AKAODEMHUSA TEOATOTHYECKUX HAYK PCO®CP

AHUUKJIOIMEONSY
SJEMEHTAPHOM
MATEMATUKMU

KHUTA TISITAS
FEOMETPUY

— )

8

U3OATEJIBCTBO «<HAYKA»

[JIABHAS PEOAKUUA
®U3UKO-MATEMATHUUECKON JIUTEPATYPHI
MOCKBA 1966



51.3 (03)
968
YK 513.0 (03)

TJIABHAG PEOAKIHYA
SHUUKJIONIEAWH SJEMEHTAPHOM
MATEMATHKHY

I1. C. AVIEKCAH/JPOB,
A. M. MAPKYIIEBUY,

fX.ﬂ.quqMH

PEJLAKTOPBI KHUTY NSTOM:
B. I'. BOJITIHCKUY,
U. M. SArJIOM

Scan AAW

SHUMKJIOTIEAUA BJIEMEHTAPHOM MATEMATHKH
KHHTA TIITAS — TEOMETPHUSA

M., 1966 r., 624 ctp. ¢ B
Penakropet B. H. Burioykos, H. E. Mopo3osa.
TexH. penaktop C. f. Wixasp. Koppekrop C. H. Eseabaunosa.

Cnaxo B HaGop 20/XI 1965 r. IToanucaHo K neuaTu 24/1I1 1966 r. Bymara 60X90!/s.
®y3. meu. Ja. 39. ¥YcaoBH., ned. Ja. 39. VYu.-maa. Ja. 41,18, Tupax 25000 3ks,
T-04630. Llena xuuru 1 p. 56 k. 3akaz Ne 336.

Hspatensctso «Haykas.
TynaBHas pefakuus GH3HKc-MaTeMaTHYeCKON JIHTepaTyphL.
Mockea, B-7l, JlenuHcku# mpocnekTt, 15,

T'aasnoaurpagpnpom Komurera no meuatu npu CoseTe Munncrpos CCCP. Orneua-

tano B JleHuurpaackoii tunorpadru Ne 1 «Ilewatdstit Jsop» uM A, M. T'opbkoro,

TatuuHckas, 2% ¢ marpuiy Ilepsoit OGpasuoBoit THmorpaduu HM. A, A. JKzanosa,
Mocksa, )K-54, Bajosasn, 28.



OIr'JIABJIEHHE

NJIOINAJZL H OBBEM
(B. A. Poxaur)

§ 1. Bpenenue: 4TO Takoe MAOWAMB? . . . . . . . e e e e e e T
§ 2. Knacc MHOTOYTOABHBIX QHTYD . . . . . . . . . e e e e e 13
§ 3. [lnomanr Ha KAacce MHOTOYTOMABHEX QUIYD .« o « o . . . . . . . , 21
§ 4. Knacc kBaipupyeMeIX ¢uryp . . . . . . . e e e e e e e e e 33
§ 5. Ilnomans Ha Kjaacce KBAAPHPYEMEIX QHIYP . o o + . . v v . . . . 44
§ 6. JIpyroe nocTpoeHHe TEOPHHM IJOMGMEH . . . . . v + . 4 & 4 . . . 56
§7.00BEM . . . . .. e e e e e e e e e 65
HoGasnenue. Ilnomane u o6beM B reoMeTpuy mojobus . . . . . . . . . 81
Jurepatypa . . . . . e e e e e e e e e e e e e e e 86
IJIMHA KPUBOH U NMJIOIAABL NMOBEPXHOCTH
(B. I'. Boamsanckuil)
§ 1. OAuHB JMOMaHBEIX AHHHE . o v v v v v v v o v e o 0 o v e e v s 89
§ 2. IlpocToie AYTH . . . .« « ¢ v o o o e e e e e e e e e e e 100
§ 3. CnpamiseMple JHHEH . . . . . . o v v v o 0 v o o e e e e e 109
§ 4. Oauna Ha KJacce cHpAMJASeMHX JMHuH . . . . . .. . ... ... 117
§ 5. O NMOHATHH NJOWAZH MOBEPXHOCTH . . « o . . . . e s e . 130
JIUTEPAaTYPa . . . o o e e e e e e e e e e e e e e e 140

PABHOCOCTABJIEHHOCTb MHOTOYTroJIbHHKOB H MHOTOFPAHHUKOB
(B. I'. Boamsanckuii)

§ 1. BBelleHHE . . . . .. L e e e e e o e e . . 142
§ 2. PaBHOCOCTaBJIEHHOCTL MHOTOYTONBHHKOB . . o v « v v « « o o . . 158
§ 3. PaBHOCOCTaBJEHHOCTb MHOTOTDAHHMKOB . . . . . . . . e e 165
JIUTEPATYPA .+ v o v v v v v v e e e e e e s e e e e e e 180

BBINYKJIbIE ®HT'YPbl H TEJIA
(B. I'. Boamsanckuig, H. M. feaon)

§ 1. Onpefenexnye M OCHOBHEIE CBOHCTBA . . . . . . . . . . . . o 4 o . 182
§ 2. [Ipocreiiiye MeTpUYeCKHe XaPAKTEPHCTHKH BBIMYKABX ¢uryp . . . . 195
§ 3. BenyKJAbe MHOFOYTOJbHUKH H MHOTOTPaHHHKH . . . . . . . . . .. 207
§ 4. [MepuMeTp, MIOWAAb, OOBEM . . . « . « & «  « o« v 0 0 v o o 0 - o 219
§ 5. BrIMyKJBle Tejla B MHOTOMEDHBEIX NPOCTPAHCTBAX . . . & . « o & o » 239
§ 6. Hekortopele 3ajaud KOMOKHATOPHON FEOMETPHH . . . . . o + « + . 247
JINTEPATYPA v v v 4 v v o v 4 v e o e e e e e e e e e e e s 267



4 Or/TABJEHHE

TEOMETPUYECKHE 3AJAYH HA MAKCHMYM-H MHHHMYM
(B. I'. Boamanckut, H. M. Heaon)

§ 1. Hauboabuine u HaMMeHbiuve 3HAYeHHA QyHKOME . . . . . . . . ., 270
§ 2. 3HaMeHUTHE TeOMETPHUECKHE 38JAUH . « .+ « o + o « « o+ « o & & 307
§ 3. 3amauy Ha MaKCHMYM H MHHHMYM, CB32HHM C BHIYKJABIMH durypamu 338
THTEPATYPA  © v v v v e i e e i e e e e e e e e e e e e e e 347

MHOTOMEPHBIE NMPOCTPAHCTBA
(5. A. Posencpensd, H. M. Senom)

§ 1. OnpeneneHue MHOTOMEPHOIO TMPOCTPAHCTBA . . . . . = & + + « « o » 349
§ 2. TIpAMBIE B IMIOCKOCTH . . . . + v v« 4 v v v v v o v o e a e o e 354
§ 3. Maper mocepal . . . . . . . . o e e e e e e e e e e 373
§ 4. MHOTOTPAHHUKH . v v v v v v v v v v o v i o e oo o b o e e o 378
JIATEPATYPA .« v v v v v s e e e e e e e e e e e e e e e ... 391

HEEBKJHZAOBbI FEOMETPHMU
(5. A. Posengpeasd, H. M. fleaon)

§ 1. BosHnkHOBeHHe HeeBKMNJOBON reomerpun JloGauesckoro ., . ., . . . 394
§ 2. Heeskaugosa reomerpus Pumana . . . . . . . . ... ... ... 404
§ 3. IlceBJOeBKNJ0BA TEOMETPHA . . . . « & & « « « 4 e . 420
§ 4. HeeBx/iuzoBa reoMeTpus JIoGaueBCKOTO . . .+ + & « « + « « & « & . 439
§ 5. HeeBknupoBa reoMeTpus [afMies . . . .« v viv v v v v v v v o s 452
§ 6. HeeBxauJoBL reoMeTpuM H rpynmnbl npeobpasoBaHufi . . . . . . . . 458
§ 7. Hekortopble Jpyrue reoMeTpPHUUYECKHE CHUCTEMBl . . . + v « + « & + & 465
JIUTePaTYPa . . . . o o o o e o e e e e e e e e e e e e e e e 474
OCHOBHBIE TOINIOJIOTHYECKHE NMOHATHSA
(B. A. Eppenosut)
BBEEGHHE . . . . . . . it e e e e e e e e e e e e e e e e e e e 477
§ 1. JIMHHE H TOBEPXHOCTH . . v ¢ v v v v 0 o o v v o v s e v u oo 484
§ 2. MEOrOOGPa3HA . . . . . . .« L e v e e e e e e e e e e e e 516
§ 3. O6uie TOMOJOTHUYECKHE MOHATHA 4 &« o o » o « + « 4 o « « o 4 . . b3
JIMTEpaTYpPa . v v i . o e e e e e e e e e e e e . 5bb

KOHUYECKHE CEYEHHA
(3. A. Cxoney)

§ 1. PasiuuHble onpejesieHHs KOHMUECKHX CeueHMd . . . . . . . . . .. 057
§ 2. OMMUIC . . L L o v s e e e e e e e e e e e e e e 569
§ 3. T'unepbona . . . . ... .. e e e e e e e e e e e e e 587
§4 Tlapaboma . . . . . . . v . . v e e e e e 598
§ 5. Hexoropre obuine cBoficTBa KOHHYeCKHX CeYeHHH . . . . . . . .. 603
JIHTEPATYPA . . . & v v v e e e e e e e e e e e e e e e e e 607
ViMeHHOR yKasaTenb . . . . . . . . . ... e e e e 609

TIpeAMETHBIL YKABATEAbL . & + 4w & o o 4 ¢ o o o 0 o v 0 o v o v o . 612



MJIOWAIb U OBBEM

COJEPXAHHE

§ 1. BBejeHue: 4TO TaKOe IVIOILAKB? . . & o + & v v o ¢ 4 o o o o v o o T
1.1. OcHOBHBle CBOHCTBA IJOWIAAH . + & 4 o « + & + &+ . Y §
1. 2 KBagpupyeMbie QUTYDHL . . & o v v v v v v e e e e e 8
1.3. AxcuoMaTtHuyecKoe onpelefeHHe MJOUWIAAU ., o . 4 . o . . . .o 9
1.4. TIpo6neMa CYWECTBOBAHHA IMAOWAKH . . . 4 + o + . B (1]
1.5. KOHCTpYKTUBHBE ONMpeAeAEHHT MJAOWIAAH . . .« & + & + o & « . 10

1.6. CpaBHeHHe IJIOWAAM C 3JeMeHTapPHEIMH (QYHKUMAMH JeHCTBHTENb-
HOTO NEPEMEHHOTO . &+ &+ « v & & o o & o o o & o o o o - A ]
L7.HTOTH . . L 0 s e e e e s e e e e e e e 12
§ 2. Knacc MHOTOYFOMBHBIX DHTYD « « v v o v v v v v v v e o o v a o 13
2.1, BHyTpeHHue, BHEMHHE M TPAHUYHBIE TOUKH . . . . . . . . .. 13
2.2. OTKpHITEE U 3aMKHYTHle MHOXKECTBA . . . . . . . . e e e 15
2.3, BHINYKJABIE MHOTOYTOMBHHKH . . &+ o + + 4o v o o o s 0 0 v o s 16
2.4, MHOrovrosbHble GUIYPHL . . . .« .« =« . . e e e e e e s 17
2.5. Onepauyun Haj MHOTOYTOJBHHIMH (GHTYPAMH . . . . . .« . . . . 18
§ 3. [liomanp Ha KJacce MHOTOYIOJBHBIX GUTYP . o v v v v v v v v o W 21
3.1, OmpefeneHye MAOMAAR . . . . . . . + o o o o o & e e e e 21
3.2. Ilpocrefiluye cnencTBHA ONPEHENEHHT . . o v « + + o o o . « . 21
3.3. Briuucnenue mnomaiy npAMOYTOJBbHHKA . . . . . . el e s . 22
3.4. BoluucneHHe NJAOU(afH TPeyrolbHHKAa M TpameuMd . . . . . . . 23
3.5, Bbluucnenne TIOmafH NPOU3BOJBHOH MHOTOYrodbHOH durype 23
3.6. CTpOrasg MOHOTOHHOCTD . & v 4 o 4 o o + « & « o« « o o & o o u 24
3.7. TeopeMa cymiecTBOBaHHS M €IUHCTBEHHOCTH . . . . . . . . . . 24
3.8. TloBefenue nuomazu npu npeo6pasosaHuu nojgobug . . . . . . 29
3.9. TloBegenue naoumaay npH OPTOrOHAJbHOM NPOEKTHPOBAHHH . . . 29
3.10. Topegenue nmnoutanyu npu adduuaHEOM npeo6pasoaaﬂnn .. ... 30
§ 4. Knacc kBagpupyeMbiXx GUTYP . . . . . & v v v v v o v v e e e 33
4.1. Onpenenenne KBagpHpyeMo# (purypm ............. 33
4.2. 3ameuaHnue o BuGope uryp P n Q . . . . .. .. .. .. 33
4.3, Hynab-MHOMKECTBA . . . . v v v v v v v v v e o o e 0. 34
4.4, JlemMa 0 rpanuyHofi TOUKE v v e e e e e e 35
4.5. Kpurepufi KBafpupyeMoCTH . . . . . . + + . . e e e e e 35
4.6, Onepauuu Hal KBaJpHPyeMbIMH QHIYypaMH . . . . . . . . . . 36
4.7, JIMHHE . . . o o . o e e s e e e e e e e e e e e 36
4.8. KBanpupyeMocTb KJIaCCHYECKHX GHULYD . « .+ & v« « v v o o & 40
4.9, Kpyr . o 0 o e e e e e e e e e e e e e e 41
4.10. TIpuMepsl HEKBAZDHPYEMBIX MHOMKECTE . . . + o & & « + & & o o 41
§ 5. Ilnowans Ha Kjacce KBRJPHPYEMBIX OHIYP o o v v v v v o 0 0 v o & 44
5.1. OnpefeneHue MIOMAMH - - « « + & 4 4 o o o o o 0 « o o o s 44
5.2, TlpocTefiliye CAeACTBHSA OMPELETEHHT . o + « « « o o « + o & &« 44
5.3. ITnomagb KaK TOUHAST TPAHD . . . « & v « o o o o o o o o o . 45

5.4, ITnowagb KaK TPEHET  « « v v 4 o v o 0 0 o o o 0 o o o v s s 46



6 OJAOUIALL ¥ OBBEM

5.5. Teopema CyHIeCTBOBAHUS M eLUHCTBEHHOCTH ., . . . . . . . . 47
5.6. Hyab-mMHoXecTBa . . e e e e e e e e .. 48
5.7. TlonneTa KJaacca Ksanpupyemux tpm‘yp e e e ... . 48
5.8. IloBexenue nJaowiagy Inpu aq)(pHHHOM npeo6pasosamm e .. 49
5.9. BoiyucieHde TwOWaid . . . . .. b0
5.10. Tlaomwanp Ha Kiaacce KBanpupyeMblx SaMKHyTle obnacreit . . . 54
§ 6. Llpyroe mocTpoeHue Teopuu miomaged . . . . . . ... . ..... 56
6.1. Beepmenue . . . B )
6.2. Ilnowanb OTHOCHTeJIbHO CeTKH . . . . . S 14
6.3. Kpurepu#i KBagpupyeMocTH . . s ¢
6.4. Onepauun Hal KBaJpUpYeMBIMU tpﬂrypaMn e e e e e oo . 60
6.5. OcHoBHBle CBONCTBa IVIOLIafH . . )
6.6. TeopemMa eIMHCTBEHHOCTH . . . « « . « + « v « « + . « . . . 063
6.7. nBapnaHTHOCTh MJIOMAAH . . . . e o, B4
6.8. DKBHBaJEHTHOCTb IBYX onpenenennu n.now,a;m . e ... 64
§ 7. O6mem . P
7IBBe11eHHe... T -
7.2. KJIaCCMHOI‘O[‘paHHbIXTEJI.... e e e i e e e ... B6
7.3. Onpenenenne o6beMa Ha KJjacce MHOrOTpaHHHX Tel . . . . . . 68
7.4, Buuucnende o6beMa Ha KJacce MBOFOTpaHHEIX Tesl . . . . . . 68

7.5. CyuiecTBOBaHHe H eJlHHCTBEHHOCTb 00BEMa Ha KJacCeé MHOTOTpaH-
HBHIX T&T . . . Y 44

7.6. IloBepenue o6Bema MHOl"Ol"paHHOFO Teaa IPU TeOMeTPHUECKHX
npeo6pasoBaHuﬁx.....................75
7.7. Knace Ky6HpyeMEIX Ted . . . Y £
7.8. O6beM Ha KJacce KYOHpYEMBIX Ted . e 6
7.9, IIUNUHADPEL B KOHYCBL . « .+ & v v v 4 v v v o v v v v v 0 oW 17
7.10.LLIap...‘.......................78
7.11, Tena BpaweHus . . . . . < 1
7.12. Jlpyroe nmocTpoeHHe TeOpHH 06BeMOB . . . . .. .. .. ... 8l
Jo6asaenne, Ilaomans 1 065eM B reoMeTpuHu no,uo61m PO -1
1. Merpuueckas reoMeTpHs W TeOMeTpHS MOXOGHA . . . . .. 8l

2. Hpeoﬁpasosanne niomaay ¥ obbemMa nNpH 3aMeHe enm-m!moro oT-
peska . . . . O <
3. Ilepexon K reomeTpuu HO,[[O6HFI O -
4, EgvHMIL AJMHEBL, [JOWAAHM H O6B€MA . . . . « « « « « « . . . . 8B
JINTEPATYPA  « v v v v v v e e e e e e e e e e e e e e e e e .. 86

DTa CTaTbfi MOCBSILUEHA OCHOBHKEIM BOMPOCAM TEOPHH Mmioumiafel u
06 beMOB —HX ONpeNeNneHHlo, CBOHCTBAM W BhUHCAeHHIO, [lromans
M3y4aercd TOJAbKO Ha IWIoCKocTH, OnpejeseHye IJOUALH KpHBOH
[OBEPXHOCTH TpefyeT COBCEM ADPYLHX cpercTsl).

[Tpeanonaraetcs, 4TO YMTATENb 3HAKOM C TeOopHeH NJIHH HPAMOJH-
HefiHeX oTpe3koB (cM, c¢Tp. 89-—94). Hanomuum, 410 B OCHOBE 3TOH Teo-
DHH 1exHT BHOOD e IMHHYHOrO oTpeska. Eciu enunnunslit 0Tpe3ok 3aMeHd-
eTcd APYrUM OTpe3KOM, TO MJHHH BCEX OTPEe3KOB AeNATCH HA CTAPYIO
IMMHY HOBOTO eXMHHYHOrO oTpeska. [Lmouranu u o6beMbl TOXe 3aBUCAT
oT BbIfOpa €IHHMYHOrO OTpe3Ka. JTa 3aBHCHMOCTb M3ydYaeTcs B CIeiH-

1) Cm. crate «[lanHa KpHBOK M MIOMAAL TOBEPXHOCTH» B 5TOM TOME
93M. (HIpum. ped.)



BBEJEHUE: UTO TAKOE IIOLIALB? 7

a1pHOM 100GaBleHHUH, IOMEIIEHHOM IOCHe CTaTbU. B canoii cmamese
eOUHUYHBIL Oompe30K Ccuumaemcs @DUKCUPOSAHHbM pa3 U HaECe20q.

Tpe6oBanus k obuleft MOArOTOBKE YHUTATENS IOYTH BCIOLY OCPaHH-
YHBAIOTCST CAMBIMH HAYaJbHHIMH CBEXEHHSIMHM O MHOXeCTBax, (QyHKIHAX
H NOCTeX0BATEeNbHOCTAX (CBOHCTBA CMOXEHHS, BBIYUTAHUA H Iepeceye-
HHS MHOXECTB; oOHlee MOHATHE YHCAOROH (YHKIUH; IPAHUILI YHCIOBLIX
MHOKECTB; Mpelesn MNOCAeLOBAaTeNbHOCTH). IHemHOTHe MeHee anemed-
TapHble HYHKTH OTMEUYEeHH 3Be3404KOH ¥ MOryT OHThb HpomyuieHs 6e3
ywep6a 11 MOHUMAHHS OCTANBHOLO.

Haumenee snemeHTapHo# npobiaemo#i Teopuu naouwanef U o6beMoB
IBIeTCT UX BLIYMCIEHHE: CKONbKO-HHOYIb MOMHOE paccMOTpeHHe 3ToH
npodneMsl TpeOyeT HHTErpanbHOrO HCUUCAEHHS, IPUTOM INpPHBIEYEHHUH
He TOJBKO IIPOCTHIX, HO H KpaTHHX HHTErpaloR, BKJIOYAS MNepexorn
K KpHBONMHeHHBIM KOOpAMHATaM, [IOHATHO, YTO TaKue CIOXHHIE BeLlH
He MOryT u3/]araTtbcs B 3neMeHTapHolt crtartbe. Ilpuxoaurtcs orpamu-
YHTHCH HECKOAbKHMH (OpMyNaMH, BHIPawaIOIUMHU IJOLIALH H 00beMHl
yepes MPOCTHIE HHTETPAaHL,

§ 1. BBenenue: uTo Takoe MIOMAAbL?

1.1, OcHoBHBle cBOficTBA Myomanu. [1nowaib NpHHALIEKUT K YUCAY
Haufo/Nee WHPOKO H3BECTHBIX MATEMaTHYECKUX NOHATHH-—TEX, C KO-
TOPHIMM BCe MBI BcTpeuaeMcs B MpakTHueckoH wu3Hu. [IpakTtuuecxoe
8HAKOMCTBO C IVIOUIAAfIMH JesaeT 3TO MOHATHE YPe3BhYaHHO HALEKHBIM
B Hamux riaasax. [lmomwans npencraensercss HaM QuaudecKo# peanb-
HOCTBIO, TaKoH e HeCOMHEHHOH, KaK OKPYyXawllHe HaC MNPEemMeTHl,

3HayuTeNbHO MeHee M3BecTeH TOT (DAKT, YTO IVIOUIAAb— OYEHb HE
npoctoe nowgTue, TodHOe onpeneneHHe MAOMAAH NpeicTaBAsdeT 3HA-
YHTE/bHLIE JIOTHYeCKHe TPYNHOCTH M MOYTH HEM3BECTHO 3a MpeaenaMu
y3KOro Kpyra npodeccHoHalbHEIX MaTeMaTHKOB. MHOruM camelii Bompoc
MOKaMETC HMCKYCCTBEHHBIM: OHH CKawyT, UYTO MJIOULaLb — /1ep8UiH o€
TIOHATHE, He NOoJJexallee ONpeNeIeHHI).

Barnga wa naomwanb Kaxk Ha NEPBUYHOE TIOHATHE CIOWHICH elle
B ILPEBHOCTH. JlOo CpaBHMTENbHO HeJIaBHEr0 BPEMEHY 3TOro B3TIdA1a
OPHAEPXKUBANUCE ¥ MaTeMaTHKH. Ha npoTAweHHH MHOTHX CTOJAETHH
OHM BUJAENH CBOIO 3anauy B Selzicaexuu nioinanelf; UM He NPUXOLHIO
B TO/MOBY, YTO NAOWIAAb HYKAAETCH B CHEUMANBHOM ONpeIe/eHUH.

Mexcly TeM HX BLIMHC/IEHHS [JOMKHE ObLUIM HA YeM-TO OCHOBHLI-
BaThCAd —€C/AH HE HA MPIMOM ONpENeNeHHH, TO HA YeM-TO, €ro 3ame-
HAKOUWIEM, HA KAaKHMX-TO INPHHUHUNAX, KOTOpLIE MNO3BOAAAH HM BCAKHH
pa3 mnojy4aTb B KauecTBe IVIOWIAAH OiflpefeseHHOe uHCa0. M Takue
NPUHUKNL, KOHEYHO, CYLIECTBOBANH, XOTSH O6bUHO He GOPMYTHPOBANLCD.
910 —ocHogHbte c8olicmsa miowaln. OHH INHPOKO H3BECTHH, MOTOMY
4TO CAyXaT OCHOBOH BCeX MpPHMeHeHUH — TeopuH miaowlaneéd. Mo Bbl-
CKaweM UX B crepyioulell popme, HauGonee ynobHOH AAs Hawiux mene.



8 MJOUIALbD U OB'BEM

(o) HHpowads buzypbl ecmb HeompuyanmerbrHoe %icAro.

(B) I1rowade thueypsl, cocmasrernnoli u3 wHecrwoavxux uzyp 6es
o0wyux SHYMPEHHUX Mmoter, pasna cymiue naowadeil amux uzyp.

(v) Pasnete dhuzyps. umewom pasroe nALoMadu.

(8) Naowsads edunusnozo xsadpama pasna edurnuie.

CsoiicTBo (o) HasbiBaeTcd nosoxcumeasmocmsio, (f)— addumus-
Hocmuio, (V)— unsapuanmuocmero, (8)— nopmuposannocmeo. Ilox
€NHHUYHBIM KBALPATOM NOHHMAETCA KBAAPAT, NOCTPOEHHNH HA e IHHHYHOM
orpeske. [TonuepkHeM, 4TO B 3TOH cratbe peyb HAET HCKJIIOUUTENLHO
0 nIouwlalax naocikux Quryp.

KoneyHo, B nefiCTBHUTENbHOCTH YeThipe CBOHCTBA He ObLIAH €LHHCT-
BEHHBIMH, KOTODHIMH MATEeMaTHKHM NOJb30BAJNHCH NPH BLIYHCAEHHH MJIO-
mazteit., Ho Bce apyrue cBoificTBa MNAOMWAAM, KOTODHE OHM SBHO HJH
HeBHO HCMOAb30BAJM, OKAa3aJHCh CIENCTBUAMH 3THX ueTepex. B ka-
YyeCTBE NPHMEpa YKaxueM Ha NIMPOKO M3BECTHO? CBOHCTBO, Ha3bIBAEMOS
MOHOMOHHOCLBI0: NAOMA0s Hacmi fueypsl He NpegsLuiaem niou,adl
scell huzyps.. MOHOTOHHOCTL eCTb CIEICTBHE MNOJOWUTENLHOCTH M al-
nuTuBHOCTH. [leficTBuTenbHo, nycTh F—durypa u (G-—ee uacTb.
OGosnaunm yepes G pomonnuTenbHyio uyacTh. Tax kak G u G’ BMecTte
cocTaBafoT ¢GUrypy F u He wuMewT OOUIMX BHYTPeHHUX TOYeK, TO
mi. F=na, G+ na. G/, a tak xak mi. G'=0, 1o mwn. F=un G

1.2, Ksaagpupyewmsle ¢urypsl. MeTonr, NO3BOAAOLINE BHYHCIATH
nIoulaA Ha OCHOBaHMM CBOHCTB (o) — (8), B ceoux HamGonee oOImux
yepTax Takue ObIIM CO314HLl ellle B LPEBHOCTH.

CHauana MaTeMaTHKH HayYHIUCh BHIYHCAATH IJIOWIALHW MHOTOYTOJb-
HeX ¢uryp. Bbuo ycTaHOBIEHO, YTO IJIOWIAAbL TPEYrOJbHHKA PaBHA
[OJIOBHHE NpPOM3BELEeHHA OCHOBAHHSA Ha BLICOTY W YTO 41§ BBIYMCIEHHA
nAoUlagy IPOU3BOALHON MHOTOYroONbHOH QUFypH LOCTATOYHO pPa3BHThH
ee Ha TPeyroabHHKkH Ge3 OOIHX BHYTPEHHHUX TOYEK M CJIOKHUTB IJIO-
LAY STHX TPeYrONbHHKOB.

[Tlepefing x durypam, orpaHHyeHHsIM KPHBHIMH JHHHAMH, MaTeMaTHKH
cTanu npubaMKaTh ux MHOroyroabHbiMH durypamu. [lyete F—durypa,
naoulanb KOTOpo# no/mkHa OblTh BhuMCaexa. PaccMoTpuM, ¢ oXHOH
CTODOHB!, BCEBO3MOXKHLIE MHOFOYroabHbie QUrypH, colepxauipecs B F,
C ILpyroH CTOPOHB!, — BCEBO3MOXKHEIE MHOTOYTO/AbHWE GUIYPH, COLEp-
wanme F. Iepsuie HaswBawrtca sxodswunu 8 F, sropve — o6sesmnro-
wume F. B cuny MOHOTOHHOCTH miaoiladd, Ajia JawoGofl Bxoasmei
MHOTOyronbHO# durypet P u jao6oft obbemmoulelt MHOroyronbHo#t ¢u-
rypol Q CrpaBeilHBO HEPABEHCTBO

i, P<<nn. F<<un. Q.

Taxum ofpasod, naouwanuy ¢uryp P u Q cnymar npuUGImKeHHRIMI
8HadeHUIMH miaowanu ¢Gurypsl F ¢ HeXOCTATKOM M ¢ u36HTKOM. [lo-
FpeIIHOCTH ofoux mnpubammednil, T.e., pa3HocTH mwl. F—mi. P
1. Q—na. F, He mpesnimanT pasnoctd mi. Q —na, P, Tlpexnonoxuy,
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4yTO NMyTeM HalJlewmaulero BuOOpa MHOroyroabHex duryp P u Q@ wmu
MOWKEM CHelaTb NOCNeRHIO0 PasHOCTh CKOAb yroano Mano#t. Torma u
MOTPEIIHOCTH HAMIUX NPUOGAMKEHHE MOTYT OBITh CLEMAHH CKOJMb YrOAHO
MalbMH. DTO 3HAYHT, YTO maowanb QUrypsl £ MOXeT ObITb BHIUHCIEHA
¢ NPOM3BONBHOH CTENEHBI0 TOYHOCTH.

SIcHO, 4TO 3TOT MeTOI MPHUMEHHM TORBKO K TakuMm durypam F, s
KOTOPHIX CYLLeCTBYIOT BXOJSLIHE MHOTOyro/ibHble (urypsl P u of6beM-
JIoULYe MHOTOYTOMbHbE GUrypel Q CO CKOJb YTOLHO MAJLIMH PAa3HOCTAMH
n1. Q—nna. P. Taxue ¢urypsl F HasbBawTcs readpupyemumu. Ha-
npuMep, Kpyr—kBaapupyemas ¢urypa. JIng Hero B KauectBe P u Q
MOryT ObITH B3ATH NpaBuibHbie 2"-yroJbHUKH — BIMCAHHBIE H ONHCaH-
Holf, MI3BECTHO, YTO pasHoCTh maowaged THX 2°-yroAbHUKOB CTpe-
MHTCS K HyTI0 DpH 71— 00,

Knacc kBazpupyembix ¢uryp odesb mupox. Tonbko ¢ KBaapupy-
eMbiMH GHI'YPAMH H HMeeT [el0 TeOopHd niowage#t, KOTOPOH Ml
GyneM 3aHHMaTbhCA.

1.3. AxcuomaTtuueckoe ompepesiende mjaomajnu. OxasmBaercd, 4TO
cBeeHuH, KOTOPBLIMH Ml ye pacrosaraeM, LOCTAaTOYHO s onpelene-
Hug naowafgd. HyxXHo MHIIL B3rSHYTb HA HHX C HOBOH TOUKH 3peHus.

OtxennuM npexie BCero 4HCTO MaTeMaTHYeCKHe CBeJeHHd O N0~
nraau, coxepxamuecs B mi. 1,1 u 1.2, OT HCTOPHYECKHUX M HHBIX
coofipaweHuit, tu CBefeHHd cBOAATCH K TpeM nonowennam: (1) Kawmoh
KBanpupyeMoll ¢urype oTBeyaeT ONnpelefeHHOE YHCJIO —ee IIOWAAb.
(2) 9t yucna-naowanu obnamaior ceoficTBamu (a)— (6). (3) Ilnomwans
moBo#t kBaapupyemoli Urypsl MOXHO BHIYHCAUTH C IIPOH3BOJbHOMN
CTEeMeHbl0 TOYHOCTH HA ocHOBaHHH cBo#icte (&) — (8). Ileproe rmo-
JOXEHHe O03HAYaeT, 4TO MIOWANL eCTb G YyHK I U A, ONpeLe/neHHas Ha
kiaacce kBagpupyemblx duryp. Cornacio BropoMy 3Ta dyskuus
ob6nagaer ceoficteamu (o) —(8). TpeTbe mNoMOKEHME MOKA3LIBAET, HTO
Ha Kjacce KBanpupyeMmbix dUryp He cyulectsyeTt Apyrofl GyHkuuu co
coiicteamu (o) —(8). CuenosartenvHo, nrowads moxcem Ovimb onpe-
derena rarx gymryus weadpupyemol ghuzyps, obaadaiouas csolicm-
sanu {a)—(0).

K cowanenuto, sta Kpatkas ¢GopMyaHpoBka He Ge3ymnpeuna: OHA
IpeAnoaaraeT, 4YTO KJacc KBajapupyeMblx ¢uryp yxe onpeleneH,
TOT/Ja Kak ofpefeseHUe 3TOro kjacca CaM0 ONHpaeTcd Ha MNOHATHE
njouiajgn, npasna, TOABKO HA MNOHATHE IJIOUWIAAM MEOFOyroabHo# ¢u-
ryper. YTo6bl yCTPAHUTD 3TO 3aTPyIHEHHE, TOCTATOYHO NPeABAPHTENbHO,
C TOMOILBIO TeX Xe ycnoBuit (o) —(8), onpeneyauTs naoulaib HAa Kiacce
MHOroyroabHuix ¢uryp. [lonnas dopMmynupoeka onpejefeHUs MJIOUIALH
COCTOMT, TakuM 006pasoM, U3 Tpex yacTeH: cHayana MJIOLAAb OMpene-
Agetcs kak Qysknus co crofictBaMH (o) —(8) Ha Knacce MHOTOYrofb-
HHX (QULYp; 3aTeM ONpejensieTcd KJACC KBazpupyembix (Uryp; Haxo-
Hel, mJowAanLb ompexensercs kak (ysaxkuHs co cBoHcreamu (o) — (8)
Ha KJacce KBaApHpyeMux GHryp.
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Kak BuaHO U3 NpeAblAyuiero, 3TO ONpele/ieHne mpencrasnget cofol
NHMUb MepeBo] Ha cOBpeMeHHHH MaTeMaTHYecKMH d3bIK Tex NpenpcTas-
JieHn#l O MNJOWIATH, KOTODhle LOCTAJHCh HAM B HACJAeACTBO OT MaTema-
tukos npouwtoro. Koweuno, Tako#i nepesox ue mor o6odTuch Ge3
ytoudenusi. HauGonee 3ameTHOe yTOuHenme Kacaercs Kaacca Quryp,
KOTOpHIM IPHIHCHBAETCH NJOWAAb. MB MOMKHH GLITH TOYHO YKa3aTh
3TOT KJacC, TOTAA KAK Npexie MaTeMAaTHKH He CTABHJH Nepel cob6Oo#
TakoH 3anauu.

Hertpysno 3aMeTHTh, 4TO cBofcTBa (o) — (8) MrparoT B H3IOKEHHOM
ornpele/ieHHH MJAOWAAN POMb AKCHOM. MIHOTIA MX HA3LIBAIOT QK CUOMAMU
naowadu, a caMo ONpexesleHHe HA3HBAOT AKCUOMAMUAECKUM.

1.4. Mpo6iema cymecTsOBaHNsA MJomAajgM. BepHeMcqd K TpeMm nono-
WeHHaM, CPOPMYTHPOBAHHLIM B Hawaje Inpeiabiayuiero nyskra. Iloao-
wenus (1) u (2) Gbui MPHHATH HAMH KaK OYEBHIHEIE; NOJOXeHHe (3),
cornacio nn. 1.1 u 1.2, npexcrasnsgeT coBolt TeopeMy, KOTOPas MOXET
6biTh nOKa3aHa. M3 nonoweHus (3) BeITekaeT, UTO Ha Kjpacce KBanpH-
pyeMblx ¢uryp He MOxeT ObITb ABYX Da3/aMuHbLIX (YHKUHH co cBolict-
Bamu (o) — (8); yTBepuimeHHe, colepxanieecs B nosoxenuax (1) u (2),
COCTOMT, OYEBMIHO, B TOM, UTO 1o KpaiiHeld mepe odrna maxas @yri-
yus cywecmsyem.

[Mockoabky nonoxenue (3) MowmeT ObITh ALOKA3AHO, eIMHCTBEHHOCTh
Hame# @GyHkuuy He Bhi3biBaeT coMeHn#. Ho Tak aM yx oueBUIHHI
nojsoxenus (1) u (2)? Passe B neHcTBUTENBHOCTH OYeBHAHO, YTO Ha
Knacce kBajgpupyemblx uryp, Hau xoTg Ob Ha KJacce MHOTOYTIOJbHBIX
¢duryp, cymectsyer Qynkuua co csodcramu (o) — (8)?

Kouneuno, 310 BOBCe He oueBHAHO. [0 cux mop nosoxenus (1) n (2)
NpencTaBAsAHCh HAM OUEBHIHBIMH [IPOCTO MOTOMY, 4TO Mbl HCXOXMIH
M3 CTApOrO B3rJsfAa HA IUIOWAZb KaK HA HeYTo JaHHoe. B nedictau-
TEAbHOCTH CyLIeCTBOBAHHE (yHKuMM cO cBoicTBaMu (@) —(8) Tpebyer
nokaszaTtenbctBa. CHayana mOMKHE OBITh NOKa3aHbl CYLIECTBOBAHHE H
€IHHCTBEHHOCTh TaKoH (PYHKUHH HA KJacce MHOTOYroibHuX ¢uHryp, sa-
TeM AOMKeH ObLITh OmpeneseH KJacc KBaApupyeMbx QUIyp H, HakoHeln,
ILOMKHB ObITh LOKA3aHH CYLI@CTBOBAHHE M €XHHCTBRHHOCTL TaKoH QyHk-
MU Ha k7Aacce kBaapupyemeix ¢uryp. Tonbko mocne TOro kak Bce 3TO
NnpoienaHo, ¢10Ba «IIOWALb eCTh QYHKIHUA KBaLpHp yeMol durypsl, o6na-
nawom@s csofcreamu (o) — (8)», CTaHOBATCS NOJHOLUEHHBIM ONPefe/ eHHEM,

1.5. KoHCTpyKTUBHbIe ONpefesieHHs NJomapH. Bce ussecTHhe no-
KasaTenbeTBA cyuiecTBoBanud ¢QyskuuM co ceoficteamu (@) — () 3a-
KI04alOTCd B NPAMOM NOCTPOEHHH 3TOH (YHKUMM, T.€. B ONHUCAHHH
npouecca, nospoasouero no ¢urype F Ha#itu uucao ma, F. [Tocne
TOro Kak (yHKNUA nocTpoeHa, yCTaHABIMBAETCH, 4YTO OHA ofnangaet
caoficteamu (&) —(8). Pasnme nokasaTenscTBa OTJAMYAOTCA LPYT OT
Ipyra, KOHEYHO, HE TeM, 4TO NPHBOAAT K DPA3JHUHBIM (QYHKUHAM,—
(yHKuya BCErAd ONHA M Ta Ke,—a TEM, UTO B HUX NO-PA3HOMY CTpO-
UTCA 9Ta (QYHKLHS,
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OnHO M3 BO3MOXHLIX HPAMHIX NOCTPoeHHH yHKUHH cO cBOHCTBamH
(o) —(8) ma xnacce MHOroyroabHuix Guryp QakTuyeckn GbUIO ONMHMCAHO
B 1. 1.2: 3azanHas MHoroyronbHad (HUrypa pasfuBaetcss Ha TPeyro/b-
HUKH 6e3 OOLIMX BHYTDPEHHHX TOUEK, 3aTeM A KAWAOr0 TPeyroJbHHUKA
cocTasisieTcs NONOBHHA NPOU3BELEHHA KakoH-HuUOyAb CTOPOHH HA CO-
OTBETCTBYIOULYIO BHICOTY M pe3yibTaThl ckiansieaiorcs. Tor Qaxt, urto
3TUM NyTeM 1e#CTBHTENBHO MoJyuaeTcs QYHKUUS MHOTOYrOAbHOH Gu-
rypsl co cBoficTBaMu (o) —(8), TpebyeT, KOHEUHO, NOKa34aTeJbCTBA.

[Tocae Toro kaxk mnomwiagb NOCTPOEHA HA KJIacce MHOrOYyroJbHbIX
dHryp, ee yxe CPaBHHTENbHO HETPYAHO NPOLOMKHTH HA KlacC KBaj-
pupyemsix ¢uryp. Cnocof nporonkeHus ondThb-Taku Obn HaKk THYECKH
onucad B n, 1.2; 3a miowans KBagpupyeMo#t ¢urypsl NpHHHUMAETCA
TO eIMHCTBEHHOE YMCJO, A KOTOPOro MJIOHIAAM BXONSILHMX MHOTO-
YyroabHblX QUIYD CHyKAT NPHOAHWKEHUIMH ¢ HELOCTATKOM, a IUIOLLaAH
0GbeMIIOIINX MHOTOYTOMbHLX GUTYp — NPUSTHKEHUAMH C H3OBITKOM.
Ceofictra (o) = (8) s nponomxeHHoOd QYHKUHY BLHBOAATCH U3 ee ywe
YCTAHOBMEHHBIX CBOMCTB Ha Kjacce MHOTOYrolbHHX (HIYD.

Besikoe npsmoe noctpoenune dyHkuuu co csoiicrramu (@) — (8) camo,
O4eBHIHO, MOMET CHYKHTb ompexeneHuem nioulanu. Takue ompenene-
HUSl Ha3BIBANOTCH KOHCMPYKMUsHsMY, W MO00e M3 HHX MO¥eT ObTh
NONOXEHO B OCHOBY Teopuu naomanefl. Ecau npu akCHOMATHYECKOM
ONpeJe/eHHH INIOIALH AOJKHE ObITh /[AOKA3aHbl €e CYyLleCTBOBAHHE
U €XHUHCTBEHHOCTb, TO IPY KOHCTPYKTHBHOM ONpe/le/eHHH CTaAHOBATCH
TEOPEMAMH H IOAJIEeWAT noKazatenbctBy ceoficTea () —(8). C noru-
yecKoff TOYKM 3PeHHS KOHCTPYKTHBHOE I[OCTPOEHHE TEeOpHH IJomaneH
SKBHBAJEHTHO AKCHOMATHYECKOMY M B KOHEUHOM cyeTe OT/IMYaeTCHd OT
HEro JHIIb NMOPSIAKOM U3NOWeHUs. MeTooMuYecKy Kaucioe IOCTPoeHue
HMeeT CBOH XOCTOMHCTBA ¥ CBOH HEJOCTATKH.

On8 HauMHAIOWIErO OYEBUIHBIM HETOCTATKOM HAMEYEHHOTO BHIUE
KOHCTPYKTHBHOTQ ONpefes]eHHs MJOLALH $BAseTCAd €ro NCHXOJOru-
yeckas Hey0eAUTENbHOCTb: MJIOULALb TPEYroJbHHKA N0 onpederenuro
00bsABNAAETCH PaBHOH MONOBMHE NMPOH3BEILEHHA OCHOBAHHA HA BBICOTY.
Bonee ecTecTBeHHLIM SBIAETCH KOHCTPYKTHBHBIH MOMXOL K MOHSTHIO
MIOWANY, COAepKAHACA B WIMPOKO U3BeCTHOR HauBHOM opMyanpOBKe:
naou,ads @uzypsl ecms 4iCcA0 eQUHIY NAOWAL, 3AKAI04EHHHX &8 2moll
guzype. D108 GOPMYAHPOBKE MOXKHO CleAyOUHM 00pasoM NPuiaTh
TOYHHl cMbicH. Pa3ofbeM miaockoCTh FOPH3OHTANSIMHM M BEpPTHKAAAMH
Ha KBaLpaThl co cTopouo#t 1, 3arem xawawuit u3 rux Ha 100 xsanpa-
TOB CO CTOpOHOR 1/, 3aTeM xaw/bii W3 MOJNYyYeHHHX KBAXPaToOB— HA
100 kBanmpatos co cTopoHolt 1/ .., u T. m. IlycTh ¢, —uucao xBanpa-
TOB CO CTOPOHOH !/, 7, LeauKOM coiepxamuxca B 3aganHol durype F,
H Olp—4HCIO KBAIDATOB CO CTOPOHOH '/y4", Mepecexaiolluxcs ¢ 3ToH
durypoit (cm. puc. 19 ua crp. 57). Ionomum s, = M/ g4n H Sy = ap [1g0n
C HanBHOM TOUKM 3PeHHH §, eCThb «YMCIO eAUHHL IVIOL(ALH, 3AK/IIOYEH-
HHX B F», B39TOe ¢ HEXOCTATKOM, & S, —<«4YHCAO eNMHHIL IIOILAAH,



12 MJAOLIAJLL ¥ OBBEM

3AKJIOYEHHBIX B F», B3fiToe ¢ U3OLITKOM, EcaAM cyuecTByeT eAHHCTBEH-
HO€ 4UCJI0, 3AKHOUEHHOE MeXCLY BCeMH UMCAAMH S, M BCEMH YHCIAAMH Sy ,
1o ¢urypa F HaswipaeTcs xsadpupyeimoll W yKasaHHOe 4YMC/AO Ha3bBa-
eTcs naouadeio ¢urypnt F. JlokasbiBaeTcs, YTO 3Ta Niouiafxb obnanaet
cpoiicteamMu ()——(8) M 4TO 3TO BTOPOE OnpenesieHHe KBAAPHPYEMOCTH
3KBUBAJIEHTHO ompeleseHHo n. 1.2.

1.6. CpaBHeHHe IJIOWANH C 3JeMeHTAPHBIME (YHKIHAMHA HeficTBH-
TeJTbHOTO NepeMeHHOro. Jloruueckas CHTyauHs, ¢ KOTOPOH Mbl MMend
IeN0 B MPEeNbLYI(MX NYHKTAX, BCTPeyaeTcss B MaTeMATHKE IOBOIbHO
yacto. MHorHe u3BecTHhe QYHKUIHE MOTYT ObITb ONpeXesNeHH KaK CBO-
UMH CBOHCTBAMH («aKCHOMaTHYECKH»), TaK UM IPIMEIM [OCTPOEHHEM
(«xOHCTPYKTHBHO»). [eOMeTpHYECKHMHM NPHUMEDPAMH MOTYT CIYXKUTb, Ha-
paly ¢ MIoOMWanbio, AAxHHA ¥ o6beMm. He numnum Oymert W npuMmep us
npyro#t obnacru.

Paccmorpum noxasarensuyw ¢ysknmio f(x)=a* (a>0). Xors
C €€ TOYHBIM ONpENejeHHEM 3HAKOMbl JIHIIb HEMHOTHE, €e OCHOBHbLIE
cBoficTBA IMHPOKO H3BECTHLH. Mul BHOepeM ClenyiOU(He TPH CBOHCTBA:

(a) Bam x <<y, 10 f(X)<<f(y) npu e=1 u f{x)=/F(y) npu
a<1. (b) fle+y=r®Fy). (0 fh=a.

MoxHo moxasaTrh, YTO ITH TPH CBOMCTBA MO3BOJSAIOT C [POU3BOJMb-
HOH CTENeHbI0 TOYHOCTH BHYHCJAHTHL 3HaueHue (ysxKund a* npu mobom
neHcTBUTENbHOM 3Hayenuu x. CneoBaTenbHO, Ha MHOXECTBe JeHCTBHU-
TE/NbHBIX YHCEJ He CYLIeCTBYeT IBYX pasJHYHHIX (QyHKUHE C 9TH-
MH cBoBcTBaMM, VIHRIMH c/loBaMH, a¥ MOXHO aKCHOMATHYECKH oOrpeie-
JAUTh KaK GYHKUMI0 MeHBCTBUTENBHOrO yHCcaa, o6nanamulylo ceoicTaa-
i (a), (b), (c).

JoxasaTenbCcTBO CYLIECTBOBAHMA TakOH (QYHKUMM COCTOHT B ee
npsiMom noctpoeHuu, CHauana ee 3HAYEHMS ONPEINRJSIOTCH IS LEABIX,
3aTeM Ias JApoOHO-PAUHOHANbHHIX H, HAKOHel, IAS HppPaLHOHAAbHHIX
3HayeHu#l x. DTO NOCTpoeHHe, NMpaBjaa JHILL B CaMBIX OOLIMX YePTaXx,
uanaraetcs B mikone. OQHo mnpencrtaBifer cofod He uTO HHOe, KaK
KOHCTPYKTHBHOE ompexeieHxe GYHKUHH a¥,

Axanoruuso Moryt GbiThb OfpeAesdeHbl M LPyTHe OCHOBHLIE 3jeMeH-
TapHbie QVHKUHH: NOrapudMHUecKue, CTelleHHHE, TPHTOHOMETPHUYECKHE
u ofpaTaele TpuroHometpuueckne. Hanpumep, log,x MoxHO ompene-
JUTh KaK QYHKUIHIO MOJOWHUTENbHOrO uHcaa, 06/afaoylo TpeMs CBOHU-
ctBamu: (a) ecmn x<Cy, 10 f(x)<f(y) npu a>1u f(x} > f(y)
mpu @ < 1 (b) fley) =7 (x)+F)s (©) f(a)=1.

1.7, Utoru. I'nasHefl UTOr COCTOUT B TOM, YTO MJAOUIAAb, KOTOPYVIO
NpexAe MATEeMATHKY CYHTAAH NEPBUYHLIM MOHSTHEM, MOXeT OHTb ONpe-
IesneHa 4epe3 Gojsiee NpOCTHE MOHATHA H B KOHEYHOM CUeTe CBejeHa
K OCHOBHLIM TIOHSITHHM TreOMeTpuM U apudMeTHKH. ITO CBejeHHE He
npocTo W Ho6GaBasieT K mpoGaeMe BhHIYHCAEHHMS MJIOLIAaAH, KOoTopas
paubpiie Obia eIHHCTBeHHON B Teopuu miouiaged, pai HOBLHX npo6-
JeM JIOrHYeCKOro xapaxrepa.
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Be3 coMHeHUS, STH HOBble HpPOOJAEMBl NPENCTABAAIOT MIS HAYHHA-
JOLLEero H3BECTHhiE TPYLHOCTH, 3aJauya HACTOSIIErO BBEAEHHS — IIOMOYb
ypTaTeN NpeoxoneTs HX. [locTpoenye TeopuM niowmanefl, HameueH-
HOE B NPeAHIYIIHX NYHKTaX, OyJAeT noApoGHO pasBUTO B HaabHelimieM,
CucTeMaTHYeCKOe H3MOWEHHE HAYHeTCs CO ciaenywourero mnaparpada,

§ 2. Kumacc mMHOroyroibHeIx ¢uryp

2.1. BHyTpeHHHMe, BHeNIHHe U rpaHuyHble TO9kU. [IycTs M—mpo-
H3BOJIbHOE MHOKECTBO TOYEK MAOCKOCTH. TOYKa MIOCKOCTH HasbiBaeTcd
BHympeHrell Mo OTHOLIEHHI K M, ecau CyLUIECTBYeT KPyr ¢ LIeHTPOM
B 3TOH Touke, uenukoM mnexamiuéi B M. Touka IJIOCKOCTH Ha3biBAeTCH
8HewHell TO OTHOWIEHHI0 K M, ecau cYyUIecTByeT KpPYr C LEHTPOM
B 3TOH ToOuke, He wuMeomuid ¢ M obuiux touek., Touka NJOCKOCTH
Ha3bIBAeTCH 2paHu4Hol MO OTHOLIEHHIO K M, ecnu BCAKHH KPYr € UeHT-
POM B 3TOH TOUKE CONEPXKHUT MO KpalHe# Mepe OAHY TOYKY, NPHHAX-
Aexamyno MHOXecTBYy M, W mo kpa#iHell Mepe OJHY TOUKY, He MpH-
Hajmexawyw MHowectBy M. fcHo, 4TO Kax<gas TOYKa MIOCKOCTH SIB-
Jasietcd 10 oTHOomeHHIo K M nufo BHyTpeH-
He#t, nubo BHemHelt, nu60 rpaHuuHOH. Touku
BCeXx Tpex THNOB MOKa3aHu Ha puc. 1.

Bcsikag TOuka, BHYTPeHHdAd MO OTHOLIe-
HUIO K M, mOpuHamnexuT MHOXecTBy M,
CoBOKYNHOCTb BCEX BHYTPEHHHX TOYEK Ha-
3bIBAeTCH BHYymMperHel zacmpio MHOXecTBa M.
Hu onxa Touka, BHelHas N0 OTHOWEHHIO K M,
He TMpuHALIexHT MHOwecTBY M. Yrto kKa-
caeTcf TpPaHHUHBIX TOYEK, TO OHH MOTYT IIDH-
HaJ1exaTb ¥ MOTYT He NpHHaAaexaTth MHOxe- Puc. 1. BuyTpensse,
ctey M. COBOKYNHOCTL BCEX FPAHMUHLIX TOYek  BHEUIHHE W  TpanHvHER
(kak npHHamMexaulHxX, TAK M He INpHHALIe- TOUKH.

Wauyx MHOwecTBy M) HasbiBaeTcs 2paHuyel

muoxectsa M. Cymma BHyTperHell 4acTH MHOXecTBa M o ero rpasHilu
HasbBaeTcd 3amuanues maowectsa M. Herpynno nate u npsmoe on-
peneneHue 3aMbIKAHHA: TOYKA IIOCKOCTH B TOM M TO/NBKO B TOM CAyyae
NPHHANIEKUT 3aMBIKAHUIO MHOKECTBE M, ecaH BCAKME KPYr C LEHTPOM
B 3TOH TOYKE COMEPXHT Mo Kpafine Mepe OxHY TOUKY MHOxecTtBa M.

[Mpumepu. 1. M—xpyr paxuyca r ¢ LeHTpoM B Touke A, T. e,
MHOXECTBO Tex Touek B, mna kotopeix pacctosuue p (A4, B) He npe-
Boimaet r. I1ycrtp, nanee, C—Ipou3BO/MbHAA TOUKA MIOCKOCTH. Touka C
ABAAeTCH BHYTpeHHeH, ecau p (A, C) < r, BHemHe#, ecau p (4, C)>r,
U rpaununoit, ecau p (A, C)=r. Takum obpasom, rpanuua Kpyra eerb
OKPYKHOCTh € TEeM e LIEHTPOM H paluycoM.

2. M—noaymiockocTb, T. €. MHOMKECTBO, COCTOSLIEE M3 TOYEK He-
KOTOpPOH npsiMO# L u BCceX TOYEK IJIOCKOCTH, Jexamwux oT L mo 1y xe
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CTOPOHY, YTO M HEKOTOpas§ 3amaHHas TOuka. I paHuielt nmonymiocko-
ctu M sBagercs npsmas L.

3. IpsaMad, oTpPe3OK, JIOMaHas, OKPYXKHOCTb BOBCE HE HMEIWT BHYT-
peHHux ToyeK. Bce ux TOYKM ABAAIOTCS MO OTHOWIEHHIO K HHM rpa-
HHYHLIMH, 2 BCE OCTalbHble TOUKH MIOCKOCTH — BHeLIHHMH. B uacTHOCTH,
TOUKH, JeXaUIHe BHYTPH OKPYKHOCTH, SIBASIOTCH NO OTHOIIEHHIO K Hel
BHEINHUMH, — 00CTOATENbCTBO, YKA3LIBAKOLIEE HA HECOBEPLIEHCTBO Ha-
el TEPMHHONROTHH.

BuyTpeHHsis 4acTb MHOwecTsa M OymeT oGosHadaTecs uepes M,
rpanuia —uepesd M., s3ambikanue —uepes M,. CornacHo u3jgoXeHHOMY
ome V), My Mc M, My=M,+M. =M+ M.

flcho, uto ecmu M N, 10 My = N, n M, = N,. Tlokaxem, uto
I mobblx nByX MHowectB M u N

(MN)s = MyNg, (1
(M+N);=M,+N,, (2)

(M+N), c M +N, (MN), <M +N, (3)
(M_N)r c MI‘+NI" (4)

ODoxaszarteanbcteo dopmyasn (1). Ecamw A€ (MN), 1o cy-
WECTBYeT KPyr ¢ LieHTpoM B Touxke A, mewamu#t B MN, 1. e. nexa-
wuii 8 M u B N. Torna A€M, n AEN,, 1. e. A€ M,N,. Cnenosa-
tensHo, (MN), = MN,. Ecin A€MN,, t0o AEM, u AEN,, 1. e.
CYLIECTBYET KPYT ¢ LEHTpOM B Touke A, nexamwuii B M, U CcyulecTByeT
KpYr ¢ UeHTPOM B Touke A, newamu#t 8 N. Meubwmu#f U3 3TUX HABYX
KPYyroB ecThb Kpyr ¢ LieHTpoM B Touke A, nexauwu#t B MN, Tak 4to
A € (MN),. Cnenosarensio, MN, < (MN),.

Ins nokasateabctBa dopmyn (2), (3) ¥ (4) MB BoOcmoab3yemcs
onepanuedi o6pasoBanus JonosHeHus MHoxectBa, Hepes mon. M Gynxem
0603HauaTh AOMOMHEHHE MHOMecCTBA A, T. e. COBOKYIIHOCTh BCeX TOYEK
MIOCKOCTH, He npuHamiexawux k M?)., ScHo, 4TO TOUKH, BHElIHWe 1O
OTHOWEHHIO K M, 4BAAIOTCS BHYTPEHHHMH IO OTHOWIEHHIO K nofm. M u

1) Uepes M-+ N B nanvueiimem Gyner oGo3HauaTbC cymMa (HJH, HHave,
06vedunerue) muoxmectB M m N, T. e. MHOXeCTBO, COCTOdlllee H3 BCeX TeX
TOYEK, Ko-rc:%me npHHafexaT XoTd OB OAHOMY U3 MHOXecTB M, IV; uepes
MN 6yner d6o3nauarbca nepeceqerue MEOXKecTB M u IV, T. e. MHOXeCTBO, COCTOS-
ee W3 BCeX TeX TOueK, KOTOpbie NpHHajaexat o060uM MHOKecTsam M, N;
HakoHel, uepes M —N Gyner o6o3HadaTbea pasnocms MHOXecTB M u N, 1. e.
MHOXKECTBO, COCTOsIEe H3 BCEX TeX TOYeK, KOTOpHe NMpHHALJMeX aT MHO-
xkectBY M, Ho He mpuHaaaexar N. (Cyuma, mepeceueHye ¥ pasHOCTb
MHOXKecTB M M N oGosnauawTtcs Takxe yepezs MUN, MNON u M\/N.) 3anuce
A€M Bbpaxkaer TOT (PakT, YTO TOYKa A TpHHALNEXHT MHOXeCTBY M; 3a-
nuck M C N o3HauaeT, uto MHOXecTBO M cosmepuTca B MHOXecTBe NV (M, MO-
xeT OLITh, coBnagaer c¢ Hum). ([Tpun. ped.) —

?) JonosnneHue MHoOXecTBa M uyacto ofo3mavaloT Takxe uepes M.
(Tpum. ped.)
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#a060poT, M 4TO MHOwecTBa M, u (mon. M), cAyKaT KONOJHEHHSIMH
Zpyr apyra:
pon. (M) = (mon. M),,  M,= nomn. ((ron. M),). (5)

fcHo Takwe, yro mHoxecTBa M u mon. M uMewT oAHYy H Ty Xe rpa-
HULY:

M. = (noun. M),. (6)
Hanomuum ewe, 4to

nonl. (M4 N)= (mon. M) (non. N), non. (MN) = (non. M) (zon. N). (7)
7

HoxkasartenbcTBO dopmyan (2). Cornaco dopmynam (3), (7)
u (1),(M~+N), = non. ((mon. (M4 N))g) = non.( ((zon. M) (zon. N)),) =
= ((mon. M), (mom. N),) = mon. ((mon. M),) -+ nomn. ((zon. N),) = M, -+ N,.

HDoxasartenbctso ¢opmya (3) u (4). Cornacio dop-
myne (2), (M4+N),c(M+N),=M,+N,=M,+N,+M,+N,. Ho
My (M+N)y,u N, (M- N), (rax xkax Mc M+Nu N < M-+N).
Cnenoratenbno, M, u N, ne umeror obmux Ttouex ¢ (M-FN), u no-
toMy (M4 N), < M.+ N..

Hanee, cornaceo dopmynam (6) u (7) u nepsoit uz dopmyn (3),
(MN), = (non. (MN)), = (zon. M+ non. N). < (xon. M) + (zon. N), =

- r r*

Haxoneu, M—-N=M (non. N) n, cornacio Bropo#t n3 dopmya (3)
u (6), (M—N),=(M(non. N)), = M_+ (zon. N), =M, +N,.

CootHomenusa (1), (2), (3) oueBHAHEM 06pa3oM TMepeHOCATCH HA
10606 KOHEYHOEe YHCJI0 MHOWKECTB.

Muoxectso M HasbiBaeTCAd 02paHU%eHHbLM, €CIH OHO CONEPKHUTCH
B Hekoropom kpyre. Ecau K—rtaxoét xpyr, 1o M, = K;=K. Crejo-
BATE/NbHO, 3aMHIKAHHE OPPAHHUYEHHOIO MHOKECTBA €CTh OTPAHHYEHHOE
MHOXecTBO. QUEeBHAHO TaKke, YTO CyMMd KOHEUHOTO YHC/IA OrpaHHueH-
HbIX MHOECTB €CTh OFpaHMYEHHOE MHOXKECTBO.

2.2. OTkpbiTble M 3aMKHYTble MHOXecTBa. MHoOxkecTBO, He couep-
Wailee HH ONHOH CBOeH rpaHuyHON TOYKH, T. €. COCTOfLIee H3 ONHUX
BHYTPEHHHUX TOYeK, HA3LIBAETCH omipumuii. MHOKeCTBO, codepKaulee
BCe CBOW TpaHHUHBIE TOYKH, T. €. COBMalaIOliee CO CBOMM 3aMbIKAHHEM,
Ha3uBaeTCs 3aMmrrymsim. TaK Kak MHOXKECTBO H €ro JAONOJNHEHHE
HUMEIOT OJAHY M TY e TpPaHHuly, TO MHOMECTBO 3aMKHYTO B TOM H
TONbKO B TOM CJy4de, €CAH ero NOMNOJHEHUE OTKPHITO.

Brympennsns gacme 4100020 MHONCECMEA eCMb OMKPHNOE MHO-
JHeecmso,

HeficteutensHo, ecan A € M,, To cyuectByetr Kpyr K ¢ ueHTpoM
B toyke A, nexaumi 8 M. Ilycrs K'—xpyr MeHbIIETO pazmyca
¢ TeM we uentpoM. flcHo, utro K'cK,. Tak kak KcM, 1o K,cM,.
Taxum oGpasom, xpyr K’ ¢ UeHTPOM B TOUKE A UENHKOM COMEPHKHUTCA
B MHOxecTBe My, H notoMy A-—BHYTPeHHAfl TOuka MHOxecTBa M,.
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Banmvikaniue 106020 MHONCECMBA €CMb 3AMEHYMOE MHONCECMEO.

Oe#icTBUTENbHO, KaKoBO OGkrl HH ObJIO MHOXECTBO M, MHOWECTBO
(mon. M), orkpuro. CremxosaTenbHO, ero KonoaHenue A, 3aMKHyTO.

Cymma u nepeceteniie KOHEUHO20 HUCAQ OMKPLNGLY MHONCECME
OMK PbiMibL.

Jloxa3aTenbCTBO TOCTATOYHO MPOBECTH AL CAyuas ABYX MHOXECTB.
Ecnu muoxectea M u N otkpuith, 10 M=M,c(M+N),, N=N, <
c (M+N),, M+Nc(M-+N),, (MN)y=MN,=MN, u noromy Mio-
wectBa M-N u MN takwme OTKPHITHL.

Cymma u nepeceieHile KOHEYHOZO HUCAQ 3AMKHYMBLYX MHOICECME
3aMKHY ML,

Ecnu M v N 3aMkHyTH, TO uXx JononHenus mon. M u non, N
otkpuiTel. CnexoBatenbHo, (mom. M)(mon. N} u (momn. M)+ (mom. N)
TAK¥Ke OTKpHITH, a ux pouonHenus M-+ N u MN 3aMKHYTHL

[Tpuse po. Kpyr, OKpy®HOCTh, NOAYIIOCKOCTD, NPsIMad, OTPE3OK,
7OMaHasd — 3AMKHYTHle MHOXecTBa, Kpyr, MuIleHHLIH rpanuydol oKpyx-
HOCTH, H MOJYMJIOCKOCTb, JHIIEHHAs TIPAHUYHOH NPAMOH,~— OTKPHTHIE
MHOXeCTBA.

3aMmbikaHHe OTKPHITOrO MHOMXECTBAa HA3bBACTCH 3aMKHYmol ofia-
cmewo. Hanpumep, Kpyr W NoaymiocKoCTh — 3aMKHyThie obnactu. 3a-
MeTHM, UTO OTKDBITOE MHO¥ECTBO, 3aMbIKAHHEM KOTODOro CAYXHT AaH-
Hasg 3amkHyTas ofnsacTb, He enuHcTBenHo. Hampumep, xpyr ects
3aMbIKdHHe CBOeH BHyTpeHHeH wacTM W TOH ke BHyTpPeHHEH 4acTH,
JUIHEHHOHR UeHTpa.

Beaxkas 3amxuymas obaacms S6ARemcA 3aMmbiKarliesn c8oell gry-
mperHell wacmi,

Heficteutensno, nyctb F= G, rae G—oTKkpsiToe MHOWKecTBO. Tax
kak G F, to G=G, < F;, n noromy (G), < (F),. Taxum oBpason,
F < (Fy),. O6patso, tax kak F, < F, 1o (F,), < F,=F. Caenosa-
TeabHo, F=(F),.

Cymma roHeinozo ziucaa 3amxnymsx obaacmell ecms 3aMKHY-
mas obracme.

He#ictaurensuo, ecnn Fy=(G),, ..., F,=(G)),, rre G, ...
..., G, —oTkpuThie MHOXecTBa, TO0 U;+ ...+ G, eCTb OTKPHTOE MHO-
KeectBO U Fi+4 ...+ F,=(G+ ... +G),.

2.3. Boimyk/ble MHOTOYTOJIbHUKH., Bunyxasism MHOZ0YZ0LbHULKOM
HA3bIBAETCH fTepeceueHue KOHEUHOro U c/1a NonynJI0CKoCTe ! pH yCJIOBHH,
4TO 3TO NepecedyeHHe OTFPAHHYEHO W He JAeXHT Ha OLHOH mnpaMmoH.

Ecau nepeceuenne KOHEYHOTrO uHCAA TOAYMIOCKOCTeH OrpanuyeHo
M JMexHT Ha oLHOM mpaMolf, TO OHO mpexctaBasfeT coboil 1uGO oOTpe-
30K, 1u60 TOuKy, AU6O nYycmoe MHOWECTBO, T. €. COBCeM He COxep-
HUT ToueK. CieLOBAaTENLHO, MepeceueHre BHINYKIOCO MHOTOYTOJbHMKA
C NOAYMIOCKOCTBIO MM LPYTHM BHIMYKALIM MHOFOYTFOJABHUKOM eCTb auG0
BHIIYKABI MHOIOyrolbHHK, 160 0Tpe3ok, 1u00 TOuka, aubo mycroe
MHOMXECTRO,

3
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[TpocTeffIMMH BBMIYKABIMH MHOTOYTOMLHUKAMH SBIAIOTCH TPEYroJb-
nuku. [lycts A, B, C— Tpu Touxku, He J/examue Ha OLHOH mpamoil.
O6osnaunm uepes II, nonyunockocTs ¢ rpanuydoft npsamo#t BC, co-
nepxwauyo Touky A, depes Ilp— monynmmockocTe ¢ TpanuuHod mps-
molt CA, comepwamyio Ttouky B, uepes ll.—unomynmockocts ¢ rpa-
uuuHol npavolt AB, comepxaiyio Touxy C. TpeyroibHHK ¢ BepLIHHAMH
A, B, Cvoxet ObiTh onpejeleH Kak nepecedyesue noaymiockoctedi I,
Ilg, H,.. D10 — orpannuesHas 3amkuyTas ofnacTb, rpanuiued KOTOpoO#
cnywHuT nomanas ABCA.

Beaxult BHIYKIBHE MHOTOYTOJZbHHK MOMCHO pPasfoXHUTh HA KOHEYHOE
YUCAO TPEYrONLHHKOB, HE HMEIOMIHX OGIHX BHYTPEHHHX TO4YEK.

2.4. MHoroyronbuble durypnl. Muozoyzossrol gueypoll Ml Ha3b-
BaeM BCHKOE MHOXECTBO TOYEK MAOCKOCTH, KOTOpPOe MOXeT GulTb pas-
JOXKEHO Ha KOHEYHOE 4YHCIO TPEeyroJbHHKOB, HE HMEWIIHX oflux
BHYTpeHHHX Todek. [lo dopManbHLM cOOOpameHusdM MH [PUYHCASEM
K MHOTOYTOJbHbIM (HIypaM nycToe MHOXKECTBO. MOMCHO CYMTATb, YTO
OHO paanaraeTcsl Ha TPeyTrOJbHHKH, YHCAO KOTOPBIX PaBHO HYIIO.

Tax xak TpeyroJdbHUK SABISETCT OFPAHUYEHHOH 3aMKHYTOH 06/1aCThIO,
TO ¥ CYMMa KOHEYHOrO YHCJI4 TPeyrOJbHHKOB eCTb OTPAHHYEHHAS 3aM-
kHyTas obmacte (cM. mm. 2.1 u 2.2). CnefoBaTenbHO, MHO20Y2046HAS
ducypa sA8aAemCs 02DAHULEHHON 3amkHymol o0racmeno.

Mbl TOBODHM «MHOTOYroJbHas (Hrypa», a He «MHOTLOYFOJbHHK», NO-
TOMY 4TO CJOBY MHO020Y204bHUK OOHIYHO MPHUAAT LPYroe 3HAYEHHE.
Haute Bcero MHOTOYTONBHHK ONpeensioT KaK «4acTh IAOCKOCTH, OF-
paHHYeHHYI0 He nepecekawoiledt ce6s 3aMKHyTOH JoManoM». DTo BecbMa
CJIOKHOE [OHATHE, K TOMY e Gecnone3noe aasl teopuu nnowanesi. Ham

D D A

Puc. 2. MHoroyronbube GUrypbl, He fBJAOIKecd MHOTOYTOJbHUKAMHU.

HYMEH JHULIb KJIACC 8H/YK AbLX MHOTOYTONBHUKOB, ONpeNe/ieHHEH B mpe-
AbynieM nyHKTe. Bripodem, MOXHO nokasaTb, UTO BCHKHH MHOrOyro.s-
HHK (B TOABKO 4TO YKA34HHOM CMbIc/e) fBJIFeTCA MHOrOYronbHOH ¢u-
rypo#t. O6paTHoe, KOHEUHO, HEBEPHO — CM. PHC. 2.

Besikoe pasnokeHHe MHOTOYrOJbHOH QUIyps Ha TPeyrolbHHKH, He
uMelolide OOLMX BHYTPEHHHX TOYeK, Mbl GyaeM KpaTKo HasLBaTh
pa3buenuesn. PasGrenre Ha3LIBAETCH HPABUAbHBIM, €CNH NepeceyeHHe
A06LEIX OBYX €ro TPeyrolbHUKOB ecTh JA#60 ux obwas CTopoHa, nu6o
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ux ofuias BepmuHa, Auo nycToe MHOmecTBO (cMm. puc. 3). [Tpm npa-
BH/ILHOM Da30HeHHH OTPE3KH, CAYKAlLlHMe CTOPOHAMH TPEYrOJbHUKOB
pas6ueHus, MOryT GbITh ABYX THNOB. OTpe3ok NepBOTro Tuma Ccay-
®HUT CTOPOHOH TOJNBKO OJHOTO TpeyroibHuka pasGuenus. OTpe3ox
BTOPOTrO THMNA& CIyxuT obuwiell CTOPOHOH IBYX TPeyrosbHHKOB pas-
Guenus, JeXallNX {10 pasHble CTOPOHEI OT NPOXOAslULed yepe3 Hero npM-
mMo#f. Otpe3ky nepporo THma COCTaB-
ASIOT TPa’Huily MHOroyrojabHo# ¢u-
rypul. OTpeskH BTOpPOro THMNA, 34
BO3MOXHBLIM HCKJIOUEHHEM CBOMX KOH-
0B, JexaT BO BHyTpPeHHeH UY4CTH
MHOTOYTroAbHOH uryphi.
Oxno pasbuense MHOrOYroJbHOH
7 a Urypn HaswBaeTca u3MesbieHUeH
ILpyroro, ecim BCAKHH Tpeyrofb-
Puc. 3. a) Henpasunboe pasbue-  yuyx nepporo pa3GHeHms CONEPKHTCA
HHe; 0) npaBusbHOe pasbueHue.
B HEKOTOPOM TPeyrolbHHKE BTOPOro
pasbuenusa. Hanpumep, pasCuenue,
n3obpaxedHoe Ha puc. 3, 6, aBasercs u3MeabyeHHeM pa30ueHusd, H30-
6paxeHHOro Ha puc. 3, a.

Besroe pasGuenue mmozoyzoasuoll hueyps obaadaem npasuib-
Hola U3Mmenbuernilen.

Ins noxasaTenbcTBA BOCHNONb3YyeMCH CACAYIOLWIHM OYEBHAHBLIM He-
00XOAMMEIM H AOCTATOYHHM YCIOBHEM NPABHABHOCTH DA3OHeHUd: eCIH
ofuast Touka ABYX TPeyroJbHHKOB pa30HeHHd CAYKHUT BepIIHHOHW OX-
HOro M3 HHX, TO OHA CAYWKHT BepluHOH M apyroro. IlycTs #—uHCIO
«HEeNpPaBU/bHLIX» BEpIIHH, 1A KOTOPHIX 5TO. YCJIOBHE He BLINOJNHEHO,
A—onxHa u3 Takux Bepuud U T —TpeyroabHuk paszduenus, coxep-
wawuil Touky A He B KayecTBe BepIUHHBL. $ICHO, YTO TOuKa A JEXKHUT
Ha OAHOH U3 cTOpOH TpeyronbHuka 7. OTpe3ok, coelHHAIUN TOUKY A
¢ BepuwiMHOM TpeyronpHHka T, npoTHBONOJOXHOH STOH cTOpOHe, pas-
6uBaer T Ha IBa TpPeyrolbHHUKA W 3THM OMpelensieT HOBoe pasbHeHue
Hallefi MHOTOYFONbHOH GHIypH, caAyxauee H3MelbyeHHEM HCXOLHOTO
pasbueHud. Y HOBOro pasGHeHHs YMCIO HEenpaBH/bHLIX BepIIMH PABHO
yxe n—1. Tlpononxkas sTOT npouecc, Mbl DPHUAEM 4Yepe3 /1 1LIaros
K IpaBHJbHOMY pa3CHeHMI.

2.,5. Omepamuu HaJ MHOTOYTOJbHBIMU ¢urypamu., Peub umer o6
onepauysix ClOWeHHs, MepecedeHMs H BbMHTaHHd. YTO momyumTes,
ecnd Mbl OylieM MpPOM3BOAMTbL 3TH ONEPaUH# HAlL MHOTOYIOJbHEIMU
durypamu?

ITepeceuenue. [lepeceyeHHe ABYX MHOFOYroAbHHX (uryp mo-
weT He ObITh MHOroyroanHolt cdurypoil. Hanpumep, ABa TpeyroasHuka
MOTYT Ileépecexkathcsd B OAHOH Touke HAM mno OTpe3Ky. Ecau uckiio-
YHTh STH CJAYy4aH, TO NepecevyeHHe LBYX TPeyrolbHUKOB OydeT BH-
IYKABIM MHOPOYFOABHUKOM MM OYCTHIM MHOXECTBOM M, 3HAYHT,
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mHOroyronpHo#t ¢urypoii. [lepecedyenue ABYX JIOOBX MHOCOYLO/NbHBIX
¢uryp, pasGHTBIX HA TPEYrOAbHUKM, €CTb CYMMa MOMApHHX mepeceye-
Huil 3TUX TpeyronbHHKos. ClelOBATENbHO, NepeceyeHHe NBYX NH00bIX
MHOTOYTOJBHBIX (PULYD TpeicTaBAseT COBOH MHOrOyroakrHyw Qurypy,
K KOTOpOH NPpUCOeNHHEHO KO-
HEYHOE UYMCJIO OTpPe3KoB H
OTHeNbHBIX TOYeK (puc. 4).
ATy MHOTOYroAbHyW H-
rypy, CHy¥auwyw «riasHoi
4acThIO» epeceyeHu s, Mbl Ha-
3LIBAEM HpUBEOCHHbLM nepe-
ceyerues HCXOIHBIX MHOTO-
yronbubix ¢uryp. Yrober mo-
JYYHTH €€, 10CTAaTOUHO B34Th
BHYTPEHHIOIO 4YaCTh Nepeceye-
HHA M 3aTeM 3aMKHYTb ee, Puc. 4.
[puBeleHHOe TepeceueHue
MHoroyroasusix ¢uryp Pu Q 6yner ofossauatbes uepes [PQ]. Taxum
o6pasom,

llpubederroe
| ﬂgoeceqeﬂue[ﬂﬂ]

Puegpsr PuQ  llepecevenue PG

[PQ] = ((PQ)s). (8)

Ecau, B wactwocts, Q= P, 1o [PQ]= P. Ilpensinyuine paccMoTpe-
HHSL MPenCTaBJAAIOT MHTEPEC M B 3TOM clydyae: OHH MOKA3HBAKT, UYTO
gcaxue 0sa pasbuenus MmHozoyeorsHoli gueyps obaadarom obuum
u3menvieruens.

Broiuntanue., Pasmocte P—Q n8yx wmHoroyroneubix duryp P
H Q ectb, BOOOILEe TOBOpPS, HE3AMKHYTOE MHOxecTso. Hanpumep, pas-
HOCTb ABYX TPEYroJbHHKOB 3aMKHyTa JHLIL B TOM C/lydae, ecIu 3TH
TPeyroJbHHKH He HMeIOT OOIMX TOYeK WAKM [epBHH COLEpPKHUTCH
Bo BTOpoM. Takum o6pasom, pas3HocTs P—(Q He saBagercd, Booluie
roBop4, MHOTOyroabHo#t ¢urypof. Mbl mokaxeMm, OLHAKO, YTO €€ 3aMbl-
kanue (P—Q), ecth MHOoroyroabsas durypa.

