil onepaumuH: Kax-
noe A 3aMensiercsa Ma AAB, xaxjaoe B —mwua A. Jlerko Buaers, 41O
KaxIoe CNOBO SIBJSETCSl HAYaJIOM CJCLYIOULero, TeM CaMBIM MOJy-
gaercsi GecKOHeYHasi NOCJefoBaTebHOCTh OYKB:.

AABAABAAABAABAAAB...

a) Ha kakom wmecte B 9TOll nocsefoBaTeNbHOCTH BCTPETHTCH
1000-n Gyksa A?
6) HokaxuTe, 9TO STa NOCJACAOBATENHHOCTb HeNepHOJiHYEeCKas,
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CIIHCOK OBO3HAYEHHRA

N — MHOXeCTBO HaTypasibHHX uMces

Z — MHOXeCTBO LieJbIX uHces

R — MHOMeCTBO JHEHCTBHTENBHHX (BEIIECTBEHRHX) uMcel
a & A —3neMeHT @ NPHHANNEMHT MHOKecTBY A

AN B — nepeceuenne (o6man uactb) MHOxects A u B

A U B— o6beantenne MHOMecTB A u B

a,8z ... Gp — 33MHCH N-3HAYHOFO YMC/I8 B RECATHUHOH CHCTEME
(maM B cHCTeMme ¢ ApYrHM ocHoBanueM, I13)

a = b(modm) — (a cpaBHEMO ¢ b mO MORYJIO M) OCTATKH
Henbix 4YHcesl @ W b TMpH [HeneHWM Ha m pPaBHH; PasHOCTD a—b
ACJHTCS Ha m

nl — (n ¢akrtopnan) npomssepenne 1-2- ,,, n; Ol =1l=1

Cf, — GuHomuanbHui Koabduuuent nl/(k!(n — k)1); cm. 116, IT10

[x] — uenas wacte uncna x (HamGosbluee LeNOe YHCNO, He Mpe-
BOCXOAfILEE X)
max {xl. Ko ooy xn} = mi;x x, — Haubosblllee M3  YHcea

K1y xz-."" Xn i
min {xl. x2, ey xn} == min xi — HaHMEHbIUee H3 uxcen

X, X2, ooay X

n

Iz:xi== Z x,—cymma x, + %+ oo 2,

=1 1Iign

AB —otpe3ok ¢ KonuamMu A, B; pauHa 3TOro oTpeska; ayw
¢ Hayasiom A, mpOXOpsWKi uepe3 B; npsAMas, npoxonsiuas yepes
toukM A u B

AB:CD = AB/CD — otHomenne (nnuH) orpeskos AB u CD

—_

u = AB — pexrop ¢ HauasoM A ¥ KoHuoM B

u-U = Uv — CKaJIApHOe MPOH3Be[eHHe BEKTOPOB U H U

£LABC(/(8,v)) — yron ABC; Bennunna sToro yryia (BeJHuMHa
yria Mex Ly BEKTOPAMH 6 H v)

SNt

AB(AMB) — pyra c¢ xoHuamp A u B (npoxopsiuias uepes
TOYKy M)

AABC — tpeyronbigk ¢ sepuinHamu A, B, C

AABC = AKLM — tpeyroavhuky ABC v KLM paBHH (KOHs
FPYSHTHEI)

AABC co AKLM — tpeyronshrky ABC u KLM uopo6un

Sasc (Sascp) — nnowany Tpeyronbhuka ABC  (YeTHPEXyrodike
HAxa ABCD), _



OrJIABJIEHHE
Tlpenucnosue

Ycaoeus sapay . . .
Pemennn, yKa3anusi, OTBeTH ,

TemaTuveckuii nyTeBOAMTEND
3apaun AN TPEHHPOBKM
CHHCOK JIMTEpaTypH .
Cnucok aBTOpOB 8afau
Cuncox  06o3HaueHui

. 21

. 104

. 261
. 2711
. 280
. 284
. 286



Bacuaoes Huroral Bopucosus
Beopoe Axdped Asexcandposus

3ANAYY BCECOIO3HBIX MATEMATUYECKHX OJNIMMITUAL

BAGAHOTEKA MAaTeMATHIECKOTO KPYKKA
Buinyck 18

3asepyroumi penaxkuveft H. A. Yeaposa
Penaktop A. I1. Casun
Xynoxecrseunn@t pepakrop 7. H. Koasuerko
TexHuveckut pepakrop JI. B. Jluxavesa
Koppexropu H. b. Pymanyesa, H. [I. Xpan«o

HB N 32657

Chaxo B HaGop 03. 12 87. TMopumcano K newarm 06.06.88. Qopuar 84)108/32,
ymara THi. Ne 2. 'apuutypa Jmrepatypnasn. [lewatn sticoxan, Yciq. neg. n. 18,12,
¢, KpP.-OTT. 15,54, ¥Ya.-HajA, JI. 16,6. Tnpaxx 400 000 k3. (1-@ 3aBog 1—200 000 SK3.).

3axas M 810, Llexa 70 k.

Opnena Tpynosoro Kpachoro 3uamemm H3garennctso <«Hayxa»
l‘.nnnen mpenalama HA3HKO-MaTEMATAYECKOR NMTepaTypul
1 Mocksa B-71, Jleuunckult npocnexr, 16

JleHuHrpanckan cunorpadua M £ rosopHoe mNpeAnprsATHe
opnena Tpynosoro Kpacworo 3maMeHR JIeHAHrpagCkoro obGnenvHeHMS
«Texnnaeckan kunra» uM. Enpremnu Coxonosop Cotosanosnarpadnpoma

apu l'ocyuapc'rsenuou kountere CCCP no menaM M3gatenscrs,
urpadun u xumxkuoft TOpromam.

188052, r- .neuﬂnrpul. J1-52, Hama#tnoscknuA mnpocnext, 29