[TpennomoxuyM cHauana, 4uto P— TpeyroibHuk, # pa3obeem durypy Q
Ha TpeyronbHukH. IIpsiMble, HAa KOTODBEIX /JeXaT CTOPOHH TPEYTrO/bHH-
KOB, COCTaBAAKMUX Gurypy Q, measaT TpeyroibHHK P Ha BBIMYK/bE
MHOTOYFOJBHUKH, NOMAapHO HEe HMeloliHe OOLIUX BHYTPEHHHX TOYeK. DTH
BBIYKJble MHOPOYrONbHHKM pacnalaloTcs Ha JBa KJ1acca: K [IepBOMY
KJIaccy Mel OTHOCHM MHOTOYTOJNEHWKH, Jewaiue B Q, KO BTOPOMYy —
OCTalbHble MHOTOYTONbHHKH, MHOTOYrOJBbHHKH BTOPOro Kiaacca NOKpH-
BalOT pasHocts P—Q n nexat B P—Q CBOUMH BHYTPEHHHMH TOYKaMH,
HO CBOMMH TIpaHMUAMH MOTYT mnepecekatncs ¢ Q. Mx cymma m ectsb
sampikanue (P—Q), pasnoctd P—Q. PasGuBas 3TH MHOTOYTOJbHUKH
Ha TPeyroJbHUKY, Mbl Pas06beM Ha TPeyroJbHHKH U MHOXeCTBO (P —Q),.
CnegoBaTenbro, MHOXeCTBO (P—Q), sBIseTcs MHOrOyroabHol ¢u-
Typoit.
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B ofmeM ciyuae MHoroyrosabHasd ¢urypa P pasfupaetcd Ha Tpe-
yronabHUKH T, T,, U Mbl HMEeM:

P—Q=(T:—Q+... +(T,—Q)
(p_Q)az(Tl—Q)a_I_ LR _I_(Tm_Q)s'

CornacHo TOABKO 4TO xokasauuomy, (7;—Q),, ..., (T, —Q),— MHoro-
yroibuele Qurypsl. Pasfubas HX Ha TPeyroJbHUKH, Mbel pas3ofbeM Ha
TpeyroabHuKH K MEOKecTBO (P—Q),. Cnexosarensho, MHOXeCTBO (P—Q)
ABJIIeTCS MHOTOYroabHOH ¢urypoi.

Muoroyroabuyw ¢urypy (P—Q), Mbl HasbiBaeM npugedeHnoll pas-
Hocmbl0 MHOTOYroibHbix ¢uryp P u Q. OHa GynmeT oGo3nauathbes 4e-
pes [P—Q]. Ouesumno, [P—Q] < P.

[TpuBeIeHHble MepecedyeHUss M PasHOCTH HAHAYT npuMeHeHHe B Teo-
PHH IIOlAafell MHOrOYroJbHEIX (QHUrYD, KOTOPOH NMOCBAMLIEH CleAYIOULUH
naparpad. XoTd B TepMMHAX TEOPHH MHOWECTB OHHM OMHUCHLIBAIOTCH
cloXHee, 4eM OObiyHble Iepecev4eHUs M DAa3HOCTH, C TOUYKY 3peHHs
3/7eMeHTAPHOR reOMeTpPHM OHM ecTecTBeHHee. Dbosee nomHo onu 6ymyr
paccmoTpens B 1. 5.10.

Cnoxenne. Cyuma KOHELHOZ0 HUCAG MHOZ0Y204bHHIX uzyp
ecms MHO20y204bHAR hueypa.

JloxazaTenbcTBO LOCTATOYHO MPOBECTH LA ciayuyasd AByX ¢uryp P
H Q. Eciu OHM He HMeWOT OOILMX BHYTPEHHHX TOYeK, TO CNpaBejH-
BOCTb YTBEpWKIEHHS odYeBHaHa., OOmiui cayyaff CBOIMTCH K 3TOMy 4a-
CTHOMY CJy4al, €CJIH BOCHONB3OBATbCH CENyIOULeH JeMMol:

Kawoso 6u wnu Goan mHozoyzoasHwe ueyps P u Q, MHozo-
yeossruie gueype [P—[PQ]} u Q ne umeom obuux snympennux

g e ey

3

mouex u
P+Q=[P—[PQ]]-+Q. (9)
JokasatennbctBo. Popmyna (9) anHanoruyHa COOTHOLIEHHIO
P+Q=(P—PQ+Q, (10)

CBASHIBAIOLIEMY ONEPALMIO CJIOKEHHS ¢ OOLIYHLIM BHUHTAEHEM H OOHY-
ueM nepecevendem. Tax kax [PQ] < PQ, To P—PQc P—[PQ]c
c [P—[PQ]), u u3 (10) creayer, uto P4-Q < [P—[PQ]]+Q. O6-
patHo, Tak kKak [P—[PQ]] < P, o [P—[PQ]]+Q < P+Q. Ocraercs
nokasaTs, uto ¢urype [P—[PQ]] u Q He uMeIOT OOIHX BHYTPEHHUX
rouek. Tak xak [P—[PQ]] < P, To Touka, BHYTpEHHSS IO OTHOUIE-
a0 K [P—[PQ]] u x Q, 6nina Obl BHyTpeHHeA NO OTHOWIEHHIO K P
¥ x Q. Takas Touxa npuHaiiewana Gbl OTKPHTOMY MHOXECTBY PQ, =
= (PQ), u notoMy Ghia Gbl BHyTpeHHel TOuko# ero 3amsikanus [ PQ].
Oua Gbuta Gbi, ClieNOBATE/bHO, BHEWIHEH N0 OTHOIIGHHIO K MHOMECTBY
P—[PQ] u ne morna Gbl mpuxamnexars ero sambikanmo [P—[PQ]).

Baxun#t yactao#t cnyuait. Ilyers Q = P. Torna P-Q=P,
[PQ]=Q. Taxum oGpasom, ectu muozoyzossnas ueypa Q ssrsemcs
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wacmeio MHo20y20AbHOlN (hueyps. P, mo guzyps [P—Qlu Qne unewom
oBmux eHympennux mouex u P=[P—Q]+ Q.

JloxasaHnada TeOpeMa MO3BOASET Jy4lie NOHATh ONPEeAe/I€HHE MHOTO-
yronpHo# Qurype, AaHHoe B nm. 2.4. CornacHo sToMy ONpexeleHHIo,
MHOFOyroJibHas (HUrypa eCTh CyMMa KOHEUHOTO 4YHMC/ia TpPeyrONbHHKOB,
[OMapHO HE HMEWIIHX OOWHX BHYTPeHHHX Todek. Tenepb Mbl BHUIUM,
YTO CyMMa KOHEYHOTO YHC/A TPeyroJbHUKOB B CET 4 ABAACTCS MHOrO-
yronbaod ¢Gurypol, He3aBHCHMO OT TOrO, KaK 3TH TPEYrOJAbHHUKH pac-
[OJOMEHE OTHOCHTENBHO APYr ApYyTa.

§ 3. Mromane HA KJjacce MHOFOYTOJIbHBIX (HIYP

3.1. Onpenesende Wromanu. /Jromads Ha Kiacce MHOTOYTOJbHBIX
¢uryp ectb QyHxuudA, onpeipeneHHas HA 3TOM KiaacCe u obaanamowas
ceoficteamu (o) — (6). dPopmynupoBky sTux cpoffcte ¢M. B 0. 1.1. Tlox
¢urypofi B HHUX ClJelyeT NMOHHMAaTb MHOTOYTOJbHYIO (urypy.

CyliecTsoBaHHe M eIHHCTBEHHOCTb HaweH d¢ynkuuu Gynyr aoka-
3ann B 1. 3.7. [loka oHHM He poKa3awbl, MH OyldeM MOHHMATh MOX IJO-
WAIbl0 KaKYyI0-H KO0y nb QYHKUHIO MHOTOYrodpHOH Qurypn, obrana-
oy ceoiicteamu (a)—(0), mpexmosaras ee CywecTyouleH,
[Tnowanb 6yaer oBo3HauaThcd 4eped s, MIOWAAL MHOTOYroabHOH du-
rypel P—uepes s{P).

3.2. Npoctefimue caenctsusd onpenesenud, [Tiouwads ecmv Moro-
MOHR AR BYHKYUS: ecall MHO20Y20AbH AR ueypa Q ecmb 2acms MHO20-
yeoasnoli guzypst P, mo s{Q)<<s{P).

C 3tuM cBoficTBOM MBI yike BcTpewanuch B m. 1.1, OnHako Mu He
MOMEM COC/AaThCsl HA NAHHOE TaM H3JIOXeHHe, TaK KaKk OHO He Ouio
JOCTATOYHO OTYETIUBBIM: HE OhII Pa3bACHEH TOYHLIH CMBICA TAKHX BH-
paxcenulf, kak «purypa», «IononHuTenbHas Qurypa», «BHyTpeHHHd
Toukay., F u G MOMYanuBO MPeRNoNaralHch NPHHANIEWALIMME K KJaaccy
¢$uryp, Ha KOTOpoM OfpexeseHa INIOWIALb, HO Mbl HE CMOTIH 6 A0-
Ka3aTh, YTO K STOMY K/accy MPHHAILIEKHT LONONHHTenpHad durypa G’
HIM YTO OHA He uMeeT ¢ ( OOWIMX BHYTPEHHUX TOUEK.

Temeps, xorma peub HJIET O MHOTOYronbHeIX (Hrypax, 3TH npo-
Genbl HeTpyAHO BocnoaHuth, [Tomomum R =[P—Q]. Kak mnoxasaso
B n. 2.5, duryper Q 1 R He uMeT 06WIHX BHYTPEHHUX TOYEK U P=
=Q+4 R. Cnenopateasto, s(P)=s(Q)-Fs(R), u Tax kak s(R)=0,
0 S{P)=1s(Q).

Las aobox 08yx mHo20y20abHbx fuzyp P u Q umeem mecmo
coomuouen e

s(P+Q)=s(P)+s(Q —s([PQ]. (1)

Nlng poxasatennctsa monoxum P’=[P—[PQ]]. Kak 6wno noka-
3aHo B 1. 2.5, P+Q=P 4+ Q, P=P +[PQ], npuuen ¢urypa P’
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He umeeT oOWMX BHYTPeHHux Touek HH ¢ Q, nu ¢ [PQ]. Cinexosa-
TeNbHO, $(P+Q)=5(P')+5(Q), s(P)=s(P')+s([PQ]). Uckiwuas
¥3 3TUX cOOTHOmeHu#t §(P’), Mbl monyyaeM cooTHomenue (1).

Aars a0box muozoyzorsnolx gueyp Py, ..., P, cnpagedruso He-
pasercmso (P4 ...+ P )<<s(Py)+ ... +5(P,).

lpu n=2 sto cnenyer u3 cooTHouieHus (1), npu 72> 2 ycraHas-
JAMBAETCA HUHIYKTHBHO,

3.3. BuluncJenne mIOMAAY¥ NPAMOYroibHuKa. [liowads npsmo-
Yeossrura pasra npousgedenuio 08YX COceQHUX CMOpPOH.

HoxkasateabrcTBO. [lycTh P-—nNpaAMOyrofbHUK, @ H H—ero
CoCeHHe CTOPOHHI.

[Ipenmonowum cnavana, 4ro P—xBanpar co cropouoft 1/z, T. e.
4T0 a=0=1/n (n—HaTtypaabHoe unucio). [Tyctp E — exuHHUYHBIE KBAX-
par. Pasobbem ero mpameuiMH, mapanjenbHEIMH CTOpOHAM, Ha n? 4a-
CTHUYHBIX KBanpaToB, paBubix P. Tak Kak 3T ¥BajpaTel COCTaBAswT E
W [ONAaDHO HE HMeKT OOIUUX BHYTPEHHHX TOYeK, TO, COT/ACHO CBOH-
crBy (B), cymma ux nnomianedt paesa s (£). Ho, cornacHo csoifeTry (),
momans Kaxaoro M3 HUX paBHa s(P), tak uro cymMma ux uaomaneft
paeHa n2s(P), a cormacHo csofictey (8), s(E)=1. CaexoBaTeabHo,
nis(P)=1 u s(Py=1/n2

[TpenmonownuyM Tenepb, 4TO @ ¥ b —n0GhHe pPauyuOHAbHEIE YHCIA,
[Tocne mpuBenenus x ofuieMy 3HaMeHAaTeN:0 OHM MpPEXCTABATCH B BHIE
a=l/n, b=m/n, rne I, m, n—Harypanbusie uyncna. Pazobrem npamo-
YyTrOJbHHK P npsMbIMH, NMapaaiefbHuMH €ro CTOpOHAM, Ha /m DaBHBIX
KBajapaToB co cropoHofi 1/a. [lo nokasaHHoMy, NMJIOWAAL KAWJIOTO M3
HHX paBua 1/n%, tak uyro cyMMma ux naowianel pasHa Im/n?, a coraacHo
cpofictey (B), ara cymma passa s(P). CaenozarensHo, s(P)=Im/n>.

Paccmotpum, Haxoden, ofuwu#t cnydaff. Ilyctb &— npousBoabpHOe
IOJNOMHUTEIbHOE 4HCTA0. Tak Kax INPOH3BENEHHE Xy HENpPephBHO 3aBHU-
CUT OT X H ¥, TO CYUIECTBYeT TAaKOe MOJOKUTENbHOE 4Hca0 8, uTo
| xy —ab| <<e/2, xax TomBKO

|x—a|<8, |y—0b|<d. (2)

[lpunanuM x ® y cHayaja Kakve-HHOYNh paLMOHAJIbHBIE 3HAUEHHUS
X =a;, y=~0;, yloBaeTBopdiollHe HepaBeHcTBY (2) M HepaBeHCTBaM
a, << a, by << b, a 3aTeM xakue-HUOYIb PaUUOHATbHbLIE 3HAYCHHH X = &y,
y=20b,, YHOBNIETBODAIOIIHE HEDABEHCTBAM (2) M HepaBeHCTBAM 4, = @,
by =0b. fcuo, uTO

@y, — a0, <, (3)
ab, < ab<<ayb,. (4)
[ToctpouM NpAMOYTOABHHK P; €O cTOpoHaM# @4, by, colepwkauiuiics

B P, B NpAMOYroAbHHK P, cO CTOpPOHAMH a,, b,, comepxauuii P. [lo
pokasantomy, S{Py)==ab,, s(P,)=a,b,, H, B CHAY MOHOTOHHOCTH
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njomani,
a.b; <5 (P) << ayb,. (5)

Ws nepasencts (4), (5) u (3) cmeayer: |s(P)—ab|<<e. Tak kax €
npou3BONbHO, TO §(P)=ab.

3.4, Boignciaenne mJaomand TpeyroJdbHHKA M Tpameuuu. [lrowmads
MpeYyeorsHUK G PABHA NOA0BUHE NPOU3BEOeHUS NpPOU3BOLLHOL CMOPOHbL
(¢ocHosanumy) na coomgemcmsyouyo 8ucomy. Ilrowads mpaneyu
PaBHa Npou3sedenuio ROAYCY MM OCHOBAHUN Ha 8b.COMY; 8 4aCMHO-
cmiu, naAouads RapassesoepaAMMA PABHA NpPOu3BedeHUI0 NLOL380A6HOL
CMOpOHb. K& coomsemcmeyiowyio sscomy ). Mer moxaxem ofa yrteep-
WAEHUSA OXHOBpeMeHHO. IIycTh P— TpeyronbHHK HJAH TpanelHd, a—
cpeiHas AMHHA, i —BbicoTa. HyxHo nokasate, uto s(P)=ah.

[TpeanonoxuM cHayana, 4TO OAHa U3 GOKOBHX CTOPOH GUrype P
IepreHINKyAapHa K ocHoBauu. [IpoBeneM napannenbHble NpaMble yepes
ocHoBaHud (UTYpH P, ecqd 3TO Tpameuus, H 4epe3 OCHOBAHHE H Npo-
THBOMONOKHYI) BEPUIWHY, €CHH 3TO TPEyrojbHUK, 3aTeMm HAa paccTos-
HUH 2@ oT npaMmoll, npoxonauie#t yepes 060-
KOBYIO CTOPOHY, NepPMeHAHKYAH4PHYI0 K OCHO-

BaHHIO, 110 TY e CTOPOHY OT Hee, N0 KOTOPYI

dexur durypa P, mpoBexeM MNapaylenbHyI0 7
et npamyo (puc. 5, a). Mbl noayuum mpsmo-
YLOJAbHHK C OCHOBaHHEM 2a U BHCOTOH 7,

pa3noxeHHu Ha nBe paBHble ¢uryps P u P’ M D
Ge3 o6uiux BHyTpeHHHX touek. CornacHo cBol-

creaM (B) u (y), naowanb 3TOrO HPAMOYLO/b- )
HuKka pasHa 2s (P). Prc. 5.

CnenosatensHo, 2s(P)=2ah u s{P)=ah.

Paccmorpum Teneps ofwiuit cayvai, Ilpopemem choza napa’ieib-
HHE NpsAMble Yepe3 OCHOBAHHS HUTYpH P, ecau 3To Tpameuus, H gepes
OCHOBAHHE W TIPOTHBOMONOKHYIO BEDPIUHHY, eClIH 3TO TPeyroOJbHUK,
3artem nposeneM KakoH-HUGYIb NEPNEHIAMKYNSAD K 3TUM MNPAMbIM, He
nepecexaown# uryps P (puc. 5, 6). Msl nonyuum ¢urypy P,, pas-
MOKEHHYI0 Ha nHBe Qurypsl P u P; 6e3 o6ux BHYTPeHHHX TOYeK.
Gurypu P, u P, ABAKIOTCA TpaneuusIMH C BHCOTOH £ M CO CPenHHMH
JAHHHSAMH @, U @, Pa3HOCTb KOTOPHIX paBHa a. Tak kak o6uas 6oKo-
Basi CTOPOHA 3TUX Tpaneuuit NMepneHiHKYAspHA K HX OCHOBAHUAM, TO,
Mo nOKa3aHHOMY, §(P,)=a,k, s(P;)=a,h. Coraacso csoiictey (),
§(Py)=s(P)+s(P;), u noromy s(P)=a,h—a,h=ah.

3.5. Briuncsienue maoman# NPOUBBONLHON MHOTOYFOJbHOMN urypsi.
[Iycts P—npou3BosbHAs MHOTOYTOJNbHAS durypa. Ecaum P—nycroe
MHOXECTBO, TO P+ P= P, npuueM cl1araemsle He HMEKT OGLIHX TOYeK;
crenosarenvuo, §(P)+4s(P)=s(P) u s(P)=0. Takum o6pasom,

!) TlapanesorpaMM Mbl CuMTaeM YacTHBIM CJyuaeM TpamewuH.
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niouanb nyCTOro MHOXeCTBa pasHa HyMw. Ecau durypa P He asnsercs
MycThiM MHOMKECTBOM, TO €e MOWHO pasfuTb Ha TpPeyrolbHHKH
Ty, o, T, cnz=1. Tlyets ay, ..., @,—Kak-1U60 BHOpPAHHbIE OCHO-
BAHYA DTUX TPEYTOAbHUKOB H Ay, ..., h,— COOTBETCTBYOILHE BHICOTHI,
13 ceofictea (B) u rteopembl m 3.4 cmexyer:

s(P)=g X el ()

dopmyna (6) copasemnuea u npu n=0: B 3TOM ciayyae P ecTb mycTOE
MHOXeCTBO M ofe uacTu (opMyanl (6) paBHH HYIW.

3.6. Crporas MOHOTOHHOCTb. Ecau MmHozoyzossnas uzypa Q ecms
nacms MHozoyzorbroll duzyps. P, omauanas om P, mo s(Q)<<s (P).
B wacmrocmit, nycmoe MHONCECHMBO ecmb eOUHCMBEHHAST MH020Y20.1b-
Hasn Pueypa, naowads Komopold pasHa Hy o,

CnpaBeniMBOCTE BTOPOro YTBEPXIEHHS HENOCPENCTBEHHO CJAELyeT
3 ¢dopumyanl (6). Yrobbl JAokasate CHpaBEeLIMBOCTbL [1€PBOTO, GyieM
paccyxaath kak B 0. 3.2. Ilycte R=[P—Q]. Tak kak Q u R He
uMeloT o6uIHX BHYTPeHHHX Touek H P=Q -+ R, 10 s (P)=s(Q) -+ s (R).
Ho s(R)> 0. Cnenosatennto, s(P)>s(Q).

3.7. Teopema cymecTBOBAHMA M eIUHCTBEHHOCTH. [Ha waacce
JHO20Y2006HBLX (Pu2yp CYyuecm8yem 00Ha U MOAbKO 00HQ BYHKYUA
co cgolicmeanu (o) — (8).

IlokaweM cHauyana eNHHCTBEHHOCTh, [Iycth s U §'— mBe QyHKuHY,
onpeneneHHHe HA KJacce MHOTOYronbHeiX Guryp u obranamliue CBoi-
creaMu (o) —(8). BosbMeM MpOH3BOABLHYIO MHOFOYTOAbHYW QHUIYDPY P,
pasobbeM €€ Ha TPeYroAbHUKM H 0O003HAYUM UYepe3 a,, , a,
Kak-m160 BHOPAHALIE OCHOBAHHS STHX TPEYTOJBHHEKOB H uepes Ay, ..., A, —
cooTBeTCTByMOIIHE BbicoThl. CoriacHo ¢opmyne (6),

n
1 ' 1
s(Py=g Dk, ' (P)= D, aily

i=1 i=1
Cnenoeatenvto, s (P)=s(P) u s" =s.

O6paTuMcs K TOKa3aTenbCTBy cyulecrsoBanud. Ero uiew nocras-
AseT HaM Ta xe ¢opmyrta (6). Mbl BuIenH, 4TO eCIM HA Kjlacce MHO-
royroibHeiXx Guryp cymecTsyeT dyHkuus co csoficramu (@) — (), To
OHa MoweT OuiTb BoiuucieHa mo dopmyne (6). Henbss au  nokasars,
Y10 npasas yactb ¢opMyis (6) u ecTp TpeGyemas (yHKIMa?

Msbl yBHANM, YTO [A0OKa3aTh 3T0 HAeHCTBHUTEABHO MOXHO, HO YTO
IOKa3aTeNbCTBO COBCEM He [1pOCTO. BaxHO XOpOIWIO MOHATH, B YeM
3ak/a4aeTcs TpyaHocTe. Ilycte P —MHoroyroabHas durypa. Yrobw
BLIUNCAHTD 7S Hee mnpasyio 4actb Qopmyas (6), MB LONXHL Pa3bUTh
ee Ha TPeYroAbHUKH M B KamIOM H3 HHX BEIGpaTb ocHoBaHue. [lpen-
MONOWHUM, YTO DTO CAENAaHO [IBYMs pas3jHuHBIMH crocofamu, H NyCTh
0 1 G’ —cooTBeTCTByIOWME 3xayeHus mnpasolt uyactu Gopmyins (6).
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Byayr au oHHM paBHel Mewxay cofoi? [loka na 3TOT BOMpoc He naH
NONOWHTENbHHH OTBET, ME HE MOMEM yTBepWAaTb, 4TO mpaead
vacte GopMyasl (6) ecTs dyrkuug ourypel P. DTOT MOTOXKHTENbHEIH
oTeeT Gbl1 Gbl OYeBHAEH, e€CJHH Obi Ml MOLVIM ONMPAThCA HA CYILECTBOBA-
HHEe NOWANM: Mbl ckasanu O TOrZa, 4TO KaxXpxoe u3 uucen o, ¢
pasHo miaomanu ¢urypsl P. Ho Mu He MOxeM OnupaThcs HA TO, YTO
XOTHM [HOKa3aTh. Mbl HOJNHEI, TakuM 06pa3oM, YCTaHOBHTb DPABEHCTBO
0 =0' HenoCpPeACTBEHHO.

Jlemma 1. [lpousgederuie CmopoHs, mpeyzoasvHUKA HQ COOMEeMm -
CIEYWYI0 8uicomy 00UHAK080 Oaf 8CEX MpeX CMOPOH.

Heiictsutensno, nyctb ABC—-NpoOH3BONBHEIE TpeyrodbHuk u B,
C’ —OCHOBaHUS NEPNeHIUKYAAPOB, ONYUEHHHX u3 BepwHd B, C Ha
npamsie AC, AB (puc. 6). Y3 coobpaxenuit
noxobus caenyer, 4to p (C,C'):p (A, C)=
=p (B, B'):p (A, B), u, CleloBaTe/bHO,
0(4,B) p(C, C)=p (4, C)p (B, B).

Ycnosumcs o6o3Havathb uepes (ABC) no-
JOBUHY NpOHM3BeIeHHs MNHHH oTpe3ka AB
Ha JIJAUHY TeprNeHAMKYAspa, ONYyLI@HHOro
u3 Touk¥ C Ha npsmyn AB, ecnin TOoY- g
k1 ABC He nexar Ha ofnHoff mnpaMmoHt, H
nonowum (ABC)=0 B NPOTHRHOM c/ayuae.
Ecnu toukn A, B, C cnywxat BeplIMHaMH
tTpeyroabuuka T, to Hapany ¢ (ABC) wmul Puc. 6.
O6ymem nucathb taxkwe (7). Taxas 3anucs
He MPHUBEAET K HeJopasyMeHMI0, TaK kak, corjiacHo nemme 1, (ABC)=
=(BCA) = (CAB).

dukcupyeM Ha MJIOCKOCTH Kakyo-HHOYAb Touky O ¥ 0603HAYMM NI
NPOM3BOALHOTO TpeyroisHuka ABC uepe3 (AB|C) uucno (ABO), ecnu
C JnexHT 10 Ty Xe CTOpPOHy oT npamo# AB, uyto u O, H 4ucio
—(ABO), ecin O u C nmexat 110 pasHule CTOPOHH OT mnpsavMolt AB (ecau
npsavas AB npoxonuT depes Touky O, to (AB| C)=0).

Jlemma 2. Ecan mpeyzossnurx ABC ne codepocum mouru O, mol)

(ABC)=(BC | A)+(CA | B)+(AB| C). (7)

Bl

Jokasateabctno. [lyers I, Iy, Il —nonynnockocrn ¢ rpa-
HuyHbeiME npameiMu BC, CA, AB, comepwawne Touku A, B, C. Tpamue
BC, CA, AB nenfiT MJOCKOCTb HA BOCEMb HENEpeCeKawlHXcs uyacTel
010, TI,I, (xon. I1y), II, (mom. IIg) II,, II, (mom. Ilp) (nom.II,),
(mom. II,) T GIT, (mon. IT,) I g (mom. I1), (mom. IT 5) (nom. ITg) IT,

(mom. IT,) (nom. ITp) (mon. ITy),

1) Moxuo Owiio G JOKa3aTh, 4YTO cooTHoueHHe (7) CNPaBeLUBO MpH
q060M pacnosoxeHHH Toyku O, HO HaM 3TOT (aKT He NOHaZOGHTCA,
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nepsas M3 KOTOPHIX MpeAcTaBageT coboit TpeyroasHux ABC. TTokaxen,
4TO  MHOXeCTBO (mom. I1,) (mom. IIp) (mom. IT) nycrTo, [ycth
D € (non. I1,) (mon. IIg) (non. II;) u D’ —xakas-uu6ynp BHYTpeHHAS
touka tpeyroabuuxa 1I,II5II.. Tax xax toukn D u D’ nexart no pas-
Hele CTOPOHH OT Kawao# ua npamuix BC, CA, AB, to orpesox DD’
nepecekaloT Bce TPH npamuie. Ho npononxenue orpesaka DD’ 3a touxy D’
CHOBA MepecexkaeT O KpahxHeH Mepe OAHY H3 HHX, YTO HEBO3MOKHO.

Tak kak Touka O ;mewuT BHe TpeyroabHuka ABC, To oHa npuHan-
nexut oxHomy us wectu muowects IL 0I5 (nom. ITp), IT, (mom. IT,) ITg,
1T, (mon. IIg) (mom. IT),  (mom. II,) IILIN, (mom. I ) Il (mom. I1,),
(mom. I1,) (mom. IIg) Il . ITeproe, BTOpOe U 4eTBEpPTOE, a TaKWe TPeThbeE,

Puc. 7.

nATOe H IIeCToe MHOXeCTBa OAHOTHNHb, CirenoBaTenbHo, XOCTATOYHO
paccvotpets asa cayuas: O € I, 5 (non.II) w O € (mom. I ) (zon IIg)II,..

Mepsuit cayuatt, O€I Il (mon. II) (puc. 7, a). Tax xak
Ogll,, O€lly, O€ non. Il ToO

(BC | A)y=(BCO), (CA | B)=(CAO), (AB|C)= —(ABO). (8)

C npyro#t cropons, tax kax O€ mom. Il,, To oTpesox OC mepecekaet
npavyio AB B nekortopoit touke C’, a tak kak O €I, 0I5 u C€II,II,,
10 otpesoxk OC newur B II,II;. Takum oGpasom, Touka C’ nexut Ha
npsavott AB u B 11,05, 1. e. na npamolt AB u B Tpeyronvuuke ABC,
T. e. Ha oTpeske AB. CrenoBarenbHo,

p(4, By=p (4, C')+p(C, B), 0(0, O)=p(0, C)+p(C, O),
H MOTOMY

(ABC)=(AC'C)+(C'BC), (ABO)=(AC'0) + (C’BO),

(OCA) = (0C’'A) +(C'CA), (OCB)=(OC'B)+ (C’'CB).

[lonbaysacs  cooTHomesusMu  (8), mNepemuileM [OCJAELHHE YeThipe
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paBeHCTBA CEAYIOUIHM 06pazoM:

(ABC)=(AC'C)+4(C'BC), (AB| C)= —(AC'0)—(C'BO),
(CA | B)=(AC'C)-+(AC'0),  (BC| A)=(C’BC) - (C'BO). 9
M3 cootHomenu#t (9) caenyet paseHcTBo (7).

Bropo#i cnyuatt. O€ (non HA) (mom. I g) I (puc. 7, 6). Tak xak
O€ non.I1,, Og non.Il;, O€Il,,
(BC | Ay= —(BCO), (CA| B)y= —(CAO), (AB|C)=(AB0). (10)
C napyro#t cropons, tak kKak OE (mom. II,) (mom.IIg) u raxk «xax
B Touke C mpamas OC nepecexkaer of6e npamuie BC, CA, 10 moay-
npaMas, cayxamas npogomxendeM otpeska OC 3a touky C, JTewuT
8 mepeceyennn II I, DTa noaynpamas mONXHA IepecekaTb NPSAMYIO
AB, Tak XKaK B TPOTHBHOM Cly4Yade OHA EAHKOM Jexana Ok BMecTe
¢ touxo#t C B monymnockoctu Il u, snaunt, B tpeyronsuuxe IT,ITG11.
[Tycts C’ — Touka nepecedeHus 510l noaynpsmo ¢ npamod AB. Tak Kak
C' €Il Il 1o Touka C’ newuT Ha orpeske AB. CiemoBaTensHo,

0(4, B)=p (4, C")+p(C, B), p(0, C)=p (O, O)+p(C, C),
H HOTOMY
(ABC)=(AC’'C)+ (C'BC), (ABO) = (AC'0)+ (C'BO),

(OC’A) = (0CA) + (CC' 4), (OC’'B)=(OCB) + (CC'B).
[Moabaysacs coorHomenusmu (10), nepenuieM NocneXHue YeThipe paBeH-
CTBa cleXylouIuM 06pas3oM:

(ABC) = (AC'C)+ (C'BC), (AB| C)=(AC'0O)+(C'BO),

(CA | By=(AC'C)—(AC'0), (BC | A)=(C'BC)—(C’'BO). } (11)
Ua coornowennsi (11) cnenyer pasenctso (7).
Jevmma 3. Ecau

P=S+...+S,=T+...+T, (12)
—08a pa3buenus mHo20y204bHOL Pueypu P na mpeyeossnuxiu, mo
S+ oo A S = (T 4+ (T, (13)

JoxkasartenbctBo. [Ipexmosmowum crauana, yto m=1 u 4ro
P=T,+ ...+ T,—npasunbroe pasbuenHe Tpeyroinnuka P=3S,.
IMycte L;y, L;y, L;;—ctoponsr Tpeyroabnuxa T,(i=1, ..., n) u I,
l;g, l;z—ux mmunbl. BoiGepem Bue duryps P rtouky O, ofo3Hauum
yepes p;; (j=1, 2, 3) AnMHY NepHeHIHKYyRdpa, onymel-moro 3 OHa
NpAMYI0, COAEPKALLYIO CTOPOHY L;;, ¥ mnonoxum &= —+1, ecin
TOYKa O JEKUT 1O TY Me CTOPOHY b1 sttt npsaMof, 4To M TpPEeyronb-
Hak Ty, ¥ g;= —1 B npoTuBHOM ciyudae. BrnucwBasg a1s Kawnoro
u3 Tpeyroanm{oa T, dopmyny (7) m CyMMUPYS IO i, MBIl NMOMYUHM:

n 3

(Tl)_l" + ZZ 1 l] 1jptj (14)

i=1j=1
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Ilycts A, B, C—sBepuunn Tpeyroaeiuka §,. Cymmy, crosulyio
cnpaga B ¢opmyie (14), Mbl pasoSbeM HA ueTHpEe UACTHYHbIE CYMMHI,

Hnen 5 e;;l;;p;; Mbl OTHeceM K MepBO# CymMe, eclH OTPe3ok L;; MewHT

Ha orpeske BC, KO BTOPOH, ec/u OH JewHUT Ha oTpeske CA, K TpeThel,
ec/ii OH JeXHT Ha otpeake AB, M K ueTBepTOi, eciu L j~— OTPe3oK
BToporo Tuma (cM. m. 2.4.). ,UJIH epBHX Tpex qacmqﬂux CYMM MH
6yneM ynoTpebGasTh 3HAKH ZB’ ZC’ ZA Y Bcex wIeHOB nepBoit
YaCTHYHOH CYMMBI MHOXHTENH p;; U €;; MMEKT ONHHAKOBEIE 3HAUEHUH
p ¥ &, a UMeHHO, p ecTb [IIHHA nepneﬂnuxynﬂpa, OMYLLUEHHOTO U3
Toukn O Ha npamyi BC, a & ects -1, ecau Touka O nexur mo
Ty e CTOPOHY OT 3TOH mpsAMOH, 4TO ¥ TpeyroapHux S;, u —1 B npo-
THBHOM cayuae. CrejoBaTenabHoO,

1
3 S eidiypy= epEB ,j=7 pp (B, C)=(BC | 4).  (15)
TMono6ubM we oBpasom

Al 1
o5 &iliypiy = (CA | B), Zjisijz,.jp,.F(AB] C).  (16)

Ecan L;;—o0Tpesox BTOPOro THOA, TO OH CAYXHT oO6ulelf CTOPOHOH
IBYX TPEYrOJIbHHKOB, JIeWdIIHX MO PasHble CTOPOHH OT COZepxalieit
ero npamMo#l. B coOOTBeTCTBHHM ¢ 5TUM uYleHH YeTBepPTOH YaCTHYHOM
CyMMB pacmajfdloTcs Ha napn 4JeHOB, HMEIILUX OAHMHAKOBHE MHOMH-
Tenu Iy u Pij» HO IIPOTHBONONOKHbIE MHOXKHUTenH €;;. Caenosatenbho,
yeTBEpTad cymma paBHa Hymo, u dopmyns (7), (15) ( 6) u (14) nawT:

(S)=(BC| A)+(CA| B)+(AB| C)=(Ty) + ... +(T,).

PaccvmoTpum Teneps oBmwmult cayuait. [lyers

P=U,+...+U, (17)
-— npaBuiabHoe ofiiee HaMenbyenne pasbuenuil (12). Kawawit us tpe-
YrolbHUKOB S, ..., S, IpaBHALHO Pa3GUT Ha TPeyrOJbHHKH pa3bue-

nus (17). Ecau, nanpumep, S;=U,, + ... + Ug,, TO, COTIacHO TOABLKO
ut0 nokasanuoMy, (S;)=(Us)+ ...+ (Us,). Buinucoeas Takue we
COOTHOLIGHHS /Il TPeyTOJNBHHKOB Sy, ..., S, M CYMMHDYS, NOJYYiM:

S+ + S =WU)+... +U)).

[TonoGubiM xe o6pazom

(T)+... +(Tn)=(U1)+ R UAE
M3 stux nByx cootHouienHit crexyer paBeHcTBO (13).
IOokxasaTeanbcreo cyumwectBosaunud. [lycts P—mnpous-
BONbHAS MHOroyronoHas ¢urypa u

P=T+...+T, (18)
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— Kakoe-Hu6yxb pasbuenue ee Ha Tpeyronbuukd. [lonowum s(P)=
=(T,)+...+(T,). Cornacio nemme 3, 3TO 4HCIO He 3aBUCHT OT
Boi6opa pa36uenns (18). CnemoBatenvHo, § eCTb (YHKUHS, Ompene-
JAeHHasd Ha Kaacce MHOroyroiabHeix ¢uryp. OueBuaHo, uTto ona o6na-
naet ceoitcteamu (o) —(6).

3.8. IoBegenue mNJaOmMAAHM Opd Npeo6pas3oBanuu momobusa. Kak
W3BeCTHO, NpeoBpasoBanneM noiobus ¢ uenrpom O ¥ KO3PPUIHEHTOM
A > 0 nasmBaeTcd Taxoe npeo6pasoBaHHe ILIOCKOCTH, KOTOpoe mepe-
poaut touky O B Touky O, a BCAKY APYryw Touky A—B Touky A’
nyua OA, mas xoropoi p (0, A")=Arp (0, A). Bonee o6wum ob6pasom,
npeobpa3oBagueM Nonob6us ¢ KoapduuneHToM A > 0 Ha3bHBAaETCA BCAKOE
otofpaxenue f OLHOM INIOCKOCTH HAa APYTYIO, NPH KOTOPOM PACCTOSAHHE
A106bx AByX To4eK A, B nepBo# MJOCKOCTH M paccTofHHE HX 00pPa30B
A'=F(A), B =f(B)Bo BTOpOH NJOCKOCTH CBA3aHH COOTHOUIEHHEM

p (A", By=2p (4, B). (19)

Takoe oto6paKeHue B3aMMHO OJHO3HAYHO, M OOpaTHOE OTOOpaXeHHe
ecTh npeoBpasosanne noxobus c xkospduuyentom A~ 1),

[Ipeo6pasoBanne noxoSus MepeBOIUT TPEYFONbHHK B TPEYTOAbHHK
M MHOTOYronbHyw GUIypy B MHOTOyroabHyw ¢urypy. Pasenctso (19)
NoKa3LiBaeT, YTO OTOGpameHue f MepeBOAHT KPyr ¢ ueHTpoM A B Kpyr
¢ uentpom f(A). Cnenosartenbro, npeo6pa3oBaHHe NOLOOHA TNepe-
BOLUT BHYTPEHHHE TOYKH BO BHYTDEHHHe TOUKM M MHOWecTBa 0e3
O6IMHX BHYTPEHHHX TOYEK B MHOXecTBa 6e3 OOLIMX BHYTPEHHHUX TOUEK.

Ecau P'—obpaz muozoyeonsroli dhuzyps. P npu npeoGpaszosanuu
nododus ¢ Kosgunuenmor A, mo

s(P'y= A% (P). (20)

IHlokasaTenbcTBO. B cuny teopeMbl eIHHCTBEHHOCTH, HLOCTa-
TOYHO [0Ka3aTh, 4TO (yHKUMA §', ompejlelNeHHds HA KJiacce MHOro-
yroabubx duryp dopmynoft s'(P)=A~2s(P’), yioBIeTBOpHET yca0-
BuaM (o) — (0). To, uro oHa ynosaersopser ycaosuam (&), (B), (y),
ouesunHo. aiimemca ycaosuem (8). fcHo, uto obpas E’ enumauynoro
kBanpara E ectb kBanpat co croporo#t A. Crenosatensno, s(E')=A2
u s (EY=A"2s(E)y=1.

3.9. lloBepenne miomagu OPU OPTOIOHANLHOM HPOEKTHPOBAHHUH.
Ecau P'— npoexyus muozoyeossnoli guzypss P wa naocxocms, obpa-
3YIOWYIO ¢ ee NAOCKOCMbLIO OCMpLIL Yeoa o, mo

s{(P')=s(P)cosa. (21)

HokasartenbcrtBo. Ectu a=0, to ¢opmyna (21) oueBunHa.

[Tycts o> 0.

[TpeanmonoxuM cHauana, 4To P—TpeyrolbHUK CO CTOPOHOM, mapai-
JMeAbHOH JIMHHM nepeceyeHusd Hawmux mIockocTedh. Toraza cropoua

1y Cm. crp. 55 u 60—61 ku. IV IBOM. ([Tpum. ped.)
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Tpeyroabhuka P, cnyxauas npoexnuest Toi CTOPOHH, paBHa eif, a COOT-
BETCTBYIOIAA BLHICOT2 TPEYroNbHUKA P npoeKTHpyeTCs HA BEHICOTY
TpeyronbHuka P’ M yMHOwaeTcs NMpH 3TOM HAa coso (puc. 8, a). Cre-
noBatenbHo, S (P’)=s (P) cos a.

O6wu# cnywalf CcBOZMTCH K 3TOMY 4YacTHOMY Clyuaw, Tak Kak
BCAKYIO MHOFOYTFOABHYIO (HIYpPY MOMHO pa3GuTb HA TpeyroAbHUKH
paccMOTPEHHOro Buaa. Jlnd 9TOr0 A0OCTATOYHO KAK-HU G Y 4 b pa3bHUTh
ee Ha TPEYTOMbHMKM M 3aTeM KAWIBH TPEYrO/bHHK, HE YIOBIETBO-
pAOWMA HAMIeMy YCIOBHIO, pasOuTh HA 1BA TPEYLOALHHKA, YAOBIET-
BopsiowlHe emy (puc. 8, 6).

a) 4)
Puc. 8.

3.10. MoBepenne njomanum Epu agduaHoMm mpeodpaszoBanuu. Kax
U3BecTHO, adduHHLIM npeobGpasoBaHNeM HA3bIBAETCH TaKoe oTobpawe-
HHe OJHOH MJOCKOCTH HA APYTYyI, KOTOpoe B NPAMOYrO/JbHLIX KeKap-
TOBBIX KOOpHHHATAX X, y nepsoﬁ IJIOCKOCTH ¥ IIPSAMOYLOJADbHBIX IeKap-
TOBBIX KOODPIMHATAX X', ¥ BTOPOH (MOCKOCTH HMMeeT BUI

x'=ax+py+a, y =yx+0y-+o. (22)

Eciu 910 ycioBHe TuHeHHOCTH BHINOMHEHO NPH OAHOM BHOOpPE KOOP-
AMHATHBHIX CHCTEM, TO OHO BLIIONHEHO W TMPH BCAKOM JPYIOM HX
BhiGope. AdduHHOe npeobpasoBatHe B3AHMHO OJHO3HAYHO, M OGPATHOE
npeo6pasosanne Taxkwe aBadeTcs addunnbMl), Onpenenutens A=
=o0—fy ¢ TOuHOCTBIO NO 8HAKA He 3aBHCUT OT BHIGOPA KOOPIHMHAT-
HHX cucTeM. OH OT/MYeH OT HyAsl, H ONpelenuTeNb 06paTHOLO Mpeos-
pasoBanus paBed A~L.

3aMeTHM, 4TO mMepexoi OT OXHCH NpPAMOYTOJAbHON NeKkapToBOH cH-
cTeMbl KOOPAMHAT K ADYroH ecTh 4acTHHIE caydait npeo6pasosanus (22),

1) Cp. ctp. 61—62 u 76—77 xu. 1V B3M. ([Ipum. ped.)
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HeficTBuTensHo, mnpeoBpasopaHue KOOPIMHAT MOXHO paccMaTpuBaTh
KaK TOXWIEeCTBeHHOe OTo6parkeHHe MIOCKOCTH Ha Ty Xe IVIOCKOCTb,
cHabkeHHYO Apyroft cucteMmoif koopauHat. QnpeneqHTe]lb TAaKOro Npe-
of6pasoBanus pased —-1. B uacTHocTH, ecim npeobGpasoBanue (22) ecth
nosopoT ocelt, To A=1.

Addunaoe npeoGpa3oBaniie MepesORUT TPeyroNbHUK B TPeYrOJbHUK,
TPeyroNbHUKK 6e3 0OUuIHX BHYTPEHHHX TOYEK B TPeyroJbHHKH 6e3 o0unux
BHYTPEHHHX TOYEK H MHOTOYroJbHHE (UIYPLl B MHOTOYrojbHbe (HTYDHL

Ecau P'—obpa3s muozoyzorsnoll guzypss P npu agdunnon npe-
obpasosanun ¢ onpelesumenesm A, mo

s(PYy=s(P)]A]. (23)

JoKasaTenbcTBO OMUPAETCT HA JBE JEMMEL,
Jlemma 1. Ecau

(%5, Y1)y (K Yoy (K V) (24)
—IlpOLZSBO./LbeLe Moyt naockocmu u
(*1, Y1), (%2, ya), (%3, ¥3) (25)

— ux obpass npu npeobpasogsanun (22), mo
Xe— X1 Jo— W1
Xg—X1 JVs— W

JokasaTenbCTBO.

Xg—X1 Yo—N1 A,
X3— X1 Ys—Mh

| x2_x1 Ye— W1
x ’“‘xl YVa—V1

0 (£, — %)+ B (Wo—y1) ¥ (%) + 8 (¥, —y))
o(xg— %)+ B (y;—y1) Y (X3~ %) +8(ys—y1)

Xo—X1 Yo—W1
X3—X

15

Jlemma 2. Ecan P—mpeyzossrux ¢ sepumunanu (24), mo

§(P) = abc, sed. %xf—xl Yo—Y,
Xg—X1 Y3—W

HoxazarteabcTBo. B cuay nemmu 1, onpenenutens (26) ne me-
HAeTCH [P TMOBOpoTe oceit xoopaunar. CrexoBaTenbHO, JeMMy 2 no-
CTaTOYHO 10KAa3aTh AJd caAy4as, KOrga HampamieHHe ocu aGcuuce COB-
MajaeT ¢ Hanpas/leHHeM CTOPOHH TpeyroabHuka P, coenuuswowei
nepepyi0 Bepmudy ¢O BTOpoH (puc. 9). B srom cayuae x,— x,=a,
Yo—y1=0, y;—y,=h, rie a—nnrusHa YK4a3aHHOH CTOPOHH, 2

(26)
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h—COOTBETCTBYlOUJ,aﬂ BbICOTa, H NIOTOMY

L1 Xe—%; Yo—J1 1
— ::i —ah::& N P . 27
2| X3—x y;—I1 2 (P) (27)

3amerum, 4TO 3HaK onpeleautens (26) onpexensercs nopsaKOM,

B KOTODOM 3anucanbl Bepiuuubl Tpeyroabuuka P, Ecau sTor nopamox

TaxoB, YTO TPEYTOJbHHK OGXOLHTCH MPOTHB YACOBOH CTPEIKH, TO ONpe-

JAeNuTenb MONOXHTeNeH; eCclAy 3TOT Nops-

¥ JOK TAaKOB, 4YTO TPEYrOJbHUK OBXOmHTCH

IO 4acoBOH CTpenke, TO onpeneautTenb

orpuuarened. JelcTBuTeNbHO, B nepsoM

cryuyae (mpu HAlleM CHeUHAaJbHOM pacmho-

@.42) NOXEHHH KOODAMHATHHX ocell) y,>>y, u

(@ 41) B Qopmyne (27) cToAT 3HaK -+; BO BTO-

o ®  pom cnywae y,<<y; u B copuyre (27)
CTOHT 3HAK —.

Puc. 9. JokasatenbctBo dopmynn (23).

B cuny aNXMTHBHOCTH  mJOWIANH, J1O-

CTaTOUHO PACCMOTPETL Caydyalf, xorxa P ecTb TpeyroiapHuk, [lycts

(24) —Bepurunbl Tpeyroabuuxa P u (25) —Bepwnun ero ofpasza P’,

CornacHo nemme 2,

(Z5.45)

X, —X —
s (P) = aéc. Ben. -;— 2% Ve
Xzg—X1 Vs—V1l»
o
S(P’)=a6c.3en.% 2T T

Xz —Xy Ys—
U paBeHCTBO (23) sABaseTCd CleACTBUEM
nemmnt 1,

Yacruwme cayuau, 1. Ilyers

Jf—mnpeo6GpasoBanue MOAOGHA C KO3(-
¢unmnentom A (n. 3.8). Ecau Bubpats 8 Pic. 10.
paccMaTpUBAEMBIX IJIOCKOCTAX OCH X,
y u x', y’ Tak, uTo6H OChb X mepexoiuna B och X', & ocb y—B
och y', TO f mpencraButcs kKak addunnoe mpeobpaszosanne x' = Ax,
y' =MAy conpenenurenem A =A% Taxum oGpasom, gpopmyna (20) ectsb
yacTHHR cayuaft dopmymsr (23).

2. Mlycte f—npoexTHPOBaHHe ONHOH MJIOCKOCTH HA APYryw, o6pa-
3yLLyl0 ¢ rnepBOof ocTphii yron o. Ecau BeIGpath B 3THX MJOCKOCTAX
CHCTeMB KOOPAHHAT X, y H X', ¥’ Tak, 4tobbl ocH X u x' coBmany,
a och y u y cocrasuau yroa « (puc. 10), To f mpencraBuTcd Kak
addunnoe npeoGpazoBaHHe x'==x, y ==ycosa C ONpeAeHTENEM
A =cos a. CnexoBatennso, ¢opmyna (21) ectb yactHuifl cayuya#t dop-
Mynasl (23).
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§ 4. Kuace xsampupyembix ¢uryp

4.1. Onpenefedne KBagpupyemoii ¢urypol. Muowecrro M, nexa-
umiee Ha MJIOCKOCTH, Ha3HBACTCH K8AOPUDYeMbLI MHONCECMBOM UM KB~
Opupyemoii ghueypoil, eciu 115 BCIKOrO IOJOKHTENBHOTO YHCIA € Cylle-
CTBYIOT TaKHe MHOTOyroabibie ¢urypsl P u Q, uto

PcMcQ, s@Q—s(P)<es. (1)

durypa P HaswBaeTcd gxodsujeli, durypa Q— obsemaomel,

Eciu MHOxectBo M camo siBAfieTcs MHOroyroiabHo#f ¢urypo#t, to
B kKauectse P u Q moxHo B3aTh M. CnenoBartenbHo, 8CAKAS MHO2G-
yeorsras gueypa xsadpupyera.

Besiwas xsadpupyemas dueypa ozpanutena. JLeHCTBHTeNbHO, CO-
TJIACHO CBOEMY OmIpeleseHHIo, KBajipupyeMmas QUrypa cOxepxkuTca B He-
KOTOpOH MHOroyroabHo#t ¢urype, a MHOrOyroabHast purypa orpaHMueHa.

OfpatHOe yTBEpPHKIEHHE HEBEPHO: OFpAHHYEHHOE MHOXKECTBO MOMET
He 6uiTb KBagpHpyeMbiM. Ilpumep Oygmer nxadH B n. 4.10.

4,2. 3ameuanue 0 BbiGope ¢uryp P u Q. I'pauunwmt P, u Q. MHO-
royroipibix ¢uryp P M Q, BXOASIIHX B OnpejeseHHe KBaJAPUPYEMOCTH,
MOTYT uMeTb ofiHe TOUKH ¢ rpanuueft M, muoxectea M. Onnaxo du-
rypsl P u Q Bcerza MOxHO BHIGpaTh W Tak, utobe P, Q. He mepe-
cexanuch ¢ M. Jpyrumu crosamu: ecau M— xgadpupyeras guzypa,
mo 0ag BCRK020 NHOAONCUMEABHO20 & CYUjecmsylom maxie MHOZO0~
Yeoasnse ducyps. P u Q, amo

PcM, McQ, sQ—s(P)<e. (2)

Hoxasateasbctso. [lyete P’ u Q' —rTakue MHOTOYTOJbHbIE
duryps, yto P'c Mc Q', s(Q)—s(P')< /3. Pazobrem purypy P’
Ha TPeYroJbHMKH, NMOJBEDPrHEM KaXIbH M3 HHX Npeo6pasoBaHHIO NOLO-
Oud ¢ LEeHTPOM B KaKOHK-HHOYNb ero BHyTPeHHel Touke U KOSMPHUHEHTOM
A<<1 u nonyyeHHvle HOBBle TPEYTOJNbHHKH COENHHHM B MHOTO-
yroaenywo durypy P. Paso6bem ¢urypy Q' Ha TpeyronbHHKH, HOI-
BEPrHeM KawXAbH M3 HHX npeo6pasoBaHHIO NOKOOHA C LEHTPOM B KakoH-
HuUOY b ero BHyTpeHHeH TOuKe U KoadduUHeHTOM W >>1 M MONydYeHHbE
HOBBIE TPeYrOJbHHKH COeJIMHHM B MHOTOYronbHyl ¢urypy Q. Tax xax
KQOKIHH TPeyronbHuK H3 P ILeIHKOM JIeXHT BHYTPH HEKOTOPOTO Tpe-
yronbsuka u3 P’, To Kkawjaas TOUKA MHOrOyroJbHOK Qurypsl P apasercs
BHYTPeHHeH N0 OTHOLIEHHIO K P’) a moToMy H no OTHOWeHH K M,
T. &. Pc M, Tak xak xauabil TpeyroabHHK H3 Q' IEJHKOM JEWHUT
BHYTPU HEKOTOPOTrO TPeyroabHHKA M3 Q, TO KawIas TOYKA MHOTOYLONb-
HO# durype Q' ABAseTCE BHYTpeHHEH N0 OTHOWIEHHIO K Q, T. e. Q' < Q,.
Ho M < Q'. Cnenosatensio, M, € Q;=Q’, u noromy M, < Q,. Taxum
00pasoM, mnepBble ABa u3 cooTHOmeHuH (2) Buimoanens, OcTaertcs
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BLIGpAaTh 4YHCAA A H W TaKuM 06pasoM, uTOGEl GLLIO BHIIOJAHEHO H
TpeThe COOTHOLICHHE.

TpeyroibHukd, cocTasiasioue ¢urypy P, He mepecexalTcs; Tpe-
YrOJABHUKH, COCTABIAOILUE cpurypy Q, Moryr nepecexatbcs. B coor-

BeTCTBUH ¢ 3THM s (P) =A% (P’), s(Q)<< pu2s(Q’) (cm. m. 3.8 u 1. 3.2),
H OTOMY

s(P)—s(P)=(1—=2)s(P), s(Q—s(Q)=<*—1)s(Q").
Mycts A ¥ p HacTonbKO GMH3KH K enusune, 4to (1 —A2)s(P ’)<%

p2—1s(Q" <%. Torna

S(Q)—S(P)-——'
=[s(Q—s(@)]+[s (Q)—s (PN +[s (P)—s (P]<< 5+ 5+5=¢

4.3. Hyab-mHOWecTBa. MHOMKECTBO M HasHBAETCH HYAb-MHOMNCE-
Ccmeos, eCny LS BCAKOTO ITOJIOWHTENBHOIO YMC/IA & CYLLeCTByeT Taxkad
MHOroyroabHag ¢urypa R, uTo

Mc R, s(Ry<e. (3)

Hyav-srnoscecmsa wsadpupyesst,

HeficTBHTENbHO, NYCTh M-—— HY/Tb-MHOKECTBO U & — MOJOXHTEIBHOE
uyucno. HatizeM MHOroyroibHylo Qurypy R, yZOBAETBOPSIOULYIO yCO-
BusaM (3), u npuMeM 3a P nycroe MHOXeCTBO, a 3a Q—durypy R.
Slcno, uto ¢uryps P u Q ynosnerBopsioT yciosusm (1).

Ksadpupyemasn dhuzypa 8 mom u moabko 8 moM CAY4QaE ABALEMCS
HYAb-MHOJNCECMBOM, eCAL OHQ He CO0epicum BHYMPEHHUX MOYEK.

HeitcTBHTENbHO, ecau KBaapupyemas ¢urypa A He CONEPKHUT BHY-
TPeHHUX TOYeK, TO eNHHCTBEHHOH coXepwxauielcd B Helf MHOFOYro/bHOH
cdurypolt P sBafeTcs NycTOe MHOXECTBO, U cooTHowenus (1) npespa-
ILA0TCA B cooTHOweHdHs (3), ecnn 3a R npuuate ¢urypy Q. Ecau xke
MHOMECTBO M COLePWHT BHYTPEHHIOI TOYKY, TO OHO COJIEPKHT LenblH
KBAApaT, U BcAkad MHOroyrojibHas ¢urypa R, comepxainas M, comep-
KHUT STOT KBAAPAT H IOTOMY HMeeT ILIOWIALb, NO MeHblieil mepe pas-
HYI0 NJOWadn STOrO KBajpara.

Cymma KoHenn020 %UCAQ HYAb-MHONCECME eCMb HYAb-MHOKHC e~
cmgo. Hacme HYAb-MHONCECMBA eCHb HYAb-IMHONLECMEO.

Bropoe oueBMIHO, mMepBOE LOCTATOYHO NOKA34Th MJIA CAyYas NBYX
cnaraemuix. Ilycte M u M’ —Hynb-MHOXECTBA M &— I0JOXHTENbHOE
uucno. Haltnem taxue muoroyronbieie ¢urypst R # R, uto M < R,
M cR', s(R)<e/2, s(R')<Ce/2, m paccMOTPHM MHOTOYTO/NbBHYIO
gurypy R--R’. fcHo, urto

M+M cR+R, s(R+R)<s(R)+s(R)<e
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TIpuMepaMH HYAb-MHOWECTB MOTYT CHYXHTb KOHEUHHIE MHOXECTBA
TOUEK, OTPe3KH NpIMLIX H JOMaHble. B nanpHelimieM Mbl YBHAHM, 4TO
M Iyr¥ KDPHUBEIX JMHMH, € KOTOPHIMH MBI OOLIYHO BCTpPeYdeMCd B MaTe-
MATHKE M ee IPUMEHEHHSX, SABASIOTCA HYJb-MHOXKECTBAMH.

4.4. Jlemma o rpamduHoi Touke. Ompe3ok, coeQuHsIOWLE BHYMpPEH -
HIOIO mouKy MHOxMcecmsa M ¢ gHeurell mouKoil, nepecexaemcs ¢ epa-
ruyell Muoocecmsa M.

Nokasarteabctro. [Tycte A— BHyTpeHHss, B— BHEUIHAA TOUKA.
VcranosuM Ha mpaMo#t AB Hanpasienne oT A k B u o603nauum sepes N
MHO¥ECTBO TOYeK OTpe3xa AB, BHYTPEHHHX IO OTHOLIEHHIO K MHOXe-
ctey M. Tak xaxk A€ N, 10 MuowectBo N He nycto. [lycth C—ero
TOYHad BepxHAS Tpawb. fcHo, yto C—Touka otpe3xa AB. [lokaxewm,
4TO OHAa SIBASIETCS TPAHHUHOH OTHOCHTENbHO MHOXKecTBa M.

Touka C He MoxeT GuTb BHyTpeHnHed Touko#t Mmuowectsa M. Ecam
Obl OHa ObiMa BHyTpeHHell, TO cyllecTBOBal Obl LeJuil KPyr C LEHTPOM
B Touke C, COCTOSIIME M3 BHYTPEHHUX TO4eK MHOKecTBa M. DTOT Kpyr
nepecekanca 64 ¢ npaMod AB mo otpeaky ¢ cepeiuHolt B Touke C,
COCTOsILLEMY H3 BHYTPEeHHHX TOUeK MHOwecTtsa M. Bcaencrteue 3T0ro
mewny ToukamMu C W B Hamauch OH BHYTpPeHHHe TOUKM MHOXECTBa
M(C==B, tak xax B—BHemHsas Touxka) u Touka C He Obuia Gbl TOU-
HOH BepxHel rpadbio MHOKecTBa N,

Touka C He MO¥eT OblThb BHeuwlHeld 10 OTHOIIEHHIO K MHOXecTBY M,
Ecan 6nl oHa Obina BHelIHe#, TO cyuwiectroBan Obl Le/blH KPYT C HeHT-
pom B Touke C, cocToflMH H3 BHemHux Touek. [lycts C' —kakas-
nuGyabp Toyka 3TOro Kpyra, aewauas mewxsy A u C (A==C, Tak Kak
A—pBHyrpenHas Touka). Tax xak mexay Cu B HeT BHYTPEHHHX TOYeK
MHOKecTBA M, a oTpesok C'C COCTOMT M3 BHEWIHHX TOYEK, TO MEKAY
C' ¥ B Takxe HeT BHYTpPeHHHX Todex MHOoxecTBa M. CaempoBatenbHoO,
C’'—BepxHasg rpanb MHOkectBa N, u motomy touka C He sgBagercd
€ro TOYHOH BepxHel rpaubio.

4.5, Kpurtepuii xsagpupyemocTH. Mruoscecmgo M xsadpupyenso
8 MOM 1L MOABKO 8 MO CAYHAE, eCAU OHO O02PAHUYEHO U €20 2pa-
Huga M, ecmb Hyab-MHOICECMEO.

HDokasartenbctso, [IpeamonoxuM, 4To MHOXKecTBO M KBampH-
pyemo, u moxamem, 4T0 M, — Hynb-MHOXecTBO. [IycTh &—noaoxuTeNb-
HOe uucao # P, Q—MHOroyronbHoie (UIYpPhl, YIOBIETBOPAIOUIHE YCIO-
susaM (2). PaccMorpum mHoroyroasnyo ¢urypy R=[Q— P]. fcHo, uro
M=M,—M,cQ—PcR un s(R)=s(Q)—s(P)<<e. Cnenosa-
TeNbHO, M, eCTb HY/1b-MHOXECTBO.

[Ipenmnonowum Ttenepn, 4TO MHOKeCTBO M OrpasHueHo M ero rpa-
HuLa M, ecTb HYJIb-MHOKECTBO, H INOK&XeM, 4TO MHOXecTBOo M KBaLpH-
pyemo. Ilycts S—npamoyronbruk, conepxamuit Mmuoxectso M, e —no-
NOXHUTe/NbHO® YHCA0 W R — Takas MHOTOyronbHas durypa, uto M, C Ry,
5(R)<Ce. Pacemorpum Muoroyronsuyio ¢urypy [S—R]. PasoGbem ee
Ha TPEYroNLHMKH H 0603HAUHM 4epe3 P MHOrOyroJbHyH QHIypy, COCTaB-
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JIEHHYI0 M3 TPeyroNbHHKOB, LelukoMm newawux B M. OxasbiBaetcd, 4TO
TPEyTrONBLHHKH, He Bowlefiude B P, He uMeioT ¢ M o6uux Touek. Jlei-
CTBUTENBHO, MycTh A u B— Takue TOUKH, HpHHALJENALLHEe HEKOTOPOMY
tpeyroabhuky n3 [S—R], uto A€M, a BE M. Tak Kak TOYKH, rpa-
HHYHBIE 10 OTHOIUEHMIO K MHOXeCTBY M, ABAfIOTCA BHYTPEHHHUMH I10
OTHOWIEHHI0 K R, TO OHH He MOTYT NPHHANLIEWKATH TPEy rONBHUKY, BXO-
aswemy B [S—R]. CnenosatensHo, A—BHYyTpeHH:Ast, a B - BHElIHAA
TOUKa MO OTHOMIEHHIO K MHOwectsy M. Ho B TakoMm cayuae oTpesok,
coennHsaomuil A ¢ B, mepecexaer rpanuuy mMHoxecrtsa M (un. 4.4) B He-
KOTODOH TOUKEe HAlIero TPeyroJbHHKA, YTO NMPHBOLHT K NPOTHBOPEUHIO.

Monoxum Q=P+ R. Slcuo, uto PcM. TlokawxeMm, uto McQ.
ITycte A€ M. Toraa nu6o A€R, nu6o A€ M—Rc[S—R)]. B nep-
BoM ciaydae A €Q; BO BTODOM Ciyuae TOYKAa A JeXHT B OJXHOM H3 Tpe-
yroMbHHKOB, coctasnsiowux ¢urypy [S—R)]. Tak kak 3TOT Tpeyroib-
HUK uMmeet ¢ M o6ulyl0 TOUYKY, TO OH LeJHKOM AexHT B M, T.e. BXO-
xut B P. CnenosatenbHo, BO BTopoM ciayyae A€ P. Takum obpasowm,
B oboux cnyuaax A€Q, a sto u 3Hauut, uto McQ. Hakoden,
s(Q)—s(P)=s(R)<Te.

4.6. Onepanun Haj ksagpupyemsiMu ¢urypamn. Cyn.na u nepece-
yeHlle KOHE4HO020 HUCAG KBAOpuUpYembix huzyp ABAKIOMCA K8adpupye-
Momu puzypamu. Pasnocms 08yx xeadpupyemusx ¢buzyp ecms iea-
Opupyenas dpueypa. Mrodecmso, pagHoe rgadpupyermoli dhuzype,
ecmsy Ksadpupyemasn guzypa.

CrnpaBeauBOCTL TOCJAENHEr0 yTBepxIdeHus oueBHAHA. Teopemy
0 cyMMe M MepeceyeHHH [IOCTATOYHO AOKAa3aTh ANf clydyad AByx uryp.
Wrak, nycte M u N—xBanpupyembie QUrypo; mokaxeM, 470 QUIypH
M-N, MN u M—N xpangpupyembl. Cornacuio HalueMy KPHTEDHIO KBa-
APUPYEMOCTH, HYXHO 10Ka3aTh, 4TO ecAH M, u N —HyAb-MHOWECTBA,
to (M+ N}, (MN), u (M— N),—Taixe HyIb-MHOXECTBA.

B u. 2,1 6sino noxasaso, uto (M+N). < M.+ N, (MN),cM.+ N,
(M—N).cM.+- N.. Ho cyMmma IByX HyNb-MHOXECTB €CTh HY/Nb-MHOMKE-
CTBO M 4acTb HYJb-MHOKECTBA eCThb HyJb-MHOXecTBO (n. 4.8). Cneno-
BatensHo, (M4 N),, (MN),-u (M—N),— HyIb-MHOXeCTBA.

4.7%. Jlunu. [TockoNbKY OTPAHHUEHHOE MHOXECTBO KBAAPUPYEMO B TOM
¥ TOJbLKO B TOM CJy4ae, eCJH ero rpasuua ecTh HYJ/JAb-MHOXECTBO, a
TpaHuubpl HauGosee YacTO BCTpedaoUHxCcd (Uryp COCTOST U3 JAUHHH,
BAXHO BLIACHWTb, KaKHe JHHUU SABIRIOTCH HYJAb-MHOWECTBAMH.

[lepras TpyaHOCTh, C KOTOPOH MBI 3j)eCh BCTpeuyaeMcs, COCTOHT
B HENOCTATOYHOH OfIpejeNeHHOCTH NOHATHS JAHHHH. Mbl OFpaHMYHMCSH
PACCMOTDEHUEM ApOCMbLX AUHUL, T. €. NHHHH, He HUMEIOUIUX caMoRepe-
ceyeHu#i. B 3TOM nyHkTe ompelensercd M HU3yydeTcsd ¢ HHTepecywouled
HAC TOYKH 3PeHUs] HECKOMbKO K/IACCOB TAaKHX JHHHE.

[Tpoctoie nyrwu. Ilycte A —otpesok umcaosol npamo#t u f-—
HEKOTOpOe O0ToOpaxeHHe 3TOro otpesxka B muockoctb. Chabaum mioc-
KOCTb CHCTEeMOH KOODAMHAT X, y H 0602Haumy uepesd X,(f), y,(f) xoop-
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auHaTe TOUKH f(#), £ € A. flcHo, 4ro dyHkuHM Xy Yy onpenensmorCs
oTo6paxeHHeM f M B CBOIO Ouepellb onpemeasitor ero. Ecam atn QyHk-
MY HENpEepLBHB, TO OHH OYILYT HEeMPephLIBHBIMM M NPH BCAKOM LPYroMm
BbI6OpE CHCTEeMBl KOOPAMHAT, MOTOMY 4YTO npeoBpa3oBaHHe KOODIHHAT
AHHeliHO; B 3TOM cAyude M oTOOpaxeHHe f HABLIBACTCS HenpepuBHbiAM.

Hac 6yayTt uHTepecoBaTb HeNpepHIBHbIE M 83AUMHO O00HO3HAYHbE
oToOpaxceHus OTpe3kKa B MJIOCKOCTb. MHOXECTBO TOYeK IVIOCKOCTH, Ha
KOTOPOE MOXHO B3aHMHO OJHO3HA4YHO M HempephBHO 0TOOpasuTtb OTpe-
30K, HasmBaeTcs npocmoll Oyzofl. B3auMuHas OIHO3HAUHOCTb €CThb Kak
pas TO CBOHCTBO O0TOOpaweHHd, KOTOpoe oO6ecHedHBaeT OTCYTCTBHE
caMmonepeceyeHui.

OnpenesneHuo NPOCTOR AYrM MOKHO HNaTh CHENyloilee HarIsAHOL
ncronkosanue. IlpencraBum cefe, yTO OTPE30K CcHenaH M3 MaTepHana,
cnoco6HOTO Kak yroAHo H3rubaTbcd, COKPAIIATLCH H PacTATHBATLCA,
HO HecrnocoGHOro pBaThei M ckiaeusartbed. [IpocTas ayra ects TO, YTO
MOYHO H3rOTOBHTb M3 TaKOrO OTpe3Ka.

Kax Gynmer nokasano B n. 4.10, mpocras xyra MoxeT He ObiTh
HYTb-MHOKECTBOM.

DneMeHTapHB e KpuUBHE, MHOKECTBO TOYEK INIOCKOCTH Ha3h-
BAETCH SAeMeHmMApHOl Kpugoll, eciu CyWECTBYeT CHCTEMa KOODIHHAT,
B KOTOPOH 3TO MHOWeECTBO sBaseTca rpaduxoM ¢yHKUMH, OnpeleleH-
HOH ¥ HeNpepLIBHOH HA HEKOTOPOM OTpe3Ke.

Dremenmapnsie Kpugsie ABARIOMCA npocmumy Oyeani. IekcTBu-
TeabHo, mycTh [ —rpaduk ¢dyuxuun @, HenpepsiBHOH Ha oTpeske A.
Slcuo, uTo oroBpawesue f 3Toro orpe3ka Ha [', onpesensemoe QyHk-
uusMH X (H) =1, Yy, (t)=¢(f) (¢€A) (1. e. oTHOCsIMee KaxIOH
Touke OTpe3ka A mexaulyio Han Hel rouky rpadmxa I'), HempephBHO
H B3aHMHO OJHO3HAUHO.

AnemenmapHas Kpusas SABASEMCS HYAb-MHONCECMBOM.

[Ipn noxasateasctse Gyxeo#i I', kak u Beume, OyxeT 0603HAYATH-
ca  rpadux ¢yHKkuM¥ @, HempepwBHOH Ha orpeske A. 3amuch
A=A ;4 ...+ A, osHauaer, 4To oTpe3ok A pasGuUT mpoMexyTOUHBIMH
TOYKAMH HA 4acTHyHbie ortpesku Ay, ..., A, Yepes m; u M; o6o3na-
YAIOTCH HaUMeHbllee M HauMGOJbILEe 3HAYEHHS QYHKUHH ¢ HA oTpedKe A,
(oM CyIIeCTBYIOT B CHAY H3BecTHOH TeopeMs! Beftepmtpacca). Byksa {
0003HayaeT JAMAMHY OTpe3Ka.

Jlemma. an 8CAK020 HOAOIHCUMEAbROZ0 HUCAR €& CYuecmsyem
marxoe pasbuenue A=A, 4...+A, umo

2 (M—m)l(A)<e. (4)

JokasarteancTBo neMMb, CoriaacHo ussecTHo#t Teopeme Kan-
Topa, ¢YHKUMA @ paBHOMepPHO HenpepeiBHa Ha otpeske A. Cnenosa-
T@NBHO, CYHIECTBYET TaKOE MOJOKHTENbHOE YHCAO0 §, 4TO WIf JI06HX
IBYX TOYeK X, x' otpesaka A, yJajeHdHblx ADYr OT Ipyra Mesee, 4eM
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Ha 8, cnpaBeANHBO HepaBeHCTBO @ (x')— @ (x) < &/l(A). OkasnBaercs,
4TO HEPaBEHCTBO (4) UMEeT MeCTO AJsf BCHKOFo pasbuennd A=A, 4 ...
...+ A, y KOTOpOro NIHHH BCeX 4YaCTHYHHX OTpe3koB A; merpue 8.

MelcTBuTenbHO, u3 nepaseHcTsa [(A;)<C8 caenyer, 4TO TOYUKH
otpeska A;, B KOTOPHX (QyHKNMS (p MPUHUMAET 3HAUGHUS m; u M;, KaK ¥
BCAKHE [BE TOUYKH STOrC OTPE3Ka, yAaJeHH APYr OT APyra MeHee 4eM
Ha 0. Takum o6pasom,

M,-—-m,-<ﬁ (i=1, ..., n),
U 10TOMY
2 Me—m) L(8) < i 2 LA ==
i=1 =1

NokaszaTenAbCTBO TeopeMb. IlycTh €-—NONOKUTENBHOE
ypcno. [loctpoum pas6uesne A=A;+...-+A,, yZoBareTBOpsIOUIEE
ycinoBuio (4), ¥ o60o3HauuM ye-

yi pe3 R, NpAMOYTONLHEK, OT PAHHU-
YeHHHIl TOPH3OHTANAMH Yy = M,
y=M; u BepTuxaniMu, Ipose-
HEeHHBIMH 4epe3 KOHUB OTpes-
ka A; (#a puc. 11 npaMoyroas-
auku R; 3amrpuxosans). ITycrs
I';—uacts rpaguxa I', nexa-
mwas. B OpAMOYroibHHKe R,
7 ' z fcwo, uro I'=I;4-...+T1,.
Ciie10BaT€IBbHO, MHOIOYTONbHAS

Puc. 11. ¢urypa R=R,+...+R, co-

OEPXHUT MHOXKECTBO F, H TaK KakK

Y
i
A

n
s (Ry)=(M;—m) (), 1os(R)y= 2 (M;—m;)[(A;) <e. Tlpasaa, na
(=1
HEKOTOPHIX M3 OTPe3KOB A; QYHKIM# @ MOXeT 0Ka3aTbCs NMOCTOSHHOH,
TaK YTO COOTBETCTBYIOUIHE MNPSIMOYLOJABHHKK R; BRPOAATCH. Y Takux
NPAMOYTOAbHUKOB LOCTATOYHO CJNErKa OMYCTHTb HHWKHIOW CTOPOHY HJH
NPUIOAHATH BepXHIOW (puc. 12).«Cnerka» — 3nauut MeHbule,ueMHa e/ (A).
Kycouno rnankue npocthe Ayru. [lpocras nyra I' nasu-
BaeTca z.4alxoll, eCIH CyLIeCTBYeT TaKOe B3aUMHO OJHO3HAaUHOe oTobpa-
KeHHe f HeKOTOporo orpeska Ha I', uTO QyHKUMH X;, Y, UMEIOT HENpe-
phIBHBIE MPOM3BOAHLIE, He oOpamiamllHecs OIHOBPEMEHHO B Hyab. SicHo,
YTO eCaM oTobpaxeHue f YIOBJeTBOpPAET STOMY YCJAOBHIO B OLHOH
CHCTEMEe KOODAMHAT, TO OHO YAOBNETBOPHET €My BO BCeX CHCTeMax
KoopAuHaT. HasBanme «rnagkasg» oObsAcHAETCS TeMm, YTO Takas nyra
[IaBHO MEHfeT CBOE HANPAaBIEHHE U, B YaCTHOCTH, HE HMEET Yr/IOBHIX
TodeK. TIpocTas Ayra HasniBaeTCs KYcoyHo 24Q0KO0I, eCIU ee MOXKHQ
pasOuTb HA KOHEYHOE YMCAO TJIALKHX OpOCTHX AYT.
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Bearxywo xycowno eaadrxyr npocmyio 0yzy MoxcHo pa3bums Ha
KOHEYHOE HUCN0 INCHMEHMAPHOLX KDUBBLX.

Iloka3aTenbcTBO JOCTATOYHO NPOBECTH AN TFNALKHX NPOCTHX
ayr (puc. 13). ITyers '—rranxas npoctas nyra, A—oTpesok U f — Takoe
B3aHMHO OIHO3HayHoe O0T06pA -
wenue otpeska A mwa I', uto
NPOHU3BOAHbIE X, ¥ HENPep biB-
Hbl M He o6pallamTcsd OJHOBpe- .
MEHHO B HYJb.

[lpennonowum CHauana, uTo
OIBa W3 NPOM3BONHBIX X, Vi
HUTJe He ofpallaercd B HYIb
na otpeske A. Ecan 310 X}, TO,
KaK M3BECTHO U3 aHaaH3a, PyHK-
UMA X, B3aHMHO OJHO3HAYHO Puc. 12.
otoGpaxkaeT oTpe3ok A Ha ne-

KoTopuilt oTpe3ok A’ u ofpatHas dysxkuus HenpepoiBaa. OG03Ha-
yum 3Ty o6pateylo QYHKUMIO 4Yepes ¢ H mojdoxuMm: g (f)=f(o (¢)),
teA’. Sflcuo, uto g ectbp oTOGpaxeHue
g4 orpeska A’ va T, onpenensemoe Yynxnus-
i x,(f)=1, y (=) (t€A), rae
Y (f) =y, (@ (t)). CrexoBartenpHo, ecan x;
He ofpamiaeTcs B HyAb Ha orpe3ke A, T0
ayra I' asasercs rpatduxom dydxknun P
H, 3HAUHT, 371eMeHTapHo#t xpusoit. [lomod-
HeIM u#e obpasom, I' ectb 3nemeHTapHas
KpHBAS W B Clyude, KOTAd y; He obpa-
uaeTcs B Hylb Ha A; 10Ka3aTenbcTBO —
TAKOE e, TOJbKO HYWHO [IOMEHSTh PONIMH
OCH X H J.
Puc. 13. Pas6uenne ruaukoi ITepexons k ofmemy ciyuaip, npenmno-
MPOCTOR AYIE U2 S7EMEHTAP-  jowmm, wro Ayry I Heab3s pasGuts Ha
1€ KplBbe. KOHEYHOEe HYHCIO 3MeMEHTAPHBIX KPHBHX, H
paspenum otpe3ok A mnomonam. Torma T
paso6beTcs Ha JBe MpPOCTHIe AYIH, H3 KOTOPHIX MO KpaliHe#k mepe onHy
HEJIb3d Pa30HMTh HA KOHEYHOe YHCAO 3JeMEeHTapHBIX KpHBHX. ITomoBHRY
oTpeska A, KOTOPOMY OTBeyaeT TAKasl 1yrd, MBl ONSTb-TAKH PA3LeTHUM
nomonam, ¥ T. A. B pesyapTaTe MH INOJAY4YMM MOC/]eN0BATENbHOCTH
orpeskoB A, A;, A,, ..., KaXAHH U3 KOTOPHX, HAYHHAHA CO BTOPOrO,
IBIAETCA NOJOBMHON npelNbAYyuwero, ¥ COOTBETCTBYIOLIYIO NOCHEI0BA-

0 z

teavhocts I'y, Ty, Ty, . .. uwacted myru I', He momyckaiouwux pas-
OueHuss HA KOHEYHOE 4YHCJIO 3MAEMEHTAPHHX KpuBuix. ITyctb f,— Touka,
Npuvannexmamas BceM oTpeakam A, A, A,, ... Tax xak mpous-

BOLHEE X, y]: HNpEepHBHBL H IO KpafHe# Mepe o0AHA U3 HHX He
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o6palaeTcs B Hylb B TOHKE £y, TO CyIIeCTBYeT OKPECTHOCTb TOYKH fy,
B KOTOPOH OJHa M3 3THX MPOM3BGIHHX HUrLZe He 06pallaeTcd B HYJb.
[Tpu pocraTouno GOABIIOM 7z OTPe30K A, LENTHKOM /AeXHT B 3TOH
OKPECTHOCTH, W MO3TOMY MPH IOCTATOYHO GONBIIOM 72 OLHA U3 NMPOH3-

BOMHBIX Xf, Y5 He ofpamaetcs B Hydn Ha A,. CnegoBaTenbso, MpH
Jocratoyno OonmpmioM z ayra I, aBndetcs sneMeHTapHOH KPHBOH, & 9T0
OuYeBUAHLIM 06pa30OM INPOTHBOPEUUT TOMY, UTO €€ Heib3sd pasduth Ha
KOHEYHOE YHCA0 3eMEHTaPHHIX KPHUBHIX.

Kycouno enadrxas npocmas dyza ecmb HYAb-MHONCECMBO.

JleHCTBUTENBHO, KYCOYHO TIJIaJAKYI0O NPOCTYI0 LYy MOXHO pas3buth
Ha KOHEUYHOE YHCJ0 3/7eMEHTapPHBIX KPHBHIX, a /7eMeHTapHAs KpHUBag ecTh
HYJb-MHOXECTBO M CyMMa KOHEYHOPO YHC/A HY/Jb-MHOXKECTB €CThb HYJHb-
MHOX(ECTBO.

I[TpocToe 3aMKHYyTHE KpuBLe. MHOXeCTBO TOYEK INIOCKO-
CTH Ha3bIBAETCH APOCMOL 3aMKHYMOL Kpusol, eClIH CyllecTByeT He-
npepsiBHOE OTOOpaxeHHe OTpe3Ka Ha 3TO MHOXECTBO, Nepeponduiee
KOHIH OTpe3ka B OJHY TOUKY, HO B OCTa/JbHOM B3aHMHO O/JHO3HAUHOe.
[Ipocrast saMkHyTas KpuBas HA3LIBACTCH KYCOYHO EAQ0KO[, eclIH ee
MOHO pas3CGHTb HA KOHEYHOE YHCJAO [JaJKHX HNpOCTHX Ayr. Hanmpumep,
OKPYXHOCTb M KOHTYD KBajapaTa fBASIOTCS KYCOUHO IVIAIKHMH NPOCTHIMH
BAMKHYTHIMH KDHBBIMH.

Kycouno ecaadrxan npocmas 3QMKHYMAR KpUBAs ecmb HYAb-
MHOXMCECmB0.

Je#icTBUTENbHO, M3 NPeABAYLIEro ClelyeT, 4TO KYCOYHO TIMAAKyIO
NPOCTYI0 3aMKHYTYK KpHBYIO MOXHO pa3GUTb Ha KOHEYHOE YHCJIO
3/1eMeHTapHEIX KPHBHX,

4.8*, KpaapupyemocTb Kaaccuyeckux ¢uryp. Ilenp storo nyskra —jaoxa-
3aTh, UYTO (KJACCHUECKHE» (Urypel, T. €. GUCYPH, C KOTODBIMH Mbl OGBIYHO
BCTpeuaeMcsl B IeOMETPUM H KJIACCHUECKOM aHalu3e, KBajpHPYeMBL.

Tpexne Bcero Mel JOJ/IKHB TOUHEe ONpENENHTh MHTEPECYIONIMA HAc xnace
¢uryp. Besxufl ckamxer, uTo purypa B KJIaCCHYECKOM CMEICTE €CTh YacTb MJ0-
CKOCTH, OPpaHHMYeHHAsl JIHHWeH WJIM HECKOJbKMUMU JHEHAMH. [lonmbtaemca mpu-
JaTb 5THM CJOBaM TOUHEIH CMblca. SICHO, 4YTO NOA «JIHHHeH» 3Jechb cjaeigyer
NOHUMAaTh NPOCTYIO 3aMKHYTYIO Kpusyio. Ilycts TI'—rTakas kpuBag; 1iTo Taxoe
«4acTb IJIOCKOCTH, OrpaHuvYeHHas kpHBoi ['»?

KoHeyHO, 3TO He NPOCTO MHOMXKeCTBO C rpaHdueff I', NOTOMYy 4TO TaKHX
MHOMKECTB CYHIECTBYET CKOAbKO yropHo. Ecsu, HanpuMep, I'—oOKpyXHOCTB, TO
TaKHMH MHOKECTBAMH SBJAIOTCH 3aMKHYTHI# KpPYr, OTKpPBITHIH KpYyr, d4acThb
NJIOCKOCTH, BHEWIHSs [O OTHOWIEHHIO K KDPYry, €aMa OKpYXHOCTh I' 1 MHOrHe
Apyrie MHoxecTBa MoxXHO, ofgako, 10KasaTh, 4TO, Kakoéa O Hu OGora
npocmas samkuymasn kpusas T, Ha naockocmu cyujecmayem eOUHC MEeHHAR 02pa-
HuteHHas 3amkuyman obracme c epanuyed U. Dta 3aMkHyTas o01acTb U €CThb
wacme naockocmu, ozpauuuennas kpugoli I'. Ee HaswBalOT Takxe @uaypod,
oeparuHenrolt xpusold T'.

Mpl He 6VEeM ROKasHBaTb 3Ty TEOpPeMy, NMOTOMY UTQ ee JOKa3aTeNbCTBO
TPYAHO H AJNHHHO (OHO O4eHb HE NPOCTO faxe B ClAyuae, xoria ['—soManas)
M IOTOMY 4TO Mbi MOXeM Ge3 Hee ofofiTuch. JleACTBHTeNbHO, MBL MOXKEM NP AMO
ONpPENENINTE KAQCCU4eckyro (pueypy Kak OTPAHHYEHHYID B3aMKHYTYIO 06JacTs,
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rpaHulla KOTODOH COCTOMT M3 KOHEYHOrO UMCIa NPOCTHX 3aMKHYTHIX KPHBHIX;
npd 5TOM, YTOOH HCKJIOUHTb NAaTONOTHYECKHE CIydaH, Ml GyIeM CUHTATH BTH
KPHBEIE KYCOYHO TNaZKHMH

Kaaccuueckue ueypor xeadpupyemst. eficTBHTeNbHO, cordacHo nm. 4.7 u
4.3, rpanuna KJAacCRYeCKOH GHUryphl ecTb HYJIb-MHOXKECTBO, TaK YTO TNPHUMEHHM
KpUTEpUH KBajpHpyeMocTH u3 n. 4.5.

Cieayer moguepKHYTh, UTO B 3TOH TeOpeMe KYCOYHAS IJIaJKOCTh I'paHHu-
HBIX KDHBHIX cymiecTBensa. B n. 4.10 Gyzer mocTpoeHa ¢urypa, orpaHHYeHHAs
NpocTOf 3aMKHYTOH KPHUBOH, HO He KBajpHpyeMas.

4.9. Kpyr, W3 yBawkeHus K TpaaHLUHH Mbl MNpHUBeleM 3HeCh Kiaac-
CUYeCKOe 9JeMeHTapHOe 10Ka3aTelbCTBO KBAaJPHPYEMOCTH Kpyra.

[Tycts P, —nupasunbapit 2°-yroapuuk (7= 2), BOUCaHHHH B KpYyr
paauyca r, u Q, —npaBuwibHuH 2"-yrOALHHK, OMUCAHHBIE OKOJO STOrO
kpyra. Ilyctp @,—cTopoHa u c¢,—anodeMa MHOroyroibHuka P, u
b, — cropoHa muoroyronbnuka Q,. Cormacso m. 3.5,

1

S (P =g 20,0, $(Q) =5 2, (5)

W3 coobpaxenuft mogobus cneipyer, 4ToO
bll

r
A 6)

Ecam P,—xBanpar (t. e. n=2), TO 3TO OTHOUIEHHE pPAaBHO VQ;
NpH BO3PACTAHUH 71 OHO yOHBaeT, Tak Kax a,< 2a,.,, b,>2b, .
CienosatenbHO,

L <2, (7)

cﬂ

Janee mu3 wHepaseHctBa 26,.;<Ch, clemyeT (MHLYKTHBHO), 4TO
1

272, << b, = 2r. Hakonen, a,<<b,, r—c,<< 5 @n, W TOTOMY

r r
an<2n—3: r—cn<§—,:§. (8)

Uz (5), (6), (7), (8) noayuaem:
s(Q,)—s(P)=2""Y(b,r—a,c,)=2""1 (%— ré— ancn> =

n
3r2

_on-1, Yty r_
=2 an—z—-(r cn)<4r-3--2,,—_—2_27_—4.
n
CHeﬂOBaTeﬂbHO, KakoBO Obl HH ObJIO IOJOXHTENbHOE YUCKO €, NIpH
- 3r2
71, HACTOABKO GoabuioM, 4To 2774 > ~» CMPABENIHBO HEPABEHCTBO

8(Q,)—s (P,) < e.dTuM ILOKA3AHO, UTO KPYr—KBajApupyemad purypa.
4,10%, IIpumepn HekBaApPUPyeMbIX MEOXKecTB, [Ipumep 1. Orpa-
HUYeHHOe HeKBaZpupyemoe mMmuoxectso, Hampasum ocu
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KOODAMHAET MO JIBYM COCEJHHM CTODOHaM eJMHHYHOrO kBaxpara E u
0o6o3HaunM uyepe3s M MHOXKECTBO TeX TOuYeK kBaapara E, y KOTOpPHX
abCUHCCH  BAAIOTCA PaUHOHAAbHEIMH YHCIaMH.

Mrnoocecmso M ne rsadpupyeito.

JloxaszaTenbcTBO., Becaxuit xpyr ¢ mIeHTpoM B kBanpate £
COIEPXHUT KaK TOYKM KBajapara C PalMOHaAbHBIMM abCUuccaMu, TaK
H TOYKH C wppauuoHanbubiMu abcuuccamu. CrenoBaTtenbHo, Kaxiad
TOYKa KBajapaTta sBIseTCs TpaHHuyHOM 11g MHoxecTBa M. Tak kak

c C KBAaLpatT He SABASETCSA HYTb-MHO-

WECTBOM, TO, COTJHAacHO m. 4.5,

MHOWeCTBO M He KBaZpHpyeMoO.

5, 2 Koueyno, muoxecrso M ma-

70 NOX0xe Ha QUryphl B Kjaac-

cuyeckoM cMmucne. Huwe 6ynyr

NOCTPOEHH HeKBapUDyeMbIe

4 7 A > 5  MHOKeCTBa, Gonee Oausxue x
KjlaccHuyecKuM Qurypam.

Puc. 14. Dpumep 2. Hexsanpn-

pyemasa mnpoctas JAyra.

Bosbmem kakoil-mu6yan Tpeyrosbuuk Fg ¢ Bepumuamu A, B, C u, BHGpaB Ha
cropone AB nse Takue ToukM Ay, By, uro

P(A, A) <P (4, B)  0(B, By<—old B),

00603HauuM yepes F; MHOTOYTOMBbHYIO (UIypy, COCTABJEHHYIO M3 TPEYrOJbHH-
ko8 ACA; u BCB; (puc. 14). Omepanuuwo, nepesopauyw Fo B Fy, Mbt Gyxem
HA3LIBATh 6Gbipedanuem ¢ oKy-
com 6 sepuune C. Kaxnwlit us

TPeYro/JbHUKOB, COCTaBJSIOUIUX
¢urypy F;, MB oOnATh mNOA- Fy f3
BeprHeM OlepauMy BhIpe3aHus,
NpUHAB 33 (QOKYCH TOJBKO 4TO
BO3HHKIIHE BepuHnl A, H B,
4 T. A. (pmc. 15). DTHM nyTeM MH
MOCTPOHM OGeCKOHEUHYI moce-

JA0BATeJbHOCTh MHUrOYrOJbHBIX
ouryp Fo, Fi, Fi, ..., B KOTO-
po#i ¢urypa F, aBasercs cyM- Puc. 15.

Mo# 27 TpeyrosibHHKOB. UTOGH!

npespature F, B F,4q, HYXHO

NOABEPTrHYTh KaXABI H3 5THX TPEYTOJbHHKOB ONepaluy Belpe3aHus c (OKY-
COM B BepuIiHe, BO3HHKIIEH NpH NpefbiyIIeM BbIpe3aHHH.

O6osnauum yepes I’ nepecevenne Beex ¢uryp F, M mokamew, uto I' ecTs
npocmasa Oyea (cM. m. 4.7). [las 5TOro Mel MOCTPOMM HeNpephIBHOE B3aWMHO
oJlHO3HauHOe oToGpaxeHue oTpeska [0, 1] Ha mmoxectso T

Hasosem TpeyronbHHKH, cocraBasiolue ourypy F,, mpeyeossHukamu
panza n. SICHO, YTO UX MOXHO, U NPHTOM EeJHHCTBEHHBLIM O6PasoM, 3aHyMepo-
BaTb TaK, yTo6bl Kam[ble [Ba TPeYroldbHWKAa € COCELHMMH HOMepaMH HMeaH
ofumyl0 TOYKYy H uToObl mnepBHIM OB TPeyrodbHHK, COJepXKawud Touxky A
(nocaennuM 6ymeT TpeyroabHHK, cojepxauufi touky B). Pasjenum oTpesok
[0, 1] Ha 27 paBHBIX OTPE3KOB, HAa30BeM HX OmMmpeskamu paxea n, 3aHYMepyeMm




KTACC KBAJLPHPYEMBIX ®HIYP 43

MX CJleBa HAampaBO H OTHeCeM KaXJAOMY OTDe3Ky paHra n TPeyTOJbHHK paHra
n ¢ Tem e HomepoM. TOrja MHOMXECTBO OTDE3KOB BCEX pAHrOB B3aHMHO
OZHO3HAYHO H C COXPaHeHHeM paHra OoTOGPasuTCA HA MHOMXKECTBO TPEYTOJbHHU-
KOB BCeX paHros. fIcHO, 4TO:

(a) OnrE TpeyroJbHMK B TOM H TOJBKO B TOM Cllyuae SBJSETCH YaCThIO
ApYroro TPeyrolbHHKa, €CJHH OTPe30K, KOTOPOMY OTBEYaeT NepBblf TpeyroJb-
HMK, fBJfeTCAd YacTbl OTpPe3Ka, KOTOPOMY OTBEYaeT BTODOH TPeyrosbHHK.

(b) OBa TpeyroJbHHKa B TOM H TOJBKO B TOM CJaydae HMeioT o6y
TOYKY, eCJH OTDe3KH, KOTOPHIM OHH COOTBETCTBYIOT, WMEIOT OGMYi0 TOYKY.

(¢} OanHa HauGoJbllell H3 CTOPOH TPEyrOMbHUKOB DPaHra £ CTPeMHUTCS
K HyJIO NIpH HeOTpaHHUEHHOM BO3PAaCTaHHHU 71.

Ilycrs {—mnpoussonbKas Touka orpeska [0, 1]. Ecam cymecTsyeT epuHCT-
BeHHBII OTPe30K paHra n, CoAepXamHil Touxky £, T0 nycTb A, ({)-—3TOT OTpe-
30K H T, ({)—COOTBeTCTBYIOMHH TPeyroJbLHHK pPaHTa f; eCAH CYUIECTBYIOT [IBa
TaKUX OTpe3Ka, TO NycTh A, (f)—cymma stux orpeskos u T, (f)—cymMa cooT-
BeTCTB YIOUUX TPeyroJbHHUKOB. Tak KakK MDA HD..., TO
T ({)DTs(t) D ... (cM. (a)). I3 sTux BkJlOUeHHH M TOTO ¢hakTa, YTO HAU-
GosblUlee pacCTOsiHWe MeXIy ToukamH MHOxKectBa T, (f) CTpPeMHUTCI K HYJIO
NpH HEOTPAHHYEHHOM BospacTauuu n (cMm. (b) u (c)), caegyer, uTo mepeceuexye
Bcex MHOxecTB T, (f) COCTOMT M3 eIUHCTBEHHOH ToukH. OTHeceM 3Ty TOYKY
TOYKe { U TOKaXKeM, UTO OMpejejdeHHOe TakuMm 06pasoM oToGpaxenue f oTpeska
[0, 1] B MuoxecTBO I' ABASIeTCA HeNpepHIBHBIM B3aMMHO OJZHOSHAYHBIM OTOOpaxe-
HHeM Ha Bce MHOXecTBO I'.

ITycTh mo-mpexkHeMy f{—TNpoH3BOJLHAas Touka otpeska [0, 1] u e—noxo-
KHTeNbHOe yucno. M3 onpefenenus orobpaxenus f caenyer, uro f (A, ()= T, (¢),
H TaK KaK NpPH HeOTPaHUYEHHOM BO3pacTaHUM n HauboJblliee PacCTOSHHE MEXIY
TOUKAMUM MHOKecTBa T, (f) CTPEMHTCA K HYJIO, TO CYLIECTBYeT Takoe A, UuTO
paccrosiHue JoGoi ToukKu MHOXKecTBa f (A, (£)) oT Touxku f(f) menbue g, ITycts
0 —paccrosune ToukM f o GamiKafulero KoHUa otpeska A, (f). SlcHo, uTO ecau
|t —t|<< 8, T0 p(f(¢), (') <e u, snauur,

L2 () =%, D <e, 1yt —yr(t)] <e.
DTHM [OKa3aHO, 4TO OTOGpaKeHWe [ HempepHIBHO B TOuKe f.

IMycre A—mupoussosbuas Touka MuOXecTBa I'. Ecau cymectByer eauncrt-
BeHHHI! TPeyroJbHHK paHra f, COfepmXalui 3Ty TOuky, T0 nycTb 7 ,—3TOP
TPeyroNibHUK ¥ A,~—OTPe3oK paura n, KOTOPOMY OH COOTBETCTBYET; €CjH
CYWIECTBYIOT JBa TaKHX TpeyroibHHKa, TO nycTb T,—HX cymMMa H A,—cyMmmMa
OTPEe3KOB, KOTODBHIM OHM cOOTBeTcTBYIOT. Tak Kak T;2DT,D..., TO
A;DA; D ... (cm. (a)). Hs nocaegrux BKMoOYeHH# u Toro ¢akra, uTo AJHHA
oTpeska A, CTPeMUTCS K HYJIO HpH HeOrPaHHUEHHOM BO3PAacTaHHH 7, CJAELVeT,
YTO TepeceyeHHe OTPE3KOB A, COCTOUT U3 eIHHCTBEHHON TOUKH, cKaxeM f. SICHo,
4yro A=f(f), 0 4TO ¢ — eJMHCTBEHHas TOuYKa c 3TUM cBolictBoM, CriefoBaresnbHo,
[ — B3anMuO opHOsHauHOe oToGpaxenue orpeska [0, 1] ma Bce MHOXecTBO T.

Hrak, I'—mnpocras pyra. Tlocmorpum, Gygser iy OHa kBaapupyemoil. Oue-
BHJIHO, 4TO MHOXKEeCTBO [' He CONEPIKMT HH OJHOTO Kpyra: TaKoH Kpyr HOJNXeH
Geli Gbl TIPM KAaXIOM 1 COAEpiKaTbCd B HEKOTOPOM TpEyroJAbHHMKE paHra n, a
5T0 HeBO3MOXHO B cuay (c). Cornacho n. 4.3, oTcwoja ciepyer, uro dyea T
Keadpupyema 6 MOM U MOALKO 8 MOM CAY4GE, eCAl OHA ABAALIMCA HYAb-MHO-
KHCECIBOM.

Tak 5TO UM HeT-—3aBHCHT OT TOro, GOJbLIME HJM Maable YacTH ¢uryp F,
yiansoTess npu BeipesaHuax. Ilyetes o,—ngaowlaip ¢urypst F,. ScHO, uTO
nocJjieloBaTe/IbHOCTh Oy, O, ... YOBIBaeT H 4TO AJis BCAKOH cTporo yGeiBaimomel
NOCAeOBaTeIbHOCTH UOJNOKUTEJbHBIX uHCeJ G4, Op, ... MOXHO MOCTPOHTb
YKa3aHHHIM BBILie CHOCO0OM TaKyio MOCJeJOBaTeNbHOCTH MHOTOYTFOJbLHBIX HUTYD
Fo, Fi, ..., ut0 §(F;)=0,. OxasbiBaercs, 4Tc Ayra [' aABJsfeTCA HYAb-MHO-
oeCmeom 8 moM U MOALKO 8 moM cayiae, ecau lim ¢, ==0.

- ®
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HokasatenbctBo. Ilyetk cHavana lim 0,=0. Bosbmem aas sagah-
1= ®

HOIO TMOJIOXKHTEJNLHOIO € TaKkoe m, 4T0 O, < &, U noaoxum R=F,. Slcho,
uro T R u s(R)=0, < &. Caejoparenpto, I' ecTb HyJIb-MHOXKeCTBO.

Ilyers Tenepb I'—HyJab-MHOXKeCTBO. BoO3bMeM A/A 3aLaHHOTO INOJOXKH-
TeJbHOro €& TAKYI MHOTOYrogbHYIO ¢urypy R, uto R OT u s(R) < &/2, paso-
6beM ee Ha TPeYrOJIbHUKH H NOJABEPrHEM KaxJblH TPeyroJbHHK NpeoGpasesaHuio
noflo6HA ¢ UEeHTPOM B KakOH-HHOYZb BHYTpeHHeH TOuke H KO3(OhULHEHTOM,
GONbIINM €AUHULL]; 5TOT K03hGhHLHEHT MH BhifepeM Tak, 4TOGEI MHOI'OYroJbHas
turypa R’, cocrapieHHAss H3 HOBLIX TPeYIroJbHHKOB, YIOBJETBOPSAJNE YCJIOBHIO
s(R"Y <& (cp. n. 4.2). flcHo, yro urypa R’ comepXUT He TOJIbKO MHOXKecTBO I',
HO M BCe TOYKH, Jexamiye OT TOUeK MHOXeCTBa I' Ha PacCTOSHHH, MeHbLIEM HeKO-
TOPOTO NOJIOXHTeJbHOro uucaa §. Tak Kak AJuHA HauGOJbLIEH U3 CTOPOH Tpe-
YTONILHHKOB paHra n cTpemurcd K 0 nmpyu HeOrpaHHYeHHOM BO3PacTaHHH L M TaK
KaK KaXx[biil M3 3THX TPEeYrOJBbHHKOB COLEPKHT TOUYKH MHOXKecTRa I', TO npH
JOCTaTOYHO GOJBIIOM 7 KaXkAasd TOYKa MHOKecTBa F, JeXKHT OT HEKOTOPOH TOUKH
MHOXecTBa I Ha paccTogHuM, MeHblleM §. Cjel0BaTe/IbHO, €CJH I LOCTaTOYHO
sesnko, 10 F, CR' u o,<<s(R’)<e, a 310 3Hauur, yro limo,=0.

n-—-—-uo

Moxsenem wuroru: ecau lim o, >0, mo T'—nexsadpupyeman npocmasn dyea.

n—>®

[Tpumep 3. HexBapgpupyemas durypa, OorpaHuuyeHHasd
nMpocTOH saMKHYTo#fi KpuBo#. Ilycte I'—HekBagpupyemass npocrad
Iyra, ToCTpoeHHas H3 TpeyroabHuka ABC, Kak B mpuMepe 2, u C'—Touka,
CHMMeTpuuHas ¢ Toukod C oOTHocHTenbHo upsamoii AB. O6osuaunm uepes I
MPOCTYI0 3AaMKHYTYI0 KPHBYIO, COCTaBJeHHYIO M3 Ayru I' u otpeskos AC' u
BC’, u uepes F—durypy, OTpaHHueHHYIO K PHBOI I'" (cm. m. 4.8). Tak Kak ' —
He HYJb-MHOXeCTBO, To u I''—He Hyab-MHO®ecTBo. CiefopatesfbHO, ¢urypa
F He ksagpupyema.

OueBHAHBIl HEJOCTATOK 3TOTO pPacCyKAeHHS COCTOUT B TOM, 4TO OHO OINH-
paeTcsd Ha TPYAHYIO OoO6UlyI0 TeopeMy, H3JI0XKeHHYIO B n. 4.8 6e3 NOKasartesb-
crBa. JKemarenbHO HMeTh NpAMOe OmpejeneHHe MHOkKecTBa F. Bor ato ompege-
NeHne: F ecTn cymma ayru I', Tpeyroabinka ABC’ W Bcex TPeyroibHHKOB,
BEIpe3aeMbIX W3 ¢uryp F, ¢ ueTHbBiMH HoMmepaMmu n. HeTpymHo moxasartb, uto
5TO— 3aMKHyTag ofnactTh ¢ rpanuueit IV,

§ 5. HNromans HAa KJAacce KBAAPUPYeMBIX (uryp

5.1. Ompenenenne maomanu. /Tr0omads ectb QyHKUHA, onpelesen-
Haf Ha KJaacce kBaapupyemnx GuUryp u obrasamoiias CcBOHCTBAMH
(a)—(8). Tak kax MHOroyronpHbie (QUFypHl KBAaAPHPYEMb, TO Takas
GbyHkUMT ompelleneHa, B YaCTHOCTH, HA KJIacce MHOTOYTONBHBIX (QHTYD.
Tam ona raxwe ofnanaer csokicreamu (@) —(8) u notoMmy cosnamaer
¢ Gyuxuued s, usyuensott B § 3. Hosyio dyHukumo M Takke Oyrem
0603HauUaTh 4epes §.

CyumlecTBOBaHHE M eJMHCTBEHHOCTb Hamelt yukumu OynyT noka-
3auel B nm. B.5. Iloka oHH He 1OKa3aHb, MH GYyLeM INOHHMATL 1101
IoWalbl0 KaKyK-HHO YA b GYHKUMIO KBaapupyeMmoH ¢uryps co
cpoficTBamMH (o) —(8), mpeamonaras ee CyUIeCTBYWLLEH,

5.2. MpocTeiimue crencTeud onpeneaenus. [Ipu nepexone x Kiraccy
KBaAPHPYEMBIX (QHUIYp ILIOLLALbL COXpaHgeT CBOHCTBO MOHOTOHHOCTH:
ecan wgadpupyemas dueypa N ecms uzacms kesadpupyeioll guzypol
M, mo s(N)=<gs(M).
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HefictButensro, nonoxum N'=M-—N. Cornacio n. 4.6, N'—
kBanpupyemas durypa. Tak kak N u N’ coctasasioT M u He HMEIOT
OCIIKHX BHYTPEHHHX TOYEK (Aaxe BOOOLLE HE HMEIOT OOLIHX TOouek),
10, cornacio cBoHCTBY (B), s{M)=s(N)+ s(N'), a cornacio caofi-
cray (@), s N')=0. Cnenosarensuo, s (M)=s (N).

Mer yBUIHM, OLHAKO, YTO CBOHCTBOM CMpo2oli MOHOTOHHOCTH ILIO-
walb Ha Kjacce KBaapupyemeix ¢uryp yxe He obnalaert.

Has niobox 08yx weadpupyemwx pucyp M u N cnpagedauso
COOMHoOULEHILe

sM4N)=s(M)-}s(N)—s (MN). (1)
HeficTutensHo, wMHoxectB0 M-+ N MOXKHO [pPeICTaBUTh Kak

cymmy Henepecekamouuxcs MHoxects M u N— AN, tax uto, cornacHo
ceofictBy (B),

s(M-+N)=s(M)+s (N—MN). (2)

Hanee, mHoxecTBO N eCTb CyMMa HeNepeceKajOUIHXCH MHOXECTB
N—MN u MN, rak 4ro, cormacHo ToMy ke ceofictey (),

s(N)=s (N —MN)-+s(MN). (3)
Hs (2) u (3) caenyer (1).
Aasg nioboix rxsadpupyemox puzyp My, ..., M, cnpasedruso

nepagencmgo s(My+ ...+ M)y<<s (M) 4 ... +s(M).

Ilpu n=2 3to caenyer u3 dopmyns (1), npu 7> 2 ngoxaswiBaercd
HHAYKTHBHO.

Yuratenw pexOMeHAyeTCH COMOCTABHTL JO0KA34TENbCTBA MOHOTOH-
HOCTH INVIOWIALM H cOOTHoweHHd (1) ¢ COOTBETCTBYIOUIMMH paccyx-
pedusivg 1. 3.2.

5.3. llmomaxe Kak TOuHad rpaHb. B cHAY MOHOTOHHOCTH IJIOUIANH,
ana BCAKOH kpanpupyemo#t ¢urypo M H BCAKHX JBYX MHOrOYIO/b-
HEIX ¢uryp P u @, ynoBnersopfiomux yciorusMm Pc M < Q, cmopa-
BEIJIUBLH HEPaBEHCTBA

s{P) << s (M) < s (Q). (4)

Taxum oGpasom, miIowank KBanpupyeMmoi ¢Urypsl 3ak/O4eHAa MexAy
NIoWaIgMu BCEX BXOXHIIMX MHOTOYIOJAbHbIX QUIYpP H IJIOULAKAMY
BceX OOGDBEMIIOIUX MHOTOYroabHbXx ¢uryp. OHa cayxHuT BepxHel
TPaHbi0 NepPBHIX M HHXHeH IpaHblO BTOPHX.

Cnenywouias teopemMa HaeT TOYHOE BLIPAEHHe IUIOWALH KBaJpH-
pyeMoil ¢urypsl uepes MJIOLAAH BXOLALWIHMX H OOBEMIIOLIMX MHOTO-
yronoHux Quryp.

Tarowade wealpupyemoli ¢uzypb. ecmos mo4Has BEPXHASL 2pPAHb
naowadell 8x00wUX MHO20Y2046HbLX (U2YD U MOLHAS HUNCHASR
epans naouadeil o0vemAIOWLY MHO20Y20L6HbLX L2y D:

s (M)y=sups(P)=infs(Q). (5)
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Apyzumu crosanu, niomads xeadpupyerol ueyps. ecmb eOuncm-
BeHHOE 4UCAO0, 3AKAIOUEHHOE Mewcdy RAOWOOAMUL 8ceX BX00TUUX
MHO20Y20NbHbLE (PUZYD U RAOMAOAMI BCeX 00BEMAIOUUY MHO20Y20 46~
HoLX ghuzyp.

Ilng noxa3aTenbCTBa nOA0KHM sup s (P)=p, infs(Q)=gq. U3 nepa-
BeHcTBa (4) crlenyer, 4TO A BCAKOH Bxojaduled MHOrOYroabHOR
¢durypn P u Bcako#l obbemmomieft mMHoroyroaoHo#t duryps Q

s(P)sp<s(M=<g<s(Q). (6)

C npyro#f CcTOpPOHH, COIJACHO OMNpeXeJNeHHI0 KBAaAPHUPYeMOCTH, HId
BCAKOrO TMOJOXUTENBHOrO € CYULECTBYIOT Takas BXOAAIad MHOTO-
yronbHaa ¢urypa Pu rtakas ofpeMiomast MHOroyroabuas gurypa @, 4to

s (Q)—s(P)<Ts. (7

N3 (6) u (7) cnenyer: O0<<g—p<Te, U TaK Kak €& IPOU3BOJLHO, TO
p=g=s(M).

5.4, Muomanp kak mpenped. Ecniu M—xpanpupyemas durypa u
P, Q—rtaxkue mMHOroyroibHse ¢urype, 4to Pc Mc Q, to B cuay
HepaBeHCTB (4)

sM—s(P)<s(@—s(P), s(Q—sM<<s@Q—s(P). (8)

Conocrtaensig uepaBeHcTBa (8) ¢ onpelefeHdHeM KBaAPHPYEMOCTH, MH
BUAHMM, UTO HNJ5 BCAKOH kBamgpupyemolt durypel M npu mwo6oM mnono-
WHTENbHOM & CYHIEeCTBYIOT TAKasd BXOAAMIAS MHOTOyroapsas ¢urypa P
1 Takad 00beMIlIasd MHOTOyTrobHad durypa Q, uto s (M) —s (P) <<e,
§(Q)—s (M) <Te.

Bo3abMeM KaKyl-HHOYAb NOCTAeAOBATENbHOCTD NOJOKHTEAbHBIX YHCe
€,, CXOAAILYIOCAd K HYJAI0, H NOCTPOMM MHOTOYrodbHule durypsl P, u
Q,,, ynornetgopsouMe cooTHowennam P, Mc Q,, s (M)—s(P,) <e,,
$(Q,) —s (M) <<e,. fcno, uro

s(My= lim s(P,)= lim s(Q,). 9)
n—w n—»w
Takum o6pasom, daa 8caxoit Keadpupyemoir ghuzyps. M cyuecmsyiom
maKas nociedo08amesbHoCmb BX00AUIY MHOZ0Y2oAbHEX (puzyp P,
u MaKas nocaedfo8amessHocms 00%eMAOULYL MHO20)204bHbLE PlULYD
Q,, umo cnpasedsuso coomuouterue (9).
Ecau, nanpumep, M—xpyr, a P, ¥ Q,—BnucaH#pie ¥ OIHCAHHHE
npaBuAbHEE 27-yroJbHUKH, TO coriacHo u. 4.9,

lim [s(Q,) —s (P,)]=0. (10)

Us coornomwenu# (10) u (8) (B nocrexnem noi P u Q Hy®HO Touu-
mate P, n Q,) cnenyer (9). Takum o6pasoM, nrouads xpyza moxcem
Oolmb BulauCAeHa Kak npedes nocaedogamervrhocmyu naiouadel npa-
EUALHBLY BNUCAHHBLY WAL ORUCGHHBX 2"-Y2046HILKOT,
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5.5. TeopemMa cymecTBOBaHMS H eJMHCTBEHHOCTH. Fa Kaacce
xeadpupyemblx hueyp cywecmsyem o0na U mMoabko 00HA PYHKUUS
co cgoticmeanu (o)—(8).

JokasaTenbCcTBO eguHCTBeHHOCTH. [lycth s u 8" — nBe
(yHKIMH, ompejeleHHble Ha Kjacce KBajxpupyeMmeix ¢uryp m obna-
nawoimue ceoiicteamu (o) —(8). CornacHo ¢opmyie (5), ana Besko#
kBanpupyemoit durypsr M

s(My=sups(P), s’ (M)=sups’(P).

Ho, mo TeopeMe e XMHCTBEHHOCTH, LoKa3auuo# B 0. 8.7, s’ (P)=s(P)
11 BcKol MHoroyroabHo# ¢urypw P. CnenosatenbvHo, s’ (M) =s(M).

JloxasaTenbcTBO cyuiecTBOBaHuA. Mo GyxeM MOAb30O-
BaThCsl TeopeMof CYL(eCTBOBAHHA IVIOWIANH HA KJIAaCCE MHOTOYTOJbHHIX
¢uryp, nmokasaunnot 8 n. 3.7. [lycts M—xBagpupyemaa durypa, Q —
Kakasi-HuGynip o6Bemiiouas MHOToyroiabHas ¢urypa u  P—rmnpous-
BOMbHAA BXoAfwlas MHoroyroiabHas urypa. Tax xak P comepwurcs
B Q, 10 s{P)=<s(Q). CnenoBaTenbio, MHOXECTBO MIOUIALLH BXOAIUINK
MHOTOYTO/bHLIX (QUTYD OrpaHudeHo CBepxy. PaccMOTpUM ero TOYHYIO
BepxHiO® rpaHb sups(P). Ecnu ¢urypa M cama saBaseTcs MHOTO-
yronbHo#, TO, OueBHAHO, sups(P)=s(M), B obuemMm e caydae
sup s (P) ecTp HEKOTOpPOE YHMCIO, OJHO3HAYHO OMpPeJ]enseMoe KBaIpHU-
pyemoft durypoit M. Takum o6pasoM, sups(P) ecTb ¢yHkund, onpe-
IejleHHas Ha Kjacce KBagpupyemsix (Uryp M COBHadamwuias Ha Kaacce
MHOFOyronbHbX GUryp ¢ dynxuuelt s. He BosHuKHeT HeLopasyMeHuit,
ecnu Mbl M ee 00O3HAYHM 4epe3 §, T. €. IIOJOXKHM LId NPOU3BONbHOH
kBanpupyemoii duryper M

s (M)=sup s (P). (11)
OueBnnno, 4To 3ta ¢yHKuua obnamaer cBoficteamu (a), (y) u (8).
Mokaxkem, yTo oHa o6nanaet u csoitctsoM (B). Mycts My, ..., M, —

KBaZpupyeMbie QHUIYpPH, IONaDHO He HMeKLlHe OOGUIMX BHYTPEHHHX
Touek, M—ux cymMmMa m g—nonoxutenbhoe uucio. CorracHo ompe-
JeleHHI0 KBALPHPYEMOCTH, CYLIECTBYIOT TaKHe MHOrOYTOJbHBIe UTYPHI
P,Q, ..., P,Q,, uT0

PaM, cQ,sQ)—s(Py<e/n(i=1,...,n),
1 u3 onpenenenusa (11) caemyer, uro 8§ (P;) <<s (M) << s(Q;). [TosTomy

n

ZsP)< Ts)< Fs@), Bs@Q)— BsP)<e

i=1 i=1

HMonowum P+ ...+ P,=P, Qi+ ...+Q,=Q. fcro, uto Pc M < Q,
H, B cpmy TOFO XKe onpenenex—mﬁ (11) s(P)y<< (M)<S(Q). Ho

Z Q)< 2 s(Q;). (Purypw Py, ..., P, nonapuo ug

i=1 i=1
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HMeIOT ofWuX BHyTpeHHHX Todek.) Takum o6pasom, 06a yucna §{(M)
n

u ZS(M) BaK/MIOUeHBl MewAy WHcaaMu D, s (P;) u ZS(Q,-), pas-

i=1 i=1 i=1

n
HOCTb KOTODLIX MeHblIe &, H MHOTOMy |§( Zs <Ce. Tak
i=1

n
KaK & NPOH3BOJBHO, TO §(M)= 2 s (M,).

5.6. Hyab-muoxecTBa. Karacc nyass-muooecms (n. 4.3) cosnadaem
¢ KAaccom Kgadpupyemolx ¢pueyp wyaesoll nioujadu.

HeficTBuTenbHO, coryiacio . 5.3, mrowans xBanpupyemoli QHLYpPE!
paBHa To4yHOH HMxHeHd rpanu naoumranefi oGBEeMIOWUX MHOIOYTOJBHLIX
duryp, a onpeneneHue HyJIb-MHOMECTBA KAaK pa3 M 3ak/04aeTcd B Tpe-
foBaHUM, UTOOBl 3TAa HHXKHAA rpaHb Obia paBHA HYJIIO.

Ha rkaacce xsadpupyemoix ueyp naou,adv He A8ASEMCS CHPO20
MmonomonHoll  ynxyuel. efictButenbuo, ecam M—kBanpupyemad
durypa u N—Henycroe HY/JAb-MHOKECTBO, He wumewmuiee c¢ M obwux
Touex, 10 (M4 N)=s (M), xora M+ N =M.

5.7. NosnoTa kJacca KBaapupyembix guryp. [Ipusuun, npu noMomu
KOTOporo Mbl pacmupuna¥ B n. 4.1 xaacc MHOroyrolbHHX QULYp 10
Kiacca KBajgpupyembix (QUryp, MOwHO CcHOPMYAHPOBAThL CJIEAYIOLLNM
o6pa3oM: mHodxcecmgo M 8 mos 1 moAsKo 8 moim cayrae npuilc-
ASLEMCS K PACULUPEHHOMY KAGCCY, eCAll 048 BCAK020 NOAOICUMENL-
Ho20 & cywecmsyiom marxue ueypst P u Q npesxcunezo xaacca, umo
PcMcQ, s@Q—s(P)<e.

flcHo, uro B Takoit ¢opMynIHPOBKE 3TOT NPHHUKE He CBI3aH C Npel-
NOJOXEHNEM, 4TO HCXOILHHLIH K/acc ecThb KJIacC MHOTOYrOJAbHHIX QUryp.
3710 — ofuiuH NPHHUMO pacllMpeHus, TNPUMeHHMHH K awboMy Kiaccy
MHOXECTB, Ha KOTOpOM ompeneneHa ¢pyHkuuda s. OH HOCHT Ha3Banue
npunyuna nonosHerus. Mo moxeM, TakuM o6pasoM, CKasaTb, YTO
Kaacc keadpupyemox gGueyp ecmdv NONOAHEHUE KAACCA MHO20Y204b-
Hotx dbueyp. BosHukaeT BOMpoC: YTO NPOH3OHAET, eClM MBI NPHMEHHM
3TOT NPHHIUI K KJIaccy KBajipupyeMblX QHIYD?

OxasbiBaeTcs, 4TO KJacc KBajpHpyeMmbix (UTYp He pacHIMpHTCH,
T. €. 94TO OH y¥Ke CONEPXUT BCe MHOXECTBA, MOJAYYAOIIHECHT NPH €ro
nononHenuy. pyruMu crnosavu: ecau 04s MHoxucecmsa M npu awoGon
nosoxCcumebHOM € cYumecmsyion marue xeadpupyensie ghuzypsl L u N,
ymo

LcMcN, s(N)—s(Ly<Te, (12)

mo M—rgadpupyesmas ¢hueypa. DTO CBOHCTBO KNacca KBAAPHPYEMBIX
¢Guryp HasbiBaeTCH HoAHOMOL,

Urofbl HOKa3aThb KBAXPUPYEMOCTh MHOXecTBa M, noctpouM s
3aJaHHOTO NONOXKHTENBLHOr0 & TakHe KBaApHpyeMmble Qurypsl L u N,
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4yTo
€

LcMcN, s(N)—-s(L)<§, (13)
H 3aTeM TaKHMe MHOroyroabHeie ¢urypst P u Q, uto
Pcl, s)—s(P)<3, NcQ s@Q—sN)<s. (14

Us (13) u (14) crenyer: Pc M c Q, s(Q)—s(P)<<e. Taxum obpa-
som, M—xkpanpupyemas ¢urypa.

5.8. loBenenne miomany npu adpduHHOM npeoOpasoBanuu. A@gun-
Hoe npeobpa3osanue nepesodum rxgadpupyemyio duzypy 8 wsadpupy-
emnyio  guzypy. Ecauw M —ob6pa3 xsadpupyemoii cpuzypes M npu
aggpurnon npeobpasosanuu ¢ onpederumenren A, mo s (M')y=s(M)|A].

Hoxasateabctso. IlycTs &€—nonoxuTeldbioe uncao u P,
Q — Taxue MHOroyrojibHue Qurypsl, 4to

PcMcQ, sQ—s(P)<<|A]| . (15)
O6osnayum yepes P’, Q' o6pasw ¢uryp P, Q. fcno, uro
PrceM cQ, (16)

W TaK Kak, cornacio 1. 3.10, s(P)=s(P)-|A], s(Q)=s(Q)-[|A], T0

sQ)—s(P)=[s@Q—s(P)]-|A]<e.

Taxum o6pasom, M'—xksaznpupyemas ¢urypa.

W3 skmouerntt (15) # (16) cnenyer: s (P')=s (P)-|A[<<s(M)-|A| <<
<s(Q-[A]=5Q), sPI<sM)<<s(@Q). Tlostomy  umeen
|s(M)—s(M)-|Al|<<s(Q')—s(P’')<e, u TaKk KaK & NPOH3BOJIbHO, TO
s(My=s(M)-|A].

Yactube cayuau (com. n. 3.9). 1. lpeobpasosanie nododus
nepesodum xsgadpupyemyio duzypy & rxgadpupyemywo duzypy. Ecau
M’ —obpas keadpupyemolt gueyps. M npu npeobpasosanun nodobus
¢ xoagppunuenmos A, mo s(M')=s (M) A%

2. Ilpu HesulpoM#OEHHOM OPMO2OHAAHOM NPOEKMUPOSAHUL HAO-
cKocmu HQ naockocme o0pass. u npoobpass xeadpupyemelx uzyp
rweadpupyems.. Ecau o—yeon mexncdy naocxocmamu uw M —
npoexnus ksadpupyemoli gpueypo M, mo s (M'y=s (M) cos a.

Mpumepr. 1. Mnomwans xkpyra. Ilycrs K;—xkpyr paauyca
1 u K—xpyr paauyca r. Tax xax K MoxHO monyuuTb u3 K, npeo6-
pasoBanueM noio6us ¢ koadduunentom r, 1o s(K)=s(K;)r? Tlona-
rag s(K;)=m, nonydaem obuunyo dopmyry: s (K)=:mr.

2. MMnouranp snnunca. [Iycts @ 1 b—nonoxuTENbHHE YHCTA,
Addunnoe npeoGpasosanre X' = ax, y' =~by nepeBONIUT KPYT pannyca 1,
onpelendeMbif HepaBeHCTBOM X2+ y?=C1, B 3naunc ¢ nomyocamu a
u b, onpejengeMblif HepaBeHCTBOM

x2 2

—o‘{—b—gélp (17)
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Tak xak ompefenuTelb 3TOro Npeofpas3oBaHUsS paBeH ab, TO maoulalb
snnunca (17) paBua mab.

5.9%, BbluscJjeHue WJIOMAAH. JIO CHX IIOP Mbl 3aHHMAJHCh [JIABHBIM
06pasoM JIOTHYECKHMH RONMPOCAMH TeopuH miowame. [Tpo6aeme Bulumc-
JeHHd NJOWAAH YyJensiloch Majlo BHHMaHUA—oOHa Obia paccMOTPeHa
TOMBKO IJSl MHOrOyroibHux ¢uryp. Temepp Mu 3afiMemcs KpuBOJHHeH-
HHIMH (HrypaMu.

[TpoGnema BHYMCAEHUS MJIOWIAKH HAMHOTO CTapIie JIOTHYECKUX
apo6aeM Teopuu niaowwiaielh. Eciau normgmuen nnomwand 3auHTEpPECOBa-
JAHCh B MPOIUJOM CTOJZETHH, TO BbIYHCIeHWe nuoumlanedt Graroxaps
CBOEMY IMpPAKTHYeCKOMY 3HA4YeHHI0 HAXOAHAOCh B LEHTPE BHUMAHUA
MaTeMaTHKOB ywe AeCcsaTKH cToneTult Hasain. M samoaro mo rtoro, kax
JAOryyeckye npodaeMul TeOPHUH miaowlanedl ObIM NOHATH U chHOPMYynH-
poBaHL, MaTeMaTuKaM yxe Oblni u3BeCTHH 3(deKkTHBHBE MeTOAn
BHIUKCAEHHS MAOWanel KpUBOAHHeHHBX (Hryp.

At MeToaw GBI CO3JaHsl [0CJHE MHOTOBEKOBHX VCHJAHH ¥ npH-
HAaAIeKAT K 4YUCAY CaMblX BBILAIOIWIMXCH AOCTHXEHWH 4Ye/loBeYyecKOH
mbica. OHH OKa3anuchb OueHb OOLIMMM, T. €. NPUFONHBIMH NS BhIYUC-
JeHHS He TOJABKO Moumlazed, HO ¥ MHOTHX ADYIrHX TeOMETPHYECKUX
u ¢usuveckux senauyud. Co BpemeHeM OHH O6peNH CaMOCTOSITENBHOCTD
M CTanu AApoM HOBOH HayKH. DTa HayKa Ha3blBAeTCHd Mmamemanmiie-
CKUM QHAAN304 W TIpelcTaBageT cofofi B HacTofllee BPeMs yHUBep-
CaJbHEH HHCTPYMEHT TOUHOTO €CTeCTBO3HAHHA.

VlanoxeHHe MaTeMaTHYECKOIO aHaNM3a He BXOJHT B 3344y HACTOA-
nre#t cratbu, Mbl OrpaHHyuMcd TeM, 4TO JAajuM npocTefimue QOpMYsl,
N03BOAAIOUINE BHYKCIATH MUIOUAAN KPUBOIHHeHHbIX QUFYP CpeldCcTBaMH
aHanu3a. ITH GOpMyasl BHPAKAOT MIOIWIAKH Yepe3 HHTETpajbl, U HX
npuMeHeHue TpeOyeT YMeHHS BLIYHCAATH HHTErpPalkl.

Oas cpaBHeHus 3aMeTHM, 4TO H IUIOWIAAb MPAMOYIOJbHHKA Mbl
BoiyMCAMAN B 1. 3.3 aHme B TOM CMbICIe, 4TO AoKasanu dopmyny
§(P)=ab. llpumenenne sto# dopmyis TpelyeT yMeHHS IePEMHOXATh
yhcaa W ABAfeTcs HenoM apHdMeTHKH, KOTopasd, Kak M aHaaus, He
uanaraetrcd B Hacrosuled crartbe. Jlo6aBuM, 4TO 3ada4ya BLIYUCIEHUSA
MIOIAAH MNPAMOYrOJAbHMKA B HE MeHbllell cTemeHH CrocoGCTBOBana
pasBHUTHIO apudMeTHKH, 4YeM 3aj)aya BLIYHUCIEHHA MNAOMANH KPHBOJIH-
HedHOU (UTYpLI— pa3BUTHIO aHAIH3a.

CHauana Mbl paccMOTPHM OCHOBHOM cayualt, xorna Hama ¢urypa
fIB7IfeTCH «KPHBONHMHeHHOH Tpameimmueli», a 3ateM, KpaTko, caydaff mpo-
H3BOJNbHOM KIacCHUecKOH (urypot.

Mnomans kpuBonuuHe ot Tpameunnn [lycrs @—nexo-
Topas QYHKIUHS, HEMPePLIBHAS U HEOTPULLATeNbHAA HA OTpe3ke A =[a, b].
CHa6aiuM IJOCKOCTh CHCTeMOH KOOpAHMHAT M 0603HAYuM uepes F
MHOWECTBO TOYEK, KOOPAMHATH X, ) KOTODPHIX YIOBAETBOPAIOT HEpa-
BeHCTRAM ¢ << ¥ << b, 0 <<y << @ (x) (puc. 16). MHOwecTBO F HashiBaeTcH
Kpusosurelinoll mpaneyued, onpenenseMol Qynkuned @.
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Kpusoasuneinas mpanenus xgadpupyesa.

JeACTBHTENbHO, MHOXKECTBO F COLEPWHTCA B MNPAMOYTOAbHHKS
a<<x<<b, O0<y=<CL, rie L—BepxHds rpaHb QyHKUHH @, H MOTOMY
orpaHudeno. ['panuua MHoxwecTBa F COCTOMT M3 OTpe3ka ocH abcuucc,
ABYX BeDTHKAJNBHbIX OTPE3KOB (KOTOPHIE MOTYT BLIPOXLATLCH B TOUKH)
u rpadrka QOyHKUMH @ H NOTOMY
ABASETCH  HYJb-MHOKECTBOM  (CM.
n. 4.7). Cornacio m. 4.5, u3 stux
nByx @axTos chaemyeT KBaLpupy-
eMOCTh MHOXecTBa F,

Ecau ¢yskuusg ¢ CcTporo mono-
WHTeNbHa BHYTPH oOTpeska [a, &),
TO TrpaHdua KpusoauHeHHOH Tpamne- 7] T
uvy F gBiadercs npoctoit 3aMkHY-
TOH KpHBOH, a caMa KpuBOJHHeHHad Puc. 16.
TpaneuHs ecTb ¢urypa, OrpaHuyeH-
Hag 9TOH kpuBok B cmuicie mn. 4.8. Ecnu, xpome rtoro, dyskuusa @
MMeeT HENPepHLIBHYIO NPOW3BOXHYIO HA OTpe3ke [a, b] mau stor orpe-
30K MOweT OLITb pPAa3/0WeH HAa KOHEYHOE YHCIO0 YAaCTHYHHIX OTPE3KOB,
HA KaXIOV H3 KOTOPHIX QYHKUHS ( MMEEeT HelpPepPhIBHYIO MPOU3BOAHYIO,
10 F —xnaccuyeckad durypa.

[Trowads kpusosuneinoi mpaneyuu F daemcs gopamyarol

s(F)={ ¢ (x dx. (18)

HNoxasatenbctso. Ilycrs, kak B M. 4.7, A=A+ ... +A,—
pOH3BONLHOE pasbuenne 0Tpe3ka A Ha KOHEUHOE YHCJIO YACTHYHEIX OTpea-
KOB ¥ m;, M;—-HaHMeHbIIEE H

y Haubosbilee 3HaUeHHd QyHK-
uuy ¢ Ha oTpe3ke A; (i=1,
-\ ..., n). Hlycts P;—mnpano-
yroapHHK (MOKeT ObTh, Bbl-
POXMEeHHHIR), OrpaHUYeHHBIH
TOpH3OHTANAMH Yy =0, y =m;
H BePTHKaAAMH, NPOBENEH-
HLIMH 4epe3 KOHIH OTpe3ka
0 % A, u  Q;—npAMOYroNbHHK
(MO eT GHITh, BEIDOM EHHBIH),
OrpaHuYeHHbi FOPU3OHTAMA~
MH y=0, y=M; u BepTn-
KaJifMH, NPOBeJeHHEIMH Yepe3 konLH oTpe3ka A; (puc. 17). [Monowum

P=pP +.,..4+P, Q=Q;+...+Q,. fcno, uro
s(PYy=Zml (b)), Q=2 Mi(A)), (19)

Puc. 17.



52 IJIOWALD ¥ OBBEM
4 TaK Kak, oueBuinHo, Pc F < Q, 10
s(P)<<s(F)<<s(Q). (20)

Tenepb Mb! LOMKHBE OGPATUTHCS K ONPeNe/eHHIO HHTerpana, CTOSLULEr0
B npaBoii dYactu ¢opmyas (18). ITlepras u3 cymm (19) nasuBaercs
HUJCHell, BTOpAs—8epxHell uUnmezparsHol cysumol PyHKUHH ¢ OTHO-
catenbHo pasbuenus A=A,;4 ...+ A,. Oxxa us TeopeMm aHanu3a,
TaKk Ha3blBaeMasg «TeopeMa CYIIeCTBOBAHMA HHTErpajia», yTBEpPX-
faet, YTO CYIIeCTBYyeT eAMHCTBEHHOE YHC/IO, CAYXKALLEe OTHOBPEMEHHO
BepxHe#l TPaHBI) HHUWHHX CYMM M HHXWHEH FpaHbl0 BepXHHX cyMM. DTO
yHCeaO M ecTh, NO omnpeneienuio, uurerpan (18). CormacHo HepaBen-
ctey (20), Takum uHclIOM ABiafgercd miomanp s(F), 4To M AokasbBaer
dopmyny (18).

Jlo6aBuM, 4TO B HalIMX PAaCCYXJIEHMAX CONEPWHTCS M NLOKAa3aTelb-
CTBO TeOpeMbl CYLLeCTBOBAaHHA HHTerpana. JleficTBHTe/NbHO, COLJACHO
nemme u3 n. 4,7, And BCAKOTO HOJIO)KI/XTeJIbHOFO g CYLLLECTByeT Takoe

pasbuenne A=A+ ...+ A, uro ZMI Zml

¥ noromy §(F)—eXHHCTBEHHOE YHCIO, saxmoquHoe Mexchy HUXHHMH
H BEPXHUMH CYMMaMH.
dopmyna (18) mower cuuTatTbhes OCHOBHOH dopMmynoit Teopuu mio-
nianeii. Koneuno, cama nmo cefe oHa He dBnsieTcs TAyGOKUM MaTteMa-
THUECKHM MPENJOKeHNeM: IOHATUA INIOWAAH H HMHTerpana HacToAbKO
6MM3KH APYr ApPYry, 4TO OHA MOYTH oOue-
BuAHa. OJHAKO B COENMHEHHH C MOLIHLIMH
METOXAMH BLIYMCIEHUS HHTErpajioB, KOTO-
pHIMH pacrosaraet asanu3, 3To ¢opMmyna
okasbiBaeTCa upesBbiyalino 3pdexTHBHOH.
[MTaomans xaaccuuecxoidd ¢u-
Iy p bl. MOXHO N0Ka3aTh, YTO BCAKas Knac-
cudeckas ¢urypa (n. 4.8) moxer OwiTh
pa3buTa rOPU3OHTANSIMUY H BEPTHKANAMH HA
KOHEUHOE YMCJIO KDHBOJHHEHHBIX Tpaneuuil
Puc. 18. Pas6uenne kjaccy- (HEKOTOpHIE M3 5THX Tpameuu#t OyAyT mo-
ueckolf ¢urypsl Ha KpHBO- BEpPHYTH OTHOCHTEJbHO TONOKEHHOH B OCHO-
JHHEeHHbIE Tpameluu. By cHcTeMbl KooprHHat Ha 90, 180 win 270°
# cuBUHYyTH—cM, pHc. 18). Ecan takoe
pa3fHeHde NPOHU3BEEHO, TO MIOIWALb QUTYpH MOWeT OLITb BRIYMCAEHA
Kak cymMMma mjowaneld sTux rtpaneuui, a xk NMOcCAeRHHM NpHMeHUMA dop-
myna (18). B arom cmpicne c¢opmyna (18) asnsercs yHuBepcanbHOH
dopmynoit Teopuu maomane.
Eciu paccmartpusaemas ¢urypa KOCTATOYHO NpPOCTA, TO 3TOT HYTh
6LICTPO BeleT K LeJH, HO B 60Jee CAOWKHLIX CAydasX OH MONKET OKa-
saThcd ManosdhdexTunbiM. CyuiecTBYIOT GOpMYILl, TO3BOAAOUIHE TIPAMO
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BHIYMCAHTD IJIOLUIALb KI4CCHUECKON (QHUIypH MO ypaBHEHHSM TI'PAHHUHBIX
kpuBnix., IlycTh F—orpanuvenHas 3aMKHyTas 061ac¢Th, FpaHunelf KOTO-
poll CAYXHT mpocTas 3aMKHyTas KyCOdyHo rumanxas xpusad I', u mycTs

— dyHkuun, onpesensgowre kpusyw I' (n. 4.7). [Ipennonowxum, 4To
orobpaxenne f onpenensier Ha kpusof I’ monoxuTenbHoe Hampasie-
HHe, T. €. Takoe HampapaeHue 06xoxa, NpPH KOTOPOM dHrypa F mewur
cneBa. Tozda naowads uzypsl F moscem Ouimd sunucrena no sw0boil
u3 mpex dopmya:

b
s(Fy={x0)y () at, (22)
b
s(F)=—{ytx ®at, (23)
b
s = § ety (B —y () %' (] dt. (24)

JlokazaTeabCcTBO 3TOH TeOpeMHl ywe LOBONLHO CJOXKHO H ONHpaeTcs
Ha pAA OOUIMX TEOPEM HHTerpanbHOro ucumciedusd. B o6uux ueprtax
OHO MOXeT ObITb ONHCAHO CAEAYIOLLUM 00pasowM.

[Ipasere wactn ¢opmyn (22) u (23) moaydaloTcs APyr H3 Ipyra
HHTEr PHpOBAHHMEM 110 YacTaM (Tak Kak KpHBasa 3aMKHyTa, TO
%(a)=x(b), y(a)=y (b), u notony x(b)y (6)—=x (a) y (a) =0), a mpa-
Basg vactb Gopmyinas (24) ecTh moaycymma npaseix HacTe#t opmyn (22)
u (23). Crnemomarenpsro, npaBbie 4YacTH BCeX Tpex GOpMyn pasHul
Mexcay coGoit.

Onpexenutens x(f)y’ (#)—y (f) ¥’ (f), croswuft mox wuHTerpazom
B npaBoft uyactu dopMynsl (24), He MeHseTCd HM NIPH Napales]bHOM
nepeHoce, HH INPH [OBOPOTE KoOpAHHATHHX ocel. CrexoBarenbHo,
npasble 4acTH BceX Tpex ¢opMysn HE MeHAIOTCHS NPH 3TUX npeobpaso-
BaHH XK.

[Tpexmonowum cHayana, 4yro F—KPHBONMHEHHAS Tpameuus, onpe-
nendeMas Qynknuelt y=¢ (x), a=<<x<<P, KoTopas NONOKHTENbHA
BHYTPH OTpPe3Ka G <<X << f M HMeeT HA HeM HeNpPepLIBHYIO NMPOU3BOJ-
Hyio. Pasmowum xpusyio I' Ha Tpu npgMonuMHeHHHX OTpe3ka u rpadux
dbyHKuUMH @, MPOXOAHMBIH cnpago HajneBo (cp. puc. 17), ¥ paccMOTPHM
COOTBETCTBYIOIIEE DPA3/OMeHne uHTerpana (23) Ha uyeThlpe HHTEerpasa.
[Tepebie TpH HWHTErpaja PAaBHH HYAW0 (B HHTErpazax, COOTBETCTBYIOIHUK
BepTHKaNbHLIM OTpeskaM, x’(f)==0, B wuHTerpane, COOTBETCTBYIN-
HleM OTpPesKy ocH abcugmcc, y(t)=60), 4eTBepTHIH, KaK INoOKa3hBaeT

NOACTAaHOBKAa X ==X (f), paeeH —Scp(x)dx=—s(F). CnenoBaTe/bHO,
[*3
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dopuyna (23) BepHa ad KPHUBONMHEHHBIX Tpaneun# paccMaTpUBAEMOr0
BHAA.

B ofmem cayuae ¢urypy F MOXHO pas/OxHTb [OPH3OHTAJSIMHU
U BepTHKAJAAMM HA KOHEYHOE uHMC/IO0 Takux Tpaneuud. Hexorophe us
3THX Tpaneuuft Oyayt unosepHyTn Ha 90, 180 uam 270° o CABUHYTHL
B cuny npeaniiyuiero K KawxAo# U3 HMX npuMenuma dopmyna (23), a
IOTOMY OHa npuMenuma u x durype F.

5.10. INoromaaes HA KJacce KBAgpUPYeMBIX 3aMKHYTHIX OOjacTeil.
B stom nyskTe OydeT 11OKa3aHO, YTO HA KJacCe KBaJLpPHPYeMbIX B3aMK-
HyTHX o6nacTed IVIOWLANL COXPaHAET CBOHCTBO CTPOrOi MOHOTOHHOCTH.

Coraacuo nn. 2.4 u 4.1, xnacc KBAAPHPYEMHIX 3aMKHYTHIX O6nacTed
COMdep:UT BCEe MHOTOyrojbHole ¢urypsa. Manaraemas Hmxe Tteopud
SBJASETCH €CTeCTBEHHEIM IPOAONKEHHEM TEODPHH IJIOUIALEH MHOTOYTOJb-
HHIX QUTyD.

Tak kak cyMMa KOHEUHOTO 4YHC/1IA 3aMKHYTHIX o6GnacTefl eCcThb 3aMK-
Hytasg obnacte (m. 2.2) M CyMMa KOHEYHOTO 4YHCJA KBaLPHPYEMHIX
MHOXECTB ecTb KBaIpHpyemoe MHOXecTBO (n. 4.6), To cymMa KOHeu-
HOTO 4YHCJHA KBAaAPHDPyeMbIX B3aMKHYTHIX oOjsacTe#l ecTb KBamgpupyemas
3aMkHyTas o6aacTh. OAHAKO C mepecevyeHHUeM H BRIUMTAHHEM Je/10 0GCTOUT
ClIO¥HEe: yXe INepecedeHHe M PasHOCTb HBYX TPEYrONLHHKOB MOCYT
He OLITh 3aMKHYThIMH o6nacTamu. B m. 2.5 mMu ompenenunu npugedew-
HOe nepecesenute W NPueeHHYI0 PASHOCMb MHOTOYFONBHHX (HTYD,
BCErga SBJAAIOLLHECS MHOTOYTOMbHLIMH QUrypaMu. IDTH oOnpepeseHus
MBl [lepeHeceM Tellepb HA [IPOH3BOJLHEIE 3AMKHYTHE 06/ACTH, T, €, OJO-
KHUM L4 JOObIX NBYX 3aMKHYThix obnacte#t F u F':

(FF)=(FF"))s, [F—F1=(F—F"), (25)

OueBuino, 410 [FF'] — saukuyras o6nacte. I[Jokaxewm, 4ro u [F—F']
eCTh 3aMKHyTas 0067aCTb, a HMMEHHO, NOKAMXeM, 4TO

[F— F'1=((F—F")),. (26)

Mycte A€ F— F'. Takkak A € Fu F=(F,), (cM. n. 2.2), T0 Beakuit
KDYr ¢ UeHTpoM B Touke A nepecekaercda ¢ MHOXecTBOM F,. Tak xax
Touka A He NMPHHAXJEWHT 3AMKHYTOMY MHOWecTBY F', TO cyuiectsyer
KPYF C LeHTpoM B Touke A, He nmepecexawwmiica ¢ F’, Crenosatensbuo,
BCAKHH KPYr ¢ ueHTpoM B Touke A nepecexaercs ¢ F,—F' 1. e,
A€ (FB_F,)E'

Takum o6pasom, F— F'c (F,—F'),, n notomy (F— F'),c(F,—F")
Ho Fy— F'=F, (non. F'), a non. F'=(non. F'),, u notomy

F,—F'=F,(non. F'),=(F(non. F')), = (F —F'),.

Cnenosatensno, (F—F'),c ((F—F'),),. O6patwo, (F—F') <
c F—F', u notomy ((F—F"),), @ (F—F"),.

CeofictBa omnmepauufl MPHUBEeNEHHOTO HNepeceyeHud
H BoYyuTaru A, [IpH u3ydeHHH 5THX CBOHCTB Mbl OTPaHMYMMCH K/ace

3¢
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COM KBAZPHUDYeMb X 3aMKkHyThx obnacrett. [IpesrapuTensHo cipena-
€M OXHO 3aMeuaHue. PaccMOTpPHUM COOTBETCTBHE, OTHOCHILEE KAMWIOMY
KBAAPHPYEMOMY MHOXeCTBY M 3amMxHyTyw oGnacte [M]=(M,),. Kax
noxasuBaioT Qopmyas (25) u (26), o6osnauennme [M] cornacyercs
¢ paHee BBeHeHHEMH ofo3uaueHusMu [FF'] u [F—F’']. OkasuBaercs,
uyto [M] auwe mna Hyss-mroxcecmso omautaemcs om M (1. e. pas-
noctu M—[M] u [M]—AM aBagi0TCs Hy/nb-MHOXeECTBAaMH) ¥ uTO [M]—
eduHcmeeHHas 3amKrymas obaracms, obradanouas smus cgolicmaor.

Insa nokasaTtenbcTBa 3aMeTuM, 4To 06a MHowecTtsa M u [M] conep-
waT Mg u conepwarca B M,. CnenoBarenvHo, o6e pasiocTu M—[M]
u [M}]—M conepxarca B M;— M= M. u notomy SBIAAIOTCA Hy/b-
MHO¥ecTBaMH. Ecu Gbl cyllecTBOBanM ABe 3aMKHyTHe obnact F u F',
oT/auyaomuecs OT M JMHILD HYJdb-MHOXECTBAMH, TO OHH OTJNHYaaHCh Okl
JAMIIb HYJAb-MHOXECTBAMM H JApYyr OT JjApyra, T. e. passocty F—F’
U F'—F 6uan €bl HYJAb-MHOWECTBAMH. BHyTpeHHHE YaCTH 3THX pas-
HocTe#t Obiu OBl TOTAA NMYyCTH, a C HUMU, B cuiy dopumyas (26), 6buin
6Bl OYCTH M CaMH Pa3HOCTH.

Tax kak [M] ornnuaerca ot M TONBKO HY1b-MHOXECTBOM, TO [M] —
kBanpupyemas ¢urypa. B wacTHOCTH, npuBeneHHble 1epeCeyeHHs U NMPH-
BeLeHHbIe pA3HOCTH KBAJPHPYEMBIX 3aMKHYTHX o6jgactelft sBI4I0TCH
KBaJpPHPYEMBIMH 3aMKHYTHIMH 061acTAMHU.

Onepayuu npusedennozo nepeceseniss 1 APUBEOEHHO020 BbILUMAHUS
Ksadpupyemox 3amKrymux obracmeil obiradaom gcemt anzebpaute-
cxumu cgolicmeanu obuunHozo nepeceteHus I 00b4H020 BHLUMAHUS
MmHoxwcecms., Hanpumep:

[[F1F2] F3]=[F1 [F2F3]], [F1—F2]=[F1—[F1F2]],
[(Fy o= Fy) F3l=[F1Fs] &£ [FoF3), [F1F,)+ Fa=[F 4+ F3) (Fy+ F3)l;

cM. takwke ¢opmyny (9) 8 nm. 2.5.

HoxazaTtenbcTBo. Jocrarouso mA0Ka3aTh, 4To npu otobpa-
weHun M— [M] cymme, mepeceueHHio M DPa3HOCTH JBYX KBampupye-
MbIX MHOXECTB OTBEYAOT CyMMa, NIpUBeNeHHOE IepecedeHHe H IMpHBe-
IeHHad pas3HocTp ux o6pa3oB, T. e. 4T0 AAA JOOLIX JIBYX KBaipu-
pyeMbix MHoxects M u N

[M+N]=[M]+[N], [MN]=[[M][N]], [M—N]=[[M]—[N]].

Tak kax [M] u [N] nuumb HyJIb-MHOXeCTBAMH OTIHYaKTCH oT M
u N, TO mpaBble 4acTH 3TUX (DOPMYA AHUIL HYJb-MHOWECTBAMU OTJIH-
yaptca ot M-+N, MN » M—N. A tak Kak 9T npaBble 4acTH $B-
ASI0TCA 3aMKHYTHIMM 06nactTaMH, TO OHH coBmamawt ¢ [M4N], [MN]
u [M—N].

CTtporas MOHOTOHHOCTDL nixOmWanu. Ha kKaacce xgadpu-
pyemoly 3AMKHYMbLY obpacmeil naowads cmpozo MoHomoHHa. B
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YaCTHOCTH, ecal rgadpupyemasn 3amxunymas obasacms F ne nycma,
10 §(F)>0.

Jokawxem cHayana BTOpoe yTBepwienue., Tak kaxk F==(Fz)s, TO
W3 HENYCTOTH MHOWeCTBA F ClIeAyeT HemycToTa MHOKecTBa Fy. Cne-
nosatenbHo, § (F)>0 (cm. mn. 4.3 u 5.6). [loxasaTenbCTBO MEPBOrO
yTBEPKAEHUS TOCIOBHO COBMafaeT TeNepb ¢ COOTBETCTBYIOLMM pac-
cyxnennem 1. 3.6.

IMockonbKy A BCAKOIO KBAAPHPYEMOro MHOXECTBZ CYLIECTBYET
KBaapupyeMmas 3aMkHyTas o6GnacTh, OTAMYAILAACH OT HEro /HUIb
Hy/Nb-MHOMXECTBOM, NepexOA OT Kaacca BCeX KBaLPUPYeMbIXx QHILYp K
KJaccy KBaZpHpyeMbiX 3aMKHYTHIX ofnacTelf He ABAAETCH CYLIECTBEH-
HHIM Cyxenuem o6nactu ompejeneHus miouianu. CyuiecTByHT BONpO-
Chl, B KOTOpPBIX KJacC KBaADUpPyeMuXx (PUIYp NpPeANOuYTHTEJIbHEE; TakKo-
BO MOJO¥EHHE B TEOPHH HHTErPHPOBAHHUS, KOTOpas, BMPOYEM, HABHO
yXKe He YILOBAETBOPSETCH M KA4CCOM BCEX KBANAPHPYEMHIX MHOKECTB H
NpoIOA¥KaeT MJAOUIALb JAaJek0 3a npeXeis 3toro knacca. OxHako ¢
3/IEMEHTAaPHO TEeOMETPHYECKOH TOUKH 3PeHHs KAACC KBAAPHPYEMLIX 3aMK-
HYTHIX o6nacTel sABndeTcs 6osee ecTeCTBEHHOH 06acTbIO oOmpenesne-
HUS TUIOMIANHM, YeM KJ4cC BCEX KBAAPUDPYEMbIX MHOMXECTB,

§ 6. Ipyroe mnocTpoeHde TeOpHH mJjomanei

6.1. Beepenue. llens 3toro naparpada —InoO3HAKOMHTh YHTATENd
¢ MOCTPOEHHEM TEeODHH moiraielf, OCHOBAHHLIM HAa €cTECTBEHHOM KOH-
CTPYKTHBHOM ONpeleNeHHH IJIOWALH, KOTOpOoe OHIC KPAaTKO OMHCAHO
B n. 1.5. MHoroyroabusle (QuUrypbol He HTPAOT B 3ITOM MNOCTPOESHUH
crenuanbHO# ponu. OnpejeneHde IUomlagd ngaeTtcss cpasy AAs mpo-
H3BONLHON KBanpupyemo#h ¢Uryph, ¥ OLHOBPEMEHHO OmpenensgeTcd
caM kiaacc kBampupyemsix ¢uryp. CsotictBa (@) —(8) mokasmBawTCH
KaKk TeopeMh. B 3akdoueHHe ycTaHaBIMBAaeTcd, YTO HOBOE ompermene-
HYMe SKBUBANEHTHO AKCHOMATHYECKOMY OIpeReNeHHIO, LaHHOMY B Ipe-
IHAymux maparpadax.

Drta 3KBHBANEHTHOCTb U30aBNfeT HAC OT HEOOXOZHMMOCTH BTOPHYHO
paccMaTpuBaTh Bce npoGaembl Teopuu mouiaxelf. 3aHoBO cTpoUTCH
JYIUL JOTUYECKUH KOCTAK TeOpur. TakHX BOMPOCOB, KaK BHMUCTEHUE
NJOLIAXH, [OBejNeHHE MJIOWIALN [P TeOMEeTpPHYecKHX mnpeobpaszosa-
HUSX, KBaJLpHPYeMOCTb KIACCHYeCKHX (PHUTYP, MOCTPOSHHME HEKBRALPHU-
PYEMBIX MHOMECTB C TEMH WM HHBIMH CBOHCTBAMH, NOJHOTA M CTpOrad
MOHOTOHHOCTb, Mbl BOBCE He KacaeMcd.

To ofcToATenbCTBO, YTO MJOILANL ONpeleasieTcs cpasy nias KBai-
pHpyembx Guryp, ILeraeT TeopHIO Gojee KOMNAKTHOH, M B 3TOM cO-
CTOMT T/aBHOE INPEHMYLIECTBO BTOPOro INOCTPOEHHA Mepel MNepBhHIM.
ITpeuMyniecTBa NMePBOr0 NOCTPOSHHA 3aK/IOHAKTCA B €r0 CPABHUTEJND-
HOH 371eMEHTAPHOCTH M B ONH30CTH K HCTOPHYGCKOMY pAasBUTHIO Teo-
PHE mjolajgelt ¥ IIKOJIbHOMY NpenoxaBaHHIO,
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6.2. Miomagb OTHOCHTEJbLHO CeTKH. B 3toM maparpade Mot Gyzem
nonb30BaThCH NPAMOYTOJbHOH NEeKapTOBOH CHCTEMOH KOOpAHMHAT X, ¥,
OCY KOTOPOH Hampas/eHbl N0 [IBYM COCEJLHUM CTOPOHAM eJHHHYHOrO
kBaapaTa E. Touku xBagpata E xapakTepusylrcs, tTakum oG6pasow,
HepaseHcTBaMu O=Cx=<C1, Oy,

[Tycts n—HeoTpuuaTenbHoe Henoe uucno. PaccMoTpuMm ropusod-
TalbHble H BePTUKAJbHble NMpSAMbLe, OnpelelsieMble ypaBHeHHAMH

x=£-10"", y=1.10"" (1)

rie kB v /-—BCeBO3MOXHBIE leable yHCaAd. DTH NpIMble 06pasyloT ceT-
Ky, nonao6Hy0 TOH, KOTOpDYK Mbl BHAMM Ha MuUAIuUMeTpoBoi Gymare.
OHn pa3buBalT MIOCKOCTb H4 paBHBIE KBajapaTe €O CTOopouoi 1077
HasblBaeMble kgadpamanu pawea n. Uem Gonabule n, TeM Tylle CETKA
H TeM MeJbue KBajxpaThl.

ITycte M—orpaHuyeHHOe MHOXECTBO, Jexallee Ha MJAOCKOCTH.
OG6o3HauuM 4epe3 o, UHCAO KBALPATOB PAHra 71, LEJTHKOM BXONSUIHX
B MHoxecTBo M (mIOX KBaXpaTOM Mbl NOHMMAeM, Kak BCErid, 3aMKHY-
ThIf KBadpart), ¥ depes Oy, — YHCIO KBanpatoB paHra #, 3aneThix
mdoxecTsoM M, T. e. uMewomwux ¢ M xotd 6bu OgHY OGILYIO TOUYKY
(13 OrpaHH4eHHOCTH MHOxecTBAa M ciaeAyeT, YTO TeX M APYLHUX KBaX-
paTtoR KoHeuHoe uucao). [Tonmoxuwm:

s, =0, 10727, S =0y 10727, (2)

OTkyna B3gauch 5TH yucnar Bedkuil, 3sHakoMbil ¢ mOHSTHEM f110-
wanu, ckaxer, uro 107%" ectb MIOWAXb ONHOTO KBAajApaTd paHra 7
M 4TO MO3TOMY §, €CTb NJoLladb
MHOroyroiapHo#i durypn P, co- 4
CTaBNeHHOH H3 BXOAAIUMX KBAJ- =
paToB pamra n, a §,—NJOWAkb
MHOTOYyroabHO# durypn Q,, co- L/
CTABJAEHHOH W3 3azeThIXx KBajipa- 4 -
ToB padra z (puc. 19). Mul, oanako, |
ele TOJMBKO CTPOUM TEOPHIO ILIO-
mane#t U He MOWeEM NOMb30BATh-
¢ MNoHATHeM miowand. Yneaa SV S 1A
(2) kak pa3 ¥ mocNnyxat HaM IS
onpeleNeHHs 3TOMO MOHATHA.

YcTaHoBUM, Ipex e BCero, 1sa 7
OCHOBHHIX cBOMCTRa wuucen (2). Puc. 19.

1. Iocaedosamensrocns
Soy §1, + - - B03pacmaem, nocpedogsamershocms S, S;, ... ybusaem.

HelicTBuTenbHO, BCSIKHM KBagpaT padra 7z pacnajgaerca Ha 102
KBanpartos panra n -+ 1. Ecau ucxonHbf KRaapaT — BXOAAUIHH, TO U BCE
[ONyyeHHble KBamgpaTsl OyILyT BXOAALIHMH; ecldd X0Ta On OXUH u3

p=
\J
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NOAYYeHHBIX KBALDATOB 3aJeT, TO H HCXONHb kpanpaT 3amer. Cre-
IOBATEIBHO, O, = 10%q, Ons1 << 102a,, W noTOMY
s,,+1>sn Snr1 < Sn. 3)
2. Mpu a0bux m 4 n cnpagedili8o Hepasercrmso
S <= Sne (4)
Tax kak BcAkuil BXOXAUIHH KBaipaT 3aleT, TO ocngoc;, " [OTO-
My sngs,’,. Takum 06Gpason, NpH m=n HEPABEHCTBO (4) Cnpasein-

Bo. Benu m<n, TO §,<IS, << Sp; eCHM We M > 1, TO §,, << Sy << Spe
HepaseHcTBO (4) mokasniBacT, YTO KaXAHH dled noclAefoBaTeNb-
’ ’

HOCTH Sy, Sy, ... CAYXKHT BepXHeH TpPaHbK MNOCAEZOBATEIbHOCTH
So» S15 + .., A KOKIBIE WIeH TIOCTENOBATENLHOCTH Sy, Sy, oo CIYKHT
HUXHEeH I'paHblo MOCAeLOBATENbHOCTH Sg, Sy, ... [IYCTB § U § — TOY-

HHle TpaHM STHX IIOCAeJLO0BATENbHOCTEH: §=sups,, s=inf S;L. Taxk
KaK TOUHAA BEPXHAR IPaHb eCTb HAUMEHBINAST U3 BEPXHUX TrpaHed,
TO S =<S,. ClenoBaTeNbHO, § — HUXKHAA TpaHb MOCAELOBATENbHOCTH
s;,g;, ... Ho tounas suxHss rpasb ecTb HAHOOMbIIAST H3 HHXKHUX Tpa-
Hell, ¥ noromy

s§<Is. (5)
Jo6GaBuM K 3TOMY, 4YTO BCAELCTBHE MOHOTOHHOCTHM MOC/AENOBATENbHO-
cTeit 8y, 4, ... H Sy, Sy, ... HX TOUHLIE T'PAHU CAYXKAT UX NpenepamMu:
=lims,, s=1lims,. (6)

- n—»w n-»®

Ecan s=s, T0 M HasHBaeTcs KEadpupyemsi MHONCECMBON WIH

x8adpupyeioil uzypoi, a HUCIO §=§—n404a0bi0 3TOH QHTYPEHL.

[Tnomane Ksaﬂpnpyemoﬁ cpurypbx M 6yner o6osnauatbcd uepes
s(M). Bmecto a, ocn, S, Su, S, § MBI OyseM nmucatbh HHOTAA o, (M),
% (M), 8, (M), sp (M), s(M), 5 ().

IOnst TOro, XTO YKe BlajeeT NOHATHEM IUIOUL4AH, HEPAaBEHCTBA
(3) u (4) uMewTt npocrTo#i reomerpudeckuit cmwica. HepamencTso (4)
npencrasiaseT co00f COOTHOIIEHHE MeXAY IIOMLAASIMH MHOTOYIOJb-
Hoix ¢uryp P, u Q,. Ono cnexyer u3 cootHomenus P,cQ,, cupa-
BeLnUBOro npu Mmobuix m u 7. [lonobGueiM ke 06pa3OM HepPaBeHCTBA
(3) cnenywr us coorwomenust P, DP, . Q,.;<=Q, Tax xak

P,cMcQ,, (7)
TO NJIOULAAb KBAaApUpYyeMo# durypst M pomxHa OhTh 3aKMOYEHA MEXIY
UIOIWIANAMH S, BCEX MHOrOYrONbHHX ¢HrYp P, H NIOWALIMH S, BCex
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MHOTOYroNbHEIX  duryp Q,. Onpenenenne mnmouwiany, colepxauieecs

B paseHcTBax § (M) =s (M)=s (M), o3nayaer, uTO IJOLLAJb KBAJPHUDY-
eMoli ¢urypsl ecTb eIHHCTBEHHOE YMCJIO, 06Mafaiollee 3THM CBOHCTBOM.

Mpumep. M—kBanpar paura m. Kak HeTpyIHO NOACYHTATH,
npH n=m

an=102(ﬂ'm), a;=102(n—m)+4(10n—m+1)'

Cnenosatenbo, s, =10"2" s =1072"1-4(107"~"4-107%"), u noTomy

lim s,= lims,=10"2", Takum oGpasoM, xgadpam pawnza m ABRgeTCS
n—»w n—-w

xeadpupyenoii pueypoii ¢ naowadeo 107", B 4acTHOCTH, eOuHu4-

Huli k8adpam E asasercs xsadpupyeroil ghueypoli ¢ naowadswo 1.
6.3. Kputepuii kBaipupyeMmocTd. OnpeneneHHI0 KBajAPHPYEMOCTH

MOXHO [NpHAATh ApyrHe d¢opmbl, Goiee OMHM3KHE K ONpELEEHUI0

n. 4.1. Tlpexne Bcero, cornacHo cooTHowWeHUW (6), lim (s, —s,) =s—s.

n—-w
CnenoBaTenbHo, JHoxcecmgo M xgaldpupyesmo 8 mom U MOALKO 8
mom cayiae, ecau
’
lim (s, —s,,) = 0. (8)
n—-«
Toynulff cMBICT COOTHOWEHHA (8) COCTOMT B TOM, HYTO MJIsl BCAKOTO
[OJOWHUTEABHOrO & cyulecTByeT Takoe N, uto mnpu z>N cnpasex-

/IMBO HEPABEHCTBO Sy — S, << €. HO MOCHenOBATENBHOCTD Sy — S, YOHBA-
eT, ¥ IIOTOMY 3TO HepaBeHCTBO, OYAYUH CIPaBeATHBO DU HEKOTOPOM
3HAYEHHH /I, ABTOMATHYECKH CIPABENJHBO M MNpPH BCAKOM GosbiueM
snauennu n. Crnexosarenpuo, MHoscecmgo M wsadpupyemo 8 mom u
MoAbKO 8 MOM CAydae, eCAl OAf BCAKO020 HOLONCUMEALHO20 & CY-
uecmeyem maxoe n, 4mo S,'z—~sn<s.

MuoxectBo M HasuiBaeTcs Hysp-mrodcecmeon, ecnn s = 0. Tak kak
B 3toM cayyae M §=0 (cM. HepaBeHCTBO (B)), TO Hy/Jb-MHOKECTBA
KBajgpUpPyeMbl M HMEIOT HyjAeByo naowrairb. OGpartHo, KBaLpupyeMmoe
MHOECTBO HyJNeBOH MJOLIANHM €CThb, OYEBHMIHO, HyAb-MHOWecTBO. Cie-
noeatenbHo, M 8 mom u mossKo 8§ mom caytae ecmb HYAv-MHONCE-

cmeo, ecau lims,=0; M g mok u mossxko 8 mos caysae ecmo HYAs-

n—-o

MHOXCECMBO, eCAll OAS BCAK020 NOAONCUMENbHO20 € Cyuecmeyem
maroe n, imo s, < e.

KpurepueMm KBaZPHPYEMOCTH Ml Ha3hbiBaeM, Kak W B m. 4.5, crue-
LYIOULYI0 Teopemy:

MHroowecmso M rgadpupyeso 8 mos & mossKo 8 Mom ciyiae,
ecAll OHO 0zZpanunerHo U e2o 2panuya My ecms HYAb-MHOICeCHBO.

NoxasaTtenbcTBO. [IpeanonoxuM, 4ro MHOKecTBO M orpa-
HUYEHO H €ero rpaHHIla /VIr €CTh HYJh-MHOXECTBO, H [IOKa¥XEeM, 4TQ
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M—xBanpupyemast durypa. J[iada 3TOro 3aMeTHM, YTO €CJH HEKOTO-
puiff KkBaxpaT panra s 3aleT MHOXECTBOM M, HO He BXOXHT ILETHKOM
B M, To o 3ageT MHOkecTBOM M. Ecau 6Gul 310 6hINO HE TaK, TO
OH colepxaid Gbl NO Kpafinel Mepe OIHY TOUKY, BHYTPEHHIOK MO OT-
HOWeHHIO kK A, u 1o KpalHeH Mepe OIHY TOYKY, BHEIIHIOK [0 OTHO-
nieHio Kk M, H OTPesoK, COeNMHAIOIMH 3TH TOYKH, BCE-TAKH fepece-
Kan Obl MHOwecTBO M, (cM. n. 4.4) B HexoTopoH TOYKe KBajapara.
CrnenoBaTes1bHO, YHCAO KBALPATOB PaHra 7z, sametHix MHOxecTBoM M,
HO He BXOMSLIHX B M, He IPeBHILIAET YHCAA KBAAPATOB PAHra 7, 3a4eThHIX
MHOXecTBOM M, T. e.

i (M) — ct, (M) < 0 (M), 8p (M) —s,, (M) << 50 (M),

Tax kaxk M, — HyJIb-MHOXeCTBO, TO s;, (M) — 0. CnenosatensHo,
Sn (M)y—s5,(M)— 0, u notomy M —xsanpupyemas ¢urypa.

[Mpeanonoxum Teneps, yTo M—kBanpupyemas ¢urypa, # mnoxa-
weM, uTo M, ecThb HY/Ib-MHOXECTBO. [l 3TOr0 3aMeTHM, UTO eCiH
KBajJpaT paHra 72 3ajeT MHOwecTBOM M., TO Au60 OH caM, Au6GO OXHH
H3 COCENHHX C HHAM BOCBMH KBaApA4aTOB 3ameT MHOxecTBOM M, HO He
BxoxuT B M. Ecau 6ut 370 OBIO He TaK, TO KaXIAbll H3 yKa3aHHLIX
LeBSITH KBaxpaToB auBo Bxoxun 6w B M, nu6o He wumea Ol ¢ M
o6uux Touek; Gojsee TOrO, TAaK KaK HAall KBaAPaT MMEET C COCENHHMH
KpagparaMu ofumMe TOYKM, TO JUGO BCe LeBSAThL KBAAPATOB BXOLHIH
6l 8 M, 1160 HHM OHNMH M3 AeBATH He uMea Onl ¢ M ofIUHX TOuek.
Ho xampmas Touka HAmIero KBajzparta MOWeT OHITb OKPYXeHa Kpyrom,
LEJMKOM NOKPHITHIM STHMH IeBATHIO KBAaApaTaMH W MOTOMY AHOO BXO-
aguuM B M, nmubo He nmewomuMm ¢ M o6mux Touek (HanpuMep, Kpy-
rov paxuyca 107%). CnenposaTenbHO, BCe TOYKM HALIEr0 KBazmpaTd
Gy 661 MHG0 BHYTPEHHUMH, nuGO BHEIIHHMHM DO OTHOWIEHW0 K M u
Ham KBanpat He Obln Obl 3aler mHomecTBOM M.

Tax xak 4YHCIO KBaLpaTOB paHra 71, 3aleThlX MHOwecTBOM M, HO
ge Bxomawux B M, paBHO o, (M)—a, (M), 10 ofulee uuciO 3ITHX
KBaApaToOB M BCEX COCEIHHX C HMMH KBAaAPAaTOB He TNpeBbIIAET
9(oc,'L(M)——ocn(M)). CornacHo TOJBKO 4YTO MAOKA3aHHOMY, CPEAH HHX
HaXOJATC BCe KBAAPaTH paHra n, 3anetrnie MuowectsoM M. Caeno-
BaTeJbHO,

ot (M) << 9 [0t (M) — i, (M)], 80 (M) < 9 [57, (M) — s, (M)].

Tak xax MHOXecTBO M KBaapHpyeMO, TO s;(M)——sn(M)—>0. Creno-

BAaTeNbHO, S, (M) — 0, u notoMy M, ecTb HY/Ib-MHOXKeECTBO.

6.4. Onepauuu Hajg KBajpupyemsiMu urypamu. Yacms HY.ab-
MHONCECMBA €CMb HYAb-MHONCecmso. CYyMma KOHELHO020 HUCAQ HYAb-
MHONHCECm8 ecmb HYAv-MHOKHCecmEo. MHooxcecngo, pagnoe HYyab-MHO-
HCeCMBY, ecb HYAb-MHOINCECMBO,
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CipaBeaIMBOCTh MEPBOTO yTBEpXIEHHS O4eBHAHA. [(OKamxeMm cnpa-
BeIJMUBOCTb BTOPOro. JlocTaTOuHO paccMoTpeTh CAy4yaH ABYX MHOXECTB.
Iycts M u N—Hynbp-MHOXkecTBa. Tak xax Kawxaplfl xBaxpat padra 7,
sanernit MHOwectBom M- N, 3amer mo kpatiHe#l Mepe OXHHM M3 MHO-
wect8 M, N, 10

o (M+ N) < et (M) -+ e (N), s7 (M- N)zso(M)+s, (N).
Tax xax M u N—HyJnb-MHOKeCTB3, TO S, (M)—0H Sn (N)— 0. Crne-

JLOBaTeJbHO, Sn (M+N)— 0, u notomy M-+ N ecTb HyJb-MHOXECTBO.

[Tycte tenepp M —Hylb-MHOXECTBO, /N-— paBHOE €My MHOXECTBO.
ITokawem, 4tro N ecTb Hy/Ab-MHO¥ECTBO. J[BHkKeHWe, IepeBojfllee
MHOWecTBO M B N, mnepeBORHT KBAaxpaThl paHra n, 3aAeThle MHO-
wectsoM M, B Kakue-TO KBaxpaThl, NOKphBAOWHe MHOXecTBO N. Kax-
IbIH ¥3 STHX HOBBLIX KBaJpaToB 3ajeBaeT He §onee NeBATH KBAAPATOB
Haiie#t ceTkd. JIeWCTBUTENBHO, pacCTOsHHe OT M060H ero TOYKH 10
erc mentpa Menpme 107" BciaexcTBHE Yero OH MOXeT UMEThb OOIIHe
TOYKH TOJMBKO C KBaApPaTOM CETKH, CONEpPXAlUUM ero LieHTp, H ¢ Boce-
MbIO COCEIHHMHM KBaxpaTamu ceTkd. Tax Kak uMcA0 HOBBIX KBAagpaTos
paBHO @, (M), TO ofllee UHCAO KBAXPATOB CETKH, 344eThIX HOBBIMH
KBanpaTaMu, He NpeBhILIAET 9, (M). CnemoBatenbHo, M YHUCJHO KBanpa-
TOB CeTKH, 3aieThix MuoxectBoM N, He mpesbimaer 9a,(M), 7. e.
Oy (N)<9a,',(M), $n (N} < 9sy, (M). Tak kax M —HyJb-MHOXECTBO, TO
S;(M)—»O. CienoBaTesbHO, s;,(N)—>0, ¥ mnoroMy N ecThb HYy/b-
MHOMECTBO.

Cynma u nepecedeniie KoHEe4HO20 #ucaa K8aldpupyemux ¢huzyp
seagomes  Kgaopupyemonl gueypanu. Pasnocms 08yx rKsadpupy-
emolx Puzyp ecms rksadpupyemas gpuezypa. Mroxcecmso, pasgHoe
xeadpupyemoll guzype, ecms xsadpupyemas guzypa.

TeopeMy © cyMMe ¥ NepecedeHHM JOCTAaTOYHO JIOKa3aTh Jad Cay-
yast gsyx ¢uryp. [Tycts M n N—xBagpupyembie durype. ITokaxewm,
yro ¢urypel M+N, MN u M—N xsaxpupyemsl. CornacHo Hauiemy
KPUTEDPHI KBaXPHPYeMOCTH, MH NOJNKHBI 10Ka3ath, 4to ecnu M, u
N.—nynp-MuoxecTsa, 10 (M+N), (MN); n (M— N), — TaKxe Hyab-
MHO¥ecTBA. HOo 3TO cpasy cirexyeT #3 COOTHOUIEHHH

(M+N).cM +N,, (MN),cM,+N,, (M—N),cM.+N,.

(cm. nm. 2.1) ¥ TOABKO YTO YCTAHOBJIGHHBIX CBOHCTB HY/JIb-MHOWECTB.

[Myctb, Hakoseu, M-—kBaapupyemas durypa u N —paBHoe el
MHOxecTBO. M3 kBaapupyemoctH ¢urypm M cnexyer, uro M, ecto
HyNb-MHOXEeCTBO. C/enoBaTeNbHO, U DABHOE eMy MHOXecTBO N, ecTh
HyJIb-MHOXECTBO, M motomMy N —kBampupyemas durypa.

6.5. OcHoBHble cBOKcTBA mJaoOWAnu. (o) [lrouads weadpupyenmol
uzyps ecmv Heompuyamessroe wucso. (B) Ilrowads cymnsr Kowey-
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HO020 HuCAQ KB8AOpUpYeMblX (DU2Yp, NONGDHO He uMelowux obuux
BHYMPEHHUX MoHUex, pasHa cymume npowadeli amux — guayp.
(y) PasHeie xsadpupyemsie gueyps umenm pagusie naooujadu. (8) [1io-
wadb edununyrozo xsadpama pasna 1.

IMpennoxenue (o) oueBunno. [lpenmnoxenue (8) Gvo KOKa3aHo B
m. 6.2. JoxaweM npexnowenre (f). Ilycrs My, ..., MP—KBaII.pH-
pyeMble MHOXKeCTBA, MONAPHO HEe HMeIOUlHe OOIUX BHYTPEHHUX TOYeK.
Huxako#t xBajpar paHra # He MOXKET BXOAMTH Cpa2y B IBa MHOXeCTBA
M; u M; (unave uentp kBanpata Obu1 Obf ofuieli BHyTpeHHe#d TOUKOH
9THX MHOXeCTB), W BCAKMH KBaxpaT paHra 7z, BXOASIIHH B OXHO H3

mMHowecTB My, ..., My, Bxomut B ux cymmy. CrenosartenbHo,

Cp (My) .. 0 (M) << 0y (My+ ..+ M), (9)

Ecnu kBanpar pasra n 3azet muoxectsom My +- ...+ M,, T0 o1 3azner
no kpafine#t Mepe oxHuM u3 MHOWecTB My, ..., M CnenosaTeano

O (M) + . o (M) =0 (My+ .+ M), (10)

TTocne ymHoxeHns Ha 107 2" Hepapencrea (9) u (10) mawT:

me<a®m<gém<§MM

i=1

Tlpu 7 — co kpaliHue uleHH NOCJHEJIHErc HEPABEHCTBA MMEIOT Npexel,
papubifi 8 (My)-+ ... 45 (M,), a cpennue wieHs—npeel, paBHblﬁs(M +
. Mp). CnenosaTeano S(My+ ... +My)y=s M)+ ... +sM )
Hauéonee rny0oKUM fBAdeTCA npeﬂnoxceﬂne (v). Ero nonuoe noxa-
3aTe/NbCTBO MBI OTMOXHM 10 M. 6.7. 3aecb Mbl YCTAHOBHM JHIIb Cle-
LYIOWHE HacTHHY caydalt 5TOro mpeanoXeHud:

(v"y Ksadpupyemsie thuzype, noryzawowuecs 0pye u3 dpyza na-
PAANLCALHBLM NEePEHOCOM, LMEIOMm pasHbie HAOWalL.

[Mycte M, N—3tu durypsl u §, 1 —KOOpPIMHATH BeKTOpa mepe-
Hoca, nepesoadwero ¢urypy M 8 N. Bo3bMeM IPOH3BONBHOE HATY-
panbHOEe YHCHO 71, 3aMEHHM & U 1] KOHEUHBIMHM LeCSATHYHLIMH APO6IMU
E' m n, cCoOmepWMALUMH 7 3HAKOB INoOcTe 3angaTofl ¥ OTIHYAIOLIHMUCS
oT & u 1 Meubme yeM Ha 107", ¥ pasnoxuM Haw MepeHoC H2 ABa
nepenoca: nepexoc I, mMpoussonuMbIE BeKTOpoM ¢ KoopauHartamu &, 1,
n nepesoc I, npousBomumeii BexTOpoM ¢ KoopaMHaTamu §—E’
n—n’. Ilepenoc 1 nepesomur durypy M B HexoTOpYW KBampupye-
Mylo ¢urypy N, nepesoc Il nepesomur ¢urypy N’ 8 N. Tax kak
[E—8]<<107", [n—n’'[<<107", t0 mnpu nepenoce Il Besxuit keas-
paT paHra 7 MepexoNHT B KBA/JPaT, MMEOLIHH CO CBOHM HCXOJHHIM
nonoxenueM obmue touku. CrnenoBaTenbHo, BCakull kBajipat padra 7,
colepwammiica ULeJHKOM B MHOxectBe N, 3axeT MHOwecTsOM N,
Tak Kkak u€HCIQ KBagpaTOB paHra #, BXoA4mx B N, HQ He BXo-



HPYTOE NMOCTPOEHME TEOPHH NAOMIAAEH 63

zawux 8 N', passo a,(N)—a, (NN'), a udcno KBagpaToB, 3aleThiX
mHOxecTBOM N', HO He Bxomsuwmx 8 N', paseo o, (N')—a,(N'), To
OTCIONa CAGLYET, 4TO

&, (N)—a, (NN') < ap (N') — 0, (N). (11
IMo106HEIM we oGpa3som
a’n(Nl)—an(NN’)<an(N)_'an(N)' (12)

AGcomoTHas BeaMYMHA PA3HOCTH JeBHIX uacTe# Hepasescts (11) wm
(12) He NpeBOCXOAMT CYMMBbl J€BbIX, @ NOTOMY H CyMMbl NpaBhLIX 4a-
cTeft 3TUX HepareHcTB. Clen0OBaTeNbHO,

[ oty (N) — &, (N') | << [0t (N') — o, (N')] + [0t (N) — @, (N)]. (13)

Tak kax uucaa &, v umeor Bum &'=i.10"" 7' =7-10"", rae
{, j—uennle uucaa, to cABur | nepemoauT mnpsameie Buga (1) mpyr B
apyra, He MeHsf ofpasosannoit umm cetu. Caenosatenabno, o, (N')=
=a, (M), On (N')= 0., (M). BcTaBass 9TH 3HAYEHHS B HEPABEHCTBO (13)
u ymHOoxas ofe ero yacth Ha 1072" monyuum: |[s,(N)—s, (M) <<
<< [S;L(M) — s, (M)] —|—[s,', (N)—s, (N)]. pu n —» 00 neBasg yacrhb nocAL -
HEro HepaBeHcTBAa wuMeeT fipexen |s(N)—s(M)|, npaBas yacTb —
npexen 0. Cnexosatensuo, |s(N)—s(M)|=0 u s(N)=s(M).

[Trowmads obaadaem c80HCHMBOM MOHOMOHHOCHU: €CAIL MHOMCECMBA
M u N xsadpupyems. u NcM, mo s (N)y<<s(M).

ITO cpasy creiayeT H3 OYEBHIHOTO HepaseHCTBa o, (N) << a, (M)
1 onpexenenus maow@nd. BaxHO, ONHAKO, MOXUEPKHYTH, UTO JMOHO-
moKrHocmb naotyady ssasemcs caedcmsuer ceolicms (o) u (f). He#cr-
BUTeNbHO, nonowuMm N'=M—N, 3Srto—xkpanpupyemas ¢urypa,
He wuMepuas obmux Touek ¢ N, m M=N-|N'. CregoBatennHo,
s(M) =5 (N)+s(N') = s (N).

6.6. Teopema enuHCTBeHHOCTH. [lr0ua06 — eOUHCMBEHHAR HYHK-
yus, onpedesennas Ha waacce xgadpupyemsx uzyp 1 obradaro-
wasn ceoicmsanu (o), (B), (v), (9).

Msl nokaxem Gonee cuAbHOE yTBEPWKIEHHE:

ITrowads — edurncmeennas PYHKGUL, ONpedeseHHAs Ha Kaacce
Keadpupyensx gueyp u obradawuan csolicmsanu (), (B), (v, (8).

[Tycte 0 — gpyras takag ¢yuxuud. Enunuuanit xeagpar E pacnana-
eTcd #a 10%" kBanpaToOB paHra 71, KOTOpble KBaAPHpPYeMH (CM. m. 6.2),
NONMAPHO He MMEIT OOLIMX BRYTPEHHHX TOYEK M TMOAY4alOTCs APYyT
M3 npyra napannenbHuiMu caBuramu. OOGO3Hauas STH KBaAPaThH yepes
E;, ..., Ejqn, MBI MOXEM HamHcaTb HA OcHOBaHuHM cBoficTs (B), (y”), (8):

102"
2 0(E)=0 (E), 6(E)=0(E)=... =0 (Eipm), 0 (E)=1.

i=1

M3 stux cootnomenuft caeayer; 10*"g (E)=1, o (F)=1072",
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[Mycts tenmepb M —npousBoibHasi ksappupyemas durypa u P,
Q,— MHOTOyTO/AbHble QUrypH, onpeieneHHsle B 0. 6.2. Tax Kak xpan-
parel paHra 7z KBaapupyemu, T0 P, M Q, TaKkKe KBaIPHPYEMH
(n. 6.4) u, cornacuo csofictam (B) u (y)

6(P)=0,-10"=5_ (M), 0(Q,)=0m-10"2"=s, (M).

B cuny MOHOTOHHOCTH GYHKLHM O (KOoTOpas sBAfSeTCH CHENCTBHEM
ceoficTB (&) ¥ (B), (cM. m. 6.5) u cooTHoweHus (7), Mb HMeeM:

s, (M)=0 (P,) <0 (M)<0(Q,) =5, (M).

[Tpy n— o0 KpaiiHHe wileHsl 5TOrO HEPABEHCTBA HMelOT OOLIMH mpexen
s(M). Cnenosarenvno, o (M)=s(M).

6.7. UuBapuanTHOCTL, miomagu. JloxaxeM, yTo miaomans o6iaanaer
cgofictBoM (y). Tlapannenbuele nepenocs GbIH paccMoTpers 8 m. 6.5.
OcraeTcss paccMOTpeTb NOBOPOTH BOKPYF HauajJa KOODAMHAT.

Nycrts U— taxolt noeopoT. Mbl 1omkHb 10KA3aTh, UTO NS BCAKOH
KBanpupyemoil uryps M cnpaBennuso cootHouienue s{UM)=s(M).
PaccmoTpum Ha knacce KBagpupyeMmsiXx QHryp QyHKLHIO

. suM)

G(M)—————S(UE) .

(14)
Ecaun 6b xBagpar UE 6wl Hy/l1b-MHOXECTBOM, TO paBHbfi eMy KBan-
pat E Toxe Guit Obl Hy/Nb-MHOWECTBOM (cM. 1. 6.4), Torxa xak s(E)=1.
Cnenosatensyo, s(UE)== 0 u d¢opuyna (14) umeer cmuicn. Hemocpen-
CTBEHHAS MPOBEPKA NOKA3HIBaeT, 4T0 PyHKIHa ¢ oblanaeT cBoHcTBAMH
(&), (P), (y"), (8). Cormacio Tteopeme exusacTBeHHOCTH (1. 6.6),
OTCIOJA CHAenyer, 4To 0=S§, T.e. uto §(UM)=s(UE) s (M).

Takus o6pasoM, 8 peayabrare mosopora U miomany Bcex KBai-
pupyeMblX QHTYp YMHOMAIOTCH HAa OLHO H ToO We uHucio q¢=s(UE).
B pesyabTaTe # pas noBTopeHHoro nosopora U oHM yMHOXATCH,
cnejoBaTeNbHO, HA ¢°. B yacTHocTH, enMHMuHBE kBaxpat E nmepelizer
B KBajxpaT ¢ miowanslo ¢°. Ecan ¢ > 1, TO 3Ta miouiaab HEOTPAHHU-
YeHHO BO3pacTaeT BMeCTe ¢ 7, TOMLA KAk EIMHUYHBIE KBajxpar,
ckonpko Gbl OH HHM BpamiajJcd BOKPYT Hayana KOOPXHHAT, ocTaercs
yacTelo KBampaTa |x|<<2, |y|=<2, mrowanb kotoporo pasHa 16.
CrenoBaTenbHo, npeanodoxenue ¢ >1 ortnamaetr. Ecan g<C1, 10
g~1>1, W Mbl IPUXOAHM K TOMY ¥e NPOTHBOPEYMIO, 3aMEHsid MOBO-
por U ofparusiM nosoporom. Cregosarensho, g=1 n s{(UM)=s(M).

6.8. JxBHBAJEHTHOCTb ABYX ONpeieseHuil miaomanu. Ksacc xsao-
pupyemox gueyp, onpedesenHeill 8 amom napazpage, cognadaem c
Kraccorn rxsadpupyemux puzyp, onpedesennsin 8 § 4. Ilrowads,
onpedesennas 8 smom napazpaghe, cognadaem ¢ naowadsr, onpede-
aennold 8 § 5.

B cuny Teopembl eIMHCTBEHHOCTH, NOCTATOYHO [0KA3aTh MepBOe
H3 3THX YTBepXAeHH,
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[ToxaxeM CHauajta, YTO BCAKAf MHOrOyroJbHas ¢urypa Ksaapupye-
Ma B CMbICAe . 6.2 ¥ UTO Ha KJAacce MHOFOYrOJNbHLIX (UIyp mioulanb,
onpenelieHHas B 1. 6.2, coBnamaet ¢ miowanblo, onpenenentol 8 § 3.

QOueBUIHO, 4TO BCAKHH oTpesok, Jexamwu#t Ha ocu abcuucc, ecThb
HyJb-MHOXecTBO B cmeicne n. 6.3, Cornacho m. 6.4, oTciona crenyer,
yTO BCAKUH BOOOLIE OTpe3oK fABjAfeTCH Hyab-MHoxecTBoM. Ho rpaunuua
MHOTOYTOAbHOH (HULYpPbl COCTOMT W3 KOHe4HOro umciaa orpeskos. Cre-
noBaTenbHO (CcM. 1. 6.4), rpaHuLa MHOTOYTO/AbHOH (UrYyPB €CTb HY/b-
MHOMECTBO, M HOToMy (m. 6.3) Bcikas MHOTOyronbHasd ¢urypa KsaipH-
pyema B cMbicne N, 6.2, CoBmameHnme Hamux miouwaze#f Ha kmacce
MHOTOYTOJbHHX QUTYp CAenyeT M3 TeopeMbl eIHHCTBeHHOCTH (m. 3.7).

[Tokawem Temepb, 4YTO KJIaCC HYJAb-MHOXECTB, ONpeneNeHHHH B
m. 6.3, coBnandeT ¢ KJIaccoM HyJb-MHOWECTB, onpeneneHHeiM B 1. 4.3,
Ecnu M —Hynb-MHOKECTBO B cMbiCie II. 6.3 M &— NOJOXKHTEeNbHOE
4HC/I0, TO CYHIGCTBYeT Takoe 7, uto §, (M) <Ce. Paccmorpum mHoro-
yroavuyw ¢urypy Q,, onpeneresnyio B n. 6.2. Mu umeem: M < Q,,
5(Q,)=s, (M) <e. Crenosarenpso, M ecTb HyIb-MHOKECTBO B CMHIC/E
n, 4.3. O6patso, ecnu M —Hynb-MHOXECTBO B CMuicie m. 4.3 u e —
TIOJIOMHUTENBHOE YHCO, TO CYLIECTBYET Takasg MHOroyroabHasa ¢urypa R,

uto McC R u s(R)<%. Tak xax ¢urypa R kBagpupyema B CMhIC/Ie

n. 6.2, To cyuiecTByeT TakKoe 71, uTO s;(R)—s(R)<—;—. M3 stux

HepaBeHCTB crenyer, uto s, (R)<<e. Tak kax M < R, to u s, (M) <e.
CnenoBatenbuo, M ecThb HY/Nb-MHOXKECTBO B cMuicae I. 6.3.

CornacHo KpHTEpPHIO KBAXPHPYEMOCTH, U3JI0KEHHOMYy B 0. 6.3,
Knacc KBaipupyemeix ¢uryp, onpeneseHunt B n. 6.2, cosmamaer c
KIACCOM KBaLpupyeMblx Guryp, onpemesenusiM B 1. 4.1.

§ 7. O6nem

7.1. Beenenue, Teopus o0beMOB CTPOHMTCHA B OCHOBHOM TaK e,
kax teopus maouazeif. CHauana o6beM aKCHOMATHYECKH ONpegenseTcs
M H3yd4aeTCcs HA KJaacce MHOTOrpaHHbLIX TeJs, 3aTeM BBOLHMTCH Kiace
KyGHpyeMBHIX TeNn M, HaKOHell, 00beM AKCHOMAaTHYECKH onpelensercd
U H3yyaeTcsd HA Kjacce KyOupyeMmeiXx Tesl. AKCHOMB — Takue ¥e, KaK
Ha MIOCKOCTH: MMeeTcs M BTOpoe MNOCTPOEHHE TEOPUH, OCHOBAHHOE
Ha KOHCTPYKTHUBHOM oOifipefeneHuu odbema.

He Toabko ofuiuif maaH, HO M MHOTHE IeTalH H3A0WEHHT IOBTO-
pPAIOT Teopu Ioulanefi. JT0 MO3BOJASLET NPOU3BECTH 3HAUHTENbHHE
cokpauienus. TaM, rge noBTOpeHHe HBJIAETCH MOCHAOBHBIM MM IMOYTH
JOCJIOBHBIM, Mbl OFpaHHuYMBaeMcsl HepedHCIeHHeM OCHOBHHIX (akTog,
MeHee oueBHAHbIe H3MEHEHHS M HOBhle (PaKThl H3narawTcd mnoapobHo.

C nauGosee CyimieCTBEHHHIM OTIHYHEM TEOPHH O6BHEMOB MHOTOrpaH-
HHIX TeJq OT TeOPHH ILVIOMLaLeH MHOTOYTOJAbHEIX QHTYyp Mbl BCTpedaeMmcs
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TOrna, XOrga MpucTynaeM X BHIYMCAEHHIO ofbema Terpasapa. Hamow-
HHM, 4TO MPHY BLIYUCAEHHH MJIOLIANH HA KJIACCe MHOTOYTOJABHHIX (PUTYD
HaM TOJbKO OAMH Pa3, a HMEeHHO NPH BLMHCIEHWH [IOQUIALH [PAMO-
YyTOIbHHKA, MPUXOAUTCA MONB30BATHCA OLEHKAMH, T. €. aKCHOMOH (o).
Bce nanpHefimine BLIYMCAEHHS OCHOBLIBAIOTCH YKe TONbBKO Ha (dopMyne
11 MJIOIALK NpsMoyronbHuKa M akcuomax (f) u (y). ITpu Boumcnenun
ofbeMa Ha kjacCe MHOTOTPAHHBIX TeJl OLEHKAMHM M, 3HAYHT, aKCHOMOM
(ot) MpUXOLUTCH [ONb30BATHLCS JIBAWIBI HpPH BHUHCIEHHH ofbeMa
NpAMOYTOJABHOTO Mapajienenunela ¥ [OpH BblUHCAEHUH oObeMa TeTpa-
sanpa. Tor daxr, uto o6beM TeTpasipa He yRAaeTCd BHYHCINTH Gea
HOBHIX OLIGHOK, [eJldeT BCI0 TEeOPHIO CYLIeCTBEHHO MeHee sJeMeHTap-
HOH M 1o 3TOH NpPHYMHE HABHO TMIPHBJIEKAN BHUMAHHE MATEeMATHKOB,
[Tocne MHOrOYMCIEHHHIX HCCACLOBAHHHE BHIACHHIOCH, YTO TOJYYHThH
opmyny nnst obbema Terpasapa Hu3 dopMmyas Ais obbema NpaMo-
yrOABHOTO mapanienenunesa ¢ MOMOWbBIO OJHUX TOAbKO axcuoMm (B) H
(Yy) mpHHIMIHaAbHO HeBO3MOXHO. Bosee TOro, Ha Kaacce MHOZ02paH-
HolX men cywecmByem Gecuicaennoe muoxcecmeo Gywiyul co cgoil-
cmeamu (P) u (v), cosnadarowux ¢ o6sesmor Ha KAiGCCE NPIAMOY2OLb-
Holx napastesenunedos. K coxaneHuio, 10Ka3aTeJbCTBO STOH TeOpeMbl
He NpPOCTO ¥ He MOXeT ObTb 31eCh U3JI0WEHO.

Boree snemeHTapHoe kjaccHueckoe oOODBACHEHHe TOro, 4TO 00beM
TETPasaApa He yxaeTcd BHIUKHCAMTDL TAKHMH Xe NIPOCTHIMH CpPEXCTBAMH,
KK MIOWAaAb TPeyrojbHHKA, CBA3aHO C NOHATHEM pAGHOCOCHMABAELH-
nocmu. IlBe QUrypsl HABHBATCA paBHOBeAUKIMU, €CIH OHH HMEIOT
ONHY H Ty XKe INVIOWaKb, H PQRBHOCOCMABAEHHLMI, €CITH MX MOXHO
pasCHTh HA KOHEYHOE 4YHMCJO [MOMAPHO PABHLIX TPEYroJpHHKOB. [lBa
Te/Na HA3BBAIOTCA PaBHOBENHKHMH, eC/lM OHM HMEIOT OILHH M TOT Xe
00beM, M PABHOCOCTAB/EHHBIMH, €CITH HX MOXHO pPas30HTh Ha KOHeYHOe
YHCIO MOMAPHO paBHBIX TeTpasiapos. B cuay axcrom (B) u (y) us
PABHOCOCTABJEHHOCTH CJeJAyeT PABHOBEJHKOCTb, M CPABHHUTENBHO He-
TPYAHO 10KAa3aThb, YTO PABHOBEJHUKHE MHOrOYro/JbHble QUIypH DaBHO-
cocrasnensl. OK43bIBA€TCH, OLHAKO, UYTO YyXKe MNPABHUIBHHIA TeTpasnp
HEe DABHOCOCTABJEH HHM ¢ KaKUM MPAMOYFOJBHBIM Mapannenenunenom b).
KoHeyHo, 370 o6bsACHEHHEe [aleKO He HCYepNbIBAET BOIpOCA.

3a npenenaMH Knacca MHOTOrDAHHBIX TeJ Mbl 3aHuMaeMmcs npobne-
MOH BHIYHC/HEHHA 00beMa TONBKO B CAMBIX MPOCTHIX Y4CTHHIX CAydaax
(LMMHHADPSLl, KOHYCH, Tena Bpawlenus). bonee mMoxHOoe paccMOTpeHHe
3T0# npoGinemsl 1oTpeGoBanO OGbl TPHBIEYEHHS KPATHLIX MHTErpajos.

7.2, Kuacc muororpassslx TeJ (cp. § 2). Buympennue, sHeuHie B
2paHU%Hble TOUKA OrNpefeisioTcs B NPOCTPAHCTBE TaK Ke, KaK HAa MnO-
CKOCTH, TOJNBKO CNOBO KPYT» 3aMEHAETCH CAOBOM «miap». [TostoMy mias

1) {oxaszaTenbCTBAa BMeCTe C MOLPOGHBIM paccMOTPEHHEM 3TOTO Kpyra BoO-
IPOCOB uHTaTesnb HajfifieT B craThe «PaBHOCOCTABAEHHOCTD MHOTOYTOMbHUKOB H
MHOTOrPaHHUKOB» B 3Tol KHure D3M. (IIpum. ped.)
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npoCTPaHCTBA CMPABEAJAUBO BCe, 4T0 ObIO ckasawo B nm. 2.1 u 2.2 o
BHYmMpeHHell wacmu, eparuye W 3QMbKGHUL MHOWecTBa, 00 omipsl-
mbX M 3QMEHYMbIX MHONCECm8ax W 3anxHymbx obiacmax. Muo-
WECTBO Ha3BBAETCH O02ZPAHUYEHHBM, eCIH ero MOXHO 3aK/OYHTh
B LIap.

Bolnyk asin MH0202PAHHUKOM HA3bIBAETCA [epecedenHe KOHEUHOTO
ypcsAa NONYNPOCTPAHCTB NMPH VCIOBHH, YTO 3TO iflepeceyeHHe OrpaHi-
yeHO M He JeXHT B OKHOH mniockocTH. IlepeceueHue BLINYKAOTO
MHOTOrPaHHUKA C NOJYNPOCTPAHCTBOM MJIH APYTHM BBINYKJIBIM MHOIO-
rPAaHHUKOM €cTb JHOO BHINYKJHH MHOTOTPAHHHK, JAHOO BHITYKJALIH MHO-
TOyronbHnK, Jau6o oTpesok, Aubo Touka, MHGO NyCTOE MHOXKECTBO.

[pocTefimiuMy BHIMYKABIME MHOFOTPAHHUKAMU SIBASIOTCH mempaadpeL.
[Mycte A, B, C, D —vuetbipe TOYKH, He Jewailue B OLHOH IIOCKOCTH.
O6o3uauum wepes II,, IIg, II., II, noaynpocrpancTBa ¢ FpPaHHYHEIMH
naockoctaMu BCD, CDA, DAB, ABC, conepwallge COOTBETCTBEHHO
touxwt A, B, C, D.

Tetpasnp ¢ eepwmunHamMu A, B, C, D moxer ObiTb ONpejeled Kak
nepecedenne mnonynpocrpancts IlI,, Il I, II,. O1o—orpanuyen-
Ha# 3amMKkHyTasd o6aactb, TFpaHHLA KOTOPOH COCTOUT M3 TPeyroOJbHHKOB
BCD, CDA, DAB, ABC.

MHozozpaHHsiig mesos Ha3bIBAETCS MHOXKECTBO TOUEK NPOCTPAHCTBA,
KOTOpPOE MOXHO Pa3lOoXHTh HAa KOHEYHOe YHC/IO TeTpasnpos Ge3 obiuux
BHYTPEHHUX Touek. BeaknH BHINYKABH MHOPOrpPaHHUK SBASETCH MHOTO-
rpaHHHIM TeJOM. Besixoe MHOTOrpaHHOE Tesno ABAAETCS OTrpaHudeHHOM
3aMKHYTOH 06nacThio.

Pasnoxenue MHOFOIpPaHHOTO Teja Ha TETPasAph Ge3 O6IIHX BHYT-
pPEHHUX TOYeK KPaTKO Ha3bBaeTCd pas3buernuer. Pa3bueHue HasbiBaeTcd
ApasuUABHEM, €CIH TepeceyeHHe
A06LX ABYX €r0 TeTPasipoB ecthb
au6o HX ofias rpadb, Au60 HX
oburee pe6po, auGo ux obulas
BepuiyHa, AuGO MyCTOE MHOXKECT-
Bo (puc. 20). Ilpu npaBunbHOM
Pa30HEHHH TPEYTOABHHKH, CIYyXa-
LHe TpaHdIMH TeTpasipos pasbue-
HHSI, MOryT OHITb HBYX THIIOB.
TpeyronbHuk nepsoro tuna cay-
WHT TPaHbIO TOJNBKO OJAHOFO Te-  Puc. 20. HenpaBunbHoe pasfueHHe U
Tpasiapa pa36nex—ms{. Tpey[‘onbmﬂ( ero NnpaBUJIbHOE HU3MEJbLUCHHE.
BTOPOTO THIA JEXHT (BO3MOXKHO,
3a MCKJIOYEeHHEM CBOMX CTOPOH) BO BHyTpeHHed YacTH MHOrorpaH-
HOro Tena.

Oxno pasGyMeHde MHOFOTPAHHOTO Tesld HA3LIBACTCH U3MeLbEEHUEHM
APYroro, eciu BCAKHE TeTpasAp MepBoro pas3bueHus COAEPKUTCA B
HEKOTOpOM TeTpasspe BTOPOro pasbuesus (cm. puc. 20). Beakne

N
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IBa pa36ueHUs MHOrorpaHHoro Tena obnanart obIUM H3MeNbueHueM,
U BCAKOe pasfHMeHHe MHOTOrPaHHOro Teja o0nagaeT NPABHAbHBIM H3-
MeJbYeHUEM,

CyMMa 1BYX MHOTOTDAHHBIX Te/l1 BCerAa ecTh MHOrOrpaHHoe Telo,
HO mepeceyeHHe H PasHOCTb ABYX MHOIOIPAHHLIX TeJ MOryT He ObITh
MHOTOrpanHbiMi Terxamu. ®opmyns [UV]=((UV),),, [U—V]=(U—-V),
ONIPEnefAT npusedenHoe nepeceqerHlue W NPUBEOEHHYIO PA3HOCHIb
muororpanpix Tel U wu V| Bcerxa ssasomuecs MHOTOTPAHHHIMH Te-
namu. Kax u Ha naockoctd (m. 5.10), 3TH omepauuyu nepeHocaTcs Ha
[ POU3BOJIbHEIE 3aMKHyThle OGJIACTH.

7.3. OmnpeneJsenre 06beMa HA KJacce MHOTOrPaHHBIX TeJ (Cp. MIL
3.1 u 8.2). Obsenon Ha Knacce MHOTOTPAHHEIX TeJ HasbBaeTcd QYHK-
HHf, OIpejlel]eHHas HAa 3TOM kJjacce M o6najzallias CJAeAYIOLIMMH
4eTHIPbMH CBOHCTBAMMU:

() [TonOoOXKUTENBHOCTD: 06veM meaa ecmov Heompuyamessroe
3UCAO.

(BYAZRHTHBHOCTD: 0066l Mmera, COCMABAEHHO20 U3 HEGCKOABKILX
men Ge3 o6uux BHYMPEHHUX MoO4er, pageH cysMe 005e 08 3MUX men.

(v) UeBapuaHTHOCTD: pagHoe meaa useion pasusie 00sersl

(6) HopmMupoBaHHOCTD: 00%ess eQuHusnozo kyba (t.e. kyba,
MOCTPOEHHOTO Ha EeNHHUYHOM OTpe3ke) pager 1.

O6pem Gynmem 06o3HauaTh OYKBOH v.

Mpocredmue cnencteus akcuoum Hs akcumom (&) u (B)
cleayeT MOHOTOHHOCTH OObeMa: ecld MHOrOrpaHHoe tejqo V ssnsercd
yacThlo MuororpanHoro tena U, 1o v (V)y<<v(U). Vs axcuomu (f)
crenyer, uto v (U4 V)y=o(U)+v(V)—v([UV]) mnrs mobux a8yx
muororpanubix Ted U u V. M3 axcuom (o) u (B) caenyer, uto aas

MOGLEIX MHOTOPpaHKbX Tea Uy, ..., U,
o(Uy + ... + U)oU) + ...
oo (U).

7.4. Bwnuncienne oObema HA
KJAacce MHOTOTPAaHHBIX TeJq (Cp. nm,
3.3—3.6). MNpusmu. Ilycre P—
MHOroyro/apHas ¢urypa M A —mnono-
KHTeabHoe yHcno. [lpoBenem wepes
Bce ToukH Gurypo P npdamsle, mnep-
NeHAUKYIsPHEIE K €€ IMJIOCKOCTH, H

a) 6) PACCMOTPUM OTPE3KH 3THX MpPIMHX
Puc. 21. MeXHY S3TOH NJOCKOCTBIO ¥ nNapani-

nenbHOM e MJIOCKOCTBIO, I[POXO-

Afuwle# OT Hee Ha paccrosHmu A (puc. 21, a). Maowxectso Bcex
TOYEK BCeX ITHX OTPe3KOB HA3bLIBAETCH APLMOL npusmoll ¢ OCHOBA-
uieM P u BbicoToft A, Ecam BMecTO MOpSIMbIX, MepHeHXHKYAAPHBIX K
MOCKOCTH Qurypel P, B3ATh napasjelbHble Mexay co6oli mnpaMble,
ofpasymiiie ¢ 3TOH IUIOCKOCTBIO NOMOXHTENbHBIH yroN, MeHbIIHH




OBLEM 69

IpSAMOrO, TO MONYYHTCA HAKAOHHAS Npu3.ma C OCHOBaHHEM P U Bh-
cotoff 2 (puc. 21,6). OTpe3k#, U3 KOTOpHIX, COTZACHO STOMY Ompe-
IEJNEeHHI0, COCTOMT MNpH3Ma, HA3BIBAWTCH ee obpasyrowuny. [lpusma,
OCHOBAHMEM KOTOPOH CAYXKHUT BHIYKILHA MHOTOYTOMbHHUK, HATIpUME]
TPeyro/lbHUK, SBASIETCH BHIIYKJIBIM MHOTOTPAHHUKOM Y, Cl1€10BaTeNbHO,
MHOTOFpaHHLIM TeJOM. B ofuiem ciydae pas6uenne ¢urypst P Ha
TPEYroJAbHHKH MPHBOJUT K pa3OHEHHIO NPH3MEl C OCHOBaHHUeM P Ha
BBIMYK/Ibie MHOTOTDPAHHHKY H 3aTeM
Ha Terpa’snpel. ClenoBaTenbHO,
IpU3MA €CTb MHOIOTPAHHOE Teno.
[lpavas mnpuama, ocHOBaHMEM KO-
TOPOH CAYKHT TNPAMOYLOJbHHK,
eCcTb INPAMOYTOMbHBIH NapaJiene-
numen.

Obsers npusmv, paseH npous-
sedenuro naowadl OCHOBAMUS Ha
guicomy.

HokasartenbcTBO pacnagaercs
HA 4eTblpe YacTH.

Ilpexne Bcero nokasnBaercs,
4T0 0GbeM NMPAMOYTOJBHOTO 112 pali-
Neflenvnena paBeH NPOU3BeNEHHIO
Tpex pefep, BLIXOLAIIMUX H3 OXHOH
BepinHbl. Jloka3aTenbCTBO BIOMHE
aHaNOru4YHO paccyxineHuam m. 3.3.

Bropo#t mar — noxasaTenabCcTBO
TeopeMsl IS TPAMOH MPHU3MBI,
OCHOBAHHMEM KOTOPOH CIyXHT Tpe- Puc. 22.
yronbHUK WiaH Tpameuusd. Ecau ogun
M3 YIJ10B OCHOBAHMS HBJISETCS MPAMBIM, TO OCHOBAHHE MOXHO MIOTOJ-
HUTb paBHOH eMy ¢urypolf 10 npamoyroabHuka (cp. n. 3.4) u, 3Hauur,
IpU3My MOMHO JAONOJHUTL paBHOH eff MpU3MOA 10 NpPAMOYTONBHOTO
napasnnejsenuneia (puc. 22, a). O6beM NPpu3MLl PaBeH MOJOBHHE 00beMa
napannenenunesna (akcuoms (f) u (y)), IIOWAXb OCHOBAHHH [PH3MbI
paBHAa [TOJIOBHHE ILIOILAJAM OCHOBAaHHS TNapajjeseNunena H BHCOTA
NpH3MH pAaBHAa BhICOTe mnapasnenenunena. CrexoBaTenbHO, U3 Chpa-
BENJAMBOCTH TEOPEeMb A5 [apajjelenHiena cCjIeAyeT ee CIpaBel-
AMBOCTb IS mpusMmel. EcAu y  OCHOBAHUS HET NPAMOrO yraa, To
OHO MOWXeT OhTb NOMOJNHEHO TpaneuHel ¢ NpAMbLIM yrIoM A0 607b-
meit Tpamenu¥ ¢ npameiM yraoMm (cp. n. 3.4) #, 3HauyuT, mHpu3Ma
MOWeT OLITh HONOJHEeHAa [NPU3MOH TOJBKO YTO PAaCCMOTPEHHOTO BHIA
no Goabmed mnpusMsl TOro e Buia (puc. 22,6). O6bem Hamed
MPU3MBl PABEH PasHOCTH OOBEMOB MOCTPOEHHHX mpusM (akcuoMma (),
mA0ALb OCHOBaHMA HalleH MpuU3Mbl paBHa PA3HOCTH MIowWlanedt ocHo-
BaHHA NOCTPOEHHBIX TNPH3M, M BCE TPH NPUSME HMEIOT OJHY H Ty XK€

|
f——x
o
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sricoty. CrenoBaTebHO, 06beM HalleH NMPuU3Mb paBeH HPOH3BEIEHHID
IJIOLIA LM OCHOBAHUS HA BHICOTY.

TpeTu#t war COCTOMT B OYEBHIHOM pacCNPOCTPAHEHHH TEOPEMBl C
NpAMBIX TPEYroJAbHEX IDH3M H2 TPOU3BOJIbHEE NpsiMbte mpuaMmbl. OH
omupaetcs Toabko Ha axcHoMmy (f).

[Mocnennufi LIar —mepeHeCeHUe TEeOpeMbl ¢ MNpAMBIX MPH3M Ha
HakJOHHbIe. [lpomo/kuM 06pasyolle NPHU3MLEl B OAHY CTOPOHY H nepe-
ceyeM AByMS IUIOCKOCTSMH, NEPHEHIAMKYNADHHMH K 00pa3yiomluM H

pacrmoysoMeHHbIMH JPYyr OT apyra HA pac-

CTOSIHMH, pAaBHOM IJuHHe 0OpasyoUIHX
(puc. 23). Mbl nonyuum npsaMyl HpU3MY,
OTHEJIEHHYI0 OT HAK/JIOHHOH TpPU3MbI HEKO-
TOPHIM MHOTOTpaHHhIM TesoM. Ecau npu-
COENMHUTHL ITO TeNO CHauana K npamMoH
mpu3Me, a 3aTeéM K HakJMOHHOH, TO
A
A SR
I 1
N
I”: -.-—T\\\\
I [l ~
\/
T
o
bl
]
-~
<>
Puc. 23. Puc. 24.

noiydatcs paBdele MHororpansbie Tena. CnenosatensHo (akchomsr (f)
H (y)), o0beM HAK/JIOHHOH npuaMbl paBedn OGbeMy NPAMOH NpPUBMHI,
T. €. NPOM3BEJEHHIO IJIOUIAAH ee OCHOBAHHS Ha ee BeicoTy. Ho, co-
rracHo n. 3.9, miomanb OCHOBaHHA NPSMOH NMPU3ME paBHA ILIOIIALH
OCHOBAHMA HAKJOHHOH NpPH3Mbl, YMHOXEHHOH Ha KOCHHYC yria Mexny
IJIOCKOCTSIMH STHX OCHOBaHHM, BHICOTA K€ INPAMOH NpPU3MB paBHA
BHICOTE HAKJOHHOM IpU3ME, HENeHHOH HAa KOCHHyC TOrO Xe yria.
CnenoBaTtenbHo, 06beM HAK/JAOHHOH NPU3MEI paBeH NPOH3BEJEHHIO ILIO-
IIaAM €€ OCHOBAHHA HA €€ BHICOTY.

Mupamunu, [lyecrs P—wuoroyronasHas ¢urypa u A—Touka,
He newawas B ee mrockoctn. CoelmnHuM Bce TOYKH ¢Gurypsl P otpes-
kamMu ¢ TtoukoH A (puc. 24) ¥ paccMOTPUM MHOXECTBO BCEX TOYeK
BCEX 3THX OTPE3KOB. JTO MHOXECTBO HA3LIBAETCH AUpaAMUOOL C OCHO-



OBBEM 71

pauueM P u sepmuno#i A. ITupamuna, ocHoBaHueM KOTOPOH CHIyXUT
TPeyroibHuK, ecTh TeTpassp. B obuiem cnyuae paabuenue ¢uryps P
HA TPEYrOJNBbHHKM NPHBOAUT K Pa3GUeHHIO NMupaMuib C OCHOBaHHeM P
Ha Terpasaph. ClegoBaTeNbHO, MHPAMHIA €CTh MHOFOTDAHHOE TEJO.

Oftem nupamuds, pagen 00HOL mpemu npoussefenus niouadu
OCHOBQHUS HQ 8bl.COMY.

Ing nokasatenbcTBa HAM noTpebyeTcs cienyiolias apudmerude-
CKasg JMeMMa: Apl BCAKOM HAMYPAABHOM 1

1242201, L(n—12<<n®/3, 124224 |, +n2>n3/3.

HDokxasartenbcTtBo aAeMMbl. [Ipy #==1 HepaBeHCTBA OUEBUAHHI,
ITpu nepexoxe or n# k n-+1 mepsas cyMMa Bo3pacTaer Ha #n%, BTO-
pas—Ha (n-1)2, a #3/3 BospacTaer Ha

3 3

4To Gonbuie n22, HO MeHbine (7 1)2.
CnenoBaTeNbHO, HEPABEHCTBA BEDHH fIpH
11060M 7.

JokazaTealbCTBO TEODPEME.
B cuny axcuomum (P) nmocrartodHo pac-
CcMOTpeTb caydalt TetTpasxpa. Ilycrs
T —rTtetpasnp, P—ero OCHOBaHHE W
h—Bricota. Pasnenum omHO U3 GOKO-
BHX pefep TeTpasiApa Ha 7 DPaBHbIX
yacTelf, npoBeseM 4yepe3 TOYKH AeJeHHA
MIOCKOCTH, MapasjeibHble IMOCKOCTH
ocHoBauusa (puc. 25), u 0603HaYUM Tpe-
YTOJbHUKH, NONYYHBINHECH B CEUEHHAX,
vyepes Py, ..., P,_;, cuutas oT Bep-
IWHHE K OCHOBaHMWO. K HHM ™Mb mpu-
COeNMHHM eile TPeyrolbHHKk P, = P,
flcHo, uTO KawaAbft M3 TpPeyroJAbHHKOB

P, ..., P, nogo6en Tpeyroabuuky P
k
H uto ana P, xosdduuMedT nogolus paBeH P CrnenoBatennHo,
k2
(P =s(P)=; .
[TocTpoum mas Kaxmoro k=1, ..., 7 ABe NPH3MH C OCHOBaHHEM

h
P,, BuicoToH - " Oo0pa3yOULMH, MOapaaie/bHEIME B39TOMy pebpy

Tetpasgpa. [lpusmy, mexaulyio 10 Ty ke CTOPOHY OT CBOETO OCHO-
Banus P,, 4TO H BeplunHa TeTpasipa, o6oasauum uepes V,, BTOpYyIO
npusmy —4epes {/,. CornacHo mpenbinylieit teopewme,

V(U =0(Vy)=s(P) & =s(Ph L.
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PaccMoTpuM MHOTOTpaHHbEe Tena
U=U;+...+U, ,, V=V, + .. +V,
fcno, uto U T V. CiaenosatelbHo,

v (U)o (T)<v (V). (1)
C zpyro#t cropoHsl, B cHny akcHombl (f),
n—1 n-1 p2 1 n—-1
V(U)= 2, v (Up) =D s (P k=5 (P) b3 D &2,
k=1 k=1 k=1
n n k2 1 n
V(V)=2, v (V=D s(P)h=s(P)h5 2k,
k=1 k=1 k=1
W [IOTOMY, COTJIaCHO JIEMME,
v(U)<+5s(P <o (V) (2)
Haxonet,
1
v(V)—ov(U)=—s(P)h ()
Ms (1), (2) n (3) caeayer: |0(T)— s (P)h|<—s(P)h Tax xa
7 TPOU3BOJBHO, TO U(T)=1?S(P)h.

O6beM NMPOU3BOANBHOIO MHOTOTpaHHOTO Tena. Ofsesn
Mmrozoepannozo mesa T, pazbumozo na mempaadpu Ty, ..., T, Ge3
obuux snympennux mowuerx, daemcs ¢hopsyroil

l n
o(T) =5 2 s (P)h, (4)
i=1

20e P;—ocnosarue mempasdpa T; u h;—ezo sscoma.

ITo BLITEKAaeT M3 fpeldbnymieHd TeopeMbl u akcuomsl (P).

CnexctBue: cTporas MOHOTOHHOCTL o6bema. Ecau
MrozozpanHoe meso 'V ecmy wacms MHO202paHH0z0 meaa U, omauy-
nag om U, mo v (V)<Cwv(U). B uacTHOCTH, nycmoe MHoMcECmBO ecmb
eduHCmBeHHOe MHO202PaHHOe meno, 00%es KOmopozo pager HYLW,

Bropoe yrtBepxpienue ssiageTcd npAMbiM crexpctaueM dopMmynb (4),
I0KA3aTeNbCTBO MEPBOrO MOBTOpPAET paccykipeHue m. 3.6.

7.5, CymecTBOBaHHe M eJHHCTBEHHOCTL 00LeMa Ha KJacce MHOro-
rpansbx TeJd (cp. 1. 3.7). Ha raacce MHO202DAHHbLX MeA CYUecmsyem
00na u moasko o0na PyHxyus co cgoicmsanmu (o) —(8).

HoxasaTenbCTBO €AMHCTBEHHOCTH XOCJHOBHO TMOBTOpsieT m. 3.7
¢ 3aMeHo#t ¢opmynn (6) m. 3.5 ToNbKO uTO KOKA3AHHON bopmynoh (4).
JloxkasaTenbCTBO CYUIECTBOBAHUA TAKWE NMOBTOPAET 1. 3.7, HO C HEKOTO-
DbIMH Y C/OWHEHHAMH,
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Jemma 1 Temepp yTRepwxpaeT, YTO NPOHM3BeNeHHE IJIOWANH TPaHH
TeTpasapa Ha COOTBETCTBYIOULYIO BEICOTY OLHHAKOBO AJIs BCEX YeThIpeX
rpaneft. Jlns goxasaTenbcTBa omycTHM u3 Bepunn A u D Tterpasipa
ABCD nepneunauxynapsl AA’ u DD’ na mnockoctu BCD u ABC u nep-
nengukyaaps AA” u DD" na npamywo BC
(puc. 26). HyxHo npoBepuTh, 4TO

1 n I3
50 (B, O)p (A, A)o(D, D)=
1 " ’
=7P(B, C) p(D’ D)P(A, A ):

T. €. 4TO
o (A, AY:p(A, A)Y=p (D, D"):p(D, D),

a 370 clelyeT H3 NOXOOHE TPeyro/ibHH-
ko AA'A" w DD'D",

Cumeonst (ABC) u (AB|C), BBexeHHble
B 1, 3.7, Temepbp 3aMeHAWTCA CHMBOJAMH
(ABCD) u (ABC|D), xotopmie onpenend-
10TCq ciaenyomMy o6pazom. [Ipeanonoxum,
yTO B NMPOCTPaHcTBe PUKCHPOBAHA HEKOTO-
pas touka O. Ecau touku A, B, C, D e
nexar B OAHOHK mmockocTn, 10 (ABCD)
0603HauyaeT OAHY TPeTh IPOU3BEAEHH] IO~
mand TpeyroiabHuka ABC Ha IaMHY nep- Puc. 26.
NeHAUKYAdpa, ONyIieHHOro U3 ToukH D Ha
nnockocts ABC. Ecan touku A, B, C, D nexar B oLHOH NTOCKOCTH,
10 (ABCD)=0, a cumBon (ABC|D) ue onpenenen. Ecnu Touknu A4, B,
C, D se nexart B OXHOH NIOCKOCTH M Touku D u O NewaT mo oxHy
cropony ot miockocte ABC, 10 (ABC|D)=(ABCO). Ecau Toukn
A, B, C, D ue newatr B OLHOH MIOCKOCTH ¥ ToukH D u O He newxat
no oAHy cTopony ot mrockoctd ABC, 1o (ABC|D)= —(ABCO),

Jlemma 2 Temepb yTBEepWAAEeT, 4TO HJIS BCAKOTO teTpasxpa ABCD,
He copmepxkamero Touku O,

(ABCD)=(BCD | A)+(CDA| B)+ (DAB|C)+(ABC|D).  (5)

Hns nokasatenncTBa paccMoTpum mosynpoctpascrsa Iy, IT,, I, I1,
onpexenendsie B 1. 7.2. IlnmockocTu rpased TeTpasipa HedsT mpo-
cTpaHcTBO Ha 16 uwacrefi:

I IIRII 0T, IT,IIGH  (mon. IIp), ...
«o vy (mom. II,) (mon. Tlg) (mon. II ) (mom. IIp),
nepesas M3 KOTOPHIX ecTb Tetpasap ABCD, a mnocnexnsas nycra.

Ocranbunie 14 mepecedeHuB pacnagalrcs Ha TPHU FPYNMbl OLHOTHIHBLIX
mepecedyeHMii: mepecevyeHUd TpPeX MOJAYNPOCTPAHCTE ¢ JOMOJTHEHUEM
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K 4eTBeDPTOMYy, NEpeceyeHus ABYX NONYNPOCTPAKCTB C NONONHEHHSMH
K IBYM IDYTHM U TIEpeceueHHs OIHOTO MOJYNPOCTPAHCTBA C JOMOJHe-
HHAMH K TpeM npyrum. Takum o6pasoM, LOCTATOUHO PACCMOTPETh TPH
cayuas: O€EU, I, (mom M), O€II I, (mom. II;) (nom. IIp)
u O€ (non. II,) (mon. IIg) (mom. II.) II, (puc. 27). B mepeoM u TpethbeM
caydasx npaMas OD nepecekaeT rpanb ABC Bo BHyTpeHHeit Touke D',
BO BTOpOM caydae mnockocte OCD nepecekaet pe6po AB BO BHYTpEH-
Heti Touxke E. B kaxzoM H3 Tpex ciydaer Bca kxoundurypauus pac-
11a1aeTCs HA IUIECTh YACTHYHBIX TETPASAPOB, M KaMAbH U3 NO9TH

=)

Puc. 27.

CHMBOJOB, Bxoxswux B dopmyny (5), okaspiBaeTcs KoMmOHHaUHel
CHMBOJIOB, OTHOCHSIIMXCA K 3STHM 4YaCTHYHLIM TeTpasxpaM. B nepeom
cayuae

(ABCD) = (ABD'D) -~ (BCD'D) - (CAD'D),
(BCD | A) = (BCDO) = (BCD'D) 4 (BCD'0),
(CDA | B)= (CDAO) = (CAD'D) + (CAD'0),
(DAB| C) = (DABO) =

(ABD'D) - (ABD'0),

(ABC| D)= — (ABCO)= —(ABD’0)— (BCD'0) — (CAD'0),
OTKyHAa H cieayeT (5). AHAJOTHUHO NPOBOAATCA BHIYUCIEHHH BO BTOPOM
B TPeTbeM Cyuadx.

Jlemma 3 rTemepp yTBepKIaeT, UTO NPH BCeX Da3CGHeHHAX MHOro-
TPAHHOrO Teaa Ha TeTpasxnpnl cymma cumBonoB (ABCD), oTHeceHHHX
K 3THM TeTpasapaM, NPUHUMAeT OLHO M TO e 3HaueHue. [loxasarens-
CTBO ONMPAeTCd HA CYUIeCTBOBaHHME y ABYX pasGueHuit MHOrOrpaHHOro
Tena OOMmIero NPaBHUAbHOTO H3MeJbYeHHs M INPOBOJHTCA TaK Xe, KAk
J0Ka3aTeNbCTBO AeMMbl 3 B n, 3.7,
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B cuny nemmsl 3, ykaszamHas cymma cumsonos (ABCD) sBasetcs
dyukuned, onpexeseHHOH Ha kiacce MHororpaHsmix tea, OueBHIHO,
uto oHa ofmamaer cBoictamu (o) —(0).

7.6. Iosenenne o6nemMa MHOTOrPaHHOrO Tesa NMpPH reOMeTPUUSCHUX
npeo6pasoBanuax (cp. nm. 3.8 u 3.10). IlpeobpasoBanue
noxo6us. [lpeobpaszosarue nodobus nepesodum MHo202DAHHOE MeA0
8 MmHozozpanHoe meno. Ecau T'—o6pas mrozoepannozo meaa T npu
npeoipasoganun nodobus ¢ roagguyuenmon h, mo v (T'y=A%v (T).

JoxasatenpcTBO— Takoe xe, xak B m. 3.8.

Adbdunupe npeobpasoranusd Afgunnoe npeobpasosanue
nepesodum MHO202paHHOe Meno 8 MHozoepannoe meso. Ecan T' —
o6pa3 mHozozpannozo mesa T npu agunnom npeobpazosanun
¢ onpedeaumenen A, mo v(TY=v(T)-|A|.

Kax u B nm. 3.10, x0oxa3aTenpCTBO OMMPAETCH HA JBE JEMMHI.

Jemma 1 yrtBepxiaer, dro ecad addurHoe mnpeobpasoBaHHe
¢ onpenenuTeneM A NepeBONHT TOUKH

(xlv ylv zl)v (x21 y2’ zz), (x31 y?n 23)1 (x4: y4) 24) (6)

proucn (x5, y1, 21), (%5, 3ay 22), (5, 95, %), (54, Y, 20), 70

Xg— X1 Yo— Y1 Z2—2; Xy— X1 Yo—JV1 23— 2
Xg——X1 Y3—Y1 Zz—2y|=|Fs— X Ys— Y1 232 A,
) P . . £ —x vy oz -z

X, X y4.._y1 Z,—2; 4 1 y4 yl 4 1

Jdemma 2 yrteepxmaer, 4TO ecau T —TeTpasip C BepIIHHAMH
(6), To

Xo—X1 Yo—V1 22

v (T)= a6c. Ben.—é— X3—Xy Vy—V1 Zz—&4,
Xg—X% Vg~V ZH—Z
Kak 13 0.8,10, neMma 1 noxaspizaeTcs npsiMbIM BEIYHC/AEHHEM, 4 JIeMMa 2—
¢ OOMOLLBIO crHeuuanbHOro Bhi6opa KOOPAMHATHOH cucTeMn (och
abcunce napanneanHa npaMolf, Npoxonsllled uepe3 JBe NepBhle Bep-
WHHL TEeTPAasApa, 4 MJIOCKOCThL X, y MNapaiielbHa IUIOCKOCTH, MpPOXo-
Asiuleft yepes TpH NepBbie BEpPLIMHLI TETpasjpa).

7.7. Knacc wyOupyemeix texa (cp. § 4). Muoxectso M, nexaurtee
B NPOCTPAHCTB2, HABMBAETCH KYOUpDYeMbiM MHOMCECMEOM W KYOU-
pyemsis mesos, eCNU NJAd BCAKOTO TMONOKHTENbHOTO &€ CYWECTBYIOT
Takue MHororpamdee tena U u V, uro UcMcV, oV)—ao(l) <<e.

Bceswoe munozoepannoe meno xybupyeso.

Hynb-MmuoxecTra. Ecnu ans BCAKOro NOJOXKHUTENBHOTO & Cylle-
CTBYeT Takoe MHororpanmHoe teno I, uto McT, o(T)<<e, 10 M
Ha3LIBACTCH HYAb-MHONCECMBOM .
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Besikoe HYas-MHONceCmB0 Kybupyesmo. Kybupyemoe meso g mor i
MOABKO 8 MOM CAYHAE €CMo HYAb-MHOIMCECMEO, ecAll OHO He Cojdep-
UM BHYMPEHHUX MOYeK.

CyMMma KOHeHHO020 HUCAQ HYAb-MHONCECME eCMb HY Ab-MHOXHCECMEO,
Yacmb wyab-MHONCECMBA €CHLb HYAb-MHONCECHEO,

Kputepuit xybupyemoctu. Muowecmso xybupyeso 8 mon
Il MOALKO 8 MOM CAY4QE, €CAL OHO 02PAHUEEHO I €20 2PaHuUya 8-
ASLEMCST HYAb-MHONCECMBOM.

Onepanuu Han KyS6upyemumu tenamu, Cymma u mepe-
CevyeHHEe KOHEYHOro 4YHC/aIa KyGHpyeMbiX Ten KybGupyeMmu. PasnocTh ABYX
KyGupyeMEX Ten KybGupyema.

[Tpo6bnema xkyG6upyemocTu. Tena, ¢ KOTOPHIMH Mbl BCTpevaeM-
Cf B FeOMEeTPHH M KJacCHYeCKOM aHajau3e, OOLYHO OBIBAIOT OF pAHHYEHH
KOHEYHbIM YHCJAOM [OBEPXHOCTEH, YILOBAETBODPAIOLIUX OlpeleseHHbIM
YCROBUAM riankocTy. Taxue NoBePXHOCTH ABAAIOTCA HY/Ab-MHOXECTBAMH,
H NOTOMY «KjaccHueckue» Tenaa xyOupyemsl. [TopepxHOCTh, He y10B-
AETBOPAOILAA YCAOBHSAM [VIAJIKOCTH, MOXET He ObITb HY/Ib-MHOXECTBOM,
H B COOTBETCTBHM C 3TUM CYUIECTBYIOT Tesla, OrpaHHYSHHbIE MOBEPXHO -
cTaMu, HO He KyGupyemule. [lomoxeHme 3mech TakKoBO e, Kak Ha
naockoctu (cp. nn. 4,7, 4.8 u 4.10), HO neranu MeHee 37AeMeHTADHSI,
H Mbl He 6ymeM MMM 3aHHMAThCA.

7.8. O6beM Ha kaacce KyGupyemblx Tea (cp. § 5). Obsemon
Ha3bBaeTCs GYyHKUMSA, OMpeleneHHas HA Kkjnacce KyOHPYeMHIX Tesl H
o6nanaomias ceoiicteamit (o) — (8) (. 7.3). Takas dyHkuus onpenenexa,
B YACTHOCTH, HA KJIacce MHOTOTPAHHLIX TeJ H COBNANaeT TaMm ¢ pyHkuyel v,
uayuapiefica B nn. 7.3—7.6. Hosywo dyukuuo Mb Takxe Oymem
0603Hayath uyepes .

[Tpoctefimue cnexcraug akcuoMm. Ms axcuom (o) u ()
cleiyeT MOHOTOHHOCTBH ofbeMa: ecau kyGupyeMmoe MHOWeCTBO N
ABJAETCH YACTDIO KyOupyemoro Muowectea M, to v (N) << v (M). Us akcu-
omul (f) cmenmyer, uyto Aaf moBHX NBYX KYOHpyeMmblX mBOkecTE Mu N

v (M+N)y=v(M)+v(N)—v (MN).
Vs axcnom (o) m (f) cnemyet, 4T0 s MOGHX KYOHDYeMBIX MHOXECTB
Mli e ey Mn
oM. M)y (M)F ... v (M)

O6bem kak toyHas rpaHb, O6beM Ky6upyemoro tena ecthb
TOYHAd BepXHAA rpaHb OGBEMOB BXOLALIMX MHOTOrPAHHLIX TeJ H TOYHAS
HHXHAS IpaHb 06beMOB OGBEMIIOLIHX MHOPOTDaHHLIX Tell.

CyumectBoBaunne ¥ elIHHCTBeHHOCTb of6Bbema. Ha
Knacce KyOGHDyeMBHIX TeJ Cyl(eCcTBYeT OJHA M TOJBbKO OfHA QyHKUHA
co caofictBamu (o) —(8).

Hyans-Muoxectsa. Knacc Hynb-MHOKECTB COBNALAET € KAACCOM
KyOuDYeMbIX MHOXECTB HyJeBoro ofbema.

Vs cyurecTBOBaHHS TaKHX MHOXECTB CIEAYEeT, YTO Ha KJAacce Ky-
OupyeMblx Tea oOBeM He sABAfeTcHd CTPOro MOHOTOHHOH dyHKUMef.
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Monnora xnacca xy6upyemux Ten BEcag ana MHONKe-
cTBa M npu n11000M [OMOMHTENBHOM & CYLIECTBYIOT Takue KyGupyemne
tena L u N, uto LacMcN, v (N)—o (L)<<e, To M—xKybupyemoe
Teno.

[Torenenne o6bemMa mpu NnpeoGpPa30oBaAHUU TOKOGH .
[Ipeo6pasoBanue moxo6us nepeBoautT KyGupyeMmMoe Teno B xyGupyemoe
teno. Ecin M’ —o06pas xyGupyemoro tena M npu npeoSpascBaHUH
noxobusa ¢ xosdhduuuentom A, to v(M') = Adv (M).

[Topenenne o6pema npu addunnoM npeoGpasoBa-
#uu. AddunHoe npeoSpasoBaHHe NEPEBOAMT KyOupyeMoe Tel0 B
Kkybupyemoe Tteno. Ecam M'—o6pas xyGupyemoro tena M npu ad-
¢uHHOM TpeoGpasosanuu ¢ onperesutenem A, 1o v (M)y=v(M)|A]|.

O6beMm Ha KnIacce KyOHDYeMHX 3aMKHYTHX o6aac-
Te#. Jaa BcAkoro KyGHPYyeMmOrO MHOMXKECTBA CyuwleCTBYeT KyBupyemas
3aMKHyTasg 061acTh, OT/AHYAWIIARCS OT HEro JHMIb HY/JAb-MHOXECTBOM,
Ha knacce xy6upyembix 3aMKHYTEIX 061 a-
ctell oObeM sIBASeTCHd CTPOrO MOHOTOH-
Hott yukumed.

7.9. Uumuanpsl u konycwel, Eciu B
onpeleNeHyH NPU3MEL (I, 7.4) 3aMeHHTb
MHOTOYTOMbHYIO GRIYyPYy HPOH3BOMLHBIM
JIOCKMM MHOXECTBOM, TO INOJYYHTCH
ofulee onpeneneHue yusuxndpa. Ecau
B ONpejelNeHuH Nupamuib (n. 7.4) 3sa-
ME@HUTb MHOTOYTO/MbHYWO (UIYpPYy NpPOU3-
BOJIbHbIM NJIOCKHM MHOX(ECTBOM, TO 110~
Ayuutcs ofluee Onpeje/ieHHe KOoHYCa.

Luaundp ¢ xsadpupyessid ocHoBa-
Huem—ry6upyemnoe meno. Ezo0 obsen
paser npousgedenitio nAowadu ocHosa- Pue. 28.

HUS HQ BbiCOMY.

Konyc ¢ wgadpupyemviss ocnosanuesm—rybupyemoe meno. Eeo
o0vesm pagen odnoli mpemi npousgedenus niowadu OCHOBAHUSL HA
ssicomy.

HNokasateabctso. Ilycts Z-—unmamaap ¢ ocHoBanueM F
H BHICOTOH /7 M &-—IONOXHTENbHOR 4HCH0. [loCTpOMM Takue MHOrO-
yroabasie ¢urypsl P u Q, uro

PcFcQ s@Q—s(P) <+, (7)

u o6osnayum 4epes U u V npusmbl ¢ ocHoBauuamu P u Q, sbicotol /
1 06pasyIOUHMH, HArpaBJeHHBIMH Tak %e, kak y Z (puc. 28). fcHo, yto
UcZcV, (8)

1 tax kak v () =s(P)h, v(V)=s(Q) 2, 10 v(V)—v (V)< e. Takum
oBpasoM, Z —xyGupyemoe Teno.
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W3 srarouenntt (7) u (8) crenyer:

V() =s(P)h<s(F)h<sQh=2(V), v{l)<v(2)<v(V).
Iosromy
[v(Z)—s (Flh|<v(V)—2(U)<e,

H TaK K4K & MpPOH3BOMBHO, TO ¥ (Z)=s (F)hA.

Il1g KOHyca J0Ka3aTteabCTBO aHaaoruuyHo. B Hepasencrse (7)
ILOCTATOYHO BMecTO &/k B3aThb 3e/h. B xauectBe U u V HywHO B34ThH
NUPAMUAL ¢ OcHOBaHHAMH P n Q u Bep-
IIMHAME B BepIIHHe KOHyca (puc. 29).

7.10. WMap. [lap—rybupyenoe
meno. OO%ves wapa paduyca r pagex
4 3

?ﬂr

IHoxazarenbcrtro. Ilycts S—
nonywap paamyca r. JocTaToydo noka-
3aTh, 4T0 S—KkyGupyemoe TeJo ¢ 06b-
emoM 2mr3/3.

ITycts e&-—DONOKHTENbHOE HHCIO.
BoabnMeM HaTypanbHoe uuca0 7, GOMb-
mee, ueM mr3/e, M pasfenuM panuye,
NepneHANKYNApHEIEE K SKBATOPHANbHOH
[JIOCKOCTH, Ha 7 paBHbiX yacTelh. Yepes
TOUKH JeNeHHs IPOBeNeM NJIOCKOCTH,
mapannesibHble  3KBATOPHANbHOH  IIO-
ckoctu (prc. 30), u 06o3HAUMM KPYFH,
[NONYYUBIIHECH B CEUeHHAX, uepes

Puc. 29. Ky, ..., K,_;, cuutags oT 3KBaTOpa

k mnomocy. K stuMm kpyram Mei npu-

coeluHHM emie sxpatopuansunii Kpyr K, Tak kax paccrosHue
MJOCKOCTH Kpyra K, OT 3KBaTOPHANbHOH INJIOCKOCTH paBHo kr/n, TC

KBampar pagmyca kpyra K, paseH r2——(%r>2 (puc. 31), u noromy

s(Kk)=JEr2(l—n£;> .
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[Moctponm mas kaxnoro k=0, ..., n—1 1Ba NPAMBIX HUIHHADA
¢ ocHosanueM K, W BeCOTOH r/n. Unnuagp, newamu#t no Ty xe
CTOPOHY OT CBOEro OCHOBAHHS K, 4TO M MNomoc, 0603HAYUM Yeped Vk
Bropo#t uuaunap—depes U, Cornacso mpeabayuiemy,

ar k2
v (U= (Ve =s () 5 =" (1—27 ). (9)

n n2

PaCCMOTpHM CTynieHuaThle Te€J14a
U=U+...4U,_y, V=V,4+...+V,_,

flcHo, uto
UcScV. (10)
Cornacio m. 7.7, tema U u V xyGupyems, u B cuay axcuoms (f)
n-1 n-1
v(U)= Y v(Uy), v(V)= 3 v(V}), (11)
k=1 k=0
V(N —v(U)=0 (Vo) =" <. (12)

Tax kak knacc kyGupyeMbix Ten nofoH (m. 7.8), To OTCOAA clelgyer
KyOupyemocTb Tesaa S.
Te xe skmouenus (10) moxaswiBamT, 4TO

v(U)<<v(S) <o (V). (13)
C npyro#t cropoun, cormacHo dopmyaam (11) u (9),

v(U)=n§_jj%3(l————> <1——Zk>

k=1 k=1
o (V)= nz—l”?’s(l—-—> — r3<1 —_nzl k2),
k=0

M [OTOMY B CHAY nAeMMel u3 1. 7.4
v (U)<< 2nr3/3 << v (V). (14)
CootHomenus (13), (14) u (12) nawor: |v(S)— 2nr3/3 | < e. Tax xak &
npousBoabHO, 710 v (S)= 2mr3/3.
Cnencrtsue. daauncoud—rybupyesnoe meso. Obsen 3sasun-

couda ¢ nosyocasu a, b, ¢ pasen — mabe.

HettctBuTenbHO, adduunoe npeobpasoBanue x' =ax,y =by,2' =cz
MepeBONMT WIAD paauyca 1, onpejengemuii HepaBenctBoM Xx2-f y% |-
+22<C 1, B snaunCcOMA C NOAyocsaMH a, b, ¢, onpene/iseMuil HepaBeH-

x2 | y? , 22 .
CTBOM F+b‘2+c—2"<1’ TaK 4YTO MOXHO BOCIOJb30BATHCA TeOpeMOH

0 noseneHHu o6bema npu adduuHoM mpeodpasosanud {a., 7.8).
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7.11%, Tena BpameHus. [lycTb @-—dQyHEKUMA, HeNpephBHAS H He-
oTpunatenbHas Ha orpeske A={[a, b]. PaccmoTpum KpuBOIHHEHRYIO
Tpaneuuw, onpenensiemyio dynaxkume#t @ (n. 5.9), u ofosHauum yepes T
MHOKECTBO TOYEK [POCTPAHCTBA, OMHChIBAEMOe 3TOH Tpameuued OpH
BPaLIEHHH BOKPYr OcH x. MHOwecTBO T Ha3LIBACTCH MeLoM 8PAUEH IS,
onpenensieMuiM dyHKUHeR @.

Mnoxcecmso T wyGupyesmo, u ezo obvem Oaemca ghopmuyrol

b
v(T):nS[(p(x)P dx. (15)

a

OokazateabctBo. [Tyctb A=A;+ ...+ A, -—npoussonsroe
pas6ueHHe oTpe3ka A HAa yYacCTWYHBIE OTPe3KH U m;, M;—HauMeHbllee
U HauboJiblliee 3HAUEHHSA
QyHKUHM @ Ha OTpe3Ke
Ati=1, ..., n). llo-
CTPOUM, KaK B 1. 5.9, rnps-
MoyroabHuku P;, Q; u
ofosnaunm uepes U;, V;
IHIHHIDE, OMHCHIBaEMbIE
STUMH UPAMOYTONBHUKAMH
Npy  BpALIEHUH BOKPYT
ocu x (puc. 32). Cornac-
Ho n. 7.9 oun KyGupye-
wel u v (U) =mm2l(A;),
v(V;) = nM3(A). Cne-
JOBATE/BHO, CTYIEHYAThIE
tena U=U;-+... 4+ U,
V=V,+...+V, kybu-
pyeMsl H

M:

aml (A)),

(16)
v(Vy= D aMiL(A;).

i=1
fIcHO Takke, 4TO
UcTcV. (17)

v(U)=.

i=1

S

Puc. 32.

Cymmul (16) mnpencTaBasioT coSoH He 4YTO HHOE, KaK HIMNHIOW
H BEPXHIOIO HHTerpajbHhE CYMMBl (yHKUHU 71Q? OTHOCHTENIBHO pas-
Guenus A= A;+ ...+ A, Cornacuo nemme u3 n. 4.7, 11d BCAKOro
MOIOKHUTENBHONO € CYUIECTBYeT Takoe pasfuenne A=A, ... 4 A,
uto v (V)—wo(U)<Te. Tak xax kmacc KySUpyeMHX Ten IOJOH, TO
oTcloda clenyeTr kybupyemocth Tena T,
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Te xe Brmwuedus (17) mnokaswiBawor, 410 o (V)<< v (T)<<v(V),
T. e. 4To @¥(7) ecTb BepxHfAd TIpaHb HIKHHX HMHTETPAJbHLIX CyMM
¥ HUXHSS CpaHb BEDXHHUX MHTEIPaJbHBIX CYMM. Tak Kaxk e XMHCTBEHHHIM
yyuc/a0M, 0614 HAIOMIHM STHM CBOHCTBOM, aBJAETCH HHTErpan QyHKuHH wep?
no otpesky A (cp. n. 5.9), To atum mokasana dopmyna (15).

7.12. JIpyroe mocTpoeHue Teopud o0O6bnemMoB (cp. § 6). Hampasuwm
OCH KOOPIHHAT NO TpeM pefpaM eIHMHHYHOrO Ky6Ga, BLIXOAALIUM H3
ONHOM BEPUIHHL, H PACCMOTPHM MJIOCKOCTH, ONpenesdeMbie YPABHEeHUAMH
x=Fk-107" y=1{-10"", 2=m 107", rie 7#—HeOTPHULATETbHOE Lle]08
ygcno, a k, [, m—BCeBO3MOWHBIE Ile/ble yucid. JTH IUIOCKOCTH pas-
6UBAIOT NPOCTPAHCTBO HA paBHbie KyOLl, Ha3niBaeMble KyGaMu paHra .

[Tycts M-—orpaHMueHHOE MHOXECTBO, Jexalilee B INPOCTPAHCTBE.
O6o3nauuM uepes o, 4HCIO KyGOB panra n, comepxawuxcs B M,

W uepes o YHCAO KYGOB paHra s, mepecekanluxcs ¢ M, n nosoxum:

= -3 4 — -3n -
v,=a,-1073" ¢ =a .107°" IlocnrenosatenbHocTs vy, vy, ... BO3
pacTaeT, NMOCAEN0BATENBHOCTD U, U/, yObiBaeT, H npH JIOGLIX
p ¥ g CnpaBelIHBO HepaBeHCTBO v, <<v,. CleloBaTenbHO, TOUHHIE

rpaHl v=supv,, v=Iinfv, cayxar npexesamMu 1nOCIEIOBATENb-

HOCTeH Ty, Uy, ... H T, U, 5, 1 v<v. Bcrm v=v, To Muasu-

BaeTCH Kybupyemuim MHONCECMEOM WIH KyOupyembii mesoi, & HACIO
U=wv HasLBaeTca ofsesor 5T0ro Tena u ofosHauaerca uepes v (M).

Janbrefillee NOCTPOEHHE TeOpHM MIar 34 wAaroM mostopsder § 6:
IOKa3bBaeTcqd KyO6upyeMocTh Ky0a paHra s u BHUYHCISETCH ero o6bem;
OMpeneNsioTCy H M3y4aloTCHd HYJAb-MHOXECTBA; NaeTCd KPUTepHi
Ky6upyeMOCTH; PaccMaTpPUBAIOTCA ONEpalHH HAL KYGHDyEeMBIMH TENaMHu;
yCTaHaBAUBAIOTCA cBOHCTBa 00beMa; JHOKa3bBAETCH TeOpeMa exHHCTBeEH
noctu. Ilpu 3ToM, kax u B § 6, cRoOMcTBO (y) ycramasnausaercs
cHavyana B ocnalmensHoft ¢opme (y') (kyGupyeMble Tena, NOAyYAKWUIHECH
IPYr M3 APYyra Mapajie/bHbIM [1€PEHOCOM, HMEIT pasHble O06beMH),
3aTeM B ycu/lesHo# QopMe MOKA3bIBAeTCH TeOPEeMa €NUHCTBEHHOCTH H,
HakoHell, CBOHCTBO (y) ycTanaBauBaeTcs INOMHOCTBIO. B 3akioueHne
JOKa3bIBAETCH, YTO 3TO BTOPOE OMNpesneneHHe KyGHPYeMOCTH u o6bema
9KBUBAJEHTHO IEPBOMY.

JloGasienne. Ilromags # 00beM B reOMeTpHH NOA0GUS

1. MeTrpugeckad reoMeTpusl u reoMerpus mnogobus. Onpenenenus
nromiaagd ¥ o6beMa, H3JOXEHHHE B 3TOH CTaTbe, B OXHOM INYHKTE
pacxonAaTcH € NpenCcTaB/IeHUSMH, BLIHE CEHHBIMH HAMH U3 LIKOJbI: COT/IACHO
STHM ONpeJeJeHHAM, IUIOWAAH ¥ OObeMbl SABASKTCA YHCIAMH, TOTAA
KaK B UKOJZE HAC YyYyaT, YTO 3TO-— OCOObIe BENMYHHH, H3MEepseMbig
CTelHaNbHbLIME € IUHHILAMH,
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DTO pacxoxiaeHHe, KOHEYHO, He O3HadaeT, YTO OZHO H3 [BYX
npencrapieduii omuBouno. [IpocTo Mbl HMeeM 3mech AeNO € AByMd
Pa3HLIME TeopusmH Inowane#t u obbeMoB, u Gonee TOro, ¢ ABYMH
PA3HLIMH, XOTH H ONU3KUMH FeOMeTDHAMH. DTH FeOMETPUH HUMEKT CIle-
I{Ha/lbHbIe HA3BAHUA: OLHA HA3blBAeTCA JMempusecxoll zeomempueil Es-
KJHA4, ApYyras-— eBKANIOBOH ceosmempueli nodobust).

FeoMerpHa nono6us —3TO T4, KOTOPYK MH H3yyaeM B LIKoJe H
KoTopas wu3naraercd BO Bcex ydeOGHHMKAax reomerpuu oT EBxauaa xo
HaWIMX JOHell. B Hell HeT MeTPHKH, T. e. HHUC/JAOBHIX NJIUH, 4 €CTh JHIIb
OTHOILEHHS OTPe3KOB M, KOHEYHO, BCE TO, YTO MOKET OLIThb BHIPAWEHO
yepe3 3TH OTHOLIEHHS, HANPHUMEp YIVIHL

Hanportus, B MeTpHueckof TreoMeTPHM KAWALIH OTpPe3oK HMeeT
ONMpeNe/eHHYI0 YHCAOBYI [AuHy., YToOH NpeBpaTHTh FeOMeTPHIO IO-
noGusl B METPHUECKYIO FeOMEeTpHIO, NOCTATOYHO (HKCHPOBATH KaKeH-
HUGyab OTpe30K M oOBABUTHL NJIMHOH BCIKOrO NPYroro OTpe3Ka ero
OTHOIWIEHHe K BHIGPAHHOMY «EeNMHHYHOMY» OTpesky. HywHO ToabBKO
UMeTh B BHJY, YTO B METPHYeCKOH TeoMeTPHH NJHHb LaHb pas H
HaBcerna, Kak TOUKHM WM npamule, Ecanm Mbl CMeHMM e HHHUYHBIE OT-
pPE30K M BBEJEM HOBYIO METPHUKY, T. €. HOBbE JJIMHB, TO NOJNYUYHUTCH
HOBAas WMeTpHueckas reoMetrpus. OHa coBnaleTr ¢ npexHell AUmb B
clydyae, €CAH HOBble NJHHBI COBHANYT CO CTAPHIMH, T.e. €CJAH HOBHIH
eXMHUYHLIE OTpe3ok OymeT paBen ctrapomy. MoxHo, Takum o6pasow,
CKas3aTb, UYTO MeTpHueckas reoMertpua EBkiauna mpexncrtarader coboii
€BK/JNIOBY TeOMETpHI NoLo6us, B KOTOPOH HOMONHUTENbHO (UKCHPO-
BAH KJ4CC PABHLIX OTPE3KOB,

Koneuno, Merpuueckywow reometpuro EBkaHIa MOWHO MOCTPOHTH H
He3aBHCHMO OT [eoMeTpuH noxobud. JTO Jeaaercd, HANMpPUMep, B
Kkypcax nuneftHo#i anre6pel. Tam MeTpuKa NpeanonaraeTcs 3anaHHoM
¢ caMoOro Hauaja, T. e, BKJIOYaeTCd B AKCHOMATHKY.

MeTpuueckass reomeTpus yiaofHee TreoMeTpHH NMOLOOHHA, U B COB-
peMeHHOH HayyHOH JsuTepaType INOA «EBKAHAOBHIM IIPOCTPAHCTBOMM
[OHUMAKT NPOCTPAHCTBO, CHaOweHKOe MeTpuko#, OLHAKO U reoMeTpud
noxo6Ha 3aHUMAET NPOYHBE MO3KLUH: LOCTATOUYHO CKA3aTh, YTO reOMeT-
pus GH3HUECKOTrO MHpa, IOCKOJIBKY OHA MOMET CYMTAThCH €BKIHI0BOH,
ABJAAETCS He MeTpHUYecKod reoMeTpHelt, a reomeTpueli nogobud. Ilpasaa,
MH NBLITAEMCSl CHENATh €€ METPHYECKOH ¢ IOMOLIbI0 UCKYCCTBEHHHIX
«eIHHUYHBIX OTPE3KOB» BPOJE NAPHXKCKOrO MeTpa, OLHAKO BHOpaTh Ta-
KO OTpe3OK «pas H HABCErAa» NO MHOTUM NPHYMHAM HEBO3IMOXHO.

Teopus nnourazef u o6beMOB, M3J0KeHHAas B 3TOH CcTaTbe, ecCTh
Teopusa maouiazedt u o6beMoB MeTpuueckol reomeTpuu. llean Hacto-
filero 100aBIeHNS — YKa3aTh HA Te U3MEHeHMd M INONOJHEHHH, KOTOpHIEe
OOMKHE OBITh BHECEHH B 3Ty TEODHI0 INIpH Nepexofe K TreoMeTpHH
noxooud,

1) Cp. ctp. 98 u caex. xu. 1V 2IM. (fIpunm. ped.)
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2. IlpeoGpa3oBaHne MJOiaxd WU oO0LeMa NPH 3aMeHe eIMHHYHOrO
oTpe3Ka. }3BeCTHO, YTO eC/NH eINHHHYHLIA OTPE30K 3aMEeHAETCH APYrUM
oTpeskoM, To HoBas miuaa I’ (A) mo6oro orpeska A noayuaerca us
ero crapoii aaunn [(A) no dopmyae

I'(A)y=a"11(4), (1)

rie a—cTtapad [InUHA HOBOTO eIMHHYHOrO OTpesKka, 344ada 3TOrO
NyHKTa — BLIACHHTb, KaK BeJAyT ceGs NpM 3aMeHe €IHHHYHOTO OTpeska
naowany u o6bembl. Cremyiouras TeopeMa JgaeT MOJMHOE pelleHHe
3TOrO BOMpOCA.

Kaacc rsalpupyemolx dhueyp u xaacc Kybupyemsx mes He 3a-
sucam om subopa eOurUznoz20 ompe3xa. Ecau edunuyrnull ompe3ox
3amensiemcs OpyeuM, UMeEIOWUNM OMHOCUMENsHO NPEXCHEZ0 OLUHY a,
mo nosag niowads s’ u Hoguil o6vem v nosyranmcs u3 cmapoil
naowadn § w cmapozo obvema vV no ¢hopmyrar

s’ (F)y=a"?s(F), (2)
v (T)=a3v(T), (3)

20e F—npoussoavnan rseadpupyeman dueypa u T — npousgossoe
Kybupyemoa meno.

HokasatenncTBOo. Mb paccMOTpuM TOABKO momianb, g
ofbeMa [OKa3aTeNbCTBO aHANOMHMYHO,

[ToxaweM cHadana, 4TO COOTHOmeHHe (2) cnpaBelJHBO Ha Kjacce
MHOTOYroabHbX ¢uryp. B cuay eauHCTBEHHOCTH MJIOLIAAH HA 3TOM
KJiacce MOCTATOYHO 10Ka3aTh, uTo (yHkuus @~2s(F) ynoBaeTBopfer
Ha Hem ycaosuam (@), (B), (y), (8), nocrennee M3 KOTOPLIX OTHECEHO
K Ho8oJty €IHHHYHOMY OTpe3dky. To, uTO OH& yHOBNETBOPAET MNEPBHIM
TPeM YCIOBUSIM, OYEBHIHO; 3aliMeMcsd DOCIeNHHM ycioBHeM. [lycTh
E’ —xBazmpaTt, nocTpPOeHHHH HA HOBOM eXMHHYHOM oTpeske. Tak kak
OTHOCHTE/NbHO CTaporo €LHHHYHOrO OTpe3Ka €ro CTOPOHA HMeeT
anudy @, 1o S(E'Y=a? (cM. n. 8.8). Crexosatenvno, a~2s(E’) =1,

[Toxawem Temepb, YTO BCSKOE MHOXECTBO, KBaAPHPYEMO& OTHO-
CHTEJbHO CTaPOF0 EeIMHHYHOrO OTPe3Ka, KBAAPHPYEMO H OTHOCHTE/bHO
HOBOTO €JHHHYHOrO OTPe3Ka; [OCKONbKY HOBBIE H cTapbif OTpe3xu
pPaBHONpPaBHH, 3TUM OyneT NOKAa3aHO, YTO KJIACC KBAXPHPYEMHX Quryp
He 3aBUCHT OT Bbi6opa eXMHUuHOro OTpeska. [lycTs F — MHOXeCTRO,
KBaJIpPHPyeMOe OTHOCHTEJNBHO CTAPOr0 EAMHUYHOLO OTpe3Ka, M &—
NONOXHUTENbHOE dYuca0. Hafimem TtakHe MHOroyroabHele GHrype P u
Q, utro PcFcQ, s(Q)—s(P)<<a?e. CoraacHo yxe LOKasaHHOMY,
s’ (P)=a"%(P), s'(Q=a"3%(Q), s"(Q—s" (Py=a"2[s(Q)—s(P)].
Crnenosatensno, s’ (Q)—s'(P)<<e, n MHOmecTBO F  KBagpupyemo
OTHOCHUTE/]bHO HOBOI'O €IMHHYHOTO OTpe3Ka.

Ocraetcqd moKa3aTh, 4TO COOTHOWEHHe (2) cupaBeaMBO HA Kiaacce
KBanpupyemnx ¢uryp. 3TO0 /[denraeTcs ONATh C MOMOLULIO TEODPEMH
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eNHHCTBEHHOCTH, C TeM YIPOLIEHHEM, YTO COOTHOmeHHe a~2s(F')=1
ywe OblIO I0Ka3aHO.

Cnenyomue npenaoxesns SFBASIOTCA OYEBUAHHIMH CAEICTBUIAMH
JOKa3aHHOU TeOopeMbl:

Kaace Hyass-mroscecms (Ha NAOCKOCMU U 8 NpoCMparcmse) He
3asucum om 8ul60pa eOUHULHO20 OMPE3K Q.

Omnowenue naoujadeil 08yx xsadpupyensx huzyp u omuouterue
06ves08 08yx Kybupyemoix men He 3Q8UCAM Om 8ui60pa eOUHUYHO20
ompesxa.

Duzyps, UAL MmeAq, PABHOGEAUKUE OMHOCUMEALHO O00HO20 on-
pesxa, pasHo8eslicl I OMHOCUMEAbHO OpY2020 ompe3Ka.

3. Ilepexon K reomeTpud mono6usa. B reoMeTpun nomobHsA HET
€IHHHYHOTO OTpe3Ka M MmOoToMy HeT maomanu B cmucie §§ 1—6. Tax
KaK, OJHaKo, M000H OTpe30K MOMHO NPHHATL 3a €AUHHYHHIA OTPE3OK
HeKOTOPOH MEeTpHuYECKOH FeOMETDHH, TO KaxIOMy OTPE3Ky e OTBedaeT
cBoa dyukuua s, co csoictsamu (o) —(8). Cormacso n.2, Bce 3TH
GYHKUME oOnpeneNeHH HAa OXHOM H TOM € KJacCe KBaJpHpyeMHX
duryp. Mb nonyyaeMm, Takum ofpaszoMm, QYHKUHIO §,{F) IBYX apry-
MEHTOB: OTpe3ka e u kBaapupyemolt durype F. Hrobbl nopuepxHyTsh
3T0 06CTOATENBCTBO, MBI BMeCTO S, (F) Byzem nucate s(F, e).

dynxuus s(F, e) u HasbBaeTCA A40Wa0bI0 8 2eosmempull nofobus.
Ecan ¢uxcuposats ¢urypy F, TO oOHa mnpeppaturcs B (QYHKUUIO
OTpesKka e, HasmlBAeMYI nsoujadsro gueyps F.

Taxum o6pasoM, 8 zeomempuu nodobus, Kax U 8 MmempuyecKol
2eomempull, umeencs KAGCC K8aopupyemslx ueyp u useemcs nao-
wads, OnpeCefeHHAs HG AMOM KAQCCE, — MOALKO HA0UA0b ¢huzype
npedcmasasem coboli He nucpo, o @yHKULIO ompe3ka.

CxazaHHoe O MJOLIANH C OYEBHJHBIMH H3MEHEHHSAMH IePEeHOCHTCH
Ha ofbeM H, KoHeudo, Ha nauny. O6vem v (T, e)=wv,(T) ectb PyHk-
unst xyGupyemoro Ttena T u orpeska e, mauHa [ (A, e)=/,(A) ects
¢yuxunsa orpeskoB A u e. O6wveM Tena 7T ¥ pmauHa orpeska A apns-
I0TCA QYHKIHAMH OTpe3ska e.

3aeucumocth mnuan [ (A, e), unowanu s(F, e) u o6bvema v(T,e)
OT e 6b1a paccMoTpeHa B 1.2, M3 uMeloluxca TaM NpenIowennit, B yacr-
HOCTH, cneayet, 4to AauHbl [{A;, e), {(A,, e) 1Byx moGbix 0TpPesKoB
Ay, A,, naowanu s(F;, e), s(F,, e) ZByx moObix KBaXPHpPyeMEIX
duryp F,, F, u o6wvemst v(Ty, e), v(T,, e) nByx moOex KyGHpyeMbIX
ten Ty, T, OTIHYAIOTCH APYr OT APYyra JMHLIL NOCTOSHHHIMM MHOXCH-
tenamu. Popmyaw (1), (2), (3) mpexcraBaTca Temepb B BHUIE

(A, e)=1(A, &) I(e, e), (4)
s(F, e)=s F, e’) [L(e’, o)), (5)
(T e)=v ) el) [ e)]?’, (6)

rie e u e —mobble orTpe3kd, I[loguepkHeM el(e, YTO B [EOMETPHHU
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noaobus (Ha IJOCKOCTH M B IPOCTPAHCTBE), KaK U B MeTPHYECKOH
reOMETPHH, HMEeTCAd KNAacC HY/JIb-MHOXECTB M HMeeTCd OTHOLIEHHE
PAaBHOBEIHKOCTH,

Bce BhiuncantesbHbie GOPMYIb TEOPHH MIOWALEd U 06bEeMOB, Ha-
ygHad ¢ QopMyas! IS IUIOUIATH MpAMOYTOAbHYKA H KOHYad HHTer-
panbHBIMM  (OpPMYJaMH, NEpPeHOCATCHS B rEOMETpHI0O nomobus. deiicrt-
BUTENbHO, 06e 4YacTH KaxAoH u3 3THx QOopMYJ MOTYT pPAcCMATPHBATHCH
Kak (QYHKLHHY eNHHUYHOrO OTpe3Ka, M OHH PABHH NpPH MOGOM BHGOpE
e/IMHHYHOTO OTpe3ka. 3aMeTHM, YTO YHCJIO 7, BXOLfAILEe BO MHOTHE
3 3THX (QOpPMyJ, He 3aBHCHT OT BHIOOpA €AHMHHYHOrO OTPEe3Ka, T. .
aBageTcd adcortHoll nocrossnof. [defictBuTenbHo, cornacHo mn. 5.8,
YHCAO T NP JM060M BLIGOPE eNMHHYHOIO OTpe3Ka PaBHO MJAOULANH
Kpyra paadyca r, nedeHHod Ha r2, a corjsacHo Qopmyie (2), ata
IJOWAAb YMHOXAETCH IIPH 3aMeHe eJHHHYHOrO OTPe3Ka Ha TO WKe
ygcao, 410 u ri

4. Enpununst pamsbl, miomags @ o6nema. To 0GCTOATENbLCTBO, YTO
InYHLL OTPE3KOB, a Takwxe miowiagud Guryp u obveMbl Tel OTIAHYAIOTCH
ApYT OT JPyra TOAbKO YHCIOBEIMH MHOXHTENSIMH, MO3BOJASET BBECTH B
TeOMeTPHI0 MOL06UA eQuAUys. JJIHHB, MIOWAXH U 06beMa. 3a eXHHHLY
LJMHB TPHHEMAIOT IJHHY Kakoro-HHGYyXb oOTpeska A, T.e. dyHKUHIO
[(A,, €) oTpe3ka e, 3a eIMHHLY MJIOWIALH — IIOWELD KAKOH-HUGY b
kBajapupyemol ¢urypu F,, T.e. ¢dyskumwo s(F,, e) oTpesxa e, 3a
eNHHHLY o0bema— 00beM Kakoro-HuGysmb kKybupyemoro tena T, T. €.
¢ynkuno v(7y, e) orpeska e. EAMHCTBEHHOE YC/IOBHE, HAMAaraeMoe Ha
Fy u T, COCTOHT B TOM, YTO OHH He [IOJKHH OHiTh HyJ/b-MHO¥ECT-
BaMu. [auHa BCAKOrO APYroro oOTpe3ka, IUIOWE@Lb BCAKOH npyroi
KBAApHPYeMOH ¢HUrypH, OGBEM BCAKOTO HPYroro KyGHpyeMoro Teia
OKA3HBAOTCH TOT/JAa PpaBHLIMM BLIODAHHOH exMHHUE, YMHOXEHHOH Ha
HEeKOTOpOe 4uCNo. IJTa NPHUBLIYHAS 3alMCh (eLMHHUA IJAMHBI, IUIOLLAILH
ual ofbeMa C YHCA0BHM Ko3hduUHeHTOM) npencTaBageT coGoH, TaKuM
o6pasom, He QopmanbHoe, a caMoe OOLIYHOE INIPOM3BEIEHHE — IPOHB-
BeeHHe YHCI0BOH (PYHKUMM Ha 4HUCIO.

EavHuiel AJAHHH, [IOIANH H 00beMa He SBASIOTCH HEe3aBUCHMbLIMH
Ipyr OT JApyra: Kaw/ble IBE H3 HHUX BLIPAXAITCH Yepes TPEThIO.
He#icTutensno, mnonaras B Qopuynax (5), (6) e =A, F=F,,
T=T,, Mb noaydaem:

§ (Fy, e)=s(F,, Ao) [Z(Aoa e)]2» v (T, e)y=uv(T,, Ao) [I(Ao; e)]3-

OGpiuno B kadecTBe F BLIOMPAOT KBaApaT, NOCTPOEHHHH HA OTpeske
Ay, a B xavectBe T,—ky6, nmocTpoeHHnlff Ha otpeske A, B arton
cayuae s (Fo, A =v(Ty, A)=1us(Fy, e)=[I(A,, e)]?, v(T,, &)=
=[l(A,, e)]3.

OxoHYaTenbHOE BHIpAXeHHE MIOLIANK ¥ 06beMa Yepes e qHHULY AU~
Hol He OymeT, KOHeyHo, 3aBHCeTb OT BHiGopa [, u T,. Ero moxHo
nonyyute npsimo u3 dopmyn (5), (6), ecnnm moaoxuTh B HHX e = A,
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OGo3uauas eludHIy AAUALL Yepes &, Mul Haxoaum: § (F, e)=s (F, A,) €2,
o(T, ey=v(T, A)e® un, no dopmyne (4), I(A, e)=I(A, Ay)s.
Takum obpasom, xoaddunuentamu npu &, 82 u e® cayxar Anuga, mIo-
Ialb U ofbeM OTHOCHTENLHO A,

Yrobnl moayuutn duauyeckue NPHUMEPH, npuMeM 3a A, mapumckui
MeTp, a 3a Fy u Ty—mnocTpoeHnble Ha HeM kBaxpaT u ky6. Coorser-
CTByWWHe exuHuub [(A,, e), s(F,, e) u v(T, e) HasuBawTCH
aempon, Ksadpamueim Mempos W rkybugecxum Mmempoi. Metp 060-
3Hadaercss OykBOH ., KBagpartHeli ¥ KyOuueckH# MeTpHl DPaBHEL,
cornacHo mnpenmnyitemy, 42 u 3. Takum ofpasom, #2 u 4% —He
TOAbKO O0O0O3HAYeHHS eJNHHHL NJIOWAJAH 00beMa, HO U OBHIKHOBEHHHE
cTerneHd QYHKUHU .

Wanouennble onpefeNeHHs TreOMeTPHYECKHX ENHHHLL NeJalwT odve-
BHAHBIMH OOBIYHBIE INPaBu/Aa Mepexofga OT OLHMX eIHHHI K KDPYTHM.
Kax usBecTHO, mpaBmja 3TH B TOM HMEHHO H COCTOSIT, 4TO C € AHHUI2MH
cnenyet ofpamlaThCs KakK ¢ YUCIOBHIMH MHOWHTenRaMH, a ¢ ux dop-
MaJbHBIMH CTENMeHAMH — KaK ¢ HACTOSIUMH cTeneHsMu. Hanpumep, v
(xkumoMeTp) ecTb enuHuua gaMesl, pasHas 1000 4, m  notomy
1

+ k=1 (1000 )2 = 10002 42 =200 000 42,
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§ 1. IauHbl JIOMAaHBIX JHHH

1.1. OcHoBHble CBOMcTBA NJAMHBL. Kak u nouwsTHe mnowanu, no-
HiTHE JUIMHbI MOCTOSHHO BCTpevaeTcd B Hawedl npaxkTH4YecKOH ned-
TeJQbHOCTH, HO ABJAAETCA BECbMA CIOWHO ONpeaeNsdeMEIM MATEMAaTHYECKHM
nousiTHeM. Hau6onee NpOCTO ONpenesieTCs OAUHA NPAMOALHEFH020
ompeska WIH AOMAHOL puruu. B 3TOM Clyyae ONpeleNeHHe JUIMHB
COBEPUIEHHO 4aHANOTHYHO OMNpeJeJeHHI0 NJOLLANH, HO OTIAHY4ETCd OT
Hero 3HauyuTeabHO Goabimed mpoctortoli. CBOHCTBA, HA KOTOPHX B 3TOM
cliydae OCHOBHIBAETC§ ONpele/eHde MIJIHHB, B TOYHOCTH MOBTOPMAIOT
ycnosus (a)—(8), ompemensiomne naoulanb NA0CKOH GHTYpHl (CM.
cTp. 7—8 Hacrosule#t xuuru DOM). DTu cBOHCTBa ciaelymouiHe:

(o) dauna aunuy s8a8emcs HeEOMPUBGMELsHbLM HUCAOM,

(B) Launa aunuu, cocmagreHHold u3 KoHenHo2o wucia AunHul,
nocsrefosamensHo RpUMBKAIOWLY Opy2 & Opyey, pasHa cymie
0AUH COCMABARIOMUX AUHUL.

(v) PasHeie aunuu umeiom pasrsie OAUHbL.

(8) Launa edunuunozo ompesxa pagna eduruye.

(Kax un B npeaniayuieft craTbe, Mbl NMPeANosaraeM, 4To eIUHHY-
Helf OTpPe3OK pas W HaBceriga (UKCHPOBAH.) B CHeAYIOLIEM NyHKTE MhI
nmokaxeM, 4to csoécTBa (o) —(8) OXHO3HAUHO ONMpPenensOT NJIUHLI OT-
pe3kor (a Takwe M noMaHex, cM. n. 1.3). OnHako ans olpejneneHus
NOHATHS JJHHE Ha Gojee IUHPOKOM KJacce «IMHUI» (a UMeHHO, Ha
Knacce cnpaMAseMBIX OPOCTHX aAyr, oM 1. 3.2) 371X
CBOMCTB, OKa3LIBAETCH, yWe HEeLOCTATOYHO, M K HUM NPHXOAUTCS IPH-
COeNMHHUTL elle OIHO CBOHCTBO («HOJYHEIPEPHBHOCTb»), KOTOPOE Mbl
paccMoTpUM HHwe, B I. 1.6.

1.2. JuanHa oTpe3ka. B 3TOM NyHKTE MBI MOKaXeM, YTO YCIOBHS
() —(0) 01HO3HAYHO OMpeNensOT NIHHY OTpeska. Bonee TouHO!

cyujecmseyen 00H@ U mOAbK0 O00HG gyHKuus | (Haswsaemas
daunoll), onpedeseHHAR Ha KAGCCe BCeX NPAMOAUHEIHBLX OmMpe3Kos
1 ydosaemsopsiousan ycaosuam (o)—(8).

JokasaTenbcTBO cyulecTBOBAHUA. BosbMeM npamyw p,
Ha KOTOPOH pacrnojoXkeH eNAHHUYHBI OTPe3oK,— I8 HargdaJaHOCTH
OyneM ee CuMTaTh «TOPH3OHTANbHOW»,— H o6o03HauuM uepes O omHH
H3 KOHLIOB eIMHMYHOTO oTpe3ka, [anee, pasOuUB eIUHHYHHIE OTpe3soK
Ha 10" paBublx dwacrTelt M B3AB OXHY U3 3Tux uacteil, Oyiem nocre-
JOBATeNbHO OTKNajALBATL BNPABO M BAEBO OT TOoukH O OTpesKH, pas-
Hele 3TOH uyacTH. B pesyabrate Becf npsamas p Gylet pasbura Ha
paBHble OTPe3KH, KOTODble Mbl Ha30BeM ompe3xarmi panza n. Ilyctb
Tenepr AB—TpOH3BOMBHEIH OTPE30K, PACNONONKEHHBIH HA nNpaAMOH p.
O6osnaunM 4epes @, YHCAO OTPe3KOB pAaHra 77, LEIUKOM COHEpWKa-
muxca B oTpeske AB, a uepe3s oc,'z—'mmo OTPE3KOB paHra 7, HUMelo-
wux ¢ orpesxoM AB xora O onHYy ofulyio touky. SlcHo, 4to eciH
Mbl BO3bMeM camoifi «npasmily u3 comepwawuxcs B AB oTpe3kos
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paHra g, TO TNPUMBLIKAOWMA K HeMy CHpara OTPe30K paHra 7 uMeet
¢ orpeskom AB ofmue TOYKH, HO He CONEPKHUTCH ienukom B AB.
ABanoruunoe nojoweHue Beuled UMEeT MeCTO I CAMOrO «JIEBOro»
U3 comepwauuxca B AB orpeskoB panra n, CreloBaTenbHO,

oc;z—ocn=2. (1)
ITonoxum
L,=0,10"" [,=a, 107"

Yucna /[, u l,'z (Tax xe xak u o, o) onpeipeneHsl  aag  1060TO
n=1, 2, 3,

ﬂer}co BH,TLeTb YTO HMEKT MECTO COOTHOWeHHN [; s/, <</, << ...
it ll> l2> 132. HeftcTBUTENbHO, BCAKHE OTPE3OK paHra # pas-
6ut Ha 10 orpe3kor paura n-+ 1. Ecau ucxonuul oTpesok (paHra n)
comepxurcs B AB, TO kawAH# H3 ITUX JecaTH OTPE3KOB paHra
n+41 comepwurca 8 AB; eciu xora Gnl OKMH M3 IHeCSiTH OTPe3KOB
panra #-41 wumeer ofulyl0 TOUKy C OTpe3koM AB, TO ¥ HCXOAHBH
OTpe3oK paHra n umeer OOILYI0 TOYKY ¢ orpeskom AB. Cneﬂosa-

TeNbHO, @, 2= 100, 0,41 <<10a,, ¥ notomy I, =1, lhy<< ln .
Wz ouesunnoro coornomenus [, <</, (cMm. (1)) Mb Haxo@uM, 4TO

MOHOTOHHAs  NOCAENOBATENbHOCTL [y, [,y I, ... oOrpaduyena:

l<l,,<l1 nas mo6oro s, ¥ MOTOMY cymiectByeT npexea lm /.
n—->w

Ananorwuno Il;=/,=1;, u mnoromy cyuwecrsyeT mnpesea lim /,.
n—=>w

Ha coorHowenus (1) Mbl Tenepp moayuyaem: l;,—ln=2'10‘", H Clreno-
BaTeJbHO,
lim [/, = lim Z,. (2)
n—>ow n—>ow
ITonyuyaemoe rakuM o6pasdoM uuciao (2) Me obosxauum uepes [ (AB)
v Oyzem HaseiBaTh O4umoli otpeska AB.

TToxawem, 4T0 nocmpoennas Gyrnryus [ ydosaemgopsem 8ceM
yeaosuan (o) — (6).

Boinonnenne ycnosus (o) oueBHnHO (npuuem scuo, yro [(AB)> 0
ans moboro orpesxka AB).

Ycnosre (f) nocTaToyHo mpoBepHTb AAs cayyas oTpedka AC,
COCTaBNEHHOrO U3 Jgyx otpeskos AB, BC. Bynem y uncen [, n o,
CTABUTh CBEepXY HHIEKCH, YKAa3bIBAIOUIME, K KaKOMY OTDEe3Ky OHH
OTHOCHATCS; HANpPHUMep, lﬁ,AB), B9 y 1. m. Ecam rtouka B smasercs
oOIIUM KOHIOM [IBYX CMe)KHbIX OTPE3KOB paHra 72, TO, KAaK JIErko
19 = B)—{—oc(BC) B NPOTHBHOM Xe ciayuae

BUneTh (puc. 1, a), a,
-+ 1. Takum ofpasomM, B mobom ciy-

b
AC) AB) BC
(puc. 1,0) o =i & ﬁz :
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B

yae CNpaBelNNBH HEPaBEHCTBA ocflAC)—l gaszB)—kocf, C)gocﬁfc), U3
_ A

KOTODPHIX MBI HaXOIHM: ,(,AC)—IO "glﬁzAB)—{—l,(zBC)glf, o, [Tepexonsa

B 5TUX HepaBeHCTBAX K Mpenxeay mpu n—> 00, Mb nonydaem [ (AC)=
=[(AB)+(BC), 410 n nokasniBaer csolictBo (f).

YcranosuM cnpaBeanuBocTh cBofictBa (y). [lyers AB—mnpous-
BOJBHLIE OTPe3oK, pacnonoxeHHulft ma npavodl p. CaBuras ofa xouua
»TOr0 OTpe3ka Bmparo (uin o6a Baeso) Ha 10710 yacTh €AHHHYHOTO
OTpe3ka, Mol MepeHeceM oTpe3ok AB B HOBOE TNONOKEHHE, HO YuC/A
a8y 4B npu srtoMm, oueBmmno, se uaMeHaTca. CleXOBATENbHO,
ecnmi AB v CD—nBa paBHEIX OTpesKa, paclojJOWeHHHIX HA MpSAMOH p,

s L L . . s . . . : , -—L L

2 ] ¢ a)
] 5 7 4)
Puc. 1.
AB cD
TO Mbl MOweM, He MeHss uicen oy D) u ol°P), mepemecTHTs 3TH OT-

pe3KH B TakKue 1OJOkeHHs, 4TO TOoukd A u C 6yIyT pacrojomeHs!
Ha OLHOM OTpe3ke paHra n. M3 pasencrBa otpeskos AB u CD
BoiTekaet, uto AC=BD (puc. 2), u notomy otpesox BD wMmenblue,
uyeMm 10%-1 wacTe exmnuynoro orpeaxa. Crnenosarensuo, TOYkKH B u D
pacrmosomeHsl AuGO HA OXHOM M TOM Xe OTpPE3Ke paHra 7z, 1ubo Ke
Ha COCENHWX OTpeskax pasra n, u nortoMy uncaa a2 u al? or-
AMYAIOTCA APYr OT Jpyra He Oonee 4eM Ha OLHY emuHHLy. Taxum

ofpasom, IZLAB)—ZLCD)Iglo'”, OTKyla, Nepexonsa K Mpeleny, MH
u nomyuaeMm tpeGyemoe cootHowenue [(AB)=1[(CD).

Ceoficteo (8) BbITeKaeT M3 CHPABENAUBHX A €AMHHYHOLO OT-
peska cooTHomenu#f a,=10% [ =1.

Hrax, ¢yskuns [, ompemeneHsas mid pacloJOXeHHBX HA Ips-
Mol p orpeskos, o6najgaet cBoiicrsaMu (&) —(8). Ecan teneper AB-—
NpPOU3BOMBHLIA OTPE30K Ha Ma0C-
KOCTH HJI¥ B [POCTPAHCTBE W
A’'B’' — paBHull eMy OTpesox, pac-  A¢ 51
NOMOMEeHHBIH HA npAMOH p, TO M
nonoxum [(AB)=1[(A'B’). B pe- Puc. 2.
synpTare JaMHA [/ oOKasbiBaetcd
onpenenessolt mas moboro orpesxa AB, npuuem cpoMcra (a)—(8),
KaK JieTKO MOHATh, BHNOAHAWTCH. Takum o6pa3oM, TeopeMma CyIlI(ecT-
BOBAHUA INOJHOCTRIO JOKa3aHa.

HJoxasaTenbCcTBO eAMHCTBeHHOCTH, [lycts A—kakad-
nu6o ¢yHkuud, 3aKaHHAs HA MHOXKECTBE BCeX TNpPAMONHHEHHHX OT-
pe3koB u obnamaiouwas csoficteamu (o) —(8). [Tokawxem, 4to oOHa
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coBitamaet ¢ nocTpoeHHoll Buie dyuxunets /, O6o3naunM yepes A exu-
HEMHLIE OTpesok; B cuay csoHictea (8), mm umeem A{(A)=/({A)=1.

Lanee, pasmenuM otpesok A na 10" paBubix uacteir A, ..., Ay
B cuny co#ictBa (y), Mer umeeM: A(A))=A(A,)=...=A(Apn),
I{A)=1(A)=...=1(Ay), a B cuny csofictea (f) HAXOLHM:

A(A1)+7\(A2)+---+}‘(A10”)=7‘(A)=1,
LAY +HLA)+ ..o+ 1Ay =1(A) =1,

Cnenosatensno, [(A)=A(A)=10"",

[Myctp Teneps AB-—npoH3BOJBHLIE OTPE30K, PAacmoNOWeHHHH Ha
npavMolt p. PaccmorpuM, Kak H B [NOKa3aTenbCcTBe CYLIECTBOBAHHS,
pasGuenue mpaMoit p HAa OTpPe3KH paHra 7 M OUpPeNeNUM YMCIA O, H
on. OBo3nauas uepes MN orpe3ok, 06pa3soBaHHBI BCeMH o, OTpes-
KaMu DaHra p, LeJHKOM comepmauiumucs B AB, Mbl HaliieM, COrnacHo
csoiticteam (y) u (B), A (MN)=I[(MN)=a,-10"" =/, Touso Tak xe
ons otrpeska M'N’, o6pa3oBaHHOrO BCEMH Q, OTpPe3KaMH paHra 7,
uMeoUIUMH ¢ AB ofmue TOYKH, Ml HalimeM, coriaacHo cBoHicTBaM

{y) = (B), 7»(M’N’)=Z(M'N’)=oc,',-10'"=l;,. 3aMeTHM Temepb, 4TO

4 4 ] l7)
((4B) =L(AC) + L(CD)+ t{DB) > {(CD}

Puc. 3.

u3 csoficts (B) M (o) BEITekaeT MOHOTOHHOCTDb (QyHKumit [ u A,
T. e. BHITeKaeT, 4r0 ecnu oTpe3ok CD saBaseTcd 4acthbio oTpe3ka AB,
10 [(CD)<<[(AB), A(CD)<< A(AB) (puc. 3). Tak xak otpesox MN
comepxkuTcad B oTpe3ke AB (Moxer ObiTh, COBMaAaeT ¢ HHM), TO
[{AB) = (MN)=1, A(AB)= A (MN)=1, Touno  Tak e
HAB)<<I(M'N"y=1,, A(AB)<<A(M'N')=1, (u60 otpesox AB co-
nepxurcas B orpesxke M'N’). Takum ofpasom, ln<l(AB)<l,;,
I,<<A(AB)<cl,, wu nmnoromy |[(AB)—A(AB)|<i,—1,=2.10""
(cm. (1)). BeHAy nNpOM3BOJBHOCTH HHCAA 7 OTCIONA BbLITEKAeT paBeH-
cteo [(AB)=A(AB). Urak, mns oTpesxa AB, pacHoNOXKeHHOrO Ha
npaMo#i p, ¢yHKkuMH A M / NPUHHMAIOT OJAHO H TO Xe B3HAYEHHe.
W3 srtoro B cuny cBofictBa (y) BbiTekaer, 4to ¢Qyskumm A u /[
COBMANAIOT.

3amMeuanue 1. PaccMoTpuMm, B YaCTHOCTH, pAclONOXKEHHHH Ha
npamo#t p orpesox OB, neswifl KOHeL koTOpOro coBmamzaet ¢ Toukol O.
O6osnaunM uepes @, 4HCIO OTpe3kos panra O (T. e. p&BHEIX enH-
HUYHOMY OTpe3Ky), UeJuKoM coaepxamuxcs B orpedke OB, u mycThb
C —npaBui KOHel f0cCHefHero H3 3THX oTpeskoB. OGo3HaunM, marnee,
yepes @, 4YMCJAO OTPe3KOB paHra 1, coZepwamuxcd B «IIePBOM
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ocratke» CB, m nycte D-—npaenft KOHeill NOC/JeNIHEro U3 3THX OT-
pe3koB (pHc. 4). 3artem Mb 00O3HAuUMM uepe3 a, YHCIO OTPE3KOB
paHura 2, colepxauuxcs Bo BTopoM ocratke DB, u T. 1. B pesynb-
TaTe MH OMPEJeNIMM HEKOTODPYI0 MOCHeL0BaTeIbHOCTb LeJLX HeOTpH-
naTelbHHX UHCEN @, @y, @, ..., B KOTOPOH KaMAOE YHUCIO, KPOMe,
MoxeT OblTh, @, He NPeBOCXOLUT NeBATH. Kak nerko BuIeTb, 4YHCIA

I, v [, onpeieneHHbe BLIIIE, HMEIOT CEAYIOUIHE 3HAUEHHS:
4 1
ln=(10+ +102+ +10n1 ln=ln+Wz-

Takum of6pasom, uyucaa /, u /,—3TO Te cCaMble XOPOIUO H3BECTHHE
npubnuXenuss ¢ HeJOCTATKOM H H3OLITKOM, KOTOpble [OJAy4aloTCd

/] ¢ D&
a=2, a,=3

) »

Puc. 4.

IpH oOLIYHOM OecamuuHoM npoyecce u3meperusg. Jauna otpeska OB
BHIpaxaeTcs OeCKOHEUHLIM PAIOM

HOB) =g+ 41+ gt

T. e. Oecxomeunoil Oecamuunoli Opobsio, KoTopas, pasyMeercd,
B HEKOTOPHX CJAyuyafx MOMET O0Ka3aThCd W KoHeyHo#h. Ecau ara
LecATHUHAd Ipo0b GecKoHeuHa, HO SABASETCd NEPHOLHYECKOH, TO, KaK
nokaswiBaeTcd B apudMeTuxe, 3Ta Apobb mpelcTaBaseT coGo# payuo-
HaAbH0e HUCAO, T. €. MOXKET GhbITh MpPeLCTaBNeHa B BULE OTHOLICHUS IBYX
vennlx uucen. Ecau xe Gecxoneunas gecsitduHas gpoGb He sBAAETCH
nepHOAHYecKOH, To oHa mnpencraBasgeT cobOH uUppayuoOHaAbHOE HILCAO
(uncno, He fABAAIILIEeCHS panHoHANbHbIM). Takum o6pasoM, npouecc
U3MepeHus §BAAETCA OJHOH H3 MNPHUMH BBEJEHHA HPPALHOHAALHLIX
qHCell.

Bameuanue 2. B BuumenpuBeleHHHIX LOKA3aTeNbCTBAX Cyllle-
CTBEHHO Oblila HCMOAb30BAHA akcuoma Apxumena (cM. I3M, kn.
1V, crp. 37). HelicTBUTENbHO, MBI OTKAAnBBAAM OT TOukH OB ofe cTO-
POHbl PaBHLIE OTPE3KH W TOBOPHMAHM IPH 3TOM, YTO «BC i NpsMas Gyner
pa3fuTa HA paBHble OTpe3ki». Be3a axcuombl ApxuMmeIa 3TO 3akiye-
HHe Oblo GBI HEOOOCHOBAHHHIM. B CBSI3M C TeM, YTO OMHCAHHLE BhIIle
nponece u3MepeHHs CyLlecTBEHHO OfMpaeTcds Ha akcuoMy ApxuMesna,
€e 4acTO HA3bIBAIOT TAKWE aAKCHOMOH H3MepeHus.

Tecno c¢Bfi3aHa ¢ NpPOLECCOM H3MepeHHSs M BTOpas aKCcHOMa He-
npeposHocTH—axcuoma KanTopa. VMmenHo, ecnu akcuoma Apxu-
Mela TMO03BONAET KA4XJOMY OTDe3KY CONOCTABUTh NOJOMUTEIbHOE
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YHCI0 —ero MJIMHY,— To akcuoma KaHnrtopa mnossosnsier 10KasaTb, 4TO
u, o6patHo, Xas kaxporo 4yucaa [>0 CcyuecTBYOT OTpPE3KH, HMEIO-
wHe LauHy [. DTo 1NO3BONAET YCTAHOBHTb COXpAHAWILEe MHOPSANLOK
B3dUMHO OJHO3HAYHOE COOTBETCTBHE MEXIAY TOYKAMM IPAMOH JHHHH
¥ LeHCTBUTeNbHbIMM YucaaMu (cM. cTp. 42—43 kn. V 3BM).

1.3. JlomMaHwle JuHAHM ¥ UX AJAHbL, TepMHH .omaHas BCerxa
OyneT o6o3HauaTb B ITOH CTAThe MNPOCT Y HE3AMKHYTYIO
AOMaHy NHHHI (Ha MIOCKOCTH HAM B npocrtpadcrse). Takas
JHHUS TpelcTaBiasgeT cobo#f cymMMy Ko-
HEYHOTO YHC/Ia OTPe3KOB, CKAXeM OT-
peskoB Ay = A;B;, A, =AB,,...,A,=
=A,B,, Pacno/JIO¥eHHbIX TaKuM 06pa30oM,
uro A; =08, i=1,2,..., k—1, a
APYrux oOLIHX Touek oTpe3ku A, A,, ...
..., A, momapro He umewt. OTpesky
Ay, A,, ..., A, HasHBawTCH 38eHbAMU
paccmatpusaeMoll soMaHoH. 3BeHbs A;
n A, (1<<i<<k—1) uaswBawTcs
cocedrumu. Kax BUAHO H3 mNpUBELEH-
HOFO OMNpeneNeHHs, Mbl He HCK/oYdeM

Puc. 5. Cly4aeB, KOTla COCeHHE 3BeHbS COCTAB-
AAOT TPONONKEHHe OIHO  Lpyroro.

Jlomanyio, cocTaBieHdyo us otpesxoB Ay =A4;, A,=A44,,...,
A, =Ay_1 Ay, Ml Oynem oGosnauats cumsonoM A 4 A4, ... A, 1A,
Touku Ay, Ay, ..., A, HABEBAIOTCA gepmuramy AovaHol AjA, ... A,
Bepmunw A4, u A, HasLIBAIOTCH KOHYESLLMIU MOYKAMU, W KOHHAMU
3TOH JOMaHOH.

[lycts C,, Cy, ..., C,—HexoTopble TOUYKH. [Ipexmonoxum, YTO
nas kaxaoro i=1,..., [ snOpaHa uexoropas JomaHas L; ¢ KOH-
uesbMH TOukamu C;_; w C;. Ecam nomamme L,, L,, ..., L, npyrux

oBmIMX TOYEK HE HMEKT, TO OHH 06pasyloT, BMecTe B3dAThe, HEKOTO-
pyoo nomanywo aunHio L¥ (puc. 5). B s71oM cayuae M GYAEM FORO-
puTb, uTO JoManas L* cocmassena wus nmomawsix Ly, L,, ...,L;
MOC/Ae10BATENBHO NPUMBIKAIOUWHX APYT K APYTY.

Hauna nomanod L=A  A;... A, onpemendercd Kak cymma
JJIMH ee 3BEHbeB!

HL)=1(AA) +1(A1A) 4+ 1A 4p). (3)

Taxum obpasoM, aauMHa [ saeageTcs ¢QyHKuueHd ¢ XeHCTBHTENIbHBLIMU
3HAYeHUSIMH, 3aJaHHOH Temepb yxe HAa KJacce BCeX JIOMAHBIX JHHHE.
9r1a dynkuus ofnaxaer csolictraMu (o) —(§), Tak kak cBoBicTBaMH
(o) —(8) o6namalor mnuHu orpeskos. [Haznee, ! sBASeTCHS eXUHCTBEH-
noft dyHkuue#d ¢ 3THMHM cBoMcTBAMH, Tak Kak csoifcTBa (o) —(8)
OnpenensioT LMHHH OTPE3KOB ONHO3HAyHO, a u3 csoficTea (P) BeiTe-
KaeT, 4YTO JAJAHRA IpPOH3BOAbHOH noMaHo# L=A, A, ... A, nomxHa
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ounpenenatbcs  Qopmyaod (3). Mrax, copaeemzausa caenyiollas
TeopeMa CYUIECTBOBAaHUSA U €LHHCTBEHHOCTH:

Ha raacce gcex aomanwx Aunuii cywecmsyem O00HQ U MOAbKO
o0na dyuryus, obradawmasn csolicmsanu (o)—(6).

1.4. OTpes3ox — kparyailmas momanada. [lycte A u B— npousBosb-
Hble TOYKH (Ha IJIOCKOCTH WM B MpocTpaHcTee). HanHy otpeska AB
HA3LIBAKOT B TEOMETPHH TaKXKe paccmosgniler Mexay todkamu A u B.
B cooTBeTC¢TBHM CO CKAa3aHHBIM BbIlie, PacCTOAHME MEKAY TOYKAMH
A u B moxpo 0603Hauatb cumBoaoM [(AB). Oxnako OGBIUHO B MaTe-
MaTHKe paccTosiHHe MeXAy ToukamMu A u B npuHaTo 0603HAYaTh
gepes 0 (A4, B). DtuM o0603HAYeHHEM Mbl, KaK MpaBuio, H OGyreMm
NoJb30BaTHCA.

dan awbox mpex mouex A, B, C (Ha naockocmu ua 8 npo-
cmparncmee) cnpagedsuso CoomHoulenue

p(4, B)+p(B, O)=0p (4, C).

B camom nmene, ecaum Touku A, B, C He nexaT Ha onHOH npaMoi,
To p(A4, B)+p(B, C)>p!A4, C), Tak xak cymMMa IJIHH ABYX CTODOH
TpeyroibHuKa GoJblie AAHHH Tpetbed cTopousl). Ecau ke TOUKH
A, B, C nexat nHa oaHo#f mpamo#t, To p (4, B)+p(B, CO)=p(4, C)
Ipu YCIOBHM, 4TO Touka B newxur Ha otpeske AC, n p(A4, B)+
+p(B, C)>p (A, C) B 1poTHBHOM cayyae.

IlokasaHHOe COOTHOMIEHHE (OHO Ha3bIBAETCH B MATEMATHKE H e-
PABeHCTBOM TpeyroabHHKAa») Jaerko ob6obuaeTcs H Ha
Gonbliee 4HcaAO TOueK. MMenHo, dam arobux mouex Ay Ay, .., Au
k=2, cnpasediugo coomnouenue

Y (A01 A1)+ Y (Ali A2)+ L + P (Ak—li Ak) = Y (AO’ Ak)‘ (4)

Hoka3aTenbcTso NPOBOAMTCA HHAyKUHMeH no umeny tovex. Hanpumep,
Ins YeTHIpeX TOYEK

P (Ag, A)+p (A4, A)+p (4, A=
=p (A, A)+p (A, Ag)=p (Ag, Ay).
IMycts Temepp L=A, 4, ... A,—mpoussonbnas noManadg. Torma
cymma o (4, Ay)+o0(4;, A)+...+p(A,_y, A, npeacrasiaser
co6oii, no oONpeleNeHHIO, MIHHY JAoMaHo# L, a uucao p (A, A4
ABAAeTCd MJHHOH OTpe3Ka, COeIHHAIOLUIETO KOHUL 3TOH JoMaHoH.
Takum o6pasom, HepaBeHCTBO (4) nokaswiBaeT, 4TO OAuHa aoboid
AOMAHOL He MmeHblle, 4eM OLUHQ OMpe3Ka, C0eOUHSIIOU,e20 KOHYbL

1) O6riyHOe JOKA3aTeJbcTBO 5TOTO (hakTa, NPUBOAMMOE B yueGHHUKAX reoMer-
PHH, KaK JIeTKO NMpPOC/IefHTH, He HCMOJb3YyeT HHKAKHX APYrHX CBOHCTB JJIMHH,
kpome (a), (B), (v), (8). D10 Ke OTHOCHTCA ¥ KO BCeM ADYTHM TeODeMaM 3Je-
MEHTADHOTO KYypca TreOMeTpHd, B KOTOPLIX TOBOPHTCA O AJHHAX OTPE3KOB H
JoMaHbiX. TakKum o6pasoM, BceMH 3STHMH TeOpeMaMH MBI MOXKEM TMOJb30BaThCH
B JAajbHefimeM.



96 INAMHA KPHBOR M IVIOIIALBL NMOBEPXHOCTH

amoil aosmaroii. Vinaue roeopf, CPeJH BCEX JIOMaHBIX, COENNHAIIIHX
3a7aHHLIE TOYKH A W B, 0oTpesok AB uMeeT HauMeHbWIYIO JUIMHY.
1.5. OTKJIOHeHHe OrpaHMYEHHBIX MHOWecTB. [TycTh M—HekoTopoe
MHOWECTBO HA TMJIOCKOCTH M r—TON0XHTenbHoe uucno. Jaa xawxaiof
TOuKH A MHOWecTBa M Mbl PacCMOTPHM OTKPHITHE Kpyr (T. €. XpyT
Ges rpamuus) pamuyca r c uestpod B Touke A. Cymma BCeX 3THX
Kpyros {puc. 6) npeacTaBafeT
coBoii MHOMXECTBO, KOTODPOE Mbi
OylneM Ha3bBaTb r-0Kpecmuo-
cmbio MHoxectBa M u OyneM
o60snauaTk cumoioM O (M, r).
WUnaue rosopst, Touka B B TOM
¥ TONbKO B TOM cjyyae IpH-
nagnexutT Maowectsy O(M,r),
ecnu B MHOWecTBe M Halimercd
Puc. 6. takas Touka A, uro p (4, B)<<
<Zr. Ananoruuso (¢ 3aMeHOH
KpYyros l1apaMu) ompejeasercss r-OKPeCTHOCTb MHOwecTBa M, pacno-
JOXEHHOTO B MPOCTPAHCTBE.
fcno, uto ecin McN (1. e. MHOWecTBO M dABAsETCS YacThIO
mHOxkectsa N), 10 npu moGoMm r>0 chnpasemJHBO COOTHOLIGHHE
O(M, rycO(N, r). Hanee, ecnu ry<<r,, 10 O(M, r)cO(M, r,).
JlokaxeM Telepb CAEAYIOWYIO JeMMY:
Jan awbo2o muroxucecmsa M u aw0boux 1n0s0HCUMERHBX HUCEA
ry, o 8ulNOAHEHO coOmHoOwerue )

O(OM, ry), ry))O(M, ry+ry). (8)

B camoM nene, nycte A€O(O(M, ry), rp). Torma cymecTByer
takas rtouxa BE€O (M, ry), uro p (A, B)<<r,. Tax kaxk BEO (M, r,),
TO cyuwlecTByeT Takas Touka CEM, uto p (B, C)<<r;. Mn nmeem
(cm. n. 1.4): p(4, C)y=p(4, B)+poB, C)<ry+r,, u noromy
AcOM,ry+r,). Taxum o6pasom, cooTHOLIeHHe (B) yCTAHOBIEHO.

[Mycte temepy M u N —HekoTopsle OrpaHHUYEHHBHE MHOXECTBA.
SlcHo, 4TO mnpH MOCTATOYHO GOMLUIOM 7 BLINONHEHB! COOTHOLIEHHS
McO(N, r), NcO(M, r). Tousad HHKHSS IpaHb NOJOXKHTEbHHIX
yHceN 7, NJA8 KOTODHX BHLIIOJHEHH 3TH COOTHOWIEHHS, HA3LIBAETCH
omr sonentess MHOXecTB M u N u o6osxavaercs cumsoaom d (M, N).
Ha puc. 7 noxasan npumep HaXOmIEHHS OTKJIOHEHHH:

NcOM, r)y npu r>p(C, D)
McO(NN, ry npu  r>p(A, B);

1) B peficteuTenvHoCTH, AJA J1060ro MHOXecTBa M, PacmoJIOKEHHOTO H a
NJIOCKOCTH HJAW B TNPOCTPAHCTBE, CHPAaBELIHBO  PABEHCTBO
O0(0(M, ry), r3)=0(M, ry+4rs); B cnyuae e MHOXecTBa M, pacnosoxe-
HOTO B NMPOM3BOJLHOM Mempuueckosm npocmparcmee (cM. cTp. 537 3T0# KHUIH
20M ), 310 paBeHCTBO MOMXeT HE BHINOMHATHCA,




IJMHBL JOMAHBIX JHHEUH 97

C/1e A0BATENBHO,
d(M, Ny=p (4, B).

OTK/OHEHNE  OrPAHHYEHHBIX  MHOKECTB  O6JajaeT  CAEIYIOLLHM
cBOicTBOM (KOTOpOE, KAaK W COOTHOUIeHWe, IHOKasasHoe B 0. 1.4,
HA3bLBAETCHA «HEPABEHCTBOM Tpe-

yTOJMBbHUKAY): 0
Han awobulx mpex oepa- J ‘P AR
Hunennox MmHoxwecms M, N, i \;} il \HB
P suinoaneno coommnouerite A \‘ /L’/ 4{\
dM, N)+d(N, P) = A7 e N [ ]_ VAl
=aw, p). (limmilN)
S| D ‘\.. “V
B camoM pene, nmycTts &—mpo-
M3BOJbHOE NONOXHUTeNbHOE UH- Puc: 7.

cio. Monowumr, =d (M, N)+¢,

ro=d (N, P)-}e. Torma, no ompeneneunio OTKAOHEHHS, BLINOJHEHN
skmoueHus; McO(N, ry), NcOWM, r,), N=O(P, r,), PcO(N, r,).
CnenoBatensHo, B cuay (5), umeem: M O(N, ry) < O(O(P, ry), r;) <
CO(P, 1y 415), PEO(N, 1,) € O (0 (M, 1), 75) < O (M, ry 1), 4 -
touy d(M, Py<<r,+r, Taxum ofpasom, d (M, P)<<(d(M, N)+
+e&)4+(d(N, P)4e). Beuany npoH3BONBHOCTH €, OTCIONA BLITEKAET
Tpe6yeMoe COOTHOUIGHHE,

3aMeTuM, 4TO JOKa3aHHOe NpeAJOXKeHHEe JaeT UHTEDECHHIH NpHMEp MEeTpH-
4eCKOr'0 MPOCTPAHCTBA: 4TOYKAMH» STOrO METPHYECKOTO NMPOCTPAaHCTBA ABJIATCH
BCEBO3MOXKHbIE 3aMKHYTHE OTDaHHUEHHbIE MHOMXKECTBA Ha NJIOCKOCTH (MY B Npo-
CTpPaHCTBe), 4 32 (PACCTOSIHHE» MeXRY ABYMS OrPaHUUEHHBIMH MHOMXECTBaMH
M u N npunumaercs uucio d (M, N). BelnoaHeHde nepBHX ABYX YCJIOBHi, ompe-
LeJSIolux METPHYECKOe TPOCTPAHCTBO (cM. cTp. 537 sToft Kuurd DIM) ouesnn-
HO; BLINOJHEHHE TIOC/AeXHer0 YCJNOBHA (HepaBeHCTBA TPeYroJbHMKA) TOJBKO 4TO
A0Ka3aHO. DTO MeTpHYecKoe MPOCTPAHCTBO HUI'PAeT BAXKHYI POJb BO MHOTHX
BOIpOCAax TeoMeTpHu (CM., Hanpumep, crathlo «Brinmykible ¢urypsl u tesa» B
9TOH KHuUTre DOM).

1.6. ToayHenmpepblBHOCTH MJUHBL. B 5TOM MyHKTE Mbl paccMOTpuUM
elle OIHO CBOHCTBO AMHHE JAoMaHOH. Mbl OymeM NONJAbL30BATHCH HM
T04bK0 B § 4, HO 4A NOMHOTH M SCHOCTH KapTHHB chopMynHpyem
ero sxech. MHTepecymouiee Hac cBOHCTBO IJIMHH (TaK HA3LIBAEMYIO
NOAYHEenpepslBHOCMS CHI3Y) MOXHO HATASILHO OMHCATb CHELYIOLLMM
ofpasoM. [Iycts L—muexkotopas 7no0MaHad, MOWET ObITb, CHABHO H3BH-
TUCTas, U r—oOYeHb MaJeHbKOE IIOJNOKHTENbHOS HHUCIO. PaccMoTpum
r-okpectaocts O(L, r) nuuuu L. Toraa sicHo, 4yTto BcAkas aAomasas L',
npoxonsuias BHYTpH MHowectBa O(L, r) oT oamHoro xoHua mawuuu L
0O ADYroro, LOJA¥HA B OCHOBHOM NOBTODPATH BCE M3BHJAHHE JHHHM L
(puc. 8), u mnotomy naauHa JaoMaHoft L’ He MOxeT OHITh HAMHOIO
MeHbiie, 4eM anuHa sovano#f L. B rounot dopmynuposke 3TO0 03Ha-
HaeT, YTO MIHHA NOMAHOH 06/1ajaeT CAeNYIOWHM CBOHCTBOM (g):
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(€) Ilycms L —rexomopas AUHUS U &— ROLONCUMENbHOE HUCLO.
Tozda cywecmsyem maroe uucao 8 >0, amo dan ecaxoi sunuu L',
yoogaemsopsioueli ycaosurw d (L, L'Y<C 8, ssnosneno coomrouenie

I(L'y>1(L)—e. (6)

HoxazaTenbcTBO TOro ¢axkTa, YTo AAMHA JoMaHOH obnamaeT cBoli-
cteoM (g), Mb npusegeMm B § 3 (cM. m. 3.1). Taxum ofpasom, mocie
L0Ka3aTenbCTBA 3TOrO0 CBOHCTBA MBI CMOMEM ciaenyiouuM o6pasoMm

Puc. 8.

YTOYHUTH TEOPEMY CYUIECTBOBAHUA M €IMHCTBEHHOCTH HNJIHHB! JIOMaHOH
(eM. m. 1.3

Ha rkaacce gcex nomanbix aunuil cywecmsyem o0HA I MOALKO
o0na gynrnyun I, obradawnuwan csoiicmeanu (o) — (8); ama dyrxyun
I o6radaem maxoce u cgolicmsos (g).

[Ipucoexunenne cpoiicta (g) X chHOPMYNHPOBAHHBIM paHee CBOH-
craM (o) — (8) GyxeT uMeTh NPHHUMMHANBHOE 3HAYEHHE B JajbHe#iien,
Jleno B TOM, 4TO 0OpH ONpeneleHHH IMHHE HA Gosee IIHPOKOM KiIacce
JTHHUH, YeM JOMaHble (2 MMEHHO, Ha KJacce TaK HA3LIBAeMbiX CO P M-
AfeMbx nuuHuf, oM. § 3), csoftcte (&) —(8) ywxe oxasuHBaercs
HEXOCTATOYHO, T. €. CYUIeCTBYeT MHOT O DpasiHuHHX QYHKUHE CO
ceoffctBaMu (o) —(6), ompenmeseHHHIX HA KJacCe CHpAMIgeMbX JAHHUH
(xoT9 Ha KHacce JOMaHHIX JHHHH Bce 3TH (yHKNMM COBNAZAOT
¢ o6muHoM anmuoft). B To we Bpema cBofcTBa (@) —(g) onpenensioT
Ha Kjacce ChnpAMAfSeMbX JHHUM eLMHCTBeHHYIO (QyHKIMIO, KO-
Topad M HashBaertca MAMHOH (cM. § 4).

BawHO OTMeTHTb, YTO, KAKOBH Obl HH OblIM J0OMaHad JuHus L u
MOJOKUTENbHOE YHCAO 8, CyulecTBYIOT JoMaHbie L’ Npou3BoabHo Gonb-
WoH AMuHE, yaosreTeopswomme yenosuw d (L, L') << 8 (puc. 9). Taxum
o6pasoM, ycnosue d (L, L')<C8 orpanuuuBaeT nRAuHy JjomaHo# L’
cru3y (cM. (6)), HO He HakJaxbIBAET HUKAKHX OTpaHMYeHui cgepxy,



IJIMHHE JIOMAHBIX JHHHH 99

B CBf3M C 4YeM CBOHCTBO (8) M HA3BIBAIOT NOAYHENPEDbEHOCIMLIO CHUL3Y.
Mowno chopMynupoRaTh CBOUCTBO MONYHENPEPHIBHOCTH CHH3Y H B IPY-
rux TepMHHax. DByxeM TOBOpHTb, 4YTO [IOCAELOBATENBHOCTbL JiOMa-
Hex Ly, Ly, ..., L cxofumcss K NOMaHOM L, e€C/M BLIMOJIHEHO

ny e

coorHowenne Hm d(L, L,)=0. He ciaeayer aymaTh, YTO ecau mno-

n-—>w
CNMefOBaTeNbHOCTh JoManwx Ly, L, ... cxomutes K JoMaHOH L,
TO HENPEMEHHO BLIIOJHEHO COOTHOIIEHHE
lim I (L,)=1I(L). (7)
n—-w

B neficteHTenbHOCTH cooTHOWeHHe (7) (kotopoe, ecan Obl OHO ObIIO

BCErja cnpaBef/uBO, MOXHO ObIIO OBl HA3BATH HEAPEPLIBHOCNILIO LIUHb),

BOOOILle TOBODH, HE BhINOAHAETCHS. Mow-

HO JHUIb yTBEDKAATb, 4YTO ecCAU npe- B 8

dea lim {(L,) cymecmeyem, mo on °
>0

ydosaemsopsem HepaseHcmsy o
lim I(L,) = {(L). (8) ' %

n—->w

5
DT0 yTBEpW/IEHHE SKBHBANEHTHO CBOH- U } b
cTBY (&); TakuM 00pa3oM, HEpaBeHCTRO

(8) u 0O3HAYaeT NONYHENPEPLHIBHOCTD AU~ g
Hbl CHH3Y.

Tor d¢akr, 4TO AAMHA TOABKO MO-
JyHenpephBHA CHH3Y, HO HE HEeNpephBHa, 4 p/
XOPOLIO HIMIOCTPUPYETCSH ONHUM H3BECT-

HeM couamonm ). Pacemorpum ksaxpar Puc. 10.

ABCD (puc.10), cTopoHa KOTOPOro passa

enunuue. Torna nomanas L, =ABC umeer anudy 2. [InuHa He usMe-
HMTCH, €CAM Mbl 3ameHuM L; crynenuaToHf snomano#t L,= AB,B,B;C.
Mo MOieM yHBOHTb WHCAO CTyneHed — noaydyuM JOManyio Ly=

—AB, BzB BB4BsBGC Tol we mnmab 2, [Ipomonxkas 3T0 YyABOEHHe

) Cwm. B. Jiuruman, Tge ommbxa?, Pusmarrus, 1962, crp. 128 4
d. C. Oy6uos [b], cTp. 48,
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ctynededl mo GeckOHeuHOCTH, Mbl OyLeMm MOJydYaTh BCe HOBHIE W HOBHIE
JloMaHBIE IJHHBL 2, KOTOphle Bce 6ojee NMPHOMHWKAIOTCH K IHArOHalu
AC, B npenene cnusasgch ¢ Hell. OTcoola «caexyer», 4TO AJHHA 3TOH
IHarodann pasHa AByM. (TaxkuM Xe myTeM MOXHO «Z0OKa3atb», 4TO
ANaroHanb napajjejorpaMMa paBHa CyMMe XBYX [IDHJAECAOLIHX €ro
ctopoH.) OcHoBo#t 3Toro codusMa gBAfeTCH Chaelyloulee 3akIO4eHHe:

TaKk KaKk noClexoBaTeNbHOCTh Jomanmx L,, L, L, ... cxoxurcd
k otpesky AC, «to» [(AC)= lim /(L,). B 3TOM 3aKIIOYEHUH HEARHO
n-—->®o

HCnoab3yeTca paeeHcTBO (7). Tak kak pasenctso (7), BooSuie rosopsd,
He BHINOJHAETCH, TO NpuBeleHHOe 3aK/AK4eHue dBNAAeTcs HeoGOCHO-
BaHHBIM. W gefictBuTenbHO, lim [ (L)=2, l(AC)=]/2, 4TO OTHIOIAb HE

n-—->w
NPOTHBOPEYUT HepaBeHCTRY (8).

§ 2. HpocThe Kyru

2.1. OG3op cogepwanua mnaparpada. Hanomuum, 4TO #pocmoil
Oyeoll HasbiBaeTC MHOXECTBO (Ha NMJOCKOCTH WJIH B NPOCTPAHCTRE),
Ha KOTOpOe MOxeT Oblth B3aMMHO OJHO3HAUHO H HeNpepHBHO OTOOpa-
®eH oTpe3ok (cM. ctp. 37). Mbp ycTaHOBHM B 3TOM maparpade HeKo-
TOpble BaXcHbIE A AaibHeHilero CROHCTBA NMPOCTHIX AYT, CBA3AHHHE
rnaBHEM 08pasoM ¢ BOUPOCOM O 710¢2e008AMEAbHOM DACIHOLONCEHILL
TOYeK Ha NpocToi ayre. Bee cpoficTBa MPOCTHX AYr, O KOTOPBHIX HAET
peyb, JOCTATOYHO HATAALHB; B TO Xe BPeMs CTPOTHe N0KA3aTelbCTRa
3TUX cBoficTB (M. 2.2 —2.7) HecKo/NbKO KPONOT/IAMBH H YTOMHTEJbHBI.
K ToMy e 3Tu cBoilcTBa He HMeIOT NPSIMOrO OTHOIUNEHHS K MOHATHIO
ITUHB (X0TA M OYyAYT cyLlecT-
BEHHO HCIOJb30BaHBl B Jalb-
sefimenm). ITostomy mas ymo6-
CTBAa YMTaTeNs Mbl NpHBEXEM B
5TOM YHKTEe GOPMYJIHPOBKH H
HArSIAHBIE [IOSCHEHHS HHTe-
pecyoUIux Hac cBOHCTB. [danb-
pefiliMe NYHKTH 9TOrO napa-
rpada (mocBfUIEHHBIE JO0Ka3a-

Pue. 11. TenbCTBY  cHOPMYMHPOBAHHEIX

CBOMCTB), ecnH OHH MOKaxyTcd

TPYJAHEIMM MM HEHHTEPECHLIMH, MBI DEKOMEHAYEM NpH IIEPBOM YTEHHH
IPONYCTHTD.

(a) [TycTs A —mHexoTopas mpoctas Ayra U f— HelMPePHIBHOE B3aNMHO
0IHO3HAuHOe OTOGpaxmeHHe yucaoBoro otpeska A=[a, b] Ha MHOKe-
ctBo A. Touxu f(a) u f(b) My OyneM HaswBaTh KOHLAMU TPOCTOH
ayru A, [Jlanee Gynem roBoputh, 4t0 Touke A, A4y ..., A, pacno-
NIOXeHbl nocredosamensro Ha mpoctolt ayre A (puc. 11), ecan umena
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o, t1y « .., 1, ymoBRETBODAIOWINE yenoBuSIM f(f)=A;, i=0,1, ..., &,
06pasyoT MOHOTOHHYH NOCAEA0BATENBHOCTD (T. €, THO0 f,< 7, <. .. <1,
6o f,>*# > ...>1;). IDTH onpelreneHHs, HATIALHO BIOJHE FO-

HATHBIE, CTPajalOT, ONHAKO, HEKOPPEKTHOCThIO. B camoM xmene, atH
OnpeneneHHs CBA3aHB ¢ BEIOOPOM KAKOIPO-TO OLHOTO HENnpephs-
HOTO B3aHUMHO OIHO3HAYHOTO oToGpaskeHUs f YHCJIOBOTO OTpe3Ka Ha
MHOWECTBO A, W 3apaHee He §CHO, HE W3MEHATCS JIH, HAUDHMED, KOH-
LleBLle TOUYKH MpocTolf AyTH, ecnin oTo6paweHHe f B3aMEHHTb ADYIHM
aHaNMOTHYHEIM oToOpawmeHHeM. B HeHCTBHTENbHOCTH, KaKk U CHeAyeT
OXUIATh, KOHHeBbe MOUKU U nociedosa-

mensHoe PACNOAONCEHIE MO%EK ONnpedens- M1
romca camoll npocmoii dyzoif, a ot BHOOpa

oTobpaxeHns f He 3aBHCAT, HO 3TOT (PaKT

TpefyeT IOKasaTenbCTBa (OHO NPOBELEHO 4

8 . 2.3). Kpome Toro, ecau mouxu A, 5
Ay, ..., A, nocredosamensHo pacnosodicers.

Ha npocmoii dyee A, mo mouxu A,, ..., A,

A, maksxce nocredo8amessHo pacnosowce-

Kol Ha amoli npocmoll dyze. fl

(6) Mycts A — HekoTOpas npocras Ayra

u A, B, C—Tpu pasnuyHule ee TOUKH. By-

IeM FOBODHTH, YTO TOYKA B pacnojoxeHa Ha Puc. 12.

nyre A mesxcdy toukamu A u C, ecnH TOUKH

A, B, C nocaemosatenbHo pacnosioxens na ayre A. M3 mpex pa3-
AUUHBLX MOYeK, 83Smux Ha npocmoll dyze A, 8cezda o0Ha 1 mossro
00Ha pacnososxcena wa 0yze A mencdy 08yms Opyeumu.

(8) Ilycts A —nexorvopas npoctast ayra u A, B— nse ee pasauudpe
toukn. OGo3naunM uepe3 A, MHOXeCTBO, cocrodulee w3 Touexk A, B
¥ BCeX TOYEK MpOCTOd Ayru A, pacnoNoxeHHmX Ha Helt mewny A u B.
TMoayuennoe MmHoxcecmso N,p asagemen npocmoti dyzoll ¢ Konyess
mouxanmu A u B (puc. 12). 31y npoctyw nyry A,z Mb GyZeM Ha3h-
BaTh #acmeio mpoctoll nyru A, pacnonoxeHHOH Mexny TouKaMu A u B.

(ry Ilycte Ay, A,, ..., Ap— TOUKH, MOC/IEA0BATENBHO PACIOTOKEH-
Hble Ha mpocToM nyre A, npuuem A, u A,—ee KOHUEBHE TOUYKH.
OGosHaunum uepe3 A; 4acTh AYrd A, PaCHONONEHHYIO MEKLY TOUKaMH
Aoy om Ay i=1, 2, ..., k (ov. puc. 11). Torma dyeu A, u A,
¢ HecoceOmumy womepamu i U Jj (m. e. maxumu HOMEPAMU, HUMO
|i—jl>1) me umerom obwux mouex, a dyeu A; u A, , urneom
eduncmeennyn obuyro mouxy A; (i=1, 2, ..., k—1). Cymna
A+A,+ ...+ A, cosnadaem ¢ npocmoli dyeoi A. Mul Gynem Ha-
smBaTh Ayru Ay, A,, ..., A, tacmamu, Ha KoTopsle mpoctag Ayra A
pasbusaeTcss ToukamH A,, A, ..., A,

(x} Myere Ay, A;, ..., Ap—pasnuysHie TOYKY H NyCTh ANA Kax-
moro i=1, 2, ..., k mocrpoeHa HekoTOopas mpocras Ayra A; ¢ KOH-
ueBelMH TOuKaMu A;_; u A;. IIpennonoxuM npu 3TOM, YTO [POCTbIE
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nyru A; m A; ¢ HecocexHHMH HOMEPAMH i M j He HMEKT OOLIHX TOYeK,
a ﬂym A " AL+1 UMRIOT ERUMHCTBEHHYI0 ofulyio touky A, i=1, 2,
1 B aToM cayyae bl 6yXeM OBOPHTB, YTO HPOCTHIE AYTH Al,

A , A, nocnedosamensno npumsixaiom Opye x dpyey. Toria
cyﬂma A= A+A, + ...+ A, npedcmasrgem coboli npocmyro dyzy
¢ KoHyesumu mosxamu Ay u A, npuzenm mouxu A, Ay, ..., 4

nocaedosamenssHo pacnosoixens Ha npocmol dyze A, a zacmu, Ha
rwomopee dyza A pasbusaemcs smumu monkanu, cognadawom c N,
Ay, ..., A, Mo Gyzem rosoputh, uto mpoctas Ayra A cocmagiena
M3 MOCHeLOBATENbHO NPHUMEIKAOUINX APYT K APYry IyT Ay, A, ..., A,

(e) [Huasmempom orpaHHYEHHOTO MHONKecTBAa A HaspBaeTCs TOYHAR
BepxHss rpadb paccrosuuét p(A, B), rne A€M, BEM. Ilpu aswbon
e >0 scaryno npocmyio dyzy A (ha niocxocmi uai 8 npocmparcmase)
MONCHO KOHeUHbM 4UCAONM moex pa3bums Ha #acmu (cM. (r)), dua-
Jemp KaxncOoli U3 KomopeLx MeHblle €.

(%) IIyems A, B, C—mpu pasauunsie mouxu, N;—muexomopas
npocmas dyza ¢ konyamu A, B u A,—mnexomopas npocmas 0yza
¢ wonyamu B, C. Tozda cywecmsyem maxas obwas mouxa By dyz
A, u A, (s03moocno, cosnadarwuwan ¢ B), umo wacms A; npocmozi

dyeu Ay, 3axannennas mexcoy mouxani A u By, u uacms A, npo-
cmoll dyzu A,, 3axawueHHas mexcoy mouxani By u C, cocmasasiom

sMmecme npocmyio 0yey A'1 —}—A; ¢ woryesuimu moxxwanuy A u C {puc. 13).

[Tepen GopMyaHpPOBKON MOCAENHHX HBYX CBOWUCTB MBI LaaNM HarnAsn-

HHle nosicHenud. Ilycth A-—HekoTopas mpocrad axyra u A, B, C—

TPH I[OCTEIOBAaTENbHO paclo-

J0¥eHHbe Ha Helt Touku. [Ipex-

¢  nonowxuM, uto ydactok ABC

6 7, npoctofi AyrH A mpencrasid-

b eT cofoit «meTmo», TaK uTo

A ) Toukn A ¥ C 61M3KO pacmono-

MeHel APYT OT APYra, a To4ka

Pue. 13. B— naneko ot Hux (puc. 14, a).

BrifepeM MOIOXKHTENbHOE YHC-

10 F H PaccMOTPHM HEKOTOPYI NPOCTYI0 Ayry A’, pacnonoxeHHyio B

F-OKPEeCTHOCTH Xyrd A M MAyULYIO OT OXHOTO KOHIA NHHHH A 10 Lpyroro.

Ecnn r Gonbule NONOBHHH paccTOsfHRA Mexny toukamu A u C, 1O

Kpyr# pamuyca r ¢ ueHTpamMu B Toukax A H C mMewor ofulne TOUYKH,

H notoMy myra A’ MoweT «mHHOBaTBY TOUKy B (kak nokasaro, Ha-

npuMep, Ha puc. 14, 6). Ho ecnu r mocraTouHo ™ano, TO r-OKpecT-

HOCTb JMHHY A NOBTOpPAET B OCHOBHOM H3BWIMHH 3TOH nunuu (puc. 14, ),

# nortomy nueHs A’ nomkHa npo#iTu BaoAb Bcedl metnan ABC. Uuaue

roBOpH, eCiH + LOCTATOYHO Majio, TO He TOAbKO nuuug A’ pacnmono-

WeHa BcH BGAM3H JHEEAR A, HO W cama JAMHHA A He MOXET mxajiekQ
OTXOAuTh OT JuHHE A,
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ChopmyaupyeM Tenepb TOUHBE YTBEDPKICHHA.

(3) Myecms A—npocmas dyea, A,, 4, ..., A, —nocaedosamensro
Pacnonoxcenusie Ha Hell moyxu U &— noroxcumenvroe uucro. Tozda
cymecmsyem maxoe 8§ >0, umo Ha scawoi npocmoli dyee A’ <O (A, §),
KOHUb, Komopol omcmoam om xorios 0yeu A Menee uem wna §,

,::::::’::::ii

f ',l'

Haldymcs nocredosamenrsno pacnoroxcernse mouxy By, By, ..., B,
oan rxomopux p(A; B)<<e, i=0,1, ..., &

(u) Iycms A— npocmas dyza u & — noaosxcumensroe wucao. Tozda
cywmecmeyem marxoe 80, umo scarxas npocmas dyza N'cO(A, §),
KOHYb, KoOmMopol omcmosm om Kowpos Oyen A memee Hexm wHa O,
yoogaemsopsem ycaosuro d (A, A')<Te.

2.2. PaccTosiuue Mexay mpocThiMH Ayramu. IIpu $opMySHpOBKe CBOHCTB
(e) u (u) ucnosnn3cBanuck duamemp npocToli Ayru U omraonernue d (A, A') mexgy
JABYyMsi mpocTeiME ayramu A, A’. Jsas paccMOTpeHHS 5THX NOHATHH Heo6xomHMo
3HaTh, 4YTO

ecaxas npocmas 0yea A8AALMCA 02PAHUUEHHBIM MHOMCECHBOM.

Hoxaxem 3To. Ilycte A—npocras ayra, pacrnojgoxeHHas Ha NJIOCKOCTH
(8 cayyae mnpocTpaHcTBA AOKA3aTENbCTBO AHAJOTHYRO), H f—B3aHMHO OfHO-
3HayHOe HemlpepelBHOE OTOGpaKeHue HeKoToporo orpeska A=/a, b] Ha wmHO-
kectBo A. BBejeM Ha MJIOCKOCTH CHCTEMY KOOPAMHAT X, Y K 06O3HaYUM AJs
Kaxpoll TOUKM ¢ € A KoopauHaTH ToukHu f(f) wepes xs(¢) v yy(f). Torma xs(f)
H yy(f) TMPEACTABJSIOT coGOl HenpepeiBHBle QYHKIHY, 3ajlaHHEIe HA OTpeske A
(cM.” c1p. 37). Tak xak Bcskas HenpepolBHas QYHKLMSA, 3aJaHHAS Ha OTpEsKe,
orpanuueda (cm. D3M, ku. III, crp. 217), To cymecTByer Takoe umcjao M, uro
—M<x(5)<<M, —M<<yp(t)<<M ana mwoboit Toykn ¢ orpeska A. Huauye
ropops, Aas moboro €A Touka f(f) pacmosioxeHa B KBajpaTe, ONDEEsIeMOM
HepaBeHCcTBaMu |x|<< M, |y |<< M, H DoTOMy MHOXKECTBO A OTpaHHYEHO.

Mycme A —rnexomopas npocmas Oyea u A—ne sexwawas Ha Hell Mo4Ka.
Toz0a cyujecmeyem makoe NOAOKCUMEAbHOE HUCAO r, MmO 0af 000l moYky
BEA ssinoaneno nepasencmso p (A, B)y=r.

Jns nokasaTesnbcTBa pPaCcCMOTPHM HeNpepbIBHOE B3aMMHO OJHO3HAYHOE OTO-
Gpaxenne [ HEKOTOPOrO OTpe3ka A Ha MHOXeCTBO A U NOJOXHM @ ({)=
=p (4, f(f)), t€A. lonyuaemas TakuM o6pasoM dyHkuus @ (f), ompeleseHHas
Ha orpeske A, HempepHIBHA, UTO BUIHO, HANDHMEP, U3 €€ 3aMHCH B KOODJHHATaX

e )=V ;O —a)+ () —a)?
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(a; 1 ay,—xKoopauHater Toukn A, cM. puc. 15). M3 menpeprisHocTH 3TOf QPyHK-
LUK BBITEKAeT CyILleCTBOBAHHE TAKOro 3HauyeHHs OEA, AAd KOTOPOro GyHKUHMSA
@ (¢) npuHMMaeT HaumeHbluee 3Hayexne (cm. DM, ku. I11, crp. 218): @ (0) << @(?)
aas Jwoboro ¢t EA. Huaue rosopsa, @(8)<<p(A, B) aas mwo6oii toukn BEA,
H moroMy uucao r=¢ (8)=p (A, f(0))—ucxomoe (370 UHCJO TONOKMTENBHO,
TaK Kak TouKa A He JeXHT Ha
JAUHUE A M, CJeJOBaTeJbHO,
g A #[(9)).
Hycme Ay u Ay—0se npocmote
(1), 4,(0)) Oyeu, He umerujue obux mouek.
Tozda cywecmsyem maxoe noA0KCU-
w(t)-a meabHoe 4uca0 r, 4mo 0af At0bbix
| mouex A € Ay u B € A, goinoaneno
12,5 \ Hepasencmso p (A, B)=r.
Jns fokasartesncTBA PaccMoT-
\ pHM HempepreIBHOE B3aHMHO OIHO-
3HayHoe oTOGpaxeHWe [ HEKOTO-
‘Z}“(t)-a] A A
poro orpeska A; Ha MHOXKeCTBO Ay
7 2 4 HeNUpepHBHOE B3ayMHO OJHO3HAU-
Hoe oOTOGpakeHWe g HEKOTOPOro
oTpeska A, Ha MHOXKeCTBO A,.
Puc. 15. Oaa mobux Touexk t; € Ay,
t, € Ay MBI TIOJOKHM:
P (1) =0(f (1), g (12)).
Msl moayyaem TakuM ofpasoM (YHKUHMIO @ ABYX NepeMeHHEIX f; € Aqg,
t, € A,. Dra GyHKNHS HeTpepHBHA, 4YTO BHAHO, HANpHMEeP, K3 ee 3amucd
B KOOpJAHHATAaX:

@ (ta L) =V (5, (E1) =2, (1) F (5 (1) — Yg ()2

W3 HempepeIBHOCTH 5TOH (YHKUMM BBEITEKAeT CYIIECTBOBAHHE TAKUX 3HAUEHUH
6; € Ay, 6, € A;, A5 KoTOPHIX QYHKUMA NPHHHMaeT HauMeHbllee 3HaueHue 1)

Q (01, B)<<op (¢, ;) Ana mMoObHIX £y € Ay, £y € A,
Huave rosop4,

p(f(B1), g(6:))<<p (A, B) nnaa qobuix Touek AEA;, BEA,,

W MOTOMY TNOJOXKHTeNbHO® uHedo r=p (f (0y), g (6,))— Hckomoe.

Cnmeomom M, mu 6yleM, Kak H Ha cTp. 14, 0603HAuaTh 3aMbiKaHUE MHO-
kectBa M, T. e. MHOXeCTBO, IOJyyallieecs, €cad K M IpHCOEAWHHTH BCE €ro
rpaHHYHble TOYKH. MB!I JloKaXeM cjaefyloliee BajKHOe AJs JajbHeHINero cBoficTBO
OKpecTHOCTeH.

Ilyeme Ay u Ay,—03se npocmeie Oyeu, we umerowjue o6ujux mouex. Toeda
cywecmeyem makoe 4ucao € >0, amo muomecmea (O (Ay, €)); H (0(A,, ),
makoce He umerom obwux mouex (puc. 16). s pokasartensctsa 0603HauUM
yepes r TaKoe NOJOXKHTENbHOe YHCHAO, YTO P (A, B)=r gna nobex Touek A €A,

r
BEA; (cM. BbIE), H TONOXKAM e=. IMoxaxemM, uro MHOMKecTBa (O (A4, ),

B (O(A;p €)); He nMeloT OOWMX TouYeK. J(ONYCTHM TPOTHBHOE: CYIECTBYET

touka C, npyHaliexamasa ofoum >TuM MHOKectBaM. Tax Kak CE€(0 (A4, g)),,

1) Las cayvast HempepeBHBIX OYHKUMiI OT OZHOrO IePEMEHHOTO JLOKa3a-
TEJNbCTBO CYNeCTBOBAHHA HaWMEHBIUEro sHaueHus npuseseHo B I3M, ku. III,
crp. 218. B cayuyae oyHKuH#i gByx (MJM GOJbIIETO uHCJa) NEpPEeMeHHLIX AOKa-
38TEJbCTBO 2HAJOTHYHO, OHO HCHOJAb3YyeT TeopeMy DBoabnano—Befiepmrpacca
(99M, ku. III, crp. 156).
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TO KPYyTr pajuyca € ¢ lLeHTpoM B Touke C COJIepKHT BHYTPU cefs XoT# Obl OfHY
Touky MHoxkecTsa O (Ay, &), T. e. cymecrsyer Takag Touka DE O (A4, €), uto
p (C, D) < e. AnanoruuHo cyinectTsyer Takag Touka E € O (A,, &), uto p (C, E) <e.
Tak kak DEO (A4, &), To cywectsyer Takas Ttouka AE€A;, uro p (4, D) <e.
Aganoruyno, Tak xak E €O (A, €), TO cywecTByer Takas Touka BEA,, uTo
p (E, By < e. Temepp mMpl mosyyaeM (cM. m. 1.4):

0 (A, B)<p(4, D)+p (D, C)+p(C, E)+p(E, B) <etetete=te,

T. . p(A, B)<r. Ho sro mporuBopeunt ToMmy, uto p (A, BY=r ans nobex
Touek AE€A;, BEA,.

CoBepIlleHHO aHAJMOTHYHO JOKA3LIBAGTCSH, UTO ecau mouka A we aescum ua
npocmod Oyee A, mo cywecmsyem maxoe 4ucao & >0, umo muoocecmsa O (A, g)
u (0 (A, g)), He umeom obuux mo-
yex (puc. 1’}).

2.3. Joka3aTteabCTBO CBOH~
ctBa (a). ITyers f— HempeprlBHO®
B3aHMHO OJHO3HAYHOe 0TOGpaxeHHe
4ucnOBOTO oTpe3ka A;=(a, b] Ha
NPOCTYI0 AYry A # g — HeKoTopoe
Ipyroe oTofpaxKeHHe UHCJI0BOrO
orpeska A,=|c, d] Ha ToO Xe MHO-
xectBo A. Ilas kaxzporo ¢E€A; BH-
GepeM Takoe 3HaueHne TEA,, uTO
g(m)=f (), u nonoxum tT=g (¢).
Mer moayuaem, Takum ofpasoM,
HEKOTOPYIO (YHKIHIO @, 3afaHHYIO
Ha oTpe3ke A; H NPHUHUMAIOULYIO

3Ha4yeHusi Ha oTpeske A,. Mpl usy- Pic. 16
4uM HEKOTOphle CBOHCTBA (hyHK- o
HH @,

DyHKYUs Q 83aUMHO 00HO3HA4HO omobpascaem ompe3oKk Ay Ha 8ecs 0mpesox
A,. HefictBHTenbHO, AaAA Mool Toukd TEA, MH HMeeM g (T) €A, ¥ noroMy
Hafizerca Ttakoe uncno t€A;, uro f(f)=g (1), 1. e. T=0 (¢). CiaezoBarennHo,
GYHKLUHA ¢ oToGpaxaer OTpe30K A; Ha Becb OTpe-
30Kk A,. [Hanee, ecan ty5# ty 10 [ (f1) # (L)
(B cuay B3auMHO OZHO3HAYHOCTH OTOOpaMenus f),
H NOTOMY uHCJAa T; H Ty, YIOBIETBOPSIOLIHE CO-
oTHoweHuAM g (Ty)=F (t1), & (T2)=1{(¢2), pasamu-
Hpl Mexay coboH, T. e. @ (f;) # ¢ (f;). Taxum
o6pasom, oTo6paxkeHHe ¢ B33HUMHO OJHO3HAUHO.

DPynkyus @ HenpepwsHa. B camom  Jere,
® OycTh {q—INPOH3BOJNbHAN TOUKa OTpeska Ay H

£—TIOJIOKHTeNbHO wHCao. [lAf JOKa3aTelbCTBa
HenpepuBHOCTH (DYHKUHH @ HaM LOCTATOYHO ycTa-
HOBHTH CYIIECTBOBaHHe Takoro uucaa 8, >0, urto
oas  Jao60d  Toukn €Ay,  yHOBJAETBOpSIOME
yeaoBHio | f—fo| < §;, BHIIOJHEHO coOTHOWEHHe @ () < @ (#y)4e, u cyme-
CTBOBaHHE TaKoro uuciaa 8, > 0, uro gas awbofi Toukn fE€A;, yIOBAETBOPSIO-
el yeaoBHIo | f—tf,| < 8, BHINOJHEHO COOTHOWEHHe @ () > @ (¢)—e. Cyme-
cTBoBaHue uHcen O; W §, HoKaspiBaeTCs OJHHAaKOBO; NOKaXeM CyllecTBOBaHHE
gueaa 6.

IMonoxum ty== (¢,}. Ecau @ (f,)4 & > d, 10 cooTHomenue ¢ (1) < @ (o) &
BHINOJIHEHO Jif Ji060H TOukM f OTpes3ka Ay X CyllecTBOBaHHe uucsaa O; oye-
BUnHO. IlyeTe @ (¢)+e<<d. O6pas oTpeska [Ty-}¢&, d] npd oTo6paxenuH g
npepcrasaser cofolfi mpoctyo Ayry A', He cojepKamlylo TOYKH g (Ty) (uaiH, B
Clyuae Ty4e==d, nmpeicrasiser cofolt TOYKY, OTAKUHY®O Of g(Ty)). [losTomy

Puc. 17.
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(cM. m. 2.2) cywiecTByeT TakKOe I[OJOXKHTENbHOE YHCJO 7, uTo P (g (To), B) >r
aas mo6olt tToukn BEA’. Muaue rosopd, P (g (To), g(T)) >r TpH T==To+e&.
Tak Kak oTo6paskeHue [ HempepeIBHO, TO CYIECTBYeT Takoe uucio O; > 0, uto
Lis moGof TOUKH { oTpeakKa A;, YAOBJETBOpsiomed ycnoBuio | f—1f| < 6,
BHINOJIHEHO cooTHomenne o (f(Zy), f(£)) <r. Ilycte f—Touka orpeska Ay,
VIOBJETBOPAIOUAA YCAOBHIO |fy—1| << 0;; DONOKHEM T=¢ (f). Mo nMeeM
0(f (%), (D) <r. Hanee, Tag Kak t=0 (), To=¢ (), 10 [()=g (1),
f(ty) =g (To), u moromy p(g(To), g (7)) <r. Hs 310r0, B CHIY OmpeleeHHs
4ypedaa 7, BHTeKaeT, YTO TOYKa T He JEXUT Ha oTpeske [to+e, d], T. e.
T<19+¢8.

Wrak, npu |fo—1 | << §; Mbl HMeeM T < To+&, T.e. @ (f) < (f)+& Tem
caMbiM HenpepHBHOCTb (QYHKIMH @ J10Ka3aHa.

Dyuxyus @ moromouna. Ilyers £y, £y, f{,—TaKHe TOUKH oTpe3ka A,, 4TO
to <ty <ty Tlokaxem, yTo 3HaueHHWe @ (f;) 3aKIIOYEHO MeX1Yy @ (fo) ¥ @ (f5)
(1. e. aHE0 @ (f) < P (ty) < @ (f), 60 O (fg) > @ (1) > @ (43)). Lonyerin,
YTO S3TO He TakK; NyCTb, HaODHMep, 3HayeHHe @ (f,) SaK/JIO4eHO MeXAY ¢ (f4)
" @ (fy). Toraa na orpeske [#y, {,] HafifleTcst Takas Touka t;, uto @ (t') = (f,)

(cm. DOM, kH. III, crp. 216). Tak Kak fy<?;<<t’' <t,, 10 ty # ¢'. Ho roraa
cooTHoweHue @ (¢')= ({;) NIPOTHBOPEYHT B3aHMHOH OFHO3HAYHOCTH OTOOpaxKe-
nus @. [lonyuyeHHOe NpOTHBOpeYHe LOKA3piBaeT, YTO 3HaueHHe @ (f;) 3aKJIOYeHO
MeR1y @ (o) H @ (f2)-

13 10Ka3aHHOTO BEITEKaeT MOHOTOHHOCTS (YHKUMH @. JleHCTBHTENABHO MBI
umeeM @ (@) # @ (b); nyctb, Hampumep, ¢ (a) < @ (b). Toraa a1 M0OGHIX TOYEK
t' < t" orpeska [a, b] Mbl HaxofuM a <{” < b, oTKyZa @ (a) < (") < o (b);
nanee, a < t' < t”, orkypa @ (a) < @ (¢') < ¢ (t"). Hrax, npu ¢ < {” mMp nMeeM
@ (1) < (t"), 1. e. p—MOHOTOHHO Bo3pacraomas ¢yrxuus. (IIpa ¢ (a) > ¢ (b)
¢GyHKnMa @ O6yAeT MOHOTOHHO yObBalomeii.)

Suauenus @ (a) u @ (b) cosnadarom ¢ Konyamu ompeska [c, d]. D10 Hemo-
CpefCTBEHHO cJelyer H3 TOro, uro (YHKUUA ¢ MOHOTOHHA H orobpaxaer OT-
pe3oK A, Ha Becb OTpe30K A,.

V3 1oka3aHHOrO INpeiJOKeHHS BEITeKaeT, 4YTo ToukH [ (@), f(b) coema-
JaloT, C TOYHOCTHIO AO MOpPsIKa, ¢ TOYKaMH g (¢), g (d), H MOoTOMy TpHBEIEHHOE
B . 2.1 (a) ompejeneHHde KOHIEBEIX TO4YRK IPOCTOH AYrH KOppekTHO. TouHO
TaK e KOPPEeKTHHM SBJSAETCS M ONpeJefeHHe [OCAeI0BATENLHOTO pacHoi0Ke-

HHS TOUEK Ha mpocroil ayre. B camom jgene, mycts Ay, A,, ..., Ap— Hexoro-
phle ToukM npoctod AyrM A, BriGepem Ha orpeske Ay TOUKH fy, Iy, ..., Iz,
yIoBiaeTBOpAKOIMe YCaoBHAM f(#;)=A4A;, i=1, ..., k, a Ha oTpeake A,—Touku
Ty, Tgy + .+ » Ty, YIOBJAETBODAIOWHKe YcJoBHAM g(T;)=A;, i=1,...,k Torza
=0 ({), i=1,...,k, ¥4 nOoTOMY (B CHJYy MOHOTOHHOCTH (QYHKHHUH @) H3 MO-
HOTOHHOCTH NOCJeLOBATeAbHOCTH {1, f5, ... , [, BEITEKAET MOHOTOHHOCTh IIOCJeE-
AOBATENBHOCTH Ty, Ty, ..., Tg, H 0GpATHO.

2.4, JlokasaTeabctBo cBoiicTB (6), (B), (r), (A). Iycts A, B, C—1pu
TOUKH mpocToi AyrH A. BrlifepeM HenmpeprBHOE B3aUMHO OJHO3HayHOe OTOOpaxKe-
HHE YHCI0BOTO OTpeska A=[a, b] Ha MHOXKecTBO A, H TYCTb ty, fy, f3—TaKHE
TOYKH 3TOr0 orpeska, uto f(f;)=4, f(f)=28, [ (¢3)=C. Tak kax u3 Tpex pas-
AHYHBIX YH CeN £y, fy, f3 Bcerja OAHO H TOJBKO OJHO JIEXKHT MeXAY ABYMA
JPYruMH, TO H3 Tpex ToueKk A, B, C ofHa ¥ TOABLKO OLHA JEXKUT MeXKAY ABYMS
npyruvu. CeofictBo (6) RokasaHo.

Jna poxasaTeqbcTBa cBOfiCTBa (B) COXpPaHMM Te e 00o3HaueHHsa A, f, A,
B, ty, t,. BygeM pas onpejeneHHOCTH Ipeimosarath, uTo f; << fp. M3 cBolicrma
(a) fAcHo, yro TouKa D AyrH A B TOM H TOJABKO B TOM CJyuae JSKHUT Mexay A
u B na pyre A, ecan oHa HMeeT Bup D={(f), rae {; <t <t, Ilpucoennuss
K TOUKaM, JexamuM MeXmy A u B, eme camu ToukM A=f(¢;) u B=f(1,),
MBl HafifeM, uTo Touka D B TOM M TOJNBKO B TOM C/AYyYae NPUHANICKHT MHO-
KeCTBY Agp, €CH oHA HMeeT Bui D=[(¢), rne t;<{t{<C{p. Muaue rosops,
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MHOXeCTBO A 4p npeicTas/ser coGoit o6pas otpeska [#;, 4] npu oTo6paxkenuu f
H NOTOMy sBJsfeTCcA NMPOCTOH Ayroil.

IepeitnemM K aoxasaTeancTBY cBojictBa (r). IlycTe f—HenpephiBHOE B3aHMHO
OJHO3Ha4YHOe OTOGpaxkeHHe UMHCAOBOrO oTpe3ka A=/[a, b] Ha MHOXKecTBO A H
nycTh {;——TaKasg TOYKa OTpeska A, uto f (#;)=A;, i=0, 1,...,k. Torza TouxH
tgs t1y «vv s tp O6PA3YIOT MOHOTOHRYIO IOCJEAOBATEBHOCTh, NpPHYEM fo H fp —
KOHuBl OTpe3ka A. Bynem nna onmpefeneHHOCTH IpejnoJaraTh, 4TO a==fy <
<t < ... < tp_y<tp=>b. Jyra A; mnpeicraBaser cofofi o6pa3 orTpeska
A;=[#;_1, £;] npu ortoGpaxenuu f. M3 cBOHCTB UYHMCTOBHIX HEPABEHCTB JelkKo
BEITEKAeT, YTO OTPe3KH A; M A; ¢ HecocefHHMH HOMEpaMH He HmeiT oOWHX
TOYEK, a oTpeskH A; H A;y;’ HMEIOT eIHHCTBEHHYIO O0OWYyH TOYKY f;,
i=1, 2, ..., k—1. Orciofia u crefyeT CnpaBeiJuBOCTb CBOjicTBA (I).

Hakonen, cBoiicTBO (1) Jerko ycTaHOBHTHL CHauaja Aas k=2, a sareM 0o
HUHAYKIHAE — JJs OPOH3BOJBHOTO k.

2.5. JlokasateabcTBo cBoficTea (e). IlycTh f—HempepHBHOE B3aUMHO OJHO-
3HauHoe oTo6paKkeHue 4uHCAOBOro orpeska A=[a, b] Ha npocryl zyry A.
BBejeM Ha TJIOCKOCTH NpPSAMOYTOABHYIO CHCTEMY KOOpJAHHAT (B cayyae Npo-
CTPAHCTBA LOKA3ATENLCTBO AaHAJOTHYHO) H 0GO3HAYUM KOOPAHHATH TOYKH [ ({)
uepes x;(f) u yy(f). Tark xax GyHKUHH x;(f) ¥ yr(f), sanauHble HA OTpeske A,
HeNpepsIBHH, TO CymecTByer rtakoe uncao § >0, uto npu |¢ —¢" | < § Ml
HMeeM:

xp(B)—xp (1) < &/3, [ys(t')—yp(t") | <e/3

(cBO#CTBO «paBHOMEpHOl HelmpepelBHOCTHY; cM. 3OM, ku. III, crp. 220), u
TOTOMY

e (F ), F@") <2¢/3 mpu [ t'—t" [ < 8. ©)
BriGepeM Temepp Ha oTpeske A TakHe TOUKH a={,<l; < ... <lp_3 <ip=Db,
uro f;—t;_ 1 <€ i=1,2,...,k Touxky f(#;) Mb oGosnauuM uepes A;, (=0,
1, ..., k, a ofpasorpeska [#;_y, ¢;] npu oToGpaxennuy f—uepes Ay, i=1, ..., &.
Takum o6pasoM, mpocrtas Ayra A pas6usaetcss Toukamu A, Ag, ..., Az Ha
HoCJe0BaTeJbHO NPHMEIKAOUIHE APYF K APYry uYactd Ay, A, ..., Ap H3 He-

pasencTBa (9) BblTeKaeT, 4TO AHAMeTp KamIOH Ayru A; He NPEBOCXOAHT 2&/3,
T. €. MEHble &.

2.6. JlokasaTtedbcTBO cBoficTBa (k). IlycTe f—Takoe HempepwlBHOE 0TOGpa-
JKEeHHe YHCJAOBOTO OTpe3Ka A= b, c] Ha mpocTyio 1yry Ay, uto f (8)= B, [ (c)=C.
O6o3naunmM yepes Q MHOXKECTBO BCeX TeX 3HaueHHH [ €A, aas koTopuX [ (£) €Az,
MHoXecTBO Q COIEPXKHT TOUKY b B notoMy He nycto. O6o3HaunM yepes T TOYHYIO
BePXHIOI0 TrpaHb MHOKecTBa Q u mnosoxuM By={f (7). Mb mokaxeM npexze
Bcero, uto T€Q, T. e. yro By={f (1) €A;. Honycrmum, uto 370 He TakK. Torja
CylIecTBYeT KPYT HEKOTOPOTO pajHyca r C LeHTPOM B TouKe By, He copepxKamui
ToYeK AYrd Ay (cM. m. 2.2), ¥ NOTOMY cywecTByer Takoe &€ > 0, yto f (§) €O (By, r)
npH | t —1 | << e. CaefioBaTeNbHO, TOUKA f (f) He JeXKHT HA Ayre A, 0pH | {—T|<<e.
Ho Torga Ha orTpeske [T—g, T] HeT HH OfHON TOUKH MHOXKecTBa Q, 8 3TO HPO-
THBOPEUHT TOMY, YTO T— TOUHAf BepxHsAs TpaHb MHoxectBa Q. Hrak, 1€Q,
T. e. By=f(1)EA;. Tlo OTpeleNeHnio YHeaa T, UpH f > T TOUKa f(¢) e mpH-

HajMeXKUT Ayre Ay, T. e, 4acts A, AyrH A,, saKkjioyeHHas MeX1y TOuKaMH B,

u C, He umeer ¢ A; apyrux ofmux Touek, xpome B,. CienoBaTenbHo, YacTb
. ,

A, xyra Ay, sakaoueHHas MeXLy ToukamH A u By, ¥ uacts A, AyT¥ A, co-

. ,
CTaBIfIOT BMecTe npocTyio ayry A, --A, (cM. csoficto (4)).

2.7. HoxasarenbcTBo cBoiicTs (3) u (u). IIpoBeneM cHavala JOKa3aTeJbCTBO
cBOficTBA (3). Mp1 MOKEM CUHTATD (1 0GABUER, €CJH HYKHO, K TOUKaM Ag, 4y, ..., Ay
ellie KOHEYHoe YHCJIO Touek), ¥To Ay u A,—KOHIEBHE TOUKH AYTH A H TOUKH
Ag Ay oo., Ap jensit fyry A Ha 9acTH, Kaxjias M3 KOTOPHX HMeET AHaMerp
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€
< 5 - O6osHayuM »TH uacTd uepes Ay, Ay, ... Ay (Ayra A; uUMeeT CBOMMH
KOHLEBEIMH Toukamu A;_; u A;). IlycTe f — HenpepriBHOE B3AaHMHO OLHOSHAUHOE
otofpaienye YHCJAOBOTO OTPe3Ka A Ha MHOKeCTBO A W fg, f, ..., tp,—TaKue
Toukd orpeska A, uro f(#;)=A4; i=0, I, ..., k. Toraa nocnejoBaTeqbHOCTD
to» t1» ..., tp MOHOTOHHA, TpHYEM f{, H fz— KOHLEBHIE TOUKH OTpeska A. Ml

MoxeM (e3 OrpaHHYeHHsS OOLIHOCTH CUHMTATh, UTO 2Ta NOCJAEJOBATEJNLHOCTD —
Bospacrawimas, T. e. fo<i;<...<tp u A=[f;, {z]. SHcuo, uro
N=Fti_1 4D, i=1 2, ..., k.

BriGepem Takoe TOMOKHUTENTbHOE HHCJIO r, 4YTO BHIIOJAHEHH CJAeyIOmHe
yCJI0BHSA:

mHoxecTBa (O (Ay, r)); # (0 (Aj, r)); He HMeIOT OOWHX TOYeK 0p® |i—j| > 1;

mHOx)ecTBa O (Ag, r) # (O (A;, 7)); He UMEIOT OGKX TOUEK;

mHoxkecTBa O (Ag, r) 0 (O (Agz_y, 7)), He HMEIOT OGLIHX TOYEK.

CyiecTBOBaHHE TAKOrO YHC/Ia r BHITEKaeT M3 ckasaHHoro B m. 2.2. Hako-
Hel, Bhl6epeM MOJOKHTENbHOE uHciao O, YIOBJAeTBOpsioliee ycaoBHaM § <7,
§< —;— Mubt noKaxeM, YTO 3TO YHCJAO O YHOBJAETBOPSAET YCAOBHAM, YKa3a HHBIM
B (OpMyJHPOBKE CBOHcCTBa (3).

B camom gese, nycts A’ SO (A, 8)—mpocras Ayra, KOHUB KOTOPOH OT-
CTOAT OT KOHUOB JMHHH A MeHee ueM Ha 0. OGo3HaumM KoHun AyrH A’ uepes
By u Bp, tak uro p (A, By) < 8, p(Ag Bp) < 8. Bubepem HeKOTOpOe Hempe-
pPHIBHOE B3aMMHO OJHO3HAUHOE OTOOpaXKeHHe g YUCJAOBOTO orpe3ka A’ Ha mnpo-
cTyio Ayry A’ u o603HauUM uepe3 gy H ¢, KOHUE 3TOro oTpeska. MH MoxKeM
§e3 OrpaHHuYeHUs OGUIHOCTH CUHTATE, UTO g (q¢) =B, g (qs)=Bp. dasa xaxuoro

i=1, 2,..., k—1 o6o3HaunM depes Q; MHOKeCTBO BCEX TOYEK f > ¢, OTpPesKa
A’, ymoBJeTBOpsIOMHX yeaoBHIO g ([gy, (1= U, rae U;=0(A;, §)U O (A, §) U
U...UO0(A;, 8). fcuo, uro Q; mpencraBaser coGofi HEKOTOPH OTPe30K

(Bo3MOXHO, 6e3 mNpaBOro KoHma), cojepxamuiica B orTpeske A, npuueMm
Q1S Q:C... Qs

CnenoBaTespHO, 0OGO3HA4Yas mnpaBblil KOHeu oTpeska Q; uepe3 ¢; (T. e.
gi=sup @;, i=1,2,...,k—1), MBl HONYUHM Go<<q; < Go<< ... << (p_1 << Gp.
TonoxuM B;=g(q;), i=1, ..., k—1 (Toukn By u B, y}e OblIH OnpeleseHbl
Beime). Mul mokaxeMm, uro TouKu By, By, ..., B, pasauunbl Mexiay co6oi,
TOC/IelOBATENbHO pAaclOOXeHbl Ha JHHMK A’ M YIOBJETBOPSIOT YCJOBHAM
p(A,', B[)<8, i=0, 1,... , k.

Ilycre [—kakoe-au6o H3 3HaueHu#t 1, 2,..., k—1. Tak Kax npu ¢ < ¢;
Mpl nMeem g (£)€U;, To Kak yrogHo G6/MH3KO K TOuKe g(g;) HaHAyTCA TOUKU
muoxectea U;, B motomy B;=g (g;) €(U;);. Touka B, NpHHAMLIEKUT MHOKECTBY
0 (A, 8), xoropoe He mepecexaetcs ¢ (U;)g (160 § < r u i < k). Cnefioratennro,
B;# By, u noroMy ¢;<<qp JHanee, Touka B; He MOXeT NpHHaJJexaTb MHO-
KecTBY U;, Tak Kak 3T0 MHOXECTBO OTKDHITO, H IIOTOMY H3 BKJ/IOYeHus g (g;)EU;
BHTeKAI0 Ol cCymecTBOBaHHE TakOit TOUKH £€I[g, ¢p), ut0 (>¢; H
g([go t1) S U;, a 3To mpoTHBOPEUUT ONpeNeNeHHIO YHC/IA ¢; KAK TOUHOH Bepx-
Heli rpaHu MHOXKecTBa Q;. Mrak, Touka B; He npuHajiexur MHO)ectBy U,
T. e, He NPHH2IJNEXKHT HH OfHOMY u3 MHoxectB O (A;. 0), ..., O(A; §).
Hanee, Tak kak B;€(U;);, To Touka B; He UPHHALJEKUT HU OLHOMY M3 MHO-
xecTB (0 (Ajyar 8))g, ..., (O(Ag, 8)); TaxuM 06pasom, HH OFHO H3 MHOMKECTB
0 (A 0) He comepXuT Touku B; npH j# i 1. Ho mel uMeeM:

B;EANCO(A, 8)=0(A,, U0 (Ay 8)U ... U0 (A, 6).

Crenosarenieno, B;€0 (A;yq, 8). U Brmouwenus B;€(U;); BbTeKaer Teneps,
uto B;E€(0 (A;, 6))s TaK Kak 0pu j < i mHoxecTBa (O (Aj 8)); v O(Ajry, 6)
He mepecekaworcd. Hrak,

B;€E(O (A 8))ss  Bi€O(Apyy, 8),  i=1,2, ..., k—1.
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B uwacrroctd, B;_1€(0 (A;_1, )3 B;E€O(A;y1, ), OTKyna BHITeKaeT, 4TO
B;_1# B, T.oe. qi_1%4q;, i=2,3,..., k—I1. W3 Braoveruit B,€0 (A,, d),
B, €0 (A,, 8) Buitekaer, uro By # By, T. e. g # ¢;. HakoHen, kak Mbl Bhlle
BUAeNH, By_1 7 By, T, €. gp_1 # gz BecrnoMuHas Teneph HePaBEHCTBA Gy << §; <5
< ... =C(gp MB HaXOAHM, UTO ¢, < g1 << ... < §p, T. €. TOUKH By, By, ..., By
passiyuHBl MeXAy coboff H TOC/eJ0BaTe/IbHO PacHoJioXeHsl Ha anyre A,

Tax kak B,€0 (Ag 8), 10 p (Ay, By) < & < &. Ananoryuno p (Ap, Bg) <e&.
Haxkonen, npu i=1, 2, ..., 2—1 Mot uMeeMm B; €0 (A;4+1, §), T. e. cymecTayer
takas Touka C;€A;+1, 9t p (B, C;) < 8 < &/2. Kpome Toro, p(4;, C;) < &/2,
TaK KaKk JxaMerp Ayrw A;.; (cojepxameli obe ToukH A; C;) MeHblue &/2,
Takum obpasom, p(4; C;)<e/2, p(C; B;)<¢e/2, u notomy p(4; B)<e.
Tem cameM HepaseHcTBOo P (A;, B;) <& HokasaHo uas Beex i=0, 1,..., k.

INepefizeM K poKasaTeabcTBY cBoicTBa (u). Paso6wrem Ayry A mocjepoBa-
TeJNbHO PacHOJIOXKEHHHIMH Ha Hell Toukamp Ag, Ay, ..., Ap (A, 1 Ap—KoHue-
Bble TOUKH) Ha 4acTd Ay, A, ..., Ap, fHaMeTp KaxIOH H3 KOTODHIX MeHbIUe &/2.
Bu6epem Takoe O >0, uro Ha Bcgkoit npocroii ayre A’ G O(A, §), xoHuH
KOTOpOfl OTCTOAT OT KOHLUOB RyrH A MeHee uem Ha §, Hafiiyrcs TouykH B,
By, ..., By, nas xoropux p(A;, B;) <e/2, i=0, 1,...,k (rakoe unucio §
CyWeCTBYeT B CHJY yiKe JIoKa3aHHOro cBojictBa (3)). IIpu sToM Mel 6yaeM mpex-
nojararh, 4to 8 < &. IlokaxeM, 4To 3TO 4UCA0 O-—HCKOMOE.

Iycrs A'CO (A, 8)—npocras ayra, KOHUH KOTOpPOX OTCTOAT OT KOHIIOB
ayra A meHee uem Ha §. BuiGepem Ha ayre A’ Takue Touku By, By, ..., Bp,
uro p(A; B;)<e/2, i=0, 1,..., k. Tax Kak ;uaMerp Ayru A; MeHbue &/2,
10 A; €0 (4;, /2). Kpome toro, A;€0 (B;, &/2). CneposarensHo,

A;CO(A4;, &/2) CO(0O(B;, €/2), €/2) CO(B;, &) CO(A, &)
OTo COOTHOWmEHHE crpaBednuBo Anas Jwoforo i=1, 2,...,k, u mnotomy

ACO(A', e). Kpome Toro, A' CO(A, 8)CO(A, e). "Taknm o6pasom,
d(A, A)<e.

§ 3. Cnpamasemble JuHHH

3.1. Bunucannnie «tomanbie». Ilycts Ay, Ay, ..., A, —kaxue-1u60o
k-+1 pasiuuHelXx TOYeK (Ha MIOCKOCTH WJH B NPOCTPAHCTBE), paccMat-
puBaemnlx B ykasanHoM nopsfiake., Cymmy
orpeskoB AyA;, A4, ..., A, 14, ¢ OT-
MeueHHBIMH Ha ReH Toukamu Ay, Ay, ..., 4,
(B yxasaHHOM mnOpAAxe) Mbl OyJeM HAa3H-
BATb Henouxoil ompe3wos N 6yneMm 00603Ha-

yarhb ee uepes AgA; ... A, Touxu A,
Ay, ..., A, HABBIBAWTCH BepwiUHaMU pac-
cMaTpuBaeMoft ULenoukH OTpe3koB. Besakas
nomanas L=DB,B; ... B, ABnaerca Taxwe
ienoukot oTpeskoB (¢ BepluuHaMu By,
B, ..., B)). O6patnoe, BooGuie rosops, Puc. 18.

HEBepHO: LernoyKa OTPe3KOB MOKET He ObIThb

naomaHo#t (B cmbicie n. 1.3), Tak Kax orpeskH, COCTABAAIOULIHE LENOUKY,
MOryT HMeTb fepecedyeHud, HanoweHud u T. m. (puc. 18). Tem He menee
Mbl 4aCTO B HajbHeifmeM OyIeM BMeCTO TePMHHA WeNodKa OmpesKos
ynorpebaaTh CIOBO «IOMaHas», 3aK/I0uyas €ro B 9TOM CJAydde B KaBbYKH,
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Takum o6pasom, sosmanas OyneT BCerja NOHUMAThLCA B TOM iKe CMbIC/e,
uyTo # B 1. 1.3, a TepMuH «gosaras» OyReT ynoTpeOnaThcd KaKk CHHOHUM
TEPMHHA «LlenoyKa OTPE3KOB».

Jaunoid uenoukn otpeskos I'=AgA;, ... A, M OyxeMm Ha3pBaTh

4HCIIO0
L(T)=p (Ag, A+ 0 (Ar, Ag)+ .o 40 (Apys A

B Cjlydae, €ClM Lenouka OTPE3KOB fABJIsSieTCH JOMaHOM, Mbl monydaem

obblynyl0 1aHHY noMano#t (cM. m. 1.3).

Taxum 06pa3oM, UENOUKa OTPE3KOB M ee AJMHA ONPeNelAOTCA BbOO-
poM Bepuins Ay, 4;, ..., A, B KauecTBe KOTOPHX MOXHO B3AThb M0y
KOHEYHYI0 COBOKYIHOCTb DasiHYHbEIX TOuek,
paccMaTpHUBAeMBIX B OnpEAe/ICHHOM IOPALKeE.

[lycts Teneps A —HekoTOpas mpocras
oyra u Ag, Ay, ..., A, — TOUKH, NOCHELO-
BATENbHO PACHONOXKEHHHE Ha Ayre A, mpu-
yeM A, U A, — ee KOHIEBEIE TOYKH. B aTOM
clyyae LIeNOYKY OTDPe3KOB

F=A0A1 - Ak

MEl OyJleM Ha3hBaTDh SNUCAHHON KAOMAHOIY
Iyru A ¢ BepiinHaMu B TOukax Ag, Ay, ...
, Az, (9Ta «1OoMaHasd» MOXKET UMETh Ca-
MOmepeceyeHns H caMOHalOweHns, puc. 19.)

JlokaxkeM Tenepb CAEAVIOULYID JIeMMY:

Hycms A—npocman Odyza u TI'=AjA, ... A,—Hexomopas ee
gnucannas «pomanaay. Toeda oan awbozo &0 moxHo Halimu
markoe 8§ >0, wmo scaxvan aomarnasn L, daa wxomopoii d (A, L) <8,
yOogaemsopsem ycaosuw [(L)>I(")—e.

B camom gmene, nycts 0> 0— Takoe UMCAO, YTO Ha BCHAKOH Ipo-
cto#t nyre A'cO(A, §8), KoHiW KOTOPOH OTCTOAT OT KOHUOB AyrH A
MeHee ueM Ha O, HalAyTcs NOCIeLOBATENbHO DACHONOWKEHHBIE TOUKH

By, By, ..., B, ZnsKOTOpHX P (A, Bi)<§%,i=o, 1, ..., k(cm. cBOM-

c¢tBo (3) B m. 2.1). Ilyctp, manee, L — npousBoJbHAad JOMaras, yIOB-
netopsomas yenosuio d (A, LY << 8. Torma L&O(A, 8) u A<O(L, 6).
M3 Bkmouenns AcO(L, §) BrTexkaer CyluecTBOBaHHE Ha joMaHO# L
Takux Touek P wm Q, urto p (A4, P)<<6, p(4,, Q)<<d. O6o3xaunum
4acTh JOMaHOH L, 3akaioueHHyi0 Mexay toukaMH P u Q, uepes A'.
Torna A'cLcO(A, 8) n xoruel xyru A’ OTCTOST OT KOHNOB Lyru A
MeHee d4em na O. CnemopartenpHo, Ha nomaHo# A’ HaliiyTcs Takue

NOCNEeAOBATRNBHO  DAacMONOXeHHble TOYKH By, By, ..., B, uto
£ .

p (4, By g+ i=0, 1,..., k. OGosnaunym uepes L; yacTb JoMaHOH

A’, sakmouennyo mewny Ttoukamu B;_; u B;(i=1,2, ..., k), auepes

L' —uyactp nomanoit A', 3akmoduennyio mewny Toukamm B, u B,. Torxa



COPAMISEMBIE JTHHHH 111

L' amngetca yacteio naoMaHoit L, u notomy [(L)==/(L’) {cM. cBOiicTRa
(@) w (B) B m. 1.1). anee, nomanas L' cocraBneHa M3 JOMaHHIX
Ly, Ly, ...,L, nmnocnemoBaTe/qbHO NPUMHIKAIOWHX ADPYT K APyry, H
notoMy (cm. ceoitctBo () (L) ={(L)+I(Ly)+ ... F{(L,). Tak xax
nomanas L; coemunser Toukn B;_; m B, 10 I(L)=p(B;_y, By,
i=1,2,..., k(cm. 0. 1.4). Hakoreu, u3 cooTHowenuit p (4;, B;) <i ,
€

i=0, 1,...,% Mo nonywaem: p(B;_q, BY>=>p(4;_1, A)—2-5.
V3 manucaHHMX COOTHOLIERHH HerOCpPeJCTBEHHO BEITEKAEeT, YTO

HL)> 0 (Ag, A4 (Ay, Ag)+ oo 40 (Ayoyy A) — 2k =1(T) —e,

H JieMMa TIONHOCTBIO IOKa3aHa.
JloKkasaHHAs JeMMa [O3BOJSET OUEHb POCTO YCTAHOBUTH, YTO OAUHA
somanoil obradaem csoficmeon (&) (cM. n. 1.6). JelicTBUTEALHO, NYCTh

A —nomaras nuuua u Ay, Ay, ..., A, — €e BePIUHHH, NOCKEIOBATENbHO
pacnonoxennnle Ha aunuu A. Torma Bnucanras «iaomaHas» [ =
= A,A, ... A, coBnamaer ¢ A, W [OKa3aHHad JieMMa yTBepXKIaeT

cyuiecTBOBaHHe Takoro uucna 6>>0, uto BCAxkad somaHas L, and
kotopo#t d (A, L)<, ynosaerBopser ycnosuw /(L)>1(A)—e.

3.2. Onpenenenue cmpamiseMoit mpoctoit nyru. OTMeueHHHE BRle
CBOMCTBA [IJHHL JOMaHOM IoCAyXaT HaM Tenepb Ak ONpeHeTeHUud
Knacca cnpamMasdeMbXx AHHEHN. VMendo, Mpl 6yLeM rOBOPUTL, 4TO
npoctad Ayra A ABAAETCA cnpAmasesoll, eCIH BEIOMHEHO CIeLyioLIee
yCIoBHE,

Cywecmgyem maroe noproxcumensroe uucaro M, umo npu awbosn
0> 0 naiidemcs somanan L, das xomopod d (L, A)<<8wu (L)< M.

WuwMu cnoBamu, npocrtad nyra A HasuiBaeTCs COpsAMAsieMOl, ecau
CYWeCTBYET TAKO€ IOJOXHTENbHOE YHUCTO M u Takag nocjaenoBaTenb-
nocts Ly, Ly, ..., L,, ... nomanex, yro lim L,=A(r.e.d(L,, A)—0

n-—>w
npu n—o00) u [(L,)<<M nna moboro n.

3.3. CopamJfieMOCTb M BIHCAHHBIe «/JOMaHbIe», B aToM nyHkTe Mu
LOKAaMeM CHeXYIOWYI0 TeopeMy:

IIpocmasn 0yza AN 8 mom u moavko 8 mom cayuae cnpamisera,
ecau cywecmgyem maroe nosoxcumensroe wyucao M, umo Odsuna
awoboll snucannoli 8 A «aomanoiiy ne npesocxodum M’

dTa TeopeMa BHTeKaeT, OYEBHIHO, H3 CNEAYIOUIMX ABYX Npeno-
weHnH:

a) Mycms A—cnpamnanenas npocmas Oyza u M>0—maroe
nososcimessroe 4icro, 4mo npu sobom 8 >0 naiidemcs somanas L,
O womopoli d (A, L)Y<<6 u I (L)< M. Tozda druna awboll snican-
Holl 8 A «aomanoily ne npesocxodum M.

6) IMTycmys A—marxas npocmas dyza, wmo dauna £1000d snucan-
Holl 8 Hee «pomanoliy He npegocxodum M', Toeda npu awbon &> 0Q

n
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Haii0emca aomanas L, osn wxomopoit d(A, L)<<8 u I(LyssM.
Caedosamensno, npocmas dyea A cnpamasena.

HokaxeM 3TH HpensOXeHHH.

(a) Mycts '=A,4, ... A,—Tpou3BONbHAas BRHCaHHAd B Ayry A
«ioMaHag» H &—TMOJNOKUTENbHOE 4HCH0. BuiGepem uucno 8, cyuiecrso-
BaHyue KOTOPOro yTeepwnaercd B AemMe n. 3.1. B cuay cnpsamaseMocTH
nyra A, cymectByeT Takas aoMadas L, uto d (A, L)<<O u [(L) << M.
Wz cootHomenus d (A, L)< 0 BuitTekaeT B chay JdemMsl m. 3.1, 4TO
[(Ly>{(I"y—e. Taxum o6pasom, [(I')<<!(L)d4e=<M-+e Bauny
TPOHU3BONLHOCTH & oTciona cnenyer, uto [(I) << M.

(6) Mycts 0 ~-1poU3BOABHOE NONOKHUTENBHOE YHCIO, BriGepeM Takoe
HOMOXHTEAbHOE yncao &> 0, 4ro Bcakas npocrad ayra A' < O (A, &),
KOHIIE KOTOPOR OTCTOAT OT KOHIOB AYTH A MeHee UeM Ha &, yIOBNeTBOpSeT
yenosuio d (A, A’y << 8 (cm. cpofictBo {u) B m. 2.1). Hucno & Oymen,
KpoMe TOro, mpennonaraTh menbuiuM, dem 0. PasoGrem ayry A Tou-

KaMH A,, Ay, ..., 4, (A; 1 A,—XKOHIEBbIE TOYKH) HA YaCTH, LHAMETP
Kaxno# H3 KOTOpHX MeHbIUe &, TaK 4TO, B YaCTHOCTH, P (A;_q, 4;) <&,
i=1, 2, ..., k. Torza Bca BnucanHas wiomanas» I'=A A, ... A4,

codepwuTcad B MuowecrBe O (A, e):
T'cO(A, &) = O(A, §).

Cornacro npeanonoxenuw, [ (I) << M.

JoxkaweM Temepb M0 HHLYKIHH, YTO CyllecTByeT somadas L; < T’
C KOHUeBbIMH TOYKaMu A, H A;, LiuHa KOTOPOi#l He MPEeBOCXOMHT NIHHEI
«iomaHoty AgA; ... A;. Tlpm i=1 2370 yTBEpXIEHHE OYEBHUIHO:
MOXHO 3a L, mpuHATh otpe3ok A,4,. IlycTh yxe nocrpoeHa nomaHas
L;_y =T c xouueswMu ToukamMu A, 0 A;_;, ATHHA KOTOPOH HE npeBoC-
XOMUT NnuHb «ioMaHody AgA; ... A;_;. O6o3nauum yepes B, Gnmxali-
myio K A; ofumyio Touky nomano#f L; ; u otpeska A;_ ;A;. Torna
oTpesok ByA; umeer ¢ snomaHoft L;_; eZHHCTBEeHHYW ofuiyio TOuky B,.
Mostomy wactb L;_ | nomaHo# L; B3akiioueHHas MexAy TOYKamH A,
n B,, cocraBnger BMecTe ¢ OTpeskoM By4; nomanyo, comepxaliyocs
B ' n nmeromyw A, m A; CBOMUMH KOHUeBHMM Todkamu. Ee nnuHa
I(L,_)+1(ByA;) ne npesocxomnt wacna [(L;_))+1(A;_44;), T. e.
He MPEeBOCXOMHT LIHHH «ioMaHoMy AyA; .... A; Taxum o6pasowm, 3a L;
MOXHO NMPUHATH noMauylo L) -4 ByA;.

[TpoBenenHas wHAYKUMS [03BOAsieT HalTu jomadyiw L,CA ¢ xou-
LeBbIMH TOukaMH A, # A,, I1MHa KOTOPOH He MPEBOCXOLHT IJAHHHI
«wiomanoity I'=A,A; ... A, 1. e. [(L)<<I ()<< M'. Tak kak L,c A,
T0 L,cO(A, &), 1 nmotoMy, coraacHo BHGOpY uYHcna &, MEl HMeeM
d (A, L,)<<8. Takum o6pasom, novanas L, —Hckomas,

3.4, CmpamasemMocTs cocTaBHO# ayru., [Iycms A—npocman dyea,
cocmasaennas w3 npocmuix dye Ay A,, ..., Ay, nocaedosamensro
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npumsrcaomux dpy2 k 0pyey. Ecau 0auna 8caKoll KA0MAHOI, 8NUCAHHON
8 dyey A; ne npesocxodum M, mo daura 6CaKOl «r0MAHOD,
snucannoi 8 0yey A, ne npegocxodum M+ M, 4 ... +M,.

Iloka3aTenbCTBO NOCTATOYHO NMPOBECTH AIA Clyuad ABYX MpPHUMBIKALO-
wwx ayr A; 1 A,. OGosHauuM ofuwmii kouew Ayr A; m A, uepes C,
a BTOpeie HX Kouusl—uepe3s A u B, Ilyers I'=A A, ... A,—mnpo-
M3BOMbHAS BHHCaHHas B ayry A «iomanasy (A=A, A,=B). Ecn
tToyka C He ABNAeTCs BepiiuHOH «iomaHo#» I', To cyuecTByer Takof
Homep [ (1 <Ci<Ck), uTo TOuKM A, A, ..., A;_1, C, 4 ..., 4
nocienoBaTeqbHO pacmonowensl Ha aAyre A. O603HaYMM  «1OMaHYyIO»
AyAy ... A;_4C, smmcamHyo B nxyry A;, uepes I'j, a «roMaHyio»
CA; ... A, sBrnucanylo B ayry A,, —uepes I',. Torma ww
HMeeM:

IT)=p(Ag, A+ ... F+0 Ay, A+ .. (A, A<
<p(4gy A+ ...+ (P41, O+p(C, AN+ ... Hp (A, A=
=) +1 Ty < M, + M, .

Ecan we Touka C snaerca sepuinmnolt nomanoft I, manpumep C=A4;,
o IMYy=IT)+IT@,), rtnel';=A4,... 4, Ty=A4, ... A,, u noromy
I([)<< M, M,. Takum obpasom, B mobom cnyvae [(T)<<M, + M, .

Cnencrvsue., Ecau npocmasn dyea A cocmassena u3 cnpamase-
aex npocmeix 0ye Ay, A, ..., A, nocaedosamessro npumsixaio-
wux Opye x Opyey, mo dy2a A crpsuasena.

3.5, ®yHKUUM C OrpaHUYeHHBIM H3MeHeHHeM. IlycTe f(f)—HexoTo-
pas ¢ymkuua, saxanHag Ha orpeske [@, b]. Hamownum, yto f Hasmma-
eTcs yHKyUel ¢ 02paHUMEHHHM U3MEHeHUeMm, eCTH CYLLeCTBYeT Ta-
KOe TMONOXUTeNbHOe uHcno M’, uTo Ang mobHX TOUeK a =1, <t <<
<{...<<t,=0b (k npoH3BOSbLHO) BLINOJHEHO HEPaBEHCTBO

]f( —J (&) [+t (tz)]"}—---+,f(tk-1)—f(tk)l<M”-

Ecau oiynwyus f(t) Monomouna wa ompesxe [a, b], mo oua
obradaem o2parunennum udsmenennesr. Hanpuvep, ecnu f(¢f)—Boapa-

crapomas  Gyskuus (7. e. fFENVY>SS () npu ¢ >¢), 10 MM
HMeeM:

[f () —FUED |+ fE)—FE) [+ 1) —f () =
= (f(t)—F E)) 4 (f (£s) = FUE)) 4 oo + (F () —F (-1)) = F () — f (a).

Ecan dynryus f(t) umeem na ompesrxe [a, b] Henpepsigryo npo-
13800ny10, mo ynryus f(t) obradaem ozpanurenHslM U3MeHEHUEIN,
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HeftcTBUTENbHO, Tak KaK npoussonHas f’(f) ¢ynkuum jf(f) Hempe-
peiBHa Ha oTpeske {[a, ], TO OHA OrpaHMYeHa, T. €. CYLUIECTBYET T4KOe
yueno K, uro | f (f) << K ana no6olt Toukn £ € [a, b]. CremoBaTennHo,
ans mobeix  Todek ', #7 oTpeska A Mu mmeem: f(¢)—f(#)=
= f'(E) (¢’—1"), rne E-——HeKkoTOpas Touka oTpeska A, Jexamas
Mexay ¢ ut’, mwmoromy |f(¢')—j (#")|<<K.|#'—¢"|. Takum oGpason,

| F—F D) [ F I fE)—F )+ o)) =T (B <
<K(lto—ti|+lti—t [+ ...+t s — 1t ) =K (b—a).

YcranosuM Tenepb CACAYIOMUNE KPHTEpPHHE CIpPAMAAEMOCTH
npocToff Ayru:

Teopenma. Ilyems A—wnexomopas npocmas dyza na nriocko-
cmu U f— HenpepbiBHoe 83AUMHO 00HO03H atHoe 0mobpadicerlie 4UCA08020
ompesxa A=/la, b] na mrnoxecmso A. Bsedem Ha naockocmiu dexap-
mogu Koopdurams. X, Yy U o6o3nanun woopdurnams. mouxu f(f) uepes
x4 (?) u y;(8). Ipocmas dyea A 8 mom u mossko & mom cayuae
cnpamanena, eca obe Pyniuuu x;(t), Y4 (2), onpedesennoe na om-
pesxe A, o6radarom 02paHuteHHbM U3MEHEHUEM.,

OoxasaTenbcTso. [lpeanonoxum, uro npocras nyra A cupam-
nsieMa, H nycTb M’ —Takoe 4HCIO, YTO IJHHA BCAKOM BOHCAHHOH B A
«toMano#t» me npesocxoxut M’. BuiGepem Ha orpeske A TOUKH
a=ty<lt;<<...<t,=0b u nonowum f({;)=4, i=0, 1, ..., &
Torxa and BucaHHOH wiomanoi» '=A A, ... A, mul nveem [ () s M/,
T. e. p(dy, A+ 04y, A)+ ... +0(4,_y, A) <M. Ho rak xax
Touka A; MMEeT KOOPIHUHATH xf(fl-), yf(tl.), TO

[xp(ti_)—x,(8) | <<p (421, A),
[y, (o) =y () | <p(Aq, A)

(n60 KaTeT NPAMOYrOJBHOLO TPEYroNbHHKA He MPEBOCXOLHUT €0 TH-
noteHysn). Takum o6pasom,

k
[x,(t0) — %, (E) | << Do (Ai_y, A)< M,

1 i=1

D=

i

e

[y, (ti1) —yf<zf,-)1<in<A,--1, Ay<m,

=1

1

H noToMy Kawnas u3 OyHkumit x,(f), y,(f) ob6nanaer orpaHuyeHHsIM
H3MEHEHHeM.

O6patio, nyctse A —rtakag npoctas ayra, 4TO (YHKIHH X (1)
H y;(f) obnajaioT orpanndgnHmM nuaMenendeM. OGosnauum uepes M’
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TaKOe 4YHUCIO, YTO JANA JIOOHX TOYeK a :={f,< f;<...<f,=0 BHNOA-
HeHbl HepaBeHCTBA

&

&
Z’xf(ti— )—x (8 < M, igllyf(ti-l)'—yf(ti)I<M”.

i=1

[ycte, manee, '=A,4; ... A, —npou3Bo/nbHAA BIHCAHHAA «IOMAHAN»
oyru A, BuGepem rTakme uHcna a=f,<{t; < ... <t,=0b, uro
fity=A4; i=1, ..., k. Tak xax rHIOTeHy3a MPAMOYTONLHOTO Tpe-

YTONbHHKA MEHbIIE CYMMB €r0 KaTeToB, TO P (A;_q, A)<<[x,(f;21)—
— x4 (8) |+ 1y (o) —y;(¢)]. Cnenosatenso,

3

k
EP( 1—17 ' § xf(t ‘+ zfyf -1 yf(ti)]<2M”'

i=1

Takum oGpasoM, niusa moGol BumcanHOM «iomanod» I' He mpesocxo-
out 2M”, u notomy mpoctas Ayra A cmpamisema,

Canencreue 1. Bcakaa eaadras npocmas Ody2a (ctp. 38)
enpamasena.

Caencrteue 2. Beaxas kycouno eaadrxas npocmasn 0yea (ctp. 38)
cnpasagema (cm. m. 3.4),

3.6. Cegsb ¢ Teopuelt miomaneil, Beaxas cnpamisemas npocmasn
oyea A seagemcs HYAb-MHONCECMBOM 6 CMsiCAe meopi naomadeld
(T. e. MOxeT OBITb 3aK/IOUeHa

B MHOTOYrOABHYIO PUIYpy mpo- 3 .

M3BOMBHO MaMOH IUIOWLALH, CM. ¢ Ze

cTp. 34). c
B camom zmene, mycts M— €

YHCTI0, YYaCTBYIOIEe B ONpere-
JeHHH cnpamaseMocTH (m. 3.2), Puc. 20,
H &—HeKOTOpOe MOJIOXHUTEdb-
HOe u4Hcno., Brbepem JomaHyoo L, yIOBIeTBODPAIONIYIO YCIOBHAM
[(Lyss M, d(L, A)<<e. Torna Mu umeem AcO(L, €), u moxasmBae-
MO€ TpeiTOKeHHe HemOCPelICTBEHHO BhITEKAeT X3 NPUBOIUMON HuKe
JEMMBI,

Jlevmma. [lyets L —npoussossnan aomarnas. Tozda muoxcecmso
O(L, &) npedcmasasem coboil k8adpupyemyio pueypy niouadu

T
< (z () +78> %.
Joxka3aTenbCTBO JECKO MNpPOBECTH MHAYKUMeH MO 4YHCAY 3BeHbEB
ndomanoit L. B ciyyae omHOro 3BeHa OHO sicHO M3 puc. 20 [nnomanb
1
durypet O(L, €) B 3TOM cnyyae paBHa (I(L)—F7s> 28]. [Tycts nemma
yx¥e I0Ka3aHa IR TOMaHbBIX, HMEIOIUX < R 3BeHbeB, L =A A, ... Ap—
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nomasaf, wuMelowas & 3senbes. llomowmy L' '=AjA; ... A,y
L"=A, A, Torna

S(O(La 8))=S(O(L,a 8)+O(L”: 8))=
=s(O(L', e))+s(O(L", g))—s(O(L’, €)-0(L", &)

(cM. crp. 48). B cuay npennonoxeHus HHIYKUHH, MB HMEEM:
s, = (L) +5e) 2,
s, o)< (1L +5¢) 2

kpome Toro, s{(O(L’, €)-O(L", €))==me?, Tak KaK [epeceyeHHe

O(L', €)-O(L", &) comepxut mno Kkpahnelt Mepe Kpyr panuyca € ¢
ueHTpoM B TOuke A, , (puc. 21). Takum oBpasom,

s(O(L, &)= (l(L’)—{——;— a) 2 +

1

V—J

4 (z (L+2 e) 9e— me? =

=<1(L')+z(u)+ge) % =

W JeMMa AOKa3aH4.

Ha crp. 42—44 npusenen mpumep

NpOCTOH OAYTH, He ABIAIOLIEHCH HY/1b-MHO-

WECTBOM B CMBICJIEe TEOpHH maomanei.

Puc. 2. CrnepoBaTenbHO, 3Td MNpOCTas Ayra He-
cpamisieMa.

3.7. IpocTole 3aMKHYTHE JUHUE, YacTO NPUXOAMTCHA paccMaTpH-
BaTb 3HAYUTeAbHO OGojee obmue «IHHHM», 4YeM MNPOCTHE IYyTH.
Hanpumep, ectecTBeHHO paccMaTpHBaTh QUIypHl, ABAdIOIHECH O0BELN-
HEeHHeM KOHEYHOro 4YHC/I4 NMPOCTHX AYr, MONAPHO HE HMEImUX OOUIuX
BHYTpPEHHUX (T. €. HeKOHUEeBHX) Touek. OCoOHN HHTEpeC NMpenCcTaBIAIOT
npocmsie 3aMKEHYmMble AUKRLY, T. €. JHHWH, NpEACTABAAIONHECH B BUILE
o0benHMHeHH IBYX (He HMEIOLIMX OGLUHX BHYTPEHHHX TOYEK) IPOCTHIX
Iyr ¢ ofwuumu KoHuamu (puc. 22). Ilpumepamu SIBAKIOTCH OKPYWHOCTD,
SNNHIC, KOHTYP TPeyroJbHWKA HAH KBazpata H T. M.

Kak # B ciayuae mpocThix Ayr, Ha OpOCTOH 3aMKHYTOH /HHUH
MOXHO DacCMaTPHBATH MOCAeAOBaTe/NbHOE (LHKAHYECKOR) PACHOIOWEHNE
TOYeK, BIHCAHHBIE «IOMaHble» (KOTOpbEe OYXYT YWe 3aJKHYmbliml




JJIHHA HA KJIACCE CHPSIMASEMBIX JHHHH 117

neioukamu otpeskoB, puc. 23) u 1. A. Onpemenenue CcrnpsaMIseMOCTH
(m. 8.2) m npennowerHd, mokasaudele B mm. 3.1, 3.3, 3.4, 3.6, Heno-
CpeLCTBEHHO 0600UIalOTCA HA Cayyall NPOCTHIX  3aMKHYTHIX JHHKH,

[Ipocmyo  3aMKHYMYI0  AUHLIO
MOXHO TaKxe ONpeleNuTb Kak 06pa3
orpeska [a, b] npm TakoM Hempe-
pbiBHOM  OoTOOpaweHHH f, KOTopoe

Puc. 22,

NepeBOLHT KOHUH @, b OTpe3ka B ONHY H TY e TOUYKY, a4 Ha MNOJy-
uutepsane [a, b) B3aUMHO ONHO3Ha4HO. IDTO HO3BONAET PACCMATPHBATH
Gyuxunn %, H Yy (cp. cTp. 40). Teopema m. 3.5 (c Tem wxe Hgokasa-
TeNbCTBOM) COXPAHSAETCH M NJIF MPOCTHIX 3aMKHYTHIX JIHHHH,

§ 4. Jsmna Ha kjaacce cCmpAMJSeMBIX JHHUR

4.1. AxcuomaTHyeckoe omnpenenesue NJAuHB. Jaunold Mo Gynem
HaspiBaTh QYHKUMIO [, 3aXaHHYIO Ha Kjiacce BceX CHPAMIASEMBIX MPO-
CTHX IYI H YIOBAETBOPAMLIYIO yca0BuaM (o) —(e) cm. ctp. 89 u 98).
Mp mokameM B CIeNYIOW(MX MYHKTax, 4TO HA Kiacce BCEX ClIpaMise-
MblX Ayr Takas QyHKkuua [ CywecTByeT M NPHUTOM TO/NBKO OfHAa (T e o-
peMa CymecTBOBAHMS H €XHHCTBEHHOCTH).

4.2, JlokasaTeJbCTBO TeOpeMbl cyiuecTBoBaHus. [lycte A —rmpo-
H3BOJbHAR CcrpaMmafeMas IpocTag axyra. TOrga CyLIECTBYET TakKoe
nonoKuTeNbHOe uncio M’, uro manmHa m0G60H BOHCAHHOH B A «ioma-
HOM» He npesocxomut M’ (em. m. 3.8), T. e. IAMHH BHUCAHHBIX
«IOMaHBX» orpaHudens!, TOUHYIO BEPXHIOKW IPaHb IJIHH BOHCAHHBIX B A
«1oMaHbix» 0603HauuM yepes A (A). Mp noxaxcem B 3TOM NYHKTE, 4T0
onpedeseHnas marxum obpa3onm PHyuryus A fAsrsemcs Oauwnol, m. e,
yoogaemeopsem ycrosuam (o) — ().

Ycnosue (a). [lyctb A —npoussonbHas chopamiaseMas npocras
Ayra. O6o3HaunM ee KoHuUeBule Touyku uepes A m B. Tak Kax orpe-
30K AB siBaseTCs BIHCAHHOH «ioMaHoi» aunuu A, 10 A(A)=1(4B)=
=p(4, B)>0.
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Yenosue (B) zocTtaTouHo HOKA3aTh nis Cryyad, KOrAa mpocrtas
nyra A cocramieHa us msyx Iyr A; u A,, uMeomux o6wyio KOHue-
Bylo Touky C H He UMEIOUIHX APYruxXx ob6mux Tovek. Jlo6ag «IOMaHasy,
BUHCAHHAS B AYTY A, uMeeT Laudy << A (A,) (o ompene/ieHHIO Bepx-
Hell rpaum), a mobas «IoManaf», BOMCAHHAA B Iyry A,, uMeeT NIHHY
<< A (A,). CnenosateabHo, mo6as «niomManasy I', BiucanHas B ayry A,
umeeT HiMHY [(D)<S A (A)+A(A,) (em. m. 3.4), u noromy A (A)<<
< A(A) A (4.

[ycre temeps I'y=A44; ... A,_,C u I',=CB, ... B,—Takue
«1oManble», BOHCaHHBIe B xyru A; m A, cooteeTctBenHo, uto [ (I')) >
> A (A)—¢, {([,) > A(A,) —¢& (Takue «iOMaHBIE» CYWECTBYIOT NPH JIO-
6oM &>0, B cuny onpeneineHus TouHOH BepxHed rparu). Torza
P=AA, ... A,_{CB; ... B, npexcrasnser co60o# «IOMaHYIO», BIHCAH-
Hyio B ayry A, u ana ee xnuHnl Mt uMeem Hepasenctso [ (I')=!(I';)+
+1(Fy) > A (A)+A(A,) —2e. U3 sToro B cuny onpenenenus ¢Gysk-
uun A, mbl monydaeMm A(A)>A(A;)-+A(A,)—2e. Beuny npoussosn-
HOCTH & OTcioma crenyer, uto A (A)=A (A + A (A,).

Taxum obpasom, A(A)=2A(A;)+A(A,).

Ycnosue (y) O4eBHIHO.

Yenosue (0). Besdxas «iomaHasy, BAHCAHHAS B €NHHHUHHE OT-
pe3ok A, mpencTaBaser coGolt pasGueHue eNMHHYHOTO OTPE3KA HECKOJb-
KUMH TOUKaMH HeJeHHS Ha KOHeyHoe uHCIO oTpe3kos. CienosarenbHo,
IJIHHA BCAKON BIHCAHHON «OMaHOM» paBHa efHHHIE, H NOTOMY A (A)=1.

Yecnosue (g). Ilyets A—cnpsamngemast mpocrag A[yra H &-—
NONOXHUTENbHOE 4HCI0. BhifepeM Takylo BIHCAHHYIO B xyry A «ioma-

Hyio» I' = 4,4, ... A4,, uTO Z(F)>7\(A)————;—. [lycrs, nanee, § >0—
TaKoe uMen0, uTO BCsKas JoMaHas L, mns kortopo#t d (A, L)<<§,
yIOBNETBOPAET YCI0BHIO l(L)>l(I‘)~—~;— (e, m. 3.1) u, caemora-

TenpHo, ycaosui [(L)y>A(A)—e.
[lycts Temepr A’—mpousBonbHas copsMmisieMas npocras nyra,

ynosneTBopsiomwas yeiaosuio d (A, A')<g-. BuiGepem takyio maoma-

uyio L, uto d (A, L)<£ u [(L)ssA(A') (cm. mpemnoxenue (6)
y 2

8 1n. 3.3). Y3 coornomenuit d (A, A')<—g—, d(A, L)<—g— BHITEKAET,

yto d(A, L)y<<® (em. n. 1.5). Cnemosatenbno, {(L)>A(A)—se.
Comocrasnds 3TO HepaBeHCcTBO ¢ coorHomenHeMm A (A')==1(L), wMu
nonyyaeM A (A’)>> A (A)—e. Urak, gaa mo6ol crnpamiaseModf npocTol

zyru A’, ynosieropsiome#f ycaosmio d (A, A’)<7, MBl  HMeeM

AA)Y>A(A)—e¢, n ycnoBue (g) BHIONHEHO.
Takuy o6pasoM, TeopeMa CyIIECTBOBAHHS IOJHOCTBIO LOKA34HA,
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4.3. Jloxa3aTeJbCTBO TeOpeMbl eLMHCTBEHHOCTH. IlycTh A — dyHK-
nug, nocrpoenHas B n. 4.2, a /—mnpoussoiabras QyHKUYSH, onpenesieH-
Hafl Ha KIacce BCeX CAPAMASEMEIX MPOCTHIX IYr M YILOBIETBOPAIOLLAd
yCIoBHAM (@) —— (&€). Mbl LOMKHB KOKA3aTh, YTO PYHKLUHH A U / COBMaNAIOT.

[Ipexcme Bcero zamertyM, 4to mif J06GoH JnoMaHOH L Mbl uMeeM
A(Ly=1[(L), raxk xak ofe ¢ynkumu A, [ yIOBAETBOPAOT YCIAOBHAM
(o) — (8) (em. m. 1.3).

Iycrs Temeps A -—npou3BOIbHAA crOpsaMasgeMas MpocTas Ayra H
& —nonoxuTensroe uuciao. Ilycrs, manee, 6>>0—rakoe uHeIO, YTO
BCAKag copsiMasieMas mpocras Ay-
ra A’, nng kotopoit d (A, A')<<C 6, 4 A 49
yIosieTBopsieT ycraosuo [ (A) > /m
> I (A)—e (cm. yenoBue (g)). Bui- 5 8 & By Gg ¥
Gepem Taxkyiw JaoMmaHyiw L, 4to
d(A, L)<<8 u ML)<<A(A) (em Prc. 24.
npexnoxenne (6) B . 3.3). Torxa
Mol uMeeM: A (A) = A (L) =/(L)>I(A)—e. Tak xax & >0 NIpOH3BOIb-
1o, 10 A(A)=1[(A).

Ocraerca mokasaTh, YTO AAs M0G0l cnpamnseMolt mpocto# ayru A
crnpaBemIuBO M o6paTHoe HepasenctBo A (A)=<</(A). Honycrum, uto
9TO HEBEpHO, T. €. 4T0 CYHIeCTByeT npocras nyra A, &1s KoTopoi
A{Ag) >1(Ag). Tonowmum 8:(%1)(_A_Q>2’ Tak uto  [(A,) =
=(1 =V e)A(A,). Iycrs, nanee, A —exnuununbift OTPE3OK H & —
TaKOe MOJOXHTEJBHOE YHCI0, UTO And J6oH cnpamiaseMol npocToH
ayra A, ynosaerpopsomest yeaosmio d (A, A) << 8, Bunonseno coortuo-
menne [(A)>[(A)—e=1—¢ (cM. ycaosue (g)). Hakomen, nycts
0 > 0— raxoe uucno, yro Bcakad npoctas nyra AcO(A, 6), KOHIH
KOTOpOH OTCTOAT OT KOHUOB OTpe3ka A MeHee uyeM Ha ¢, YZOBIETBO-
paet yenosuo d (A, A)<< 6. Yucno ¢ mu 6yzeM, KpoMe TOro, npen-
nonaraTh MeHbInuM, yeM §. BrGepen raxyio «iomanyio» '=AjA4, ... A,,

BOHCaHHYIO B Ayry A, 4T0 A(F)>A(A0)—%V‘°’.—_8K(AO), T. €.

(141 7€) A(I")>A(A,y). Torma mul umeem:
LA =(1=Ve)MA)< (1 =V 7€) (1 +1€) M) =(1 —e)A(T). (10)

Tak xax moGasnenwe Kk ToukaM Ay, Ay, ..., A, HOBHX TOYeK MOXeT
TONbKO yBeauyuth miuny A (') =/(I') Bnucanuolt wiomadott» I" (cm. coor-
Houlenue (4)), TO MBH MoOXKeM MpearonaraTh KOMONHUTENBHO, YTO
ToukH A,, Ay, ..., A, pasbusaoT Ryry Ay Ha wactm Ay, A, ..., A,
Kawaad M3 KOTOPHIX HMeeT LHaMeTp <0, TaK YTO, B YacCTHOCTH,
0 (A;Lq, A;) < 0. Ecnu 6ul mag xax ot us nyr A, G610 BHITONHEHO COOTHO-
edne I (A;) = (1—e) p (4;_y, 4;), TO, cKTaxHBaA 3TH COOTHOLICHHS H
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nonb3yach cofctroM (f), Mul nonyynan 6ut L (Ay) = (1 —¢&) A (T'), uTo npo-
tuBopeunt cootsomenuio (10). CnemoBartensdo, mo kpafiHedt Mepe nns
omHoroi=1,2, ..., ksenoineno cootnomenune [(A;) <<(1 —e)p(A4;_1, 4)).
BriepeM Taxkoe 3HadeHHe [ M OTJIOWHM Ha CIMHMYHOM OTpeske A,
HayWHas OT ero nesoro komua B, orpesxu ByB;, BB,, ..., Bq_qu,
paBHble OTpe3ky A;_,A;, NpHYeM OTKIanbBaHUE NPOU3BEXEM CTONBKO
pas, uro ocrarox B M (ot toukn B, no npasoro koxua M oTpeska A)
Oyner meHbiie, ueM A;_;A; tak urto p (B, M)<<o. laree, mis kax-
poro j=1, 2, ..., g nOCTpOUM AIyry A;., HMEIOLLYI0 KOHUb B;_; ¥ By
u pasdylw nyre A; (puc. 24). Torma Mm umeeMm l(A})=l(A,~)<
<(1—e)p (A, A)=(1—e)p (B;_y, B,), n notomy

LAY HL(A)+ . LAY <(1—e)p (B, By<1—e. (11)

Kpowme toro, mrowectso Q=A A 4. .. —I—A; comepwutca 8 0 (A, 0),
TaK KaKk XAHaMeTp Kaxuo# Xyrm A; Mesbule O.

Pasymeercs, MHOKecTBO Q MOXeT He §BAATbCA MNPOCTOH Ayro#
(puc. 24). Oxznako Mel pokaxeM, uro Iaa nawboro j=1, 2, ..., ¢
CYyLUIeCTBYeT NpocTas Ayra A;CQ ¢ KoHUuaMH B TouKax B, u B,
IAHHA l(A;) KOTODO# HEe [PEBOCXOLHT l(z\;)—l—..‘—I—l(A'j). B ca-
mom gmeme, mpu j=1 3a nmyry A] moxuo npuuats A . [lycts yme
IIOCTPOeHa MpocTag Ayra A;_ICQ ¢ KOHUEBHIMH TOYKaMH B, u Bj_l,
ans kotopoit [(A;_)<<I(A)+...+I(A;_)). Paccwatpusas ayru
A;.‘_l H A}, MBI, cOrnacHo cpodcTBy (k) m. 2.1, HaltzeM Takyio Touxy C,
IpPHHAIEKALLYIO OBEHUM IyraM A;_l, A;., YTO Y4ACTh A;f*l, Lyru A;_l ,
sakoyennas mexay Toukamu By u C, u vactb A% nyru A;., 3aKAI0YUCHHAS
mexay rtoukamu C u B HMEIOT eXHHCTBEHHYIO 06Lyld TOYKY C,
Takum o6pasomM, Mul TOJydYaeM HODPOCTYIO LYTy A;f_l—i—A']ch,
umeomyio By u B; conmu KoHueshmi Toukamu. Ee mnmma [(AT )+
+ (A7) me npesocxoxut I(A;_)+{(A)), 1. e ue npesocxomnt
l(A'l)—l—...—l—l(AJ'.). Taxum o6GpasoM, 3a A;f MOXHO TpPHHATL XYry
AL+ A

IlposenenHas HHAYKUHS NO03BOJAAET HAHTH TaKYI CIHPAMIAEMYIO
IpOCTYI0 AYry A;CQ ¢ KOHLeBHMH TOdKamm B, u B,, uTo Z(A;)<
</(A)H+... —}—Z(A;) <1—eg(em. (11)). Ho rak kakA; Q<= O(A, o),
a KOHIB! IYTH A; OTCTOST OT KOHLOB OTpe3ka A MeHee ueM Ha 0, TO
d (A, A;) < 8, u notomy I(A7)>1—g (cm. onpenenenue uncen ¢ u §).
ITonyyennoe npoTuBOpeune OKa3LBaeT, 4TO COOTHOWEHHE A (Ag) >/ (A,)
He MOXeT uMeTb MecTa. TeM caMbiM TeopeMa €IMHCTBEHHOCTH MOAHOCTHE)
IoKasaHa,
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3ameyanne. Vs noxasareancrTBa TeopeM CyLIeCTBOBAHHA W €LUH-
CTBEHHOCTH HCHO, YTO JAJHMHa chnpsamigeMolt mpoctoft nyru A pasua
BepXHell TPaHH IMMH BIOUCAHHLIX B Hee «IoMaHeX». [TosToMy u3 mpenso-
wenult (a) u (6) m. 3.3 BoITeKaeT TaKKe, UYTO OAUHQ CAPAMASEMOL
dyau A pasna Huscumel epanu uucen M, 8x00suux 6 onpedenenue
cnpamagesmocmy (cM. n. 3.2). B cnyvae BHnykabBXx JIHEAR (kak
3aMKHYTBIX, TaK H HE3aMKHYTHIX), MOXHO ONpeiensiTh NIJAHHY TaKKe
C NMOMOWILIO ONUCAHHBLX AOMAHBLX L),

B npuBedeHHOM JOKa3aTeNbCTBE TEOPEMH ENAHHCTBEHHOCTH yCII0-
BHe (g) OBWIO IBaM(sl HCNONB30BAaHO. ECTECTBEHHO BO3HHKAET BONpOC,
HACKONbKO CYHIECTBEHHO YCIOBHE (&) LN [HOKA3aTeNbCTBA TEOPEMH
eIMHCTBERHOCTH. MoxeT OBITb, CYLLECTBYET LPyroe LOKa3aTelhbCTBO,
He HCIoAb3ylouiee csoiicTBa (€)? Ecin Ob Takoe L0Ka3aTelbCTBO cyLle-
CTBOB&/NO, TO 3TO 03HAuano Owl, YTO CBOMCTBO (&) HecywecmBerno Ins
ONMpeneNenus IJMHHB, H MOOTOMY LJHMHa J000OH cnpaMaseMof MHHHH
onpenensnach 6u Temu xe axcuomamu (@) — (), yro u mIHMHA mpavo-
nuHe#HOro otpeska (em. m. 1.2). Hmxkecnenywolim#i npuMep nokassi-
BAET, UTO doxa3ams meopemy edurncmeennocmu 6e3 ycaosus (€) Heso3-
Moxcio. ViMenno, Mol mpuseneM npuMepnl QyHKUHN, 3aKaHHBHX HA Kaacce
BCEX COPSIMASIEMBX MNPOCTHIX RYr, YAOBJAETBOPAIOMUX YCHAOBHAM (0)—
(8), HO He coBmazawMmWUX ¢ NIHHOH.

[ycts A —mnpoussonsras cnpamasemas npoctas ayra. O603HaunM
yepes [*(A) TOuHyIO BEpXHIW IpaHb TAaKHX YHCEN [, YTO CYLIECTBYeT
KOHEUHOE YHC/IO MPAMONHHEeHHBIX OTPE3KOB C CyMMOM IVIMH W, COAepKa-
IHXCA B MHOXecTBe A M nOnapHo He UMEIOMHX 06WHX TOYeK. JIerKko npo-
Bepaercsd, uTo Qyrxuus [* ynosnersopser ycaosuaM (o) —(8). Kpowme
toro, 0<C{* (A)<<I(A) nmna =nw6o# npocvot ayru A (rme [—
o6ulyHast #aMHa, ompenenenHas B 1. 4.1); pasenctBo [* (A)=/(A)
BLIMO/JHACTCA, HAMpuUMep, LA JOMaHEIX, a paBeHcTBO [* (A)=0—rTonn-
KO AN NPOCTHX AYr, HE COLEPKAUUX HH OLHOIO MNPAMONHHEHHOTO
KycKa.

Boofuie, ang a11060r0 HeOTPHUATE/NBLHOTO 3HAYeHH O QYHKIUS
al+ (1 —a)l* ynoBnetsopsaer ycnosuaMm (o) —(8), HO mpu o s&1 He
cosmanaet ¢ /. B uactHocTH, npum o=2 Mh TmOAyYaeM QYHKUHIO
[* =20 —[* oGnamaiomyio Ttem csoictBOM, ut0 [™ (A)=[(A) nas
mobo#t npocTolt oyru A; ecim ayra A He COLepPXHT HH OJHOTO mpd-
MOMHHEHHOrO Kycka (Hampumep, ecin A —NOAyoKpyXHOCTD), TO
™ (A)y=20(A).

4.4. OchnoBHble cBOKCTBA AJMHBL, a) OTpe3oKk—KpaTualmad
auuuda. Ecau A—npocmas dyea ¢ wronyeswmn mouxamu A u B,
mo 0as ee Oauns I(A) mo umeem wepagencmso [(A)=p (A, B);
PABEHCME0 LMeem Mecmo 8 moM U MOABKO 8 mMOJ CAyHae, ecau
oyza A cosnadaem c¢ ompesxosn AB.

1) CM. crateio «Boinykible Gurype @ Tena» B srolt kaure M.
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B caMom nmene, otpe3ok AB sBafercs OXHOH M3 BINHCAHHHIX «iO-
MaHEX» Kyru A, a Tak xak [(A) npemcrasiser coGo# BepXHIOW T'paHb
IJIHH BIUCAHHBIX «ioMmaHeix», T0 [ (A)=p (A4, B). Ecaiu nyra A coxep-
WHUT X0TA Osl oxuy Touxy C, He mIpHHamIexamyio orpesky AB, 710,
o6o3nauas uepe3 I BnucarHyl «ioMaHyio» ACB, MH NONyYHM
I(ADY=I(I)=p(4,C)+p(C, By>p (A, B). Takum 06pasoM, DaBeH-
¢tBo [ (A)=p (A, B) MOXeT uMETb MeCTO TOJBKO B TOM Cilyyae, eC/H
Bca nyra A comepxurca B otrpe3ke AB. Ho npocras nyra ¢ KOH-
namu A, B, comepwamascs LeaukoM B oTpedke AB, HOMKHA COBNaldaThb
C 3THM OTpPe3KOM. [leHCTBHTENbHO, mycTh jf—HENpPEpPEIBHOE B3aHMHO
OIHO3HayHOe OTOOpaMeHHe 4YHCIOBOrO OTpe3ka [c¢, d] Ha mpoCTyIO
nyry A. Jna mobo#t Touku #€{c, d] monoxum @ (f)=p (4, f({)).
Torna @(f) —uenpepuBHag ¢ynxkuus (cM. crp. 103), KOoTOpas B KOHUAX
otpeska [c¢, d] npunumaeT 3Hauenns O u p (A, B). Tax Kaxk Hempepsis-
Hasi QYHKOKA OPHHEMaeT BCe MPOMEXYTOYHHe 3HayeHus (cM. IDOM,
ki, Ill, cTp. 216), 10 mna mo6oit Touku C orpeska AB Haltmercs
takoe 3HaveHue fE€[c,d], uro f(f)=C. Taxkum oGpasom, mnpocras
nyra A cosmazaert co BceM oTpeskom AB, H cHOpMyTHPOBAHHOE Mpel-
JIOWEHHE MOJHOCTBIO TOKa3aHO.

6) [TONOKHUTENbHOCTD W MOHOTOHHOCTDb xAHHL. Jauna
AK060ll cnpasasemol npocmoil Oyeu S8ATEMCE NOLOHCUMELLHOLM HULC-
aox. JedcrButensro, nyctb A B B—xorusl mpocroit ayru A. Torza
I(A)=p (A, B)>0.

Ecau npocmas dyza N' asasemcs nwacmeio cnpsmuisesoll npocmod
dayeu A, mo L(AY<<I(A), npuxesm pasencm8o umeem Mecmo morsko
mozda, koezda A’ cosnadaem ¢ A.

JIoka3aTenbCTBO OYEBHAHBEIM OO6Pas’soOM BHITEKAET M3 MOJOXKUTENb-
HOCTH IJIMHHL

B) [oBenmeHue OAHHB NpH npeobGpasoBaHUAX
nono6usd. Ecau npocmas dyea A noaywaemcs u3 oyeu A npe-
o0paszosanuesm nodobus ¢ roapuyuenmorn A (cMm. ctp. 29), mo
[(A)y=A(A).

B camom gmene, nycrb o —npeo6pasosanue mopobus ¢ kosddu-
uuentom A. Torma, mo ompepeneHdd noaoGHOro npeobGpasoBanud,
pauHa nw6oro otpeska AB u pauua otpeska A’'B’, B korophft oH
NepexXonuT NPH NpPeo5pasoBaHHM o, cBA3aHH cooTHOueHneM /(A'B’) =
=Al(AB). Unaue rosopsi, eciu A — npaMonuHeiHt OTpPe3oK, TO
I{(A'Y=MI(A), B cuny onpexmercHus 0ZO6GHOro mnpeobpasoBanud.
CpoffcTBO B) yTBepWHAeT, YTO 3TO Ke COOTHOUIEHHE CIIPABELIHBO
" ons no6Goit cnpamaseMoft npoctoit myrm A. Ina I0Ka3aTenbCcTBa
3aMeTHM MpemxIe BCero, YTO M3 CHPABELNHBOCTH CBOHCTBa B) mid
OTPe3KOB BHITEKAaeT ero CHpaBeMIMBOCTh A14 jOMaHuX. Jlomanas, Bnn-
caHHaf B Ayry A, nepexomuT mnpu npeoOpasloBaHHH O B JIOMAHYIO,
BnucaHnylo B8 Ayry A'. M3 37T0ro ¥ BHITEKaeT CHPaBeLIHBOCTb CBOH-
cTBa B) B o0umieM cnyyae,
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Vs nmokasaHHOro BHTEKAaeT, YTO npu npeodpas’osanHuix nododus
COXpansemcs OmHOULeHNe OAUH, m. €. ecay O — npeobpa3osanite
nodobus, mo 1(A;):1(N)=1(a(A;):{{o(A,)) 0rn aw0boix cnpamase-
Mox npocmax 0ye Ay, A,

r) Aanua xak npenedn. Ilycms A—npousgossnas cnpamuise-
Mas npocmafl 0y2a u €—nogoxcumensroe nucso. Tozda cyuecmsyem
maroe gucro ¢ >0, umo 6caxan snucannas § dyey A «romanans T,
xadcdoe 36eHo Komopoll menvue G, y0osnemeopfem HepaBeHCmEY
[T >>[(A)—e.

B camoM xene, 0603HauuM dYepes O UHCIO, CYILUECTBOBAHHE KOTO-
poro ytBepwnaercd B ycioBuH (g). Ilycts, nanee, ¢>0—rakoe
ugcao, 4to BCsikas mnpoctas ayra A’ < O(A, 6), koHuw KxoTtopo#
OTCTOAT OT KOHUOB AyrH A MeHee 4YeM Ha O, YLOBJIETBOPAET yClO0-
suio d (A, A') << 6. TlokaxeM, YTO YHCAO G — HCKOMOE,

IMyetp I'= AyA;...A,—BnucanHas B Ayry A «ioMaHas», Kaxuoe
3BEHD KOTOpOi wumeerT mauHy <Zo. Torma, oueBumuo, I' = O(A, o).
BuiGepem Takywo nomaryio L < T' ¢ konnesnmu toukamu Ay, u A, 4ro
I{L)<<I(I') (cMm. pokasaTenncTBO mpexpnoxenud (6) B m. 3.3). Torxa
LcT'cO(A, o), u Tak Kak KOHUH JOMaHO# L coBMamaioT ¢ KOHiaMH
npocroit nyru A, To d(A, L)<Cd. Us atoro, B cuay ycnosus (g),
ButekaeT, 4ro [(L)>[(A)—e, u noromy, nomasuo, /(') > (A)—e.

JOKa3aHHOMY TMpPENJIOWEHHI0 MOXKHO TakKie MNPHAATh CACYIOLLYIO
dopmy:

IIyems Ty, Ty, ..., '), ... —markas nocredosamessrnocms <a0-
MAHBLXY, BRUCAHHLLY 8 CRPAMAEHHYIO npocmyn 0yey A, umo dauna
Haubosbwezo u3 38eHses «romawoly I, cmpemumcs K Hyso npu
n— oo. Tozda !(A)=limI(T,).

n—>w

DTH NpeNIOWEHHs CNpaBeAJSHBB TAKKEe H AN HPOCTHIX 3aMKHYTHIX
aupEu# (eM. m. 3.7).

i) Oauna okpyxuocTH. Ilycte A—oxpyxHocTs pamuyca r.
CornacHo cxa3arHoMy B 1. 3.7, OKDYXHOCTb SBAfeTCH ChpaMaseMol
nnnuelt, OGosHaumM uepe3 L, nNpaBUAbHBIA 2"-yrOMbHHK, BIHCAHHHIX
B 3Ty OKPYXHOCTb, 4epes /,— NJHHY €ro NePHUMeTpa, yepe3 §,—ero
nioulank, 4 yepes A, —amodemy, T. e. NIHHY MePHEHAHKYISpa, Omy-
LIEHHOTO W3 IeHTpa Ha cTopoHy 2"-yronbuuka. Bemmumner [, &, u s
CBA3aHB OYEBHIHBIM COOTHOLIEHHEM

s,=1/20h,. (12)

[Ipn n— oo BenHuMHA §, HMeeT CBOMM MNpelenoM Miowaxs Kpyra K,
OrPaHHYEHHOIO OKPYXHOCThIO A (cM. cTp.46—47): lims, =s(K); maiee,

n—w
BenHuuna [, HMeeT CBOMM npeleioM Osuny owxpyxcHocmu (CM. Bhiue,

n

1) Kak musBectHo, adduuHble MpeoGpa3oBaHyus 3THM CBOHCTBOM He 06Janalor.
OnHaKo omrowenue OAUH NAPANICALHOLE OMPESKOS COXPAHACMCA NPU appunibly
npeobpasosanuax (cM. ¢Tp. 77 u 104).
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npennoxenne r)): lim/,=/(A); Hakoreu, BemuuMHa h, uMEET, oue-
n—w

BUAHO, mpexnex r; limh,=r. TakuM o06pasom, nepexods B paBeH-
n—>w

ctee (12) ¥ mpemeny mnpu 71— 00, MB MOJIyyaeM s(K)=l7r-l(A).

Tak kak s(K)=mr? (cm. cTp. 49), To Mbl Haxonum orcwona [ (A)=2mr,
rae T—TO ¥e CaMOe YHCIO, KOTOpOe yyacTByeT B (opMmyne Kis

IIOLWaAH Kpyra.
e) Bnu3ocThs MepBOro NOPANKE U PONb BUNHCAHHHX
A0MaHH X. M3 1oxasaTenbCTBA TEOpPEMH CYILECTBOBaHNUS (eM. ¢TP. 117—
118) 1 13 npHBeXEHHOTO BhHILIE

S CBOMCTBA TI') ANHHE BLISCHIET-
T cqa ocobas pPOAb BIHCAHHHIX
\‘\]\\ nomaHelx. [TouemMy ke uMeHHO

N\~ . "7~ - BhHCAHHBIE JIOMAHEE TAK YAO6-

~w  HB [ANf OnpeneneHHd IH-

HB? MBI BHISICHHM 3TOT BOAPOC

Ing caydast TAa LKHX IyT.

Puc. 25. [lepoe ofpacHeHHe, KO-

TOpOe NPHXOLUT B TOJOBY,

3aKNIOYaeTCs B TOM, UTO BMNHCAHHAH B [VAAKYH AYry A noMaHas OueHb

«6ninskay K ayre A, eciM 3BeHbd JOMaHOH UMEWOT Manyio Anudy. OnHAKO

npuMep, NpuBeneHHul Ha crp. 99, yGexmaer Hac B TOM, YTO OnM3Kad

K Iyre A 710MaHas MOMeT HMeTh NJHHY, BECbMa CHIBHO OTIHYAIO-

mylocs OT JIAHHH JHHUH A, TIpaBHabpHOe 0OBACHEHHE «XOPOLIUX»

CBOMCTB BRMHCAHHBIX JIOMAHEX 33KJIOUAETCH B TOM, YTO He MOABKO CaAMa

snucannas romanas 6auska x Oyze A, HO U HANpasAeHus 36eHbes

BRUCAHHOU AOMAHOL Oausku k¥ Hanpassenuio asunuy A 8 cocednux

mouxax (puc. 25). B npumepe Ha crp. 99 3TO He OLUIO BHIMOJHEHO:

CTyHeHY4THE JIOMAHBIE XOT® M pacrmonaraauch Bce OnHxke U Oamxe

K oTrpe3ky AC, HO HampaBieHHS 3BeHbEB CTYMEHYATHIX JIOMaHBIX He

Guiny Bce Gonee Gau3KUMM K Hampasnenmio orpe3ka AC (3BeHbd CTY-

nedyaToHf nomMaHO¥ coctaBagnM ¢ orpeskom AC yrom 45°). MmenHo

atTuM H obbacHAeTcs TOT (akKT, UTO Npemes AJHH CTYNEHYaTHIX JOMa-
HHIX He paBeH NauHe otpeska AC.

ToopsAT, uTo nomaHas L HaxOLHTCH B e-0AU30CHMU HYAeB020 1nO-
padka ot npoctokk ayru A, ecim L < O(A, &) u koHus Jjomanolt L
OTCTOAT OT KOHWOB Ayrn A MmeHee ueM Ha €. Jlomawas L HaxomuTcs
oT raamkoif ayru A B e-0auszocmu nepsozo nopsfrxa, eciu OHAa Haxo-
autess oT A B €-6/1MS0CTH Hy/AEBOrO MOpALKA, H, KPOMEe TOrO, LN
Awbex  ABYX TOYeK X €L, y €A, pacctosiHHe MexAy KOTOpPBIMH
MeHbIle €, 3BEHO JHHMH L, mpoxonfllee yepes TOUKY X, H KacCaTejb-
Had K JHHMM A, NpoBexeHdas uyepe3 TOYKY ), COCTaBIRIOT MewAY
cobolf yron, menbmu#t g (puc. 26). Hakoneu, 6ynem rosopuTh, 41O
MOC/IeR0BATENLHOCTh NOMaHuX Ly, Ly, ... cuasHo ¢xodumcs x rian-
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xo#t mpoctoit ayre A, ecau s moforo €>0 CylwecTsyer Takoe
HATypPanbHOE YHCIO ¢, YTO NMPH 72>¢, JoManas L, HaXOXUTCH B &-Gnu-
30CTH TepBOro mopsaika oT Ayra A.

MMel0T MecTO crelyiolIHe IBe TEOPeMHl, B 3HAUHTENbHOH CTeneH:
NPOSCHAIOLINE PONb BIMHCAHHBIX JIOMAHHX B ONPELENEHHAH JJIHHHL

1. Ecau nocnedosamensnocms somanvlx Ly, Ly, ... cusbHo cx0-
dumes k enadroii npocmoti dyze A, mo HmI(L,)=1(A).

n-—>w
2. yems Ty, Ty, ..., T, ... —maxaa nocredosamersrocms
AOMAHBLX, BNUCGHHBX 8 24Q0Kylo npocmyio Oyey A, amo Oiuna
Haubosbuie2o U3 38eHbes  A0-
nanoit  T',  cmpemumes K
nyato npu n— oco. Toeda no-
C2e008aMeNbHOCHIL  NOMAHBLY

I, T, ..., T, ...

cusbHo cxodumcs k Odyze A.
JlokasarenbCTBa 39THX Te-
OpeM CPaBHHTENBbHO HECIOWHH, Puc 26.
HO Mbl MX [PHBONHTb He OylIeM.
%) Boluncnenne JAAHHEB ¢ TOMOHIBIO HHTErpana.
Ilycms A —oanemenmapras 2aa0xas npocmas odyza (cM. cTp. 37),
agasowancs epaguxon dynryun y = f(x), a << x << b (puc. 27). Tozda

b
1A= VT Pax. (13)

a

B camom nene, mycrs I'=A,4,...A,—HeKoTopasd BmHCaHHAA JO-
MaHas nyra A (oHa, OYeBHIHO, He HMeeT caMomepeceyenuit), O603HaUUM

gy
4
b ==y
L7
T
iy el
Pi
/) a Zp Iy bz 0 Zp g, 5 z
Puc. 27. Puc. 28.
abcumecsl  Touek A, Ay, ..., A, Hepes a=Xy Xy, ..., X,_y,

X,=4& (puc. 27). Yron, ofpasosanunii orpeskom A;_;A4; ¢ ocboO
abcunce, o6o3naunmM depes @; (puc. 28). Mewny Toukamm A;_; H 4
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uMeeTcs Ha nayre A Takas Touka B;, 4To KacarenbHas K Iyre A
B 9TOH TOuke Hapa/jenbua npamo#t A;_,A; (puc. 28; cM. Takwe meo-
peny Jaepansca, DM, xu. 1l cTp. 342--343). A6cumccy ToukH B;
o6o3naunm yepes &, TOI‘lIa tg o, =y’ (§;). Janee, nnuna xopas A; _lA
paBHa (cM. puc. 28)

0(Ar_y, A)=V ;=% P (A Ft o) = (v, —x,_) VIF O E)>

Takum o6pasom,

[(T)= 2V1+ (X;—%;_1). (14)

Ecan nomanas I' MendeTca TakuM o6pa3oM, UTO BCE 3BeHbd ee jena-
I0TCH MeHbIIE W MeHbUIe, TO JeBasf 4acth pasedctBa (14) mpubau-
waeTcad K npemeny /(A); npaBas ke yacrth, mpexcrasaswwas coGof
vmrerpanbﬂym cyMMmy, npubiamxaercs K - npeneny, paBHOMY

SVI—{— "Y2dx. dto u pmaeT pameHcrtro (13).

AHanoTHYHO NOKA3LIBACTCA CHAELyIOUee yTBEDKAEHHE!
Ilyems A—npousgonsran caadxes npocmas 0yza u f— 83aUMHO
o0no3naunoe Oughgbepennupyesoe omobpasceniie HULCL08020 OMPE3KQ
la, 8] na dyey A. Obosnanuns xoopdura-
y mo. mouxu f(t) unepes x.(f) u y; (1.
(roost, rsint) Tozda Oauna Oyeu A umeem cxzedytomee
3naueuue

O\ [ VT«

dra we d¢opMyna npuMeHuMa H K
MpoCThIM 3aMKHYTHIM Ayram (B STOM Ciy-
uae f(a)=7£(b))

Mpumep. [onaras x,(f)=r cost,
yf(t)=rsin f, 0<<t<< 2m, MH mOnyYaeMm

Puc. 29, audbepeHuupyemoe oTobpaxesne oTpeska

[0, 2m] na okpywnocTh A pammyca r

UEHTPOM B Hauate xoopnunat (puc. 29). Takum oGpasoM, Wis ATHHBI
OKPYXHOCTH A MH nmoiyyaeM Clefylollee 3HAYGHUE!

5 1/<dxf> (dy,) dt = 5 V{(—rsinf)2+(rcost)2dt =

27T

=S rdt=r§dt=r-2n=2ﬂ:r.
0

0
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4.5. Jipyrue onpepedeHus AJHHBI, B sTOM NyHKTe Mbl IpHBEJAeM JABa JApY-
THX ONpedeJeHHs NJUHH, TpuHaisexamux I'. Munkosckomy u ®. Xaycroppy.
3TH ompefiesieHUA UEHHE! CcBOeH OBGMIHOCTHIO: OHH MO3BOJIAKT NPUIKCATH IJIHHY»
3HayuTebHO Gosiee OGIIMM MHOXKECTBaM, yeM CIpAMJAfeMEle TpocTeie Ayra. Jias
aofoii cmpaMasemofi mpocToff AYTH AJHHA B CcMBICJe MHHKOBCKOrO M AjHHA
B cMelcjie Xaycaopda COBMAjalOT ¢ OGLIYHON AJHHON, onpefeeHHOH Bhlme.
Ozxako, HeCMOTps Ha BCe 3TH JOCTOHHCTBA, ompejeseHns MuHkoBckoro u Xayc-
AOpPda CTPajaloT cepbe3HLIMH HeJOCTaTKaMH, O KOTOPEIX Mbl CKa)KeM HHKe.

Mel paccMOTpUM onpezesieHue JJHHBH MO MHHKOBCKOMY TOJMBKO AJdS CJaAyyas
MJIOCKYX MHOXeCTB. JIJjid STOrO Ml CHayajia BBeJeM TIOHATHE Mepb. OTpaHHueH-
HOT'O OTKPHITOTO0 MHOMECTBA Ha IJIOCKOCTH. PasofpeM TNJIOCKOCT Ha KBagpaTH
paira n (n=1, 2, 3, ...) Tak Xe, KaK 310 6BI0 caenaHo Ha crp. 57. Ecan
Temeps G —OTKPHITOE OTPAHMYEHHOE MHOXKECTBC Ha ILIOCKOCTH, TO Mbl 0603Ha-
YHM 4Yepes O, YUCJAO0 KBALPaToOB DPaHra n, CONePKallMXCs LETHKOM B MHOXKe-
crBe G, U MOJNOKHM S,=0,-1072% Uucaa l;, ly, ..., I,, ... o6pasyior Boapa-
CTAOULYIO TIOC/IeJ0BATeNbHOCTD (Cp. cTp. 57—58), mpHueM 3Ta MOCAEIOBATENBHOCTD
orpaHudeHa, Tak Kak (G —oTpaHHYeHHOe MHoxecTBO. CilefoBaTe/bHO, CymiecT-

Byer npelen lim s,, XoTOpet # HaseiBaeTcs mepod MHOXKecTBa G. Mepy OTKpEI-
n—>w

TOTO OrpaHHYeHHOro MHOXecrBa (G Mel GyazeM ofo3HavaTb CHMBOJAOM 1 (G).
OueBuiHO, uro Mepa o6aafaeT </JefyOMUMHA ABYMS CBOHCTBAMH:

1) ecau Gy D Gy, mo m (Gy) = m(Gy);

2) ecau omxpeimoe muoscecmso G keadpupyemo, mo m(G)=s(G).

(CymwecTByioT # JApyrue HoJe3Hble W HHTepPECHBIC CBOHCTBA MEDBI, HO Ml MX
He YyroMuHaeM, TaK Kak OHM He OYAyT MCIIONL30BATECH HHUMKe.) 3ameTuM,
B YACTHOCTH, 4TO ecay M — npousBOJbHOE OrpPaHHYEHHOE MHOMKECTBO NJIOCKOCTH,
To MHOXecTBo O (M, r) mpu miob6oM r >0 OTKPHITO H OrpaHHYEHO, U TOTOMY
ompegenero uucsao m (0 (M, r)).

INycte Temeps A—mpousBoaeHHl oTpe3ok. Torga wMuoxectso O (A, 7
KBalpupyemo, # Mbl umeeM (cp. puc. 20): m (O (A, r))=s(0 (A, r))=2rl (A) L mr2.

r r
CreloBaTe BHO, m—(oéré'—r—))=l(A)+%, H moTomy lim m————Qr’—)=l(A).
r—>o

10 coobpaxKeHHe H JIEKHT B OCHOBE ONpefeneHHs IAHHB N0 MHHKOBCKOMY.
WvenHo, Oaunoil naockozo muoscecmea M e cmeicae MuHKkoeckozo Haseieaemces
npedexn

IMunx (M)= lim %{D_ 5)

r—>0

(ecnu sToT mpefen cymecTByeT). MuoxecTBa, Aif koTopeix npefea (15) cyme-
CTBYeT, Ha3bIBAIOTCS CAPAMAeMbiMY 6 CMbiCAe MUHKOBCKO20, TPOUHE MHOMKECTBA —
HECHpAMAAE MbIMU.

Teopewma. [as scaxoil cnpamaaemod npocmol dyau A (B cmeicae m. 3.2)
eoinoanero coomuowenue IMuax (A)=1(A).

Jas 1oKasaTeNbcTBa JOCTATOUHO, OYEBHAHO, YCTAaHOBUTHL CHNPaBeAJHBOCTH
CaeAyomeH neMMbl:

Hycms A—cnpamasenas npocmas Oyea u &8— nosoxcumensroe 4ucso. Tozda
cywecmeyem maxoe qucao 8 >0, umo npu r < 8 6vinoanersl HepaserHcmea

1(A)—e<”LO§;\i)—)<1(A)+e. (16)

JlokaxeM 3Ty Jemmy. [IycTb O—TIpOH3BOJABHOE NOJOXKHTENbHOE YHCIO K
L—nomanas, ynosaersopsiomas yeaousam: d(A, L)y<o, [(L)<<I(A) (M
npenjoxenue (6) B n. 3.3). Torma M HmeeMm: O(A,r) cO(O(L, 0), 1) <
c O(L, r+0), u noromy m (0 (A, r)) <m (O(L, r+0)). Oanee, no gemme 1. 3.6,
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0 L+ N <1+ 50 +0)) RC+N<[ LW+ 50 +0)] 2 ¢ + o)

7
Takum o6pasoM, m(0(A, r))<s (l (A)+7 r) 2r 4 20f (A) + 2ro + mo®.
Sto  HepaBeHCTBO  CHpaBe/yius0  TpH  swboM o > 0, ®  moroMmy
m(0 (A, r) < l(A)—i—% r> 2r. I3 0Ka3aHHOTO HepaBeHCTBA BHITEKAET, YTO

npu r < —2—3 CTpaBelJIHBO BTODOe H3 HepaBeHCTB (16).
T

O6paTumest Temepb K HepsoMy u3 HepaseHcts (16). Ilpexpae scero aame-

THM, YTO ecad L—JjoMaHast ¢ KOHILaMH
A u B, To

m(O(L, r))=2rp (4, B). (17)

JloKasaTeAbCTBO 3TOr0 COOTHOILEHHS
Aas  cayyas JBYX3BeHHOH JioMaHOH
dacHO #3 puc. 30, a nanee ufleT oueBHA-
Hafd UHAYKuUHA. [lycre rtemeps A—
NPOU3BOJIbHAS CIIPAMIASEMasl [pocTas
Ayra H O-—TpOHU3BOJIbHOE IIOJOXKH-
TeJbHOE YHCA0, MeHbluee ueM r. Brlfe-
peM TaKyio JoMaHYI0 L ¢ XxoHuam# A u
Puc. 30. B, uto d(L, A) < 6. Toraa Me HMeeM:
O(L,r—0)C0((A,0),r—0)CO(A, 1),
w moroMy m(O(A, ) =m(O(L,r—o)=2(r—0)p (4, B) (eM. (I7)).
Tak KaK 5TO HEPABEHCTBO CHpaBefMHBO AJA JIOGOT0 IOMOKHTENBHOrO uHCja
o<r, TO

m (O (A, r))=2rp (A, B). (18)

[Mycis temeps I'= A A;...Ap—TaKaa BOHCaHHasi «jJOMaHasg» AyTH A, uTO

1 (T) >1(A)—%. Bri6epem Ha Ayre A Taxue TOUKH By, By, ..., Bp, 4TO TOUKH
Ao, By, Ay, By, Ay, ..., Bp, Ap mOCHEOBATENBHO pacnonokeHsl Ha 5TOH Ayre
u, kpoMe Toro, p (4;, B,-)<2fﬁ, i=1, ..., k Torna p(4;_1, B)=

g
=0 (4i_1, A)—p (An By) > 0(4Ai_1, A)—5; , u noromy

[
i{=

kR
p(Aio1 By) >§_; [p(flf-h Af)—%] =1(F)—;—>I(A)—8. (19)
1 i=

O6o3HaunM yacTh AYTH A, 3aK[JIOUeHHYI0 MeX1y Toukamn A;_, u B;, uepes M;,

i=1, 2, ..., & Tak kax npoctsle gyru M,, M,, ..., My nonapHo He HMeloT
OBIIHX TOYEK, TO CYIIECTBYeT Takoe 4ucIo O >0, uTo npu r < & MHOXKecrTma
O(My, ry, O(My, 1), ..., O(My, 1) (20)

monapHo He nepecekaworcs (cM. m. 2.2). Tak Kak, KpoMe TOTO, Kax/J0e H3 MHO-
xects (20) comepxurca B O (A, r), To (puc. 31) mpr r < § Mel uMeem:

m(O(A, r)y=m (0 (My, r))+m(0 (Mg, r))+...+m (0 (My, r)). (21)
Kpome Toro, yuHTBIBas, 4TO KoHIaMiH Ayra M; aBasworcs Toukd A;_, u B,

Mel moayuaeM, B cuay (18), m(O(M;, r))=2rp(A;_1, B;), u moromy, co-
raacuo (19), m(O (My, r))+m (0 (Mg, r))+ oo 4m (0 (Mg, r)) > 2r ({ (A)—e),
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Taxum obpasom, npu r < 6 Mer umeem (cM. (21)): m (O (A, 7)) > 2r (I (A)—¢e),
OTKYjJa H BBITEK2eT TepBoe H3 HepaBeHCTB (16).

CoopmyanpoBaHHasi TeopeMa MOJHOCTBIO A0KA3aHA.

ITpusenem tenmepr onpegesexxe AJuHH 1o Xaycropdy.

[Tycrs M —npoH3BoNbHOE Or'PAaHHUEHHOE MHOMKECTBO Ha MJIOCKOCTH H 7—TO0J0-
JKHUTeabHOE uucJo. BribepeM kakKHM-iH60 06pa3oM KOHEYHOE YHCJIO KPYFOB, Kax-
Aelfi ¥3 KOTODBIX HMEeT pajhyc <I7 H CyMMa KOTOPHIX COJEDXKHT BCe MHOXKe-
crBo M (puc. 32). OG6osHauum uepes
J cyMMy AHaMeTPOB BCEX 3THX KPYroB.
Mgl MOXKEM, KOHEYHO, N0-Pa3HOMY BBIGH-
paTe KPYrH pajHyca <7, CyMMa KOTO-
PHIX CONEPMUT BCe MHOXecTBO M, W
Kaxaei pas 6yjaeM nosyuyaTb HeKOTO-
poe 3HaueHHe I (cyMMa AHaMeTpOB KpY-
ros). O6o3HauuM uepe3 0, TOUHY IO
HEXHIOIO TPaHb BCeX MoJydae-
MBIX TagdM ofpasoM BelMHYHH 2 (mpH
HeusMeHHOM 7). Jlerko MOHATB, YTO
ecan 7' <r, 10 0,, =0, Takum 06-

pa3oM, BeJHYHHA O, ONpelesieHa NPy
ao6om r >0 H BO3pacTaeT, €Cad
yicao r y6rsaer. [TosToMy MOryT npen-
CTaBHTHCA JAB€ BO3MOXKHOCTH: JIHGO
BeJIHYHHA O, HEeOTpPaHHUYEHHO
sospacrtaer npu r—0, aubo XKe
OHa OrpaH{yeHa, H TOrJa CYIWIECTBY-
er npegen lim o, (pasymeercs, NpH BHIYHCJAEHHH STOro Ipefesa 4YHCIO 7
r—>o

TPUHHMAeT TOJbKO MOJMOXKHTEJNbHBle 3HaueHHd). B mepBoM cuaydae MHomecTBO M
cunMTaT Hecnpamafemsin no Xaycdopgy; BO BTOpOM caydae MHomecTBo M

cnpamasenmo no Xayclopdy ¥ uHca0 [Xayen(M)= lim o, HasmBaeTcs pAJuHOH
r>0

STOr0 MHOMXKECTBa B cMuicae Xaycmopda.
Has ecaxoil cnpamasemoit npocmoil dyeu A soinosnsemcs CoOmHOuwienus

I[Xayca(D) =1 (A).

JoKa3arebCTBO CPaBHHTEJIBHO HECNOXKHO, HO MB €r0 MPHBOAHTL HE GymeM.
OTMmerum eme (Takxe Ge3 JoKasaTeqbCTBA), UTO ecAu nAockas ueypa umeem
NOA0IKCUMENbHY0 naowalds, Mo OHa He
cnpamafema su no Murkosckomy, Hi

no Xaycdopgy.
Onpejnenesnss  MuHKOBCKOro, H
Xaycnopdpa HABAATCA KOHCTPY K-
THBHBMH (2 He aKCHOMATHYECKHMH)
{ . onpefeneHusMH AAuHEL. Ha Kaacce
| - BCex cTpsAMasieMblx (B cMuicae § 3)
MPOCTEIX AYr O9TH OUpeJeseHHS SKBH-
BaJIeHTHH KOHCTPYKTHBHOMY OmpefieJie-
HHIO JJWHB, TIpuUBeJeHHOMY B m. 4.2
(BepxHAA rpaHb AJMHH BIHCAHHBIX JO-
MaHeIX). TloatomMy Aas JoKasaTesbCTBA
TeopeMbl CYUIeCTBOBAHHSA B . 4.2 MOXK-
HO OBLJIO C PABHBIM YCHIEXOM BOCHIOMb-
30BaTbCs JIIOGEIM H3 3THX TPeX KOHCTPYKTHBHEIX ofpeleseHHil; HalpHMep, MOMK-
HO GO TPOBEPHTH, YTO AJHHA 1Mo MHHKOBCKOMY o6sajaeT (Ha KJacce CIpsAMIIfg-
€MBIX NpocTHiX AYr—B cMelcsie § 3) csofictBamu (a)-—(g). OfHaxo onpefesneHu
AauHer no MunkosckoMy H Xayciopdy HMeOT TO NPEHMYLIECTBO, 4YTO OHH

Puc. 32.
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3HAYUTENBbHO YBEJMUMBAIOT KJACC MHOXKECTB, KOTODHIE CYHTAKTCH «CIIPSIMJIAEMEL-
My, Onpefenenre MHHKOBCKOrO LEHHO TakXe X TeM, YTO OHO yCTaHAB/HBaeT
MHTEDECHYIO CBA3L MeKJIY NMOHATHEM IJIMHB H TIOHATHEM MJIOIAJH.

OTMeTHM B 3aKJIOUYeHHe, 4YTO, HECMOTPS Ha CPAaBHHTEJBHYIO IPOCTOTY Ompe-
IeJleHHus H Gosibmylo o6uHOCTS, AJMHHA B cMelcie MuukoBckoro (uad Xaycaopda),
paccMarpuBaeMas Ha BCeM KJacce CIPAMJAEMbIX MHOMKeCTB, BPSAA JH MOXKET
CuyTaThCs «reoMeTpuueckofls AMuHOHK. Jfeso B TOM, YTO B3ATOE B TaKoH OGUIHO-
CTH NOHsITHEe LJHHE He YAOBJETBOPHeT yKkasaHHuM B § 1 cBoficram (B) u (&),

6es yerc, pasyMmeeTCsi, TPYAHO CuUHTATh QYHKUHIO [Munk (HJIH [Xayen) (INHHOMD.
Tak, Hanpumep, ecau M;—MHOXKECTBO BCeX paLHOHAaJdbHHX TOYeK elu-
suyHoro orpeska A=|[0, 1], a M,—MHOXKeCTBO BCeX €ro HppalUHOHAaNb-
HB X  ToueK, T0 IMuuk (M{)=IMunx(Ms)=IMunx (A)=1, [Xayen(M;)=
= [Xayea (M) = [Xayca(A)=1, xors MHOMectTBa M; u M, He mepeceKaloTCs
W [20T B CymMe A, TaK yTO MOXKHO 6HLIO 6B 0XKHAATh BHOOJHeHus ycaosus (B).
BnpoueM, MOXHO GblJI0 OBl TIOCTPOHTHL KJAcc MHOKecTB, Oosee OOIIHX, yeM CHpAM-
JseMele NPOcTHE AYTH, HO MeHee OGLIMX, Y@M BCe CHpAMJsAeMble (CKaxeM, IO
MuHKOBCKOMY) MHOMeCTBa, NPHYEM TaK, YTO B 3TOM KJjacce COXPaHATCA CBOH-
crea (a)—(e) (c HapiexamuMu yTouHeHHamMH). OIHAKO pPacCMOTpPEHHE 3TOTO
BONpOCA JaJeKO BHIXOJHT 3a pPaMKH Hacrosmiell cTaTeH.

§ 5. O moHsATUM NAOMANY MOBEPXHOCTH

5.1. OcHoBHble cBOficTBA NJIOWAAH MOBEPXHOCTH. [Tr0omads nogepx-
HoCmE onpelenseTcd, B OOUKX UepTax, DO TOH Xe CXeMe, YTO W AJIHHA
kpuBoil. OfHAKO 3KeCh HMEIOTCH HEKOTOpHle (YINOMHHAEeMHle HIKe) 06-
CTOfITeNbCTBA, 3HAYHTENBHO YCIOWHSAIOUIME BCE NOCTPOEHHE H LeJalo-
HiMe ero HesJeMeHTapHBIM. BBUAY 9TOro Mel onumem OfpeXeieHHE
IJIOMIA XY MOBEPXHOCTH JIMIIL OYeHb CXEMATHUHO. 3aMeTUM KCTATH, YTO
Zaxe B YHHBEPCHTETCKMX KypCaXx M4ATEMaTHYeCKOrO aHalu3a BOIPOCH,
CBf3aHHBIE ¢ OOLIMM ONpeZeseHHeM MNIOLWAAM TOBEPXHOCTH, CKOMBKO-
HUGYIb IMOJNHO He pa3bHpaloTCd.

CeoficTBa, Ha KOTODHIX OCHOBHIBAETCS OMNpefeleHHe MIOWALH IO-
BEDXHOCTH, MOBTOPAIOT CBO#cTBa (@)—(€) B onpeleneHHH AJHHHL.
PaccMoTpuM cHayasna mepBble 4eThipe M3 STHX CBOMCTB!

(o) [aowjads s(L) npouszsossroii nosepxmocmu L ssasemcs ne-
OMPUHAMENPHBM HUCAOM.

(B) Trowads nosepxrHocmit, COCMABAEHHON U3 KOHELHO20 HUCAQ
Henepexpol8aioMiuxca KYCKo8, pasHa cymme nAoua0el cocmasasziomux
KYCKO8.

(v) Pagnse nosepcHocmu umenom pagHse NAoWAOL.

(8) IHaomads edunuunozo xeadpama pasHa eOuHUye.

W3 craten «[Inowank u o6beM» uHTaTeNb Yy¥e 3HAET, YTO CBOH-
ctBa (&) —(6) oOnRHO3HAYHO ONpeéendOT TJIOWIALH KBALPHDYEMbIX
(mrockpx) GUTYD M, B YaCTHOCTH, MJIOWIARM IJIOCKHX MHOTOYTONBHBIX
duryp. Tak Kak BCAKAR MHO202DAHHAL NOBEPXHOCMSE (CM. CTATHIO
«MHOrOyroNBHHKH H MHOTOrPaHHHKW» B KH. 1V D3M) coctasnsgerca us
KOHEYHOTO Y4HC/Ja HENEPeKPHIBAIOUHXCA MAOCKHX MHOTOYTOJIbHHKOB, TO
cBOHCTBO (P) ONHO3HAYHO OmMpenensieT W NMAOWALb MOGOH MHOrOrparHOH
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nosepxrocTH. Taxkum 06pasom, caolicraa (o)—(8§) 0ONHO3HAYHO ONpenensaOT
byukuupo § (IIoHIaxb) Ha KJIacce BCeX MHOTOTrpPaHHHIX foBepxnocrefl.

EcTecTBeHHO BO3HHKaeT Bonpoc, GyxeT an aTa PyHKUMA s ob6nanathb
CBOUCTBOM, dHAJOTHYHBIM CBOMCTBY (&), copMynHDPOBAHHOMY Ha CTp. 98.
Ing Toro 4to6h OTBET HA ITOT BOMPOC OBIT YTBEPAUTENBHBIM, HYWKHO
HMeTb NpaBHAbHYI0 QOPMYNHDPOBKY cBOicTBa (&) and ciyyas mJoLanLH
nosepxHocTH. llepBoe, 4TO NPUXOANT B TOJOBY — CHODPMYIAHDPOBATH
cBOHCTBO (&) cnenyromuMm 06pasom:

Mycms L —nexomopas nosepxuocms & &— NOAOKCUMELsHOE HLUCAO.
Tozda cywecmsyem maroe uucso §>0, umo 0rs 8caKoill nogepxro-
cmu L', yoogaemsopamouel yciosuio
d(L, L)< b, sunosnerno coomuouerie
s(L")> s(L)—e. OnHako B TaKOM BuIe
3TO ¢BOHCTBO Ee B e pPHO. B caMow zene,
nycts L — exMHMYHBIE kBampaT, a L' —
y3kaa «3MeHKa», LOCTATOYHO TyCTO 3a-
noiHsiomwas 3TOT kKBaapar (puc. 33).
SIcHo, yto npu mo6om & >0 MOXHO MO-
CTPOMTH T4KYIO aMeiiky L', mas KoTopol
d(L, L'y<< 0, a nnoutanp 3meitkn s(L’)
KaK YFOIHO Mana.

IOns toro urobs npaBuabHO chopmy-
JAHUPOBATH CBOUCTRO (&), MBI BBEJLEM B Pac-
CMOTpPEHHE TIOBEPXHOCTH, KOTOpHIe 6yneM
Ha3LBATH TPOCTHIMH Ky cKawmu. Ilo-
HATHE MPOCTOro Kycka ABNAeTCH IByMep- Puc. 33.

HblM 0606UICHHEM TIOHATHA MPOCTO! NLYTH.

5.2. MpocTeie kyckd. [TycTs P —HEKOTOPLIH MPAMOYrONBHHK H f-—
omoBpasiceHte STOr0 TPAMOYTONbEUKA B MPOCTPAHCTBO, T. €. NPABHIO,
comocrapngouwiee Kaxao# Touke T TNPAMOYronbHUKa P HEKOTODYIO
tTouky f(7) B mpocrpancTBe. Ecnn 0TO6paxeHue f B3aHMHO OTHO3HAYHO
H HelpepeBHO 1), TO 00pas npaMOyTOnbHHKaZ P NpH OTOGPaXEHUH f

1y HamomuuM, uto 0TOGpameHHe [ HashIBAETCH 830UMHO OOHOBHAUHLLM, €CJIH
BCAKHE JBe passuiusie ToukH T, T, npaAMoyrosbHHKA P NepexopdT TpH oTo-
6paxeruu f B pasauunsie touku f (Ty), f(T3) npoctparctBa. HanomuuM, pasee,
B KaKOM CJy4ae oTofpaxkeHHe [ HaselBaeTCs HenpephiBHEIM. BBejeM B npsamo-
yroaeHuke P koopmubvarel 4, v (puc. 35), a B IPOCTPaHCTBE— IPSMOYIOJAbHBIE
KOOpAHHATH %, y, 2. JaJjee, pis TOykH T mpaAMOyroJbHHKa P, UMelowWedl Koop-
JMHATH U, U, Mbl 0603HauuM KoopAuHaTH TOoukH f(T) B mpocTpaHCTBEe Yepes
xs(u, v), ys(u, v), zs(u, v) OtofpameHHe [ HABHIBAETCH HenpepbiGHbIM, ECHH
Kaxaas u3 GYHKUME X;, Yy, 2y NEPEMEHHEIX 4, U SBJAETCH HeNPepHBHOI
(cp. ctp. 37). Ecam kaxpag u3 3THX GYHKUKHH HMeeT HeNpepLIBHHE TepBbie

<6xf dyy Oz Ox; 0yy Oz

POH3BOAHEIE, MPHUEM BEKTOPE | 3-=, =, = <Fv_’ 3%’ 3o/ T
He#HO He3aBUCHMBHI HPH JIOGHIX U, ¥, TO OToOpaxeHHe [ HasbiBaerTcs a1adKkus,
TaK Xe KaK K pacCMarpHBaeMulil DPOCTOH KYCOK.
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HasnBaeTca npocmss kyckor (puc. 34). Muaue rosops, MHOxecTBO L,
pACMON0XEHHOe B NPOCTPAHCTBE, HA3BIBAETCHA MPOCTHM KYCKOM, eCnH
HA HEr'O MOYHO B3aMMHO OIHO3HAUHO M HEMpEephIBHO OTOOPa3HTh HEKOTO-
phiit TPAMOYroAbHHK. Ecii NPOCTOH KyCOK SBASETCA MHOIOrPAHHOH 1O-
BEPXHOCThIO, TO MBl OYIeM Ha3BBATh €T0 JLHO20ZDAHHbIM TPOCMbLM
KYCKOM.

[ycts L —HeKOTOPHHA MpoCTOM KyCOK H f-—HENpepsBHOE B3aHMHO
OIHO3HAYHOE OTOGpa)XeHHe HEKOTOPOro MPSMOYIONbHHKA P Ha MHOXeE-
¢tBo L. OGo3xauuM uepes S xormyp npamoyronbHuka P (cM. puc. 85),

fpocmat Kycon ] S———— 7

Puc. 34. Puc. 35.

T. €. NPOCTYID BaMKHYTYIO JHHHIO, OGPa30BaHHYIO CTOPOHAMM 3TOTO
npamoyronbauka. O6pas f(S) ammun S wpn oroGpawxeHnd [ HasbBa-
ercd kpaem npocroro kycka L. TloHsiTHe xpad mpocToro Kycka spas-
eTcd TeOMETPHYECKM OUYeHb HAIVIAAHBIM M KaXeTcsd BeCbMa MPOCTHIM
no cBoel mpupone. OnHAKO HaHHOe BHIIE Onpejelierde CTpPagaeT He-
KOpPPeKTHOCTHIO, aHAJOTHYHOM TOH, KOoTOpasd 6nina oTMeyena Ha crp. 101,
B caMom pgene, He M3MeHHTCHd U «Kpal» npocTOoro kKycka L, ecnu
0TOOpaxeHHe 3aMEHMTh IPYrHM AaHaJOrH4YHHIM oTolpawenueM? Kak
W TOHfITHE KOHIIEBHIX TOYEK MNpOCTOlf AYrH, MOHATHE Kpasd NpoCTOro
Kycka B HeHCTBHTENbHOCTH He 3aBHCHT OT BbHOOpPa HENPEPHIBHOTO
B3aUMHO OXHO3HAuHOro oTob6paxenus f. OXHakO eclu B Clydyae mpo-
CTOH AYr¥ HOKa3aTenbCTBO 9TOro (aKTa HMCHONb3yeT /HIIb MPOCTHIE
CBOMCTBA HENPEPLIBHLEIX PYHKUUM H CPABHUTENBHO 91eMeHTapHO (cM. 1. 2.3),
TO I8 cAyyas UPOCTOrO KycKa TaKoe HOKa3aTeAbCTBO HEBJ eM e H-
TapHO! B HeM HeU30eXHO HCNONL3YIOTCS HEKOTOpble CBeNeHHS H3
monosozui ).

B nanbHeifilleM Mbl yAOBNETBOPHMCH HAarIfiIHOH «OYEBULHOCTBHIO»
HNOHATHS Kpas NPOCTOro Kycka # 6ymeM CBOGOXHO O6PamlaTbCs ¢ DTHM
nonstueMm. Kpa#t mpocroro kycka L mul 6yZeM 06O3HAaYaTb CHMBOIOM

1) Cu. crateio «OcHOBHBIE TONOJIOTMYeCKHE TMOHATHA» B 9T0H KHure DM,
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Kp. L. OTMeTHM, YTO B CHJIY CBOErO ONpeNeNeHHs Kpal mpocToro Kycka
aBasieTcsl TPOCTOM 3aMmkHyTOoH snuunedt. Kpalt MHororpassoro mpocroro
KycKa SIBISieTCHA NMPOCTOR 3aMKHYTOH J1OMaHOH.

TouKkH NIPOCTOTO KYCKa, He jexalliue HA ero kpae, Mol OyneM Ha-
3LIBATD BHYMPEHHUMI MO4KaMI 3TOTO NPOCTOro Kycka. IBa mpocTthx
Kycka L u L' Mpl GyZeM HasuBATL Henepexpsl8aioujimucs, eclu OHU
He UMeT o6UINK BHYTpeHHHX ToueK. (O «HelepeKPHBAOLINXCH KYCKaX»
peub uxet B cBoicrse (f) m. 5.1.)

IMycts Teneps K u K’ — nBe npoCTHIE 3aMKHYTHE JHHHH B IPOCTPAH-

ctBe. ByLeM roBOPHTH, 4TO 3Tu JAHHUH fABAdATeH O-Gauswumu, ecnu
CYHIECTBYeT HenpepuiBHOE B3dMMHO OXHO3HAUHOE OTOODaxeHHe @ /-
Hin K Ha K', npun kotopom p (4, @ (A) << 8
ans noboit toukn A€ K. BameTum, 4TO
ecny nunun Ku K’ asnsiorca §-6au3KuMH,
10 d(K,K')<C8, HO He HAOG0pOT (CM.
puc. 36, Ha KOTOPOM U300 pawens He §-6nu3-
kue nueHn K u K').

5.3. IoayHenmpepblBHOCTL IJOMANLH.
Teneps MBI MOMEM XaTb IIpaBHIbHYIO dop-
MYNTHPOBKY [N4TOrO CBOHCTBA MAOWALH
MOBEPXHOCTH, KOTOpOe, KaK H B Clydae
IMHRL, OyNeM HashnBaTb MONYHeNpephIB-
HOCThIO CHU3Y:

(&). ITycms L —mnexomopuii npocmoil
Kycox u &— noaodicumensvroe yizcao. Tozda Puc. 36.
cywecmsyem maroe uucao 0>0, umo
ors scarxozo npocmozo rycka L'cO(L, 8), 0as womopozo aunuu
kp. L wu xp.L' mermomes O-Gauswumiu, 8vinosreno coomHoulerue
s(LY>s(L)y—¢e.

3aMeTuM, 4TO TOYHHIM aHAJOroM cHOpPMYNHPOBAHHOTO 3Lech CBOH-
crBa () 6bit0 Ol B cayyae IAHHB KPUBOH cilelyoulee CcBOHETBO:

Ilycms L —mnexomopas npocmas 0yea U &—H0L0MCUMELbHOE
yucno, Tozda cywecmsyem maroe uucro 8>>0, umo 0aa Geaxod
npocmoil 0yeu L' = O(L, 8), wonus rxomopoli omcmosnm om KoHyo8
aunuy L menee wemw wa 8 (T.e. mng scaxolt npoctolt ayru L', Haxo-
Zauleiica ot L B §-6n1U30CTH HyneBOro mopaiaka, cM. ctp. 124), sunoa-
Heno coomuouernue [(L')Y>1(L)—e.

Ho 310 cBO#CTBO 3KBHBaJEHTHO (INS NIPOCTHIX NYI) CBOHCTBY (€),
chopMynuposannoMy B m. 1.6 (cm. npermnoxenne (u) B m. 2.1).

[MTockonbKy moulaLb ORpeneNeHa MOoKa TOIbKO AJf MHOTOT D aH-
HB X TPOCTHX KYCKOB, MHl MOWEM ceHyac 3amaTbcf BOMPOCOM O Chpa-
BEJIMBOCTH CBOMCTBA (&) AMIUb I/MA MHOTOTPAHHBIX IPOCTBIX KYCKOB.
MoxHo nokasaTh, 4TO, HeHCTBHTENBHO, CBOHCTBO (g) IAAH MHOrOrpas-
HBIX TPOCTHIX KYCKOB crpasefnuBo. OXHAaX0 [0Ka3aTeldbCTBO 2TOr0
haKkTa Hed®/NeME@HTAapPHO M CYLIECTBEHHO HCNONb3YeT HEKOTOpbIE

=
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TeopeMel Tononoruu ). [Mostomy Mel oTMeuyaeM ¢akT CnpaBeLIHBOCTH
cBoficTea (&) Ge3 JAoxasaTenbcTBa. Mrak,

HQ KAGCCe B8CeX JMHOZ02DARHBLY NPOCMbX KYCKO08 Cyuecmgyem
o0na u moavko o0na Pynryus s (niowads), obaadaowas cgolcm-
saxu (o) —(8); ama gynryus obradaem marsce u ceolicmsor (&).

5.4, OnpefesieHue KBafpHpyeMbix HPOCTHIX KYCKOB. Bynxem roso-
pHUTh, YTO MPOCTOH KYCOK A 4BnseTca xeaopupyemsiit, eClH BHIIOJ-
HEHO Cjenylolllee yC/IOBHE:

cymecmsyem marxoe noaoxcumensroe wucso M, wmo npu awdor
8> 0 naiddemcs muozoeparnui npocmoii kycox L < O(A, 8), dra
womopoeo aunuu xkp. A u xp. L seaswomcs O-Garuswumu u s(Ly<< M.

5.5. BmucaHHble «MHOrOrpaHHEKH», IlycTb A-—Mpou3BOAbHLIY
TpOCTOR KYCOK H f—HenpepsiBHOE B3aHMMHO OJLHO3HAauyHOe OTOOpaxeHHe
npaMoyronbHuka P Ha MHOkecTtBO A. BubepeM HEeKOTOpOe npaBH/bHOE
pasbuenne (cM. ctp. 17) mpamoyronbHuka P Ha TpeyroibHHKH. [1ycThb
A —xkako#t-nu6o TpeyronsHuK aToro pasbuenus n A, B, C-—ero Bep-
mnHel. Mbl oGo3naunuM yepe3 A, Tpeyronbuuk ¢ BepunHamu f(A),
S(B), f(C) (3TOT TpeEyroNbHHK BHIPOAHTCA B OTPE30K, €CAH TOUKH
F(A), f(B), f(C) nexar Ha oxmHolt npamoit). COBOKYIHOCTb BCEX Tpe-
yroneHukos A, (B3ATHX 118 BCeX TPeyroibHHKOB A paccMaTpHBaeMOro
pa36ueHuss NpAMOYroibHHKAa P) Mbl OyLeM HasbBATb BIHCAHHBIM «MHO-
rOrpaHHHKOM» noBepxHocTH A. CnOBO «MHOTOTPAaHHHK» MEl CTaBHM B
KaBLIYKH, MOTOMY YTO MOBEPXHOCTb, O0pa30BaHHAS BCEMH TPEYTONbHH -
kamp Ay, MOXET WMEThb CaMOlepeceyeHus, CAMOHATOKEHHS H T. I.
Cymmy niowmanef BCex TPeyroinHHKOB A, Mbl GymeM Ha3bBaTH 740~
wa0bi0 PACCMaTPUBAEMOr0 BMHCAHHOT'O «MHOIOTPAHHHKAY.

Mbl HAXOLHMCH TeNepb B MOJOMEHHH, aHAJOTHYHOM TOMY, B KOTO-
pOM MBl HaXOZMJAHCh B Havane N. 3.3 NpH IOCTPOEHHH MOHATHUS IJIHHBL,
[ToaToMy KaxeTcs ecTeCTBEHHHIM CHOPMYIHPOBATbH H NOKa3aTh cie-
IYIOULYIO TeopeMy:

[Ipocmofi kycox AN 8 mom u mosvko 8 mosm caywae RBASLEMCS
K8adpupyempii, €CAL CYWeCmBYem maxoe nosoxcumensuoe gucio M,
4mo NnAouads 400020 BRUCAHHO20 8 N «MHO202DAHHUKQ» He Npesoc-
xodum M'.

Oxnako aTta «reopemas HeBepHal B aroM Takwe 3akmwouaercd
OQHO M3 NPHHUMIHANLHEIX DPAa3NMYHP MEXIY MOHATHAMH IIHFH H [JIO-
waxnu. [Tpumep, noxaswBawwuif, yTo chOpMyTHpPOBaHHAS BHILIE «TEO-
pema» HeBepHa, H3BeCTeH MOJ Ha3BaHueM c2apsowxu [Lsapya (no
MUMEeHY MaTeMaTHKa, NPeNNONHUBIIEr0 3TOT HpHMep). Mbl ommieM ero

1) To cymecTBy, Bech § 2 HacToOAlEH CTATHH NOCBAIMIEH H3MOKEHHIO HEKO-
TOpBIX npocTefimnx ¢akToB tonmosorud. Ho atH akTh CpaBHUTE/BHO MPOCTHL,
¥ HX J0Ka3aTeJbCTBO YAAJOCH NMPOBECTH, HOJB3YACh JHUIIL XOPOUIO H3BECTHHIMH
csolicTBaMH HenpepeBHBIX QyHKuHH. [Ipy akcHOMaTHYECKOM ONPeleJIeHHH TIOH] -
THA MJAOUALH NOBEPXHOCTH Takoe YIDOUIEHHE HEBO3MOXKHO,
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cneaywouam o6pasoM. Pacemorpum uununnp V panuyca R ¥ BbCOTH
h. TlnockocTbio, NMpOXOAsAmLell yepe3 och 3TOTO UHMJAHHADA, paccedeM
ero Ha [B€ IOJOBHHE H 0603HauuM uyepe3 A yactp ero GoKoBO# mo-
BEPXHOCTH, PACIO/IOKEHHYIO TIO OAHY CTOPOHY

oT aTol nnockocTH (pHe. 37). MHoXecTBO A P
NpeAcTaBifeT CcO60H NMPOCTOH Kycok, npuuem, .
KaK JerKO 10Ka3aTh, KBaiphpyemmit. O6o- | 7
3HAYUM Tenepb uepe3 P MPAMOYrOABHHK, [0-  § /!
ayyarowuiica MpH passBepThiBaHMM Kycka A Ha ‘\\{_/ I

MAOCKOCTh (3TOT MPAMOYIOJIBHHK MMEeT OCHO-
paHue %R # BHCOTY k), a uepe3 f—oGpaTHOe
«HaKnapBaHWe» NPAMOYroJdbHHKAa P Ha mpo-
croit kycok A. OToGpaxente f, OUeBHIHO, He-
npepriio. PazoGbem Tenepb npaMOyronpHux P
NpsAMbLIME, NapaaielbHEIMH OCHOBAHHIO, HAa 7
nonoc WHPHHE A/n. Jlanee, pasmenuB OCHO-
BaHHe NPAMOYTOJbHHKA HA m DABHHIX 4acTel -1 1779
(maudst TR /m), MB TOCTPOHM NpPaBUIbHOE pas- i/ /
6ueHHe MPAMOYTOJBHMKA P, mnokasadHHoe Ha Y,
puc. 38. (Bce TpeyronbHHKH 3TOTO pasbueHus,
KpOMe TeXx, KOTOphie MPHMEKaIT K GOKOBHIM ] e
CTOPOHAM, ABIAIOTCA paBHOOEApeHHLIMHU.) iMed

370 pasfHerHe, Mbl MOWEM [OOCTPOUTh COOT- Puc. 37.

BETCTBYIOWHH BMHUCAHHLIH «MHOTOTpAaHHHUK» MO-

BeLXHOCTH A (3TOT <MHOTOrDaHHHK» He GyAeT UMETh caMONepeceyeHni).
15 OUeHKH TIIOIIAAKM 3STOTO «MHOrOTPAHHHKA» PACCMOTPHM KaKOH-1nGo
pasHoOeApeHHb TpeyronbHuK paszbuenus. [lycrs AB — ocHOBaHMHE 3TOrO
TpeyronsHuka, a C—sBepiiuna. Cepenu-
Hy OcHOBaHua o00o3HaunM uepes D.
Torga touku f(A), f(D), f(B) nexar
Ha OZHOH OKPYWHOCTH UHAHHApPA V #
onperengioT Ha HeH nBe nIyru, pas-

HEIE #-ﬁ 4acTH OKpYxXHOCTH. Touka f(C)

JISXUT Ha TOM ke ob6pasywouield, 4T0o U

¢ f (D), na paccroaauu k/n ot Toukn f(D)
(puc. 39). CnenomatenbHo, 0603HAYHB
4D 5 yepes M cepelluHy OTpe3kKa MemAy TOY-

Puc. 38 kamu  f(A) wu f(B), ™Mb Hafzewm:
o (f(A), f(B))=2Rsin g, p (£ (C), M)>

> p(f (D, M):R(l—cos%l , H mnoroMy, o6o3Hauyafd uepes o
nioulank TpeyroasHuka ¢ sepwuHamu f(A4), f(B), f(C), MBl nony4nm:

2gin (1 n
0> R?sin 2m<1 COSZm)'




136 IJHWHA KPHBOH H IVIOWAIL TOBEPXHOCTH

Kawnas monoca mupuHe A/n comepkut 2m-—1 TpPeyroJbHHKOB,
paBHBx TpeyroasHuky ABC (m eme nBa «OOKOBHIX» TpPeYyrONbHHKA,
KOTOPHIMH MH mpeHe6peraem), a BCEro Takux noioc wumeercs 7. Ilo-
3TOMYy B DacCcMaTpHUBAEMOM BIHCAHHOM «MHOTOLDAHHMKE» HMeercs
n(2m+ 1) TpeyronbHHKOB, PABHHX TPEYrOJBHHKY ¢ Bepiiudamu f(A),
f(B), f(C), n notoMy mJomWanb § BIHCAHHOTO «MHOLOI'DaHHHKA» YZOB-
1
Q"E .
KaK B mpaBofl yacTH HepaBeHCTBA
BCE MHOXUTENHW OTIHUHB OT HyJd,
TO, B3fB /11060e 7, Ml MOXEM 3a-
TeM HallTH HaCTONBKO GOMbIIOE 72,
uTOOBl f1I0UIagb BMUCAHHOTO «MHO-
rorpasHnka» Gpa CTOMb BeNHKA,
KaK HaM XoueTcd. 3aMeTHM, 4TO,
B3fIB YHCNa /M H 71 LOCTATOYHO 60Nb-
WHMH, MB MOWeM CIenaTh Bce
Tp4HH BIHCAHHOTO «MHOTOTPaHHH-
ka» Kak yromHo mansimu. Crnego-
BaTENLHO, Cyujecmeyon BRUCAH-
Hote 8 A «MHOZ0O2pAHHUKLY,
uMenune CKoAbL Ye0O0HO JManbie
epanu u cKoab yeo0no Goavwyio naowads (XoTa mpocTOH Kycok A
KBaApupyeM).

Takum o6pasoM, cGopMylHpoBaHHad B HayaJe HYHKTa «Teopemay
HeBepHa,

5.6. AxCHOMaTHYeCKOEe OmpenesieHHe MJIOMAAH MOBEpXHOCTH. [lsz0-
wadsio Mbl HasniBaeM GYHKLIHMIO 8, 3aIaHHYIO Ha Kiaacce BCeX KBajpH-
PyeMHX MPOCTHX KYCKOB M YLOBIETBODAWLIYID ycnosuaMm (o) —(g).
MoxHO Ao0Ka3aTh (mpUMepHO Tak Xe, KAk B § 4, HO ¢ HeKOTO-
PLIMHE YCJHOXKHEHHAMH), YTO HE K.LacCe BCEX K8AOpUpYeMbX NpoCcmux
Kycrkos cywecmsyem 00HQ U mMOAbKO O00HAG (BYHK{UA S €O cBoll-
cmeanmu (o)—(8) (TeopeMa cymecTBOBAaHHA H € XHUHCTBEH-
HOCTH).

OtMeTuM, 4YTO AJS A0KA3aTeNbCTBA TEOPEMEl CYLLeCTBOBAHUS HYKHO
daKTHYIECKH MOCTPOHTh HEKOTOPYI0 (YHKUMIO § M JOKas3aTh, YTO
oHa ofnajaer cBoHcTBaMH (@)— (€), T. €. HYWHO HdaTh KOHCTPYVK-
THBHOE omnpexnenexue maowanu. [Ipu atom, B CHIy HOpPHYHH, H370-
WEHHBIX B TMpeLHAYIIeM [YHKTE, Mb HE MOWeM (MO aHalnoruH CcO CKa-
3anHbiM B m. 4,2) BOCMoOAb30BaThCA TOYHOH BepxHel rpaHbio mIowa-
Iell BOMCAHHBIX «MHOTOIPAaHHHKOBY», TaK Kak 3TOH BepxHeH rpaHu Moxer
nmpocTo He cyutecTBoBaTh. OXHAKO MBI MOXEM BOCIONLE30BATLCH APYIUM
KOHCTPYKTHBHHIM ONpeJeNieHHeM [JIMHB, HAMEUEHHHIM B 3aMeyaHHH K
n. 4.3. O6o6uias 3To onpeneneHne Ha CAyYya#l MIOMIAAH ITOBEPXHOCTH,
MBI IDHXOXHM K CHEAYIOULEMY ONpemLe/IeHHIO!

JIeTBOPAET HEpPaBeHCTBY s>n(2m+1)stin§n(1-—-cos Tak
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ITaouadsro re8adpupyemozo npocmoeo xycxka A HassiBaetcs TOY-
Hag HIDKHAS Tpanb uucen M, BXQUAUWMHX B ONpeXeJeHHE KBaLpHpye-
MocTH (cM. M. 5.4).

[lpoepka (He cAMIIKOM Jerkas!) NMOKaskBaeT, YTO ONpeLe/]EHHAS
TakuM 00pasoM IIoWalb XeHCTBUTENbHO YIOBIAETBOPSET YCIOBHAM
(@) —(e).

5.7. KBaapupyeMOoCcTh IVIaJIKHX NPOCTHIX KYCKOB H ONpeneJieHue
IUTONIaAH MOBEPXHOCTH C MOMOIIbIO HHTerpaJsa. PacecMoTpuM assemenmap-
Hotl rnagKuii TPOCTOH KYCOK, ; A
T.e.mpocToit kycox A, oxHo3Hau-
HO TPOEKTHDPYIOUIUHACA HA HEKO-
Topylo o6aacte D naockocTH
X, ¥ (¢ KyCOUYHO I1aldKOH rpaxu-
ueil) ¥ 3anucHBaeMbll B KOOPAH-
HaTax ypasHeHHEM 2= f(x, ¥), : //
rie f—QyHkuud, uMeouias ' //4
HempepsiBHEIE (M, CAEX0BaTENb- ?

HO,  OTUDAHWYEHHHIE)  TepPBEHIE f /z
t

!
|

\ __;__:f__

npousBoaHbie (puc. 40).

MH D0OKaweM, 4TO J.LeMmeH-
maprull 2radruil npocmoti Ky- Puc. 40
CoK s8Astemcs K8aopupyemosirm,

B camom pmene, pa3o6beM NJOCKOCTb X, y NPAMbIMH, TNapajienb-
HBIMH OCSIM KOOPIMHAT, HAd paBHHIE KBAAPATH CO CTOPOHOH 2 H B Kax-
IOM M3 HHX MpPOB&AEM J[HATOHANh, NAPaNIeNbHYK GHCCEKTPHCE BTO-
pOro KOOPLHHATHOrO yria. Mu momyunm
IpaBUibHOE pasBHeHHe BCEH TIOCKOCTH X,
7 ¥y u, B yacTHOCTH, o6nactu D Ha Tpeyroib-

Huku (puc. 41). Beps Ha noBepxHOCTH A
|  TOUKH, pacmoNOXeHHHe HAaj BepUIHHAMH
5TOro pasGHeHHsl, MBI CMOXEM IOCTPOHTH
«BIMCAHHBIH MHOTOrpaHHuK». $ICHO, 4TO 3Ta
MHOrOrpaHHasi MOBEPXHOCTE He GymeT HMeTb
camoniepeceyeHut, 1. e. OYHET NPOCTHIM

Puc. 41. KYCKOM (BO3MOXHEIE CTOWHOCTH BONH3H Ipa-

HHUB oOnacTu [) Jerko ycTpaHsoTcd).

flcuo nmanee, yTO ecau f LOCTATOYHO MANO, TO BRNHMCAHHBIH MHOTOrpaHHHK

6ynet maxomutbes B O(A, 8), a ero kpalt 6yaer 0-61u30k K Kpalo
npocTOro Kycka A.

OcTaeTcst OLEHMTH MIOU[ALb 3TOrO BOUCAHHOTO MHOTLOIDAHHUKE,
[Mycts A —Hekotopas BepiiHHa pa3GHeHHs, H306paxeHHOTO Ha puc. 41.
OGo3uauuM uepes X,, J, KOODAHHATEL TOYKH A W pacCMOTPUM Tpe-
yronbHuk ¢ BepmuHo# B Touke A (puc. 42). Ilycts Bu C—nBe Apy-
THe BepIUHHH 3TOrO TpeyronasHuka. O6osHauus yepes A’, B', C' Touknu
NOBEPXHOCTH A, pacrmonowenssie Hax Toukamu A, B, C, Mo Ha#ied,
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4TO KOOpAHHATA 2z Ins Touek A', B, C’, umeer sHaueHus: z4 = f{X,, ¥,),
zp = f(xy, Yo+ h), zer=f(xy+h, Y,), u moTomy
of (xg, of (&,
ZB'—ZA'=/Z%, zc'—zA'=h%°—),

roe X, <<E<<xo-Fh y,<<N<<Y,+h Ecriu mn o6osHauum yepes M,

g MaKCHManbHOC 3HAYECHHE  BEJNHYHHEI

3 ‘0 ’ B KBajpaTe, COIepXalleM Tpe-

yroabunk ABC, a uyepes M;—ma-
KCHMaJ/bHO®  3HAUGHHE  BEIHYHHEI

A lg—f‘ B 9TOM KBaxpate, TO HalizeM
|zp—2a | <<hMy, |2cr— 2 40 | <<BM,.
Tak kxax BektTop A’B’ uMeer Bux
0 z (0, h, zg—zas), a sextop A'C’
uveer Bug (h, 0, 2¢-—2zp), TO
Puc. 42 niowans C Tpeyroibuuka A'B'C’
J1erKO BHIYHCAHETCH (HampuMep, ¢ mo-
MOWLbIO BEKTOPHOrO TPOM3BELEHHR; CM. cTPp. 394 kH. IV DIM):

o=tV oy =2, T (g — 2y P F <512} (M4 ME1).

Ananoruyso pns nuoulanK TPEYrONbLHHKA, NPHMBIKAIOWIErO K Tpe-
yroasHuky ABC 0o runotesyse, Mhl HalizeM Ty Xe OUEHKY AId 110
maau. CnenoBatenbHo, MAOWAAL TOH UACTH BIHCAHHOT'O MHOrOrpas-
HHKa, KOTOpas paclofiomeHa Hal KBaLPAaTOM, COLEPKALIUM TPEYrOAbHHK
ABC, He nNpeBOCXOLHT BeJHYHHEI hzl/l—}—(Ml)z—]—(Mz)z,a nA0WaLb
BCEr0 BMHCAHHOTO MHOTOTPAHHHKA He MPEeBOCXOIHT CYMMBI

DRV T (M) (M), (22)

rae CymMuposanme BemeTcs no Bcelt obnactu D. Benmumnm M; u M,
0 5}
orpaHudeHsl B o6nactu D (Tax KaK NPOU3BOIHEIE 5)’; " E’; HENP ePHIBHEI

a cymma X A%, B3sTas no Bceft o6nacTw D, MpHMEpHO paBHA MIOWANH
ob6nactu D, m noromy BennuuHe (22) orpaHmueHsl. TeMm caMbiM KOKa-
3aHO, 4TO B N060H OMM30CTH K MOBEPXHOCTH A Halimertcd MHOrorpas-
HEIH MPOCTOH KYCOK (2 HMEHHO, BMUCAHHHINK MHOTOIpaHHHMK) OTPaHHYEeHHOH
N10uaaH, ¥ NOTOMY MOBEPXHOCTH A KBajzpupyema.

3ametnM Temeph, YTO cymMa (22) ABAseTcd HHTErpanbHOH cyMMo#

pit) g HHTErpanaa )
1-_—“ V 1+<%>2+(%>2dxdy. (23)
D
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CnenosatensHo, KakoBo 6wl HM Obuio € >>0, HpPH AOCTATOYHO ManoM X
cymuma (22) 6ymer menbue, uem [--€, W notoMy uHcao /-Lg MOXHO
OpuHATL 32 4Hcao M, yyacrTByioliee B OfpelNeseHHH KBaIPHPYEMOCTH
(cM. m. 5.4). M3 3TOro Mel MOMXeM 3aKMOUUTh, YTO TOYHAd HUKHAA
rpaHb uyucen M He npeBOCXOZHMT uucaa [, 1. e.

s(A)<£§ ]/1+<g—)’:>2—|—((§—£>2dxdy. (24)

O6bi4H0 B Kypcax MaTeMaTHYECKOrO aHanusa 3TOT (MIH SKBHUBA-
JIGHTHbIH) BHIBOJ TPHHHMAIOT 32 HMOKa3aTeNbCTBO PABEHCTBA

s(A)=” ]/ 1—1—(%)2—1-(3—;)2(1)5@. (25)
D

M3 ckasaHHOro BHIE SCHO, YTO C TOYKM 3PEHHUS aKCHOMATHYECKOrO
onpexeseHus MIOHLAAH 3TOT BEIBOL He AB/ISETCH MOJHBIM, TaK Kax He
COLEPMKHT NOKA3aTeNbCTBA HEPABEHCTBA, 06PAaTHOTO HepaBeHCTBY (24).
A TaxKoe IOKa3aTeNbCTBO C/HOWHEE, 4eM MPHBELEHHOE AOKa3aTelb-
cTBO HepaseHcTBa (24). OHO OCHOBHIBA€TCS HA TOM, YTO FPaHH OCTPO-
€HHOTO Bblllle BNMCAHHOIO MHOTOLPAHHHKA «IIOYTH NapaljienbHb» Kaca-
TeAbHOH MIOCKOCTH MOBEPXHOCTH B GJAMSKHX TOuKax (T. €. 3TOT MHO-
FOrpaHHAK HAXOAHUTCS B LOCTATOUHO MAIOH «OAU30CMIL 11ep8ozo nopAdKay
oT A, cp. crp. 124), a yBenuyeHHe YIJIOB MEXIY TPaHAMH H KacaTelb-
HHIMH [IOCKOCTSMH MOXET TOJNDLKO Y8eAuuims TIOLIANLL MHOTOTPAHHHKA,
pacrnonoxeHHoro BGau3H noBepxHocTH A. AKkypaTtHoe MpoBeneHue
TAaKOr0 JOKa3aTenbCcTBA TpeOyeT [MPUBJIEUEHHS TEOPeM TONOJOLHU.
Bonee Toro, MO¥HO HOKa3aTth, YTO MJIOWANL JIO00TO BIHCAHHOrO MHO-
rorpasinka G6ymer npubamwarses K uHTerpany (25) (r.e. x naowan
MOBEPXHOCTH), €CAH TPaHH CTAHOBATCH BCE MEHbIIE U MeHbUle H,
KPOME TOr0, HaKJOH KaxIOH IpaHu K KacaTelbHOH MIOCKOCTH (B 6aH3-
KOl TOuKe) TaKKe CTaHOBHTCH BCe MeHblle H MeHbile (T. €. ecniH
BIHCAHHBIE MHOTOTDaHHHKH CUA6HO CX00SmcsA K moBepxsocTH A, cp.
cTp. 125). MMenHO OTCyTCTBHEM TaKoro OGCTOATENbCTBA (yMEHBLIEHHS
HaKJoHA TpaHel K KacaTelbHOH MIOCKOCTH) U OOBACHALTCH «apanoKCy,
ceasanHnfl ¢ rapmomkoét Ulmapua. [lo cyTtu nmena, TO ke sBneHue
(ana cnyuas maudel KpusoH) naGniomamoch B codu3Me, NpHUBELCHHOM
Ha ctp. 99—100 (cMm. ofcywmmenue Ha cTp. 124).

MowHo Takke TnpencTaBuTh ce6e APYrof myTk YCTAHOBJEHHA
pasymuocty dopMmyas (25): onpedesums naoMlafb IMaZKOro MPOCTOro
KycKka, pa3fuBas ero Ha KOHeYHOe YHCJIO 3/MeMEHTAPHBIX KYCKOB U IPH-
MeHSIsl K KawaoMy u3 Hux Qopmyay (25). Torna niowals 6yaer onpe-
desena ¢ noMmollbio dopMynsl (2D} Ha Kmacce BCeX TMaAKHX MPOCTHIX
KYCKOB, HO HaZo 6yneT noKas3aTth FeOMETPHYECKYH HCTHHHOCTH TAKOTO
onpejnenenus, T. €. YCTAHOBHThL cBOHCTBAa (&) —(g) KaKk TeopeMsl
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MoxHO 6rino0 6w onpenendTh miowiagn Gonee CHOXKHHX MOBEPX-
HOCTeH, a HMEHHO IOBepXHOCTEeH, HOMycKamomiux pasGueHHe HA KOHeu-
HOE YHCIO HEMepeKphBAOIUXCA HPOCTEIX KYCKOB. MoxHO ObIO Gl
TaKKe IPUBECTH €AHHYI0 (POPMYNY, HCMOJL3YIOUIYIO MHTErpasl Mo Io-
BEepPXHOCTH, GOpPMyNy XN BHYHCIEHHS MOBEDXHOCTH BpalleHHd 4 T. L.
Ham kaxercs 9TO M3NUIIHHM, TaK KaK TPHHLHNHAAbHAS CTOPOHA BOM-
poca OT 3TOr0 He MposcHAeTcs, a GOPMYNEl MPH XKeTAHUH MOKHO HAlTH
B j1060M yueOHHKe BrICLUIed MaTeMaTHKH.

5.8. 3axuouyenue, [TonsiTHe NMAOWIAAH TOBEPXHOCTH HBISAETCH, KdK
MBI BHAHM, Haubonee CIOWHBIM B TEODHH H3MEPEHHH TEOMETPHYECKHUX
BeNnHYHH. BeiBOAb opMyn Ad TUIOWIAKH KPUBBIX IOBEpXHOCTEH, HMEIO-
Lecs B yuyeOHHKax 3JeMeHTapHOH u BhHICHIEH MaTeMaTHKH, UBAAIOTCA
JHIIb HATNAIIHLIMH TIOSICHEHHAMH K 3THM (dopMynaM. M eciam CTymeHT-
MAaTEMaTHK B COCTOSHHM 3aAyMaThCid HaX STHMH «BBIBOLAMH», TO
JA7ns IKOJBHHKA «BHBOA» (OPMyZn NOBEPXHOCTH Ilapa TpenCTaBisfer
co6oit GeccMBICIEHHOE ABAEHHE, MOCKOIbKY HH MOHATHA O TOYHOM Onpe-
Ie/NeHHH TIIOLAAM MOBEPXHOCTH, HM OOBACHEHHS NPHHIUNOB, Ha KOTO-
PHIX OCHOBHIBA€TCH BEIYHCAEHHE NIoWlAaAM TOBEPXHOCTH, OH TaK M He
nonyyaer. 3aMeTHM KCTaTH, UTO COXpDaHeHHe MJIOLIARH NMPH «pacrpim-
NeHHK» GOKOBOH TOBEPXHOCTH KOHYCA WIH UMUTHHIpA ABANETCH, KOHEYHO,
HarJ4ZHO O4YeBHIHBIM (PAaKTOM, HO, CTPOrO roBopsd, TpeGyeT MaTeMaTH-
YeCKH TOYHOI'O OGOCHOBaHHA.

Pasymeercd, Bce oTH YHCTO MaTreMaTHYeCKHE CJIOXHOCTH OTHIOAD
He yMalfioT NMPaKTHYeCKON BawWHOCTH IOHSTHS IJIOMIAKH [OBEPXHOCTH
U HeOOXOXHMOCTH ero U3YYeHHs KakK B BhICHIeH, TAK U B CpexHell mKone.

Cnemyet OTMeTHTb, YTO OTpefeNeHHe IUIOUIAKH NOBEPXHOCTH, CO-
depwauteecs B nn. 5.4 w 5.6, a Taxkke QOPMYIHPOBKH CBOHCTB
(o) — (¢) coBeplUeHHO 3JeMEHTApHHE, B TO BpeMs KaK JOKa3aTelbCTBa
cBolicTB (o) — (&) ¥ mokasaTeabcTBO GOPMYJN LA BEIYUCACHHA MIOULATH
NoBepxHOCTell HeaneMeHTapHBl. ECTh, BIpPOYEM, OLWMH BaXHBLIH 4acTHLIH
cnyyalf, B KOTODOM COBEpIICHHO 3JieMEHTaPHLIMH HPHEMaMH MOXKHO,
HCXONA H3 3JeMEeHTapHHIX onpernenenull niu. 5.4, 5.6, vafitu nnowanb —
ciydalt ganyraofi nosepxnocmu t). D10 MO3BOIAET, B YACTHOCTH, HAliTH
niomanb ceprl, UUIMHApPA, KOHyca H HMX uacrelt, T. e, HaliTH Bce
(opMynbl, HU3ydyaeMmbie B cpenredt wkone.
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§ 1. Beenenne

1.1. Axcuombl IJIOIAAH. YuYeHHe O [IOWAASAX B 3SJIeMEHTapHOH
FeOMETpPHHU OCHOBHIBAETCH HA CHEAYIOMWIMX YeTBIPEX MONOXKEHHSX:

(@) TTromads s(X) ueypst X n6asiemcs HeompuUyameLbHblM
KUCAOM.

(p) Ecan dpueypa X pasbuma na O0se uacmu X; u X, mo
s(X)=s(X)+s(X,) (AL IUTHBHOCT L fUIOWIAAH).

(y) Pasnue puzyper (m. e. dhueyps,, 00H@ U3 KOMOPHX MOdNCem
Guumbs nepegedena 8 Opy2yio wexomopsst O8uNCeHUeM) UMEIOM pagHole
niowady (MHBapPHAHTHOCTDb MJIOULALH OTHOCHTENBHO JABHWeHHH).

(8) Maowyads nexomopoeo Keadpama, CHOPOHA KOMOPO20 S8ATEMCSA
edunuyell OAuHs, pagHa eduHuye.

ByecTo monoxeHus (@) yaCTO MCNONbL3YIOT CHAELYIOULEE IKBUBAJIEHT-
HOE eMy MO/OWEeHHe:
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(a”) Ecan gpueypa X, sisasemces wacmero ghueype. X, mo s (X;) << s(X)
(MOHOTOHHOCTb MNJAOWALH).

[Tonoxenne (') BuTekaeT u3 (o) u (B). HelcreutenpHo, oGosHa-
yuB yeped X, wacth durypsl X, He 3anondeHnyio ¢urypot Xy, Mu
noayyum, 8 cuay (B), s(X)=s(X;)+s(X,). Tak xaxk, B cuay (o),
§(X3) =0, T0 otcioma caenyer, utro s(X)=s(X;). ObparHo, us
(@') u (B) BHITexaeT, OYeBHIHO, TMONOWeHHE ().

Buecto nonowxenus (8) uacTo HCMOAL3YIOT ClelylOllee SKBHBAJEH-
THOE €My MOJOXeHHe:

(6") MMrowads 2106020 kK8adpama, cMopoHa KOmopozo AE8ARLEMCH
edunuyeli OAUHs, pagHa eduriye.

[Monoxenne (8) tpebyer, 4roGet X0Ta OH OAHH KBajparT, CTOPOHA
KoToporo umeer Aaudy 1, mmen naowans 1. Ionoxenme (§) tpebyer,
ytoOnl 110 60 # Takol kBaxgpaT uMen mowaab 1. Tak Kak Bce KBazparTH,
HMeIOLIMEe CTOPOHY IMHHLL 1, pasHel Meway co6olf, To, B cuny (y), mosno-
weunst (8) u (8') sxBuBaneHTHs MewAy coGoff. Mul BHIGPadH B KaUeCTRE
ocHoBHOro monowenns (8), Tak kak OHO TpeGyeT «MeHbuiex.

Pasymeetcs, momoxenus (o) — (8) MOTryT 6HITh HCNOMb30BAHE TOMLKO
10C/e TOTrO, KaK ONPEIeneHO, UYTO Takoe «pUTypa» ¥ 4YTO 3HAUMT
«pa36utby ¢GHrypy Ha nBe uvactH. Mbl He Oydem B 3TOd cTatke
KacaTbCcsl 0O6LLeT O YyYeHHS O MIOUIANAX, HMEIOLLEro Xeao C MpOoHus-
BOJBHBIMI <(KBAAPUPYEMBIME QUIYypaMH» 1), a OrpaHHYEMCSH pacCMOTpEeHHEM
JHIb «MHOIOYTOJNIbHHIX GHIYp», KOTOpHE ABAFIOTCH
Haubo/ee MPOCTHIMH ¢ 371eMEHTAPHO-FeOMeTPHYeCKOH
TOUKK 3penust. Mruozoyzonsnoll ghueypoli (nau MpoOCTO
KIMHO20Y20NbHUKO0MY) HA3BIBAGTCH 4YaCTh IIOCKOCTH,

OTpaHHYeHHAs KOHEYHHIM YHCIOM oTpe3koB. M3 artoro

onpeneNeHHs CleAyeT, YTO K MHOIOYLOJAbHHKAM NPH-

YHCAAOTCA HEe TONbKO MHOTOYTONBHHKH «B OOLIYHOM

CMBIC/IE CJIOBA», OrpaHHYeHHble ONHOH 3aMKHYTOH nu-

nueft (puc. 1), HO Takxe u Gojee CHOWKHBIE (DUrYpHI,

OrpaHHYeHHble HECKOJbKHMH 3aMKHYTHIME  JIOMAHBIME Puc. 1.
AHHUSIMH (pHC. 2, @, §), B TOM YHCIEe H (HECBA3HHEY

QHTYpH, COCTORL{ME M3 HECKOMBKUX OTIENbHHX KyCKOB (puc. 2, 8).
Korma Mbl Gynem roBOPHTH O pa3bHeHUH MHOTOYTONbHHKA HA YaCTH, MBI
Bcerna OyneM MMeTb B BHIY pasbueHue ero mMpAMONHHEHHBIMH OTpes-
KaMH Ha KOHEYHOE YHCAO MHOrOYTOJbHHKOB (puc. 3). OTMeTHM, 4TO
A060  MHOTOYrONBHHK  MOWeT ObITb pasOéUT HA  TPEYrOJbHHKH
(puc. 2, a).

1.2. Iromanb npsAMOYroJibHHKA (MeTol HcuepnbisaHud). Kak
M3BecTHO ?), cBoiicTBa (@)— (8) mosmonslT HA Kjiacce BCEX MHOTO-
YLOJIBbHUKOB ONHO3HAYHO ONPELeNHTh [OHfATHE MIOWAAK. Hanomuum

1) Cm. crareio «[liomane u cObem», crp. 44—>54 srofi kuuru DIM.
?) Cu. craTeio «Iljgomane u o6nem», crp. 21—29.
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BKpATIe, KaK NPOH3BOAUTCA BRIUMCIEHHE niowlanelt pasnuyAnx ¢uryp
B TPaLHIHOHHOM HMIKOABHOM Kypce. Pasneanm npexie Bcero eanMHUYHLIN
KBaZpaT Ha 7% MaleHbKHX KBAILPATHKOB, CTOPOHA KAXIOTO H3 KOTOPHIX

4/ 4
Pue. 2.

umeeT maudy 1/n (puc. 4). 3 (y) cnexgyer, 4To BCe MaleHbKHe KBajxpa-
THKH HMEIOT OLHHAKOBYIO Miowaib, — 0603Ha4uM ee yepe3d s. Tax kak,
Lanee, #u3 7% MaleHbKHX KBAADATHKOB CKIALHBAaeTC eXHHHYHBIH

Puc. 3. Puc. 4.
3 ~
b 9
a
0 9 _
Puc. b.

kBazmpar, To u3 (B) u (8) cnemyer, uro n2%s=1, 1.e. s=1/n% Uraxk,
naowads xgadpama co cmoponoit 1/n paswa 1/n%. PaccMOTpUM Tenepn
KakoH-aulynb MpaAMOYroabHHK (pHC. 5, @), LIHHH CTOPOH KOTODPOro @
M b gBnAOTCH PALHMOHAaAbHB MU 4HCiaMd, [IpuBefeM unena au b

K ofuleMy 3HAMEHATemo:
a=pln, b=gq/n.
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Torma paccmaTpuBaeMbll NPSIMOYTONbHHK MOXHO Da30uTb HAa paBHble
KBaApaTHKH €O CTOPOHOH 1/n, mpuueM BIONbL OXHOH CTOPOHB MPAMO-
YrONbHUKA YyKJAaIHBaeTcs p TAKHX KBalIpPaTHKOB, a BAOAL Ipyrof
cropount—¢g (puc. 5, 6). Becero, TakuM o06pasoMm, B NPAMOYTOJNbHHKE
yKNaawBaeTcsd pg KBaAPATHKOB, a TaK KaK MIOWLANb KayIOro KBampa-
Tuka paBHa 1/n%, 1o m3 (B) cmemyer, 4TO TIOWIAAb MNPAMOYTO/JbHHKA

1
paBHa pq = Z . 7‘17—=ab.

WUtak, naouads npamoyzossHUKa pasHa Npou3sedenuio OLUH e2o
CMOPOH B clydae, eCIH IJIUHB CTOPOH HBISIOTCH PAUHOHAADbBHHMHU
ugcaamn., CrneAylouInii mar Temnepb COCTOHT B TOM, 4TOGH YyCTaHOBHTH
3Ty TeOpeMy A1 NPAMOYrOJbHH-

KOB C OPOU3BONADbBHHMH anu- N o
Hamu ctopod. Paccyxnenue, koro- 8 £
poe I 9TOTO HCIOMB3YeTCs, MOXK- I
HO H3JIOXHTD CAELYIOLIUM 06pasom.
Pacemorpum npamoyroneuux OACS,
IMHHE CTOPOH KOTOpPOro a H & %
ABAAIOTCA NPOH3BOALHEIMH  (BO3-
MOXHO, HpPPalHOHANbHLEIME) YHCTa-

MH. BosbMeM npoussosnbHOe pangHo- g
HalbHOE MNOJOXUTENbHOE YHCIO &
(nanmpumep,e=1/10mmn e=1/100, Puc. 6

unu e=1/1000) u BuGepem Ha

npsamot OA takne touku Mu M', yto orpesok OM uMeeT DaUHOHANb-
HYIO IIHHY, oTpe3ok MM’ uMeer njuHy & M TOuKa A pacronoweHa Ha
orpeske MM'. CoBepumenno tak xe Bmbepem toukm N, N’ Ha mpamoit
OB (puc. 6). Hakonen, BoccraBuM B Touxkax M, M', N, N' nepnennu-
Kkynapsl k ctoposam OA u OB.

[Tnowane nonyuusmedics durypsl MM'P'N'NPM, xoTopyd MOXHO
pasGuTh Ha 4Ba NPAMOYronbHuka, pasHa e -N'P'te.MP=¢g¢(N'P' 4-
+MP)=¢e(NP+ MP-+¢). Tak kak NP<<a, MP<b, 10 nnomanb
durypu MM'P'N'NPM ue npesocxoant & (a-+b+¢g).

OGosraynM Temepb HCXOAHRIM mnpaMoyronbHuk OACB wuepes F.
Hanee nposemeMm mOCTpOeHHe, ykasaHdoe Ha puc, 6, npu e=1/10u
o6o3kaunM npamMoyronabHnk OMPN uepes X;. Torma yactb purypw F,
He 3anondenHas ¢urypo#t X; (T. e. samrpuxoBadHad Ha puc. 6 durypa),
MMeeT MOMNOMHUTENbHYIO [JIOWAZb, HE MPEeBOCXOAAmMYK 1)
nnowany Guryps  MM'P'N'NPM, t. e. He TNpPEBOCXONALLYIO

Mam

1 1 1
W(a—l—b +—16>' [TpoBexeM Temepb TO ¥e MOCTPOEHHE NPH & =155

u nonyuawomuiics npamoyroasaux OMPN o6osnaunm yepes X,. Torza

1) 3mecy Mpl (B mepBHI ¥ IOCAeZHHH pa3l) HCTOAb3yeM MOJdONKeHHe (Q)
(uam (a')).
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yacTe ¢urypet F, He 3sanonHesHas ¢urypoif X, (sawITpuxoBaHias
durypa), HMeeT TMOJOXKHTENbHYI ILIOWAaAb, He MNPEeBOCXOLALLYIO

ﬁ(a—l—b—}—%). 3ateM Mbl MOWEM TMPOBECTH 3TO Xe MOCTpOeHHe

npu &= 1/1000, o6o3nauuB nonyyawomuiics npamoyroabuuk OACB depes
X;, ¥ T. &. B pesynbTare Mbl MONyuaeM TaKyid [OCAELOBATENBHOCTh
duryp Xy, X3, X5, ..., DACOONOWKEHHBIX B NpAMOYyroibHuke F, uto
nnouaAb TOH YacTu NpAMOYronbHuKa F, KoTopad He 3amonHeHa Qurypoi
X,, CTPeMHTC K HY/QI0 NPH HEOTDAHHYEHHOM YBENHYEHHH 4Yucaa A.
WHaue rosops, miowanb §(F) npamoyronbHuka F m miomwans §(X,)
npaMmoyronbHuka X, cBasaHe (B cuny (B)) cooTHomeHneM s(F)=
=5(X,) +5; rHe BeluumHa §, (MIOWALb S3alITPUXOBAHHOH durypw)
CTPEeMMUTCH K HYJIO Npu yBenudyeHun k2, Taxum o6pasom, s (F):klims(Xk),
— 0

T. €. §(F)=Ilim (o,f,), rne o, 1 B, — NIHHE CTOPOR NPAMOYrONbHNKE X,
k> ®
Ho npu £ -» oo mMbl uMeeM o, — @, B, — b; cnenoaaTeano,kiim (afs) =
—

=lime, limB,=ab, 1. e. s(F)=ab, uTo u TPeGOBATOChH [OKA3aTh.
k>wo ks>
Metox, xOTOpLII HCIONB3OBAH B 3TOM JOKA3aTENbCTBE, — OH HOCHT

Ha3BaHHE MemoOq LCHeprnsl8 ariis, —B ONHOM H3 CBOMX BAPHAHTOB MOKET
OnTh chopmynuponad cnenywomwum obpasom: ecau Xy, X,, X ...—
marxas nocaedosamensrHocms u2yp, pacnoroHenHnbux 8 00ROl 1 moli
oce guzype F, amo nacme puzyps. F, ne 3anoanennas dueypod X,,
uMmeem naouyads, HEOZPAHULEHHO YMEHBULAWWYIOCT npy k— oo, mo
lims(X,)=s(F). (MBorma 3TOT MeTOXL HA43KBAIOT TaKXKe Jemodon
k—>w

npedenos.)

1.3. Meroast pasbueHus @ gonojHenud. O6paTumcd K KanbHeHuemy
HOCTPOEHHUIO TEOPHH miIoulafelt B mwikonbHOM kypce. [locie Toro xax
ycraHosieHa GopMyia and BHUHCAEHHS MIOUIALH MPSMOYrOJNbHHKA,
IalbHelliee BHIYHC/IEGHHe MJOMWAAEH NPOBOXMTCA [PH IOMOLIM BechMa
NPOCTOro IpHeMa, HA3LIBAGMOTO MemofoM pa3A0XiCeHis W OCHOBHIBAIO-
uterocs Ha csoficrtaax (B) u (y). PaceMoTpuM nns yacHeHHS STOTO MeTOna
IBe (Qurypel, H3oOpaxceHumle Ha pHC. 7 (BCe OTpPe3KH, COCTaBIAWUIHE
durypy kpecra, paBHH MeXAy cOGOH; CTOpOHA KBaZpaTa paBHa OTpe3Ky
AB). TlyekTHDHKle JAWHUM, NPOBeNeHHHIE HA PHCYHKe, pPas3GHBAIOT 3TH
dburypel Ha OZMHAKOBOE YHCIO paBHHIX yYacTelt (paBHBe 4acTH ob6enx
duryp OTMEueHH OXUHAKOBHMH uHbpamu), IDTOT QakT BEHpPAKAWT
ClefVIOUIUMH caoBamu: GUrypel, H300pakeHHele Ha puc. 7, pagrococ-
masaens, Vuaue rosops, 0ge (fU2Yps HQ3bIBAIOMCA PABHOCOCMAEALH -
HuMlU, eciu, onpedesenHsim 00pa3cm pa3pe3as 00HY U3 HUX Ha
KOHeyHoe 4ucro wacmeli, MoXHCHO (pacnonarag STH 4YacTH HHade)
cocmasumes U3 HUX 8§mopyno huzypy.

W3 cpoficte (B) ¥ (y) HemocpeaCTBEHHO C/AeNYeT, 4YTO ABE DABHO-
¢ocTasnieHHble QUIypH pasHoSesuxl, T. €. HMEOT OJHHAKOBYI M/O-
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ugans, Ha aTOM ¥ OCHOBaH mpocTOi crmoco0 BHYHMCIEHHS maow{anel,
HasbiBaeMBId METOLOM pa3sosicenusn (unw pa3buenus). Metor srtot (us-
BecTHRI# eute EBkMuAy, wupmemy ceuiwe 2000 net nasan) sakiioua-
eTcd B CAeAYIOLIeM: N1 BEYHCAEHHA [JIOWLAAH MNLITAIOTCA pa3fuTh

Puc. 7.

(urypy Ha KOHeYHOE YHCJIO 4YacTeH Takum o6pasoMm, 4TOGH M3 ITHX
yacTe# MoXHO ObIO €OCTaBUTL 6onmee mpoctyio ¢urypy (mro-
maab KOTOPOH HaM y¥e H3BecTHA).

HanomMaum u3BeCTHBIE M3 WIKOABHOTO Kypca reOMeTPHH HpPHMEpHl
npuMeHeHus astoro Metosa. Ha puc. 8 nan cmocof BuyucseHus

Puc. 8.

NAOMIANH Napanje/lorpaMMa: mapasinejorpaMM U NpAMOYTOJBHHK, UMEIO-
liHe OLWHAKOBLIE OCHOBAHHA M OJHY W Ty e BHCOTY, PaBHOCOCTAaB/eHbI
u notomy paBHopenuxu 1), Takum o6pasom, WIOWALb NapasaenorpaM-
Ma paBHAa NPOM3BENEHHIO IIHH €r0 OCHOBAHHR H BHICOTHI.

1) Cnegyer OTMeTHTb, OJHAKO, YTO TaKOH mpocTolf npuem (OTWENJIEHHE
OJHOT'O TPeYroJAbHHKA) He BCerja MNPHBOAMT K UeJH. B caydae, mokasaHHOM Ha
1300paKeHHOM 3JeChb DHUCYHKE

?/ hY
AN
; /7 \ \\
7/

NPUXOAUTCH pa3busaTh MapaJjieOrpaMM He Ha JBe, a Ha GOJIbLlee YHCJO YacTeil,
yTOfE M3 3TUX YacTeil MOXKHO ObIJIO CJAOKHTBH MPSMOYTOAbHHK C TEMH e OCHOBA-
HHMeM H BHICOTOH (CM. HUXKe [0KasaTenbcTBO JemMul 3 B § 2).

’
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Puc. 9 nokasmiBaeT, KaK MOWHO BHUYHCJIHThL [JIOWLaAb TPEYroib-
HUKA: TPEYroNLHHK MMEeT TaKyl e MIOWANb, YTO U NapaaeorpaMu
¢ TeM e OCHOB@HMEM H BIBOE MeHbILeH BHICOTON (Tak Kak 3TH IBe
¢urypel pasuococTaniens). Haxowen, Ha puc. 10 wusobpawmer npueMm
BHIYKHC/IEHHS IUIOLIANH TpalleluH.

[Tocne TOro Kak onpeneneHa IIOWALL TPEYrodkHHKA, NETKO MOXKET
OBTL HalmeHa MiIomanb JAI60T0 MHOFOYTOMbHUKA: AOCTATOYHO PasbUTh
ero Ha Ttpeyroabuuku. (Pasymeercs, mpm 3TOM Mb LOJXKHB OHITb
yBEpeHsl B TOM, 4TO, Pa3/IHYHEIMU CMOCOGaMH pa3GHBas MHOTOYFOMbHUK

Puc. 9.

Ha TPEYrONbHHKHM, MH TEeM He MeHee OyXeM Bcerga Nolyyath OLHO H
TO M€ 3HaYeHHe IIOWIanH; 3TOT akT, OOBHYHO B LIKOJNE He YHOMHHa-
eMblff, BEITEKAET W3 IMmeopeMbl CYUWECMBOBAHUS I eOUHCMBEHHOCHIL
naowadu, cM. «[lnomags 1 o0bem», ctp. 24 —29.)

Wrax, meron pa3GueHus OCHOBAH HA TOM, 4YTO 8cAKlUEe 08a pasuo-
COCMABACHHBLYX MHO20Y20NHUKA PaBHOBeAll. ECTECTBEHHO NOCTABHUTD

\\{
A CN
2\ 12
> n

Puc. 10.

06paTHHI BONPOC: BCAKHE JH [JBa MHOTOYTOJABHHKA, HMEIOLWIHX OfUHA-
KOBYIO [IOLIA[b, PAaBHOCOCTABJAEHL? Y TBeDAMTENbHLHIH OTBET Ha 3TOT
BONpoc Obm AaH (MOYTH OXHOBPEMEHHO) BEHrepCcKHM MaTtemaTHKoM Pap-
kameMm Bodian (1832 r.) u nemeuxum odunepom H nwGHUTENIEM MaTEMa-
Tikn [epBunom (1833 r.); d8a mHoz0yz0ABHUK G, UMEOUUX DABHBIE
naouadu, pagnococmasiers, [LOkasaTelbCTBO 3TOH TEOpEMbl MBI NpH-
BeneM B § 2,

MeTon pasbreHHs 4acTO 3aMEHAIOT APYIHM CHOCOGOM BHUYHCEHHS
miomanelf, ABAA0MWLAMCT B HEKOTOPOM CMEICAEe OOpaTHHM. DTOT CHOCOB,
HasuBaeMull memodos Oonoanenus, bl cefiuac u paccMOTpuM. Bmecro
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TOrO 4TOGH NHTATHCT paspesaTh 1Be QUIYPH HA DaBHhE YacTH,
GyneM Ttemepb KONOMNHSITb nABe QUIYyDH DaBHHIMH YacTAMU Tak,
yTO6Hl MOAYYMBLINECH INIOCAE TAKOrO LOMONHEHHH (PUTYpPH ObIY DPAaBHHL
PacemoTpum cHoBa QHTypH, usofpawmenssie Ha puc. 7. OHH uMeOT
ONMHAKOBYIO Niouiaib (B CHAYy paBHococTam/iendoctH). Ho paBeHcTso
naowanet aTux GUryp MOXHO HOKa3aThk ¥ no-uHomy (puc. 11): nobasnsa

Puc. 11.

H K KpecTy, H K KBaApaTy MO UYEThIPe pAaBHBIX TPEyroAbHHKA, Mbl
NONy4dM OLHY B Ty ke durypy. Orcioga caeiayer, 4to HCXOLHLIE
durypn (Kpect H KBaApaT) PaBHOBENUKH.

MeTOx IOMONHEHHS MOXHO C yCMNeXOM TPHMEHATh L1d J0Kas3areib-
cTBa TeopeM asneMeHTapHoll reoMerpmu. Hanpumep, nmna nokasaTtenb-
¢TBAa TOTO, YTO Mapaiiesiorpamm
H NPAMOYIONBHUK,  HMEUIHE
OXHHAKOBHIE OCHOBAHHUA H BhbI-

COTHl, pPABHOBENHKH, HOCTAaTOYHO
obpaturbes K puc. 12. U3 aro-

ro0 pHCYHKAa BHIHO, YTO H Ta- A I
paljienorpaMM, U TpPAMOYTOMb-
HHK MOTyT OBITh ¢ [MOMOIMIBIO OZ- I
HOrO H TOTO € TPEeyroibHHKA
g B
/g
7 7
Puc. 12, Puc. 13.

IONONHEeRH KO oxHO# u ToH e Tpameuun. IlosToMy napannenorpamm
¥ NPSMOYIONbHHK PAaBHOBEAHMKH 1),

1) 3ot cnocol BHUHC/IEHHS IMOUIAAY NapaliesorpaMMa IpeLloduTHTEbHEe,
4eM OOBIYHO MpHMeHsieMbl#l Opuem (cM. puc. 8). HeficTBuTennHO, crnocof, u306-
paxendnii Ha pHc. 12, npuMeHAM BCET J a B OT/HKYHE OT IpHeMa, H306paxeH-
HOro Ha puc. 8 (cM. CHOcky Ha cTp. 147).
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DTHM Ke MPpUeMOM Nerko Aokas3ath Teopemy [ludaropa. Iyers
ABC — npsiMoyronbHb#i TpeyroasHuk. Jias Toro 4rofsl KOKa3aTh, YTO
mIOWAaXb KBaapaTta /, MOCTPOGHHOTO HA TIHNOTEHY3€, paBHA CyMMe
naoutaneit xmagpatoB [/ u I/l nocrpoeHHmx Ha kaTtetax (puc. 13),
LOCTaTOYHO OOpaTHThCA K puc. 14. Ha atom pucyHke MoKa3aHo, 4TO
Kak KBaxpaTt /, Tak u BMecTe B3ATHe kBanparte /[ u [/ Moryt OmITBb
JOMOJHEHE UYeThpPbMA TPEYrONbHHKAMH, paBHeIMH Tpeyroabnuky ABC,

IO oJHOl u Tolt we QUIypH, a UMeH-

HO, 1O KBaszaTa, CTOpOHa KOTOpOI‘O
pasHa CyMMQ KaTeTOB UCXOZHOTO l'lpﬁ-
MOyFOJ’IbHOl‘O Tpeyronbﬁuxa. STHM
teopema Iludaropa nmokasana. Ias
3
= 5
= ~
8 8 Y
4 5
4
H
I S 2
3 1
Puc. 14. Puc. 15.

cpaBHEHHsS MpHBeIeM PHCYHOK K xoKasaTtedbctBY TeopeMsl [Tudaropa
upy NOMOLIM MeTOlda pasnoxenus (puc. 15).

YcnoBuMcsl HAa3HBaTh [Ba MHOTOYTONbHHKA pagHOC0O0NOAHSEMELML,
ecaH, NMPHUKIanLBag K TOMY H IDPYrOMY OIHH H Te XXe MHOTOYIOJAbHHKH,
MOHO NOJYUYHTh JBe OAMHAKOBEE PUTyphl. SICHO, 4TO PAaBHOLOMNONHSAEMEIE
durypsl UMEIOT OXHHAKOBYIO MIOLlafh. ECTECTBEHHO NOCTaBHUThL 06paT-
HbI BONPOC: 8CAKUE AL 0BQ MHO20Y20AbHUKQ, UMEOWUX O00UHAKOBYIO
naowads, pagrodonoaxnsesms? ¥ TBepIAUTENbHEN OTBET HA 3TOT BOMPOC
7EerKo MONY4YHTh M3 TeopeMn boiiam —epauna (cM. § 2).

1.4. CpaBHeHMe pasJuUHbIX METOMOB BHIUACJAEHHA RJomanei.
Mbl paccMOTpeNH TPH MeTOLa, NMPUMEHRIOMIMXCS A% BEUHCAEHHS [J0-
uianed Guryp: memod ucuepnuisanus (MeTOL UDPENENOB), Memod pa3-
Guenus n memod Odonoanenus. Ilpn ux cpasuenun GpocaeTcd B rniasa,
4TO MeTO[ MCYEPNLIBAHHS ropasno 6onee CiOWeH, 4eM MeToAn pasbue-
WHY ¥ AQMOJAHEHHS: OH HCNOMb3yer (MHOrAAa B 3aByanMpoBaHHOH dopwme)
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HIEI0 [IpefesbHOrO Nepexonga, B TO BpeMS KaK MeTOAn pPas3bHeHHsd H
IOMO/IHEHHS BeChbMa MDOCTH H reoMeTpuueckH Haraaxne. Ilo cyTu zena,
MeTOJ HCUeDNBIBAHMS ONH30K K ONpefeIeHHId MOWAanH ¢ NOMOLLBIO
uHrterpana (cm. crp. 51—52 crarpu «[lnouanb u 06beM») H HOTOMY
HesnemedHTapeH (PaccymmeHus, casf3aHHbIE C PACCMOTPEHHEM Npe-
IEeNbHOro Mepexona, 66 CKOHEeYHO MaJiblX BEIHYHH H T. [., NPUHATO OOBIUHO
CUMTATH «HeaneMeHTapHbIMM».) OIHAKO, K C4aCThi0, METON HCYEpPILIBA-
HHS OpHMEHSeTCS B TEOpHH mjoulaied MHOrOYrONbHHKOB JIHILL OIHH
pas: Kak Mpl BUIENH, OH HYMeH /JWIlb NIDH BhIBOLE (OPMyabl [OpAMO-
yroibHuka, Ecnn we dopmyna miomand npaMOyroibHHKa yxe ycTa-
HOBJIEHA, TO IJIOWAAHM /1106 B X MHOTOYIONBHUKOB HAaXOAATCH S/IEMeH-
TapHO (C MOMOLIbX MeTOXOB pasfueHus H nomoaseHus) 1). Tor daxkrT,
YTO HeaNeMeHTapHHE METOX HCUEepTBIBAHHS HCNONL3YETCH B TEOPHH
ninouiagelt MHOrOyTOJNBHUKOB JHINb OXUH Pa3, —Ha M TO [PH BHYHCIEHUH
M70uIa R NPAMOYTOJNbHHKA, XOPOIIO H3BECTHOHN H NOHATHOH Wi mpsMo-
YIOAbHUKOB C DAalUMOHANBHLIME JMHHAMH CTOPOH, — LeNaeT MaJo3aMer-
HOM HeajeMeHTapHOCTH atoro mertona. (Tem Gonee, yto MHorue npeno-
JIaBaTe/]H CTapalTcs CKOpee «HIPOCKOYHTH» OOHH BhBOL GOpPMyAsl
NpsAMOYTOAbHUKA, «CMa3aB» TPYIHOCTH 9TOro BeiBOmAl)

[lpocMaTpuBad H3JOXKEHHBI® BHIIE PAaCCYXIEHHS, NErKo y6enuTncd,
YTO aKkcHoMa (@), yKasaHHad B HAyajne CTAaTbH, HCIOAb30BAN4aCh B HHX
TONBKO OLWH Pas, a HMEHHO MPH HAXOXAEHHH MIOLIAKH OPOU3-
BOJBLHOIO NpPSIMOYTOJNbHUKA METOLOM HCYEDMbIBaHHH. Bce ke OCTanbHE

1) Metoa HcuepnuIBaHMA BHOBR CTAHOBHTCS HEOGXOLUMBIM NMpH BHYHCJICHHH
miomaned KpPUBOJMHEHHBIX (HUryp, HanpsMep JOWAAH Kpyra U €ro dacreil,
B camom jiene, yacTh Kpyra K, He 3aTOJIHeHHAs BOUCAHHBIM MHOTOYTOJAbHUKOM X,
HEBeJHKa ¥ CTAaHOBHTCA BCE MeHblle H
MeHbllie, ecan Haubosablllag U3 CTOPOH
BIIMCAHHOIO MHOTOYTOJbHHKA HeorpaHH-
ueHHO yMeHbwlaercs (puc. 16). [Tostomy
s(K)= lim s(Xg), rme nupemen Gepercd

k>

B OpENNOJOMKEHHH, YTO NpPU R — o Bce
CTOPOHB! MHOTOYTOJbHHKA X, Heorpai-
YEHHO YMEHBINAIOTCH. DTO YCMOBHE BEIION-
Hsercs, Hanpumep, ecan Xp—np a-
BHJ B HB i BIHCAHHBIA R-yrOJbHUK (MK
2%.yronrhuk). Ho naomais npaBHibHOTO

[ e e gy

MHOTOYTOJIBHHKA PABHA 5= Ppp, TAC Pp—

ero mepuMerp, a ap-—anopema. Cuegosa-
teabHo, s (K)=lm — ppa, Tlppk — o
k> ® 2

BeJMUHHA pp npubamKaerca K JJHHE Puc. 16.
OKPYKHOCTH 217, a BeJHYHHAa ap—K
paguycy r. Taxnm ofpasoM, s mjiomaiv xpyra K mosyuaem GopMmyay

2 k—ow k>

s(K)= lim L app,=L limp, lim ay— L onrr =2,
1;-)00 2 w 2
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PacCyXIAEHHSl, W B YAaCTHOCTH NDHMEHEHHME METOLOB pPa3bUeHHda H 10-
TOMHeHUSA, OCHOBaHol TOJNbKO Ha axkcmoMmax (f)— (6). Hampumep, ToT
daKT, 4YTO pPaBHOCOCTaBJIEHHBIE MHOTOYTONBHHKH MMEIOT OIHUHAKOBYIO
nJIOWlanb, BHITEKAaeT TONbKO M3 IByX axcuoM: (B) u (y). Ilposenernue
pacCyXIeHHH METOROM HCUEDIHBAHHS HEBO3MOXKHO $e3 IpHMeHeHMs
aKCHOME! (@), TaK Kak B MeTOXE HCUePNBIBAHHSA CYLIECTBEHHO HCMONb3Y-
eTcs nosoweHne (o), sxkBHBaneHTHOe akcuoMme (o) (cM. cTp. 145 u 179).

Takum 06pa3oM, CHOKHOCTh H HESJIEMEHTAPHOCTh METOAa HCYepIbl-
BaHHs OOYC/NOB/IEHH HMEHHO MCIOJNb30OBaHHMeM aKCHOMH (o). B cBasu c
3THM BCAKOe pacCykIeHHe, MCMONb3yOUlee aKcHOMy (o) M B 3TOM
CMblC/IE 3KBHBANTEHTHOE METOLY HCUePNHBAHHA, Mel OyXeM B TEODHH
nromane#t cyuTaTh HESNEMEHTAPHH M, DIEeMEHTapHRIMH Ke GyleM
CYMTATh Te PACCYXAEHHS W MeTOLH, KOTODHE OCHOBaHhl JHIIb Ha
akcuoMax (f) —(8). B uwacTHOCTH, MeTOAMW pa3GHeHHs M KONONHEHHS
snemenTapHs. Takoe HCKAIOYHTENLHOE NONOKEHUE aKCHOMH (@) B TeOpUH
nrowanet ofbsacHAeTCs TeM, YTO B Helt MOCTyAHMpyeTCs HEKOTOpOe
KHepagencmgo 5N naoulazeff, B TO BpeMs KaK OCTalbHhIE AKCHOMHI
$hopMyNHDPYIOTCS B BHAE pagercmg. Vcnonb3oBaHue xe HEpPaBEeHCTB
AN8 BEYMCIEHHS [JoHmlajedt, IJi4 pelleHHs BOTPOCa O TOM, UeMy
paBHAa naouwanb ToX uaAn uHOH Urypw (T. €. HCIOAbL30BAaHHE Hepa-
BEHCTB JJS YCTAHOBIEGHUS HEKOTOPOTO paBeHCTBA), TAK HIM HHAye
CBSI3aHO ¢ Mpeje]bHEIM TePEeXONOM, ¢ HEeKOTODHIMH OLEHKaMu H T. m.
H IOTOMY He3JeMEHTapHO.

Hanpumep, HcNnonb3oBaHNe MeTONA HCYEDPMNbLIBAHHS NDH BHIYHCIEHHH
mIoulany NPAMOYroJAbHHKA MOMXHO OblJI0O 6B 3aMEHHTb CHELYIOLHM
«OLIEHOYHBIM» PacCywIeHUeM, CYLU(eCTBEHHO OCHOBAHHBIM HA TPHMEHEHHM
aKCHOMBI (€) Wi SKBHBaNEHTHOTO ef nosowenus (). OGO3HAYMM HIHHMI
otpeskoB OM u ON Ha puc. 6 uyepes o u . Torma mb umeem:
SompN <= Soacg <= Som’P’N’; MU

065<S0ACB<(G+8) B +e). *)

Ho wmel nMeeM a—e<Soa, atesa-te (W60 OsKa—a=<Se, oM,
puc. 6) u aHanoruuno b—e <SP, P -+ e<<b-4s. CnenoBarennHo, He-
paBeHcTBa () MOryT OBITh Tenepb YCHJIGHH CIAEIVIOMHM 06pa3oM:
(a—e)(b—e) << Spacp =< (a+¢€) (b+¢€). Packpeizag cko6ku M BhYH-
Tas M3 BCeX 4YacTel HePaBEHCTB TNPOH3BELEHHE @b, moayyaem:
—ela+b—e)<<sgucp—ab<<e(a-b--€). DTn HepaBeHCTBA NOKABH-
BAIOT, 4TO HUCLO Spacg— ab He moscem Obimy OMAUHHOLM OM HYAS
(160 B KayeCcTBE & MOWHO B3ATh KaK YIFOLHO Ma/loe pPalHOHANb-
HOe MOMOMMTENLHOE YMCMO); TaKHM 00pasoM S, pp == ab.

3TO «OLleHOUHOE» paccyxieHHe GOPMaNbHO HE COLEPNHUT HHKAKOro
NpenenbHOrO NepPexonda, HO MO CYLIeCTBY CTOAb e HESIEMEHTAapHO,
KaX M MeTOA HcYepPneBaHusa, Bexb sakmouHTenbHAsd 4YAaCTb TOrO pac-
CyXICHUR NpelnonaraeT, B CYILIHOCTH, ACHOE NOHHMaHHe Toro dakra,
YTO HHK3KOE OT/AHYHOE OT Hy/1 YU CAO0 He fiBAfeTcs 6eCKOHEYHO Maslol
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Be/IYMHON, T. €. T4k WAH HHaue CBA3aHO C DACCMOTPEHHEM nepeMeH-
HOM BEJMYHHBL, C PAacCMOTDEHHEM uHcaa €, KOTOPOe MOXeT OuiTh «mpo-
H3BOJABHO MajlbiM», H T. I

EcTeCTBEHHO BO3HHKAET BOMPOC: MOXHO JH BhiBeCTH (OPMyTy mio-
HlafH NpAMOYTOAbHUKA 3/JeMeHTapHO (T. €. C NOMOIIbI0 KaKOro-mubo
paccyXIeHHs, He HCToNb3ylowero akcuomsl (2))? OkxassiBaercd, 4TO
3TOr0 CHenatb HeNAb3 4, T. e. NPH BLIYHCAEHUH MIOILAAH MPOU3BOJMb-
HOTO TPAMOYIOJbHHKA OTPAaHHYHTLCH TOMBKO HCHONb30BAHUEM aKCHOM
(B)—(0) HeBo3aMoOkuO. Mbl mokawem sToT dakt Ha cTp. 179.

1.5. Bolyucienne 06beMOB MHOrOrpanHuxos. Tpetbss npo6Giaema
I'mabGeptra. O6patuMcsa Ternepb K TeOMETDHH B IIPOCTPAHCTBE, 4 HMEH-
HO K BONpPOCY O BBIYHCACHHH OOGBEMOB MHOTOTPaHHHKOB.

(ITorn mro20eparnuxom Mb TIOHMMAEM 4acTh MPOCTPAHCTBA, OrpaHu-
YEHHYIO KOHEUHBIM YHC/IOM MHOI'OYIOMbHHKOB; M0G0 MHOTOTPAHHUK MOXET
OBITE pa30MT HA KOHEUHOE YHCIO mempasdpos, T,e€. TPEYTONbHHIX TH-
pamMun.) Briymcnenne 06beMoB 6a3HPyeTCH HA AHANOTIHYHLIX MOJOKEHHAX:

() Obvem v (X) mena X asisemcs HeompuyamessHolM 4UCAOM.

(B) Ecau meno X pasbumo Ha Ose wacmu X, u X,, mo
v (X) =2 (X)) +0(X,).

(Y) Pasneie mena usmerom pasHsie obvessl.

(6) Obzem kybGa, pebpo wxomopoco ssasemcs eOunuyell Oaunel,
pasern eduruye.

Kak u B caydae IVIOmland, aTH nonowenus (a)—(8) nossonsior
Ha K/acce MHOTOTDaHHHKOB OJHO3SHAYHO ONMpefenuTh MoHATHE 06beMma l),
BHauane noctpoeHHe TeOpHH OGDBEMOB B TOYHOCTH NOBTOPSET MOCTpOE-
Hre teopun niowaned. Mmeddo, ycramasnmeaercs, 4to 06beM Ky6a
¢ pebpom 1/n pamed 1/n®; nanee noxasmpaetcs, 4TO 06beM TpPAMO-
YyronbHOrO Mapa/ulelienunena C palHOHANbHEIMH ITHHAMH pebep pased
NPOU3BENEHHIO TPEX €ro «HaMepeHHH» (T. e. NPOU3BEILEHHIO MJIHH TPex
pe6ep, BhIXOLALWMX H3 OXHOH BepIIHHH); 3aTeM 3Ta TeOpeMa pacmpo-
cTpaHsieTcd (C NMPUMEHEHHEM MeTOIa HCYEDHHBAHURA) HA MPAMOYTrONbHEIE
napajinenenuuens ¢ MPOM3BOALHRIME ANMHHaMH pebep. Bce 3T10 comep-
[IEHHO aHAJIOFHYHO HOCTPOEHHSAM TEOPHU MiIomanelt,

[anee BO3HHKAET €CTECTBEHHHl BOMPOC: MOXHO JH, HMeS B CBOEM
pacnopskernu QopMmyay o0beMa NPEMOYrOMbHOrO napalielenurend,
onpenenuTh 00beM JIO0Or0 MHOTOPPAHHHKA C MOMOLIBI0 TOMNLKO METOna
pasGuenus (WIH HOMOJNHEHHR), 6e3 UCHONb30BAHHA HESJIEMEHTAPHOro
Metoxa ucuepnusasua? (Mmenwno Tak 06c¢Tostno meno B ciyyae miowia-
neit nnockux ¢uryp.) Kak usBectHo, yueGHas nuTepaTypa Bceraa
HCnonbayeT NHO0 MeTON HCYEPNEIBAHHSA (<YepTOBA NEeCTHHIA», CM. HUKE,
puc. 20), nubo kakoH-HMOyNb SKBHBa/leHTHHE eMy MeTon (Hampumep,
npurnpn KaBanbepn unm Kaxoe-nu6O HHOe 3aByanHPOBaHHOE HHTEFpH-
posaune). Ilo cyuiectsy am 3T10?

1) Cm. cratnio «[luomans # o6bem», cTp. 72—75.
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[Mpn BuiuucneHun o6beMOB NMPOCTPAHCTBEHHBIX (PHIYP B HEKOTOPHIX
Clyyasix TpHMEHSEeTCs MeTOA pasnoweHud (uam momosuenusn). Hampu-
Mep, AAs N0K4a3aTelnbCTBA TEOPEMB O TOM, YTO 00%eM HAKAOHHOI
npu3Mb. DaBEH NpOU3BEeOeHUI0 NAOWAONL NeprneHOUKYAAPHO20 CeteHUs

T

I

\

e
=

lll
M

77

7
[
i

27

Puc. 18.

Ha Oauny Ookogozo pebpa, npusensiom memod passoxcernus (puc. 17)
usu donosnenus (puc. 18). Muaue rosopd, BCAKad Hak/IOHHAA MpH3MA
paBHOCOCTaB/IeHa (¥ PaBHOXONOMHsSEMA) C MPSMOM MPU3MOH, Y KOTOpOl

il

-l
I T

m

Puc, 19.

InyrHa GOKOBOro pefpa Takas e, KaKk H y HAaK/JOHHON NPU3MBI, a ocC-
HOBaHUEM fBAAETCH [MEPNeHANKY/ISIPHOE CeYeHue HAKJOHHON MPH3MHI,
Hanee, eciy OCHOBAHMA IBYX NPSMHIX MPH3M HMEIT OXHHAKOBYIO MI0-
Hiajgb, a4 BHICOTH 3THX MNPH3M DPABHH, TO 3T IBE NMPHU3MH PABHOCOCTAB-
ndensl (#60 no teopeme bofigu — epBUHa MX OCHOBAaHHS PaBHOCOCTAB-
NeHbl, puc. 19). B uacTHocry, BCakas npamMas 0pUH3Ma PaBHOCOCTABAEHA
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¢ NPAMOYTONBHHM MapajienelunenoM, UMEIOUHM TY XKe IOWaLb OCHO-
BaHHA M Ty e BHCOTY, OTKYAa W BHTEKaeT Teopema 06 obbeme
HaKIOHHON TPU3MEL.

TaknuM 06pasoM, A1 BHUYHCAeHHT ofbema moGOH mpuaMu (MpAMOR
WA HAK/AOHHOH) MOXHO C YCTeXOM NO/Mb30BaThCA METOLOM PasfiOKeHHd
(H MeTOZOM LOMOJNHeHHS).

OnfHAaKo 0pH BHYUCAGHHM O00beMa MU PAMH AL He [ONb3YIOTCH
HH METOZOM pPasfNOWeHHf, HH MeTomoM HomonHenud., Ha momouis npu-
BleKaeTcsl Memod npedenros.
paccMaTPHBAIOT LOBONABHO CMOXK-
HBIE CTyIeHYaThe Tena (puc. 20)
H 3aTeM MEepexoisT K mpexeny
TIPH HEOTDAaHWYEHHO BO3pacTalo-
1IeM YHCIEe CTyMeHek («yepTosa
necTHHLAY). B uewm 3mech meno?

I A

1 4
g

Puc. 20. Puc. 21.

Moxet OwiTh, 3TO O0BACHARTCH AMLIL TEM, YTO IO CHX MOpP MaTe-
MATHKAM «He MOCYaCTJIMBHIOCH» HAUTH NPOCTOH BEIBOL (QOpPMYJIH 06h-
eMa MHPaMMIB METOXOM pas3jioWeHHs HAH AOnojsHeHHA? YTobm oT-
BETHTb H4 3TOT BOIPOC, BCTMIOMHHM BKpaTile, KakK OOBIYHO BHIYHCAFETCH
o6bem nupamunsl. [lycte ABCD —TtpeyronbkHas mupamuaa. Iloctpoum
TPEYTONLHYIO NpHu3My (HaknoHryw) ABCDEF ¢ ocuosauuem ABC u 6o-
koM pebpoM AD (puc. 21). DTy npusMy MOXKHO pa3GUTb Ha TpH
TpeyroisHee nupamunst ABCD, BCDE, CDEF (puc. 22), KOTOpHE MHI
Ind KPaTKOCTH o6osHauuM uepes M, M,, M,. Jlerko ycranarnusaercs,
YTO Kawane xBe m3 mmpamun M, M,, M; uMmeroT paBHBle OCHOBAHHS
W paBHele BHICOTH. TakuM o06pasoM, «OoCTaeTcd» HOKasaTh, YTO J8e
nupamuds., umenouue pagHsle OCHOSAGHUS I pABHbIE 8LLCOMbL, PABHO-
seaur.

VIMEHHO 3TO npejfOWeHHe M [IOKa3eBAeTCS C NOMOLIBID MeTona
npenenoB. MOXHO JH [0Ka3aTbh 3TO Npeanoxenue 06e3 MpHMEHEHHS
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MeTOZa mpenenoB (MAM METOLA MCUEDIbIBAHHSA), HA OCHOBE TOJIbKO
MeTONOB pa3BueHust WiM ZononHeHHd? UHbIMH croBamu, giobse Al 08a
mempagdpa ¢ paBHLIMU OCHOBAHUAMU U PAGHOLMU 66.COMAMU PABHO~
cocmasneHs. UL OONOAHAEMb PABHBIMU HacmaMlL 00 pPABROCOCHQB-
AeHHBX MHO202paHHUK0? DTa npobieMa H3BECTHA MO0J HaSBAHHEM
TpeTbei npo6aems [uanbbepTa: B uucae APYTHX BAKHEIX
npobneM MaTeMaTHKH, OHa Gnlia BHICKA-
3aHa u3BeCTHuIM MaTeMaTHkoM JI. [ u a1 b-
6eprtom B 1900 rony.

PasymeeTcst, MokHO 6mi10 OBl mOCTA-
BHTL 3Ty mnpobaemy u B HHOH chopwme,
CpaBHMBas He [Ba TeTpa’Apa, a TeT-
pasEp M NpAMOYTONbHEIA mapasienenu-
nex (mas xoroporo ¢opmyna ofbema
yxe wussecTHa). Tak MBI NPHXOAMM K
cnenywoulel GopMynHpOBKE MO CyHIECT-
By Tolt we mpobnemes: gcgrul au mem-
paadp pasHOCOCMQBAEH C HEKOMOpbM
NPLMOY20N6HELM — NAPALNLEAERILILECON
(Toro xe o6bema)? Kak ycranosua eure

Puc. 22. B 1896 rony amrnufickifi MaTeMaTHK

X", TeTpasapsl, PABHOCOCTABJICHHBLIE

¢ TNPAMOYrONbHHIM TapajjeleNnunesoM, cyumectByoT. [lpumep
TaKoro TeTpasxpa mnpuBeneH Ha puc. 23, a; s3mecv AB, BC
# CD —B3auUMHO mNepHeHAMKYNApHbe pebpa, HMEIOUlHe OXHHAKOBYIO
anuHy . Ha pnre. 23, 6 nokasaHo pasGueHue 3TOrO TeTpasipa Ha
yeThipe MHOTOTPaHHHKA; Ha 3TOM uepTexe oTpe3kn BM u MN umeior

a
naudy — . Ha puc. 23, 8 TIOKa3aHO, KaK ClefyeT MeperpymiHpoBaTh

9TH YeThpe MHOTOTrPaHHHKA, YTOOB! H3 HHX CIOXHTb MPSAMYI TPeyronib-
Hyio npuaMmy (puc. 23, ¢). Takum o6pasom, Terpasaip ABCD passoco-
CTaBleH ¢ npaMoHd Tpeyro/ibHOR mpu3MOi, a MOTOMY M C MPAMOYTLOMh-
HeIM nNapannenenunenom. Ecaum 6Bl 370 Okasanock Tak miag nww60ro
TeTpasapa, TO MNPHHIHIHAABHO MOXHO OblJio 6Bl MOCTPOHUTHL TEOPHIO
06beMOB MHOTOTPAHHHKOB, HH pa3y (mocje yCTaHOBJAeHHA (POPMYIEI
ofbeMa mapajenennnefa) He WCIOMb3YOIUIYID METOAa TNpeneNoB HIH
MeTOLA HUCYEepPTHIBAHUA,

Oxuaxko Ha o0e moCTaBieHHble NMPOOGAEMBl NPUXOIUTCH AATh O T D H-
natenbHB ! oTBeT. OKa3hBaeTCsi, YTO METOLL Da3JOXKEHHS H I0O-
nonHerus Boobwe GeccUIbHBE AN ycTaHOBJIEHHE dopmynn oObema
nupamunel. Ind BeBoma 31oM GopMynsl HeoOXOLHM O TPHMEHEHHE
6onee CIOKHOrO MeTOId (MeTOHa MCYEDPMHBAHHA, METOLA NPELENOB UiH
MHOI'0 ®KBHBaJeHTHOro Metoxa). Do Geuio ycrakosieno B 1901 roxy
M. Jdeuom, KOTOpHH MOKA3a1, YTO CYHIECTBYIOT MHOTOTPAHHHKH, HMeo-
uie papHpie o0beMel, HO HE PaBHOCOCTaBAeHHHE. B 4aCTHOCTH, Ky6 H
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NPaBUAbHEI TEeTpasnp OILMHAKOBOTO 00DbeMa He PABHOCOCTABIEHH (H
He NONONHAKTCH PaBHBHIMH YaCTAMH IO PaBHOCOCTaBNEHHHIX MHOTOLPaH-
HuKoB). CyliecTBYIOT TaKke He pAaBHOCOCTaBlEHHple TETPAsApH ¢
PaBHEIMH OCHOBAHHMAMM H BHCOTaMH. TeM cambiM OBOCHOBHIBAETCH
HeOOXOIMMOCTb INpPHBJCYEHUA HEDJEMEHTapHBIX METOIOB B TeOpHHU
o6BbeMOoB.

Puc. 23.

JHoxasarenscrBa camoro [eHa, OUeHb CJAOWKHBIE H, HaLO CKas3aTh,
JOBONLHO myTaHwele, OBIMYU CYLUeCTBEHHO ycoBepueHcTBOBann B, &. Ka-
raioM. B nocnexsue TroXbl pPSJ HHTEDECHHX HOBHX pe3ynbTaToB
B TEODHH PaBHOCOCTABJGHHOCTH OBUI MONYUYeH IIBeHLAPCKUMH TEOMET-
pamu (. Xageurep u xp.). UXx pe3ynsTaTh MO3BONUNHN 3HAUHTENHHO
YNPOCTHTb [OKa3aTennCTBD TeopeMnl [lewa. B § 3 uumrarens Haltzer
IOKa3aTenbCTBO pesynbTaToB [MeHa, npencrapnsiouiee cobGo# CHIBHO
nepepaoTaHHOe mokasaTenbcTBO Xamsurepa. [To mosony manbHefAmux
OTHOCSILIMXCS CI0Ja Pe3yAbTaTOB (HEKOTOPHIE U3 HHX KPaTKO YIOMSHYTHI
B KoHie §§ 2 u 3) Mbl OTCHITaeM YHTATeNd K yKa3aHHOM B KOHIE CTATbH
kiukke B. ', Bonraunckoro [1].
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§ 2. PaBHOCOCTABJIEHHOCTh MHOTOYIO.JbHUKOB

2.1. Teopema bBofisu — I'epeupa. B stomM naparpade Mo JOK2XeEM
Teopemy Bofisiu — 'epBuHa, ynOMAHYTYIO BO BBeIEHHH, a4 TaKke yKaweM
HEKOTODHE HOBHIE Pe3y/JAbTaThl, OTHOCALIHECH K 3TOMY Xe Kpyry mieH.

IlokameM cHayana HEeCKOJbKO BCIOMOraTeldbHBIX NpPELIOXeHHnH.

JNevmva 1. Ecau fuezypa A pasnococmasiena c gueypoi B, a
guzypa B pasnococmasaena ¢ gueypoii C, mo guzyper A u C maroice
PaBHOCOCMABAEHbL.

HeiicrutensHo, nposenem Ha ¢urype B nunuu, pasbupaomue ee
Ha TdKHe 4YaCTH, U3 KOTOPHIX MOWHO COCTAaBKTh (urypy A (cniomHee

Puc. 24.

AMHUY Ha pHC. 24, a); mpomeleM, KpoMe TOro, JHHHH, Da3GHBaiolIne
¢urypy B Ha 4acTH, U3 KOTOPHIX MOXHO CcOCTaBHTb urypy C {cnnom-
Hble JHHHH Ha puc. 24,06). Te u Inpyrne sauHHM BMecTe pa3GMBAOT
durypy B Ha Gosee MeNKHe YaCTH, NpPHYEM SICHO, YTO M3 3THX Goiee
MEJKHX YacTe#t MoxHO cocTasuTh u Qurypy A, n durypy C. Takum
o6pasoM, ¢durypst A 1 C PaBHOCOCTABJEHHL.

Jlemma 2. Beaxwull mpeyzossHiK pasHoCOCMABAeH C HEKOMOPLLM
NpSMOY20 LLHUKOM.

B camom nene, nyctb AB —uanGonbinas cTOpoHa Tpeyronbuuka ABC
(puc. 25), CD—onyuieHHaa Ha Hee BeicoTa, Torma Touka D HaxomuTcd
Mexny A u B (unaye ommiusyrnos S/ A uin /B b Gbl TYmeIM H
ctopoHa AB He Onina Obl HauGonwiied; cM. puc, 26). Uepes cepenuny
BuicOTH CD npoBeXeM NPAMYIO, napajienbHyio AB, H ONyCTUM Ha 3Ty
npaMyo nepnedanxyasps AE uw BF, Torza Mbl Moayy#dM MpAMOYTONb-
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Huk AEFB, xotophifl paBHOcocTaBaeH ¢ TpeyronbHukom ABC. [Hetict-
BHTENbHO, TPEYrOJbHHKH, [OMeYeHHbEe Ha pHC. 25 nudpo#t I (rak xe
Kak W TPEyrOAbHUKH, NOMedeHHhle nuppoit 2), pasHel MexIy coBoi,
Kawnaa xe u3s ¢uryp ABC, AEFB cOCTOMT H3 3alITPHXOBaHHOM Ha
pHc. 25 Tpameuuy M ABYX TpPeyroibeUKOB [, 2.

Jlemma 3. [Jsa napasaesozpanma, umenowux obuee 0CHOBaHUe
U 00UHAKO08YI0 NA0U;a06, PABHOCOCHOABALHDL.

[Iycte ABCD n ABEF— pBa mnapaianesnorpamsa, HMelomHux ooiee
ocnoBaHue AB u onmHakoByic miomanb. Torma BHICOTH 5THX napan-
71e70rpaMMoOB OILMHAKOBH, T. €. OTpe3kH DC u FE pacnonoxeHn Ha

¢
|
o F ?
- |
| i
! }
J
B A B D
Puc. 25. Puc. 26.

onnoit npamofi. Ha npavoit AB OT/10XHM NOCAEN0BATENbHO DAL OTpes-
KOB, DaBHEIX OTpPe3ky AB, W 4epe3 KauAyI0 TOUKY NeleHHS TpOBeneM
npsiMeie, napaanensHeie orpeskam AD u AF. Torma nonsoca mMexmy

Puc. 27.

napannienbiniMy npaMuiMi AB m DE pa3ofbeTcd Ha pPAL MHOLOYIOJb-
HuKOB (puc. 27). Kawnef M3 3THX MHOTOYTONLHHKOB MpPH CLBHIe Ha
OTpe3OK, paBHHE AB, cOBMeIaeTcd ¢ APYruM DaBHBIM €My MHOTO-
yroneHikoM. (Jokawxute!) PaBHbe MHOrOYronsHHKH Ha puc. 27 otme-
yeHs OAMHAKOBHIMM uudpamu. OcTaeTcs 3aMeTHTh, YTO KawAbil U3
napannenorpammor ABCD, ABEF comepmuT OJXHY YACTb, MOMEUYEHHYIO
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uudpoit I, onwy yacTb, TOMeueHHYI0 uudpoit 2, nudpo#t 3 u T. I
Takum 06pasom, 3TH mapalljienorpaMMH PaBHOCOCTaBieHs 1),

Jdemma 4. Jsa npamoyeosshiuka, UMEOUWUX pasHYO NA0uads,
Pa8HOCOCH QB ACHDL,

Mycts ABCD w EFGH— nBa mnpAMOYrolbHHWKA OXMHAKOBOH milo-
maau. W3 vetwmpex oTpeskos AB, BC, EF, FG subepes nanbonbulu,—
nycth 310 O6ymer, HampuMep, otpesok AB. Ilpomomxkum Temepsb oTpe-
30k HG 3a Touky H u Ha 3To# npaMoi paamycoM, paBHuIM AB, crhe-
naeM saceuky 3 Touku E (tak xak ABz= EH, TO OKDY¥HOCTb panH-
yca AB ¢ ueutpoM B Touke E Oymer c¢ mpamo#r HG umeTn 0ofulyio

L7L K H 4
[ . ~———
~ -~
p g S~ ~<
~ - ™~

\\\ \\\\

A B 3 F
Puc. 28,

Touky). OBo3Hauas MONYYEHHYIO TOUKY yepes L, 6ynem umets AB=FEL
¥, OTIOXKHB OTpe3ok LK = EF, Mpl moctpoum mnapannenorpamm EFKL
(puc. 28). DrtoT napannenorpaMM paBHOBENHK MPAMOYroAbHHKY EFGH
(n npamoyronsnuky ABCD). VI3 neMmsl 3 caelyeT, 4TO mapannenorpam-
vt EFGH w EFKL, nmewomne ofuyo ctopoHy EF, paBHOCOCTABACHHL,
Ho napannenorpammet ABCD w EFKL rtaxxe uMelOT ONUHAKOBYIO CTO-
pony AB=EL. llostomMy (8 cuny nemMMsl 3) OHH PaBHOCOCTABJEHSI,
Haxonen, Tak kak napannenorpamm EFKL paBHOCOCTaBIeH C KaXIhM
13 npaMoyronbHukos ABCD u EFGH, to (nemma 1) 3TH npsSMOyrofb-
HHKH PaBHOCOCTaB/EHH,

Jemma 5. Bearxull mH020y2046H1K PABHOCOCTLABAER € HEKOMO-
PbLi NPSMOY206HUKOM.

Beakuit MHOrOyronbHMK MOXeT OmThb pasGut Ha KOHEUHOe YHCIO
Tpeyronburukos. O6osHaunM ux umubpamu I, 2, 3, ... (puc. 29). Bo3ss-
MeM, nanee, mpOM3BOMBHHEIA OTpe3ok AB u B ero KoHLaX BOCCTaBHM
neprnennukyaapsl AC u BD (puc. 30).
[lposenem orpesok A;B;, napanienn-

/\ /\ / Heii AB, Takum o6pasoM, 4TOGH miIO-

1) Ecoux napamtenorpammel  ABCD,

ABEF u3o6paxeHHre Ha puc. 27, TaKOBH,

uto cTopoHs! AF u BC He mepecekaloTcs, TO

pHuc. 27 npumeT UOOKa3aHHBIH 37eChb BHJ, T. €. JOCTATOYHO OTIIETNHTH OT Napas-

qejorpaMMa ABCD o L HH TPeyroJdbHHK, uTOGH H3 NOJYUHBIUHXCHA ABYX dac-
Tefi MOXHO 6blIO cocTaBUThL mapaJdgenorpamv ABEF (cp. cHocKy Ha crp. 147).
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wanb npaMoyronbiuka ABB;A, Gpia paBHa MIOMAAH TPeyrojibHHKA
I. Torna tpeyronsnuk I u npamoyronsuuk ABB;A, (nomedenHb#t undpoi
1) paBnococrtaBneHs. JlefcTBHTENBHO, TPEYTONBHEK [ PAaBHOCOCTARACH C
HEKOTOPLIM [PAMOYTONBHUKOM (neMMa 2), KOTOPHIH B CBOIO OUEpPexb PaBHO-
COCTaB/EH ¢ OPIMOYTOMbHHKOM [, MMEIOLIHM Ty Xe Mrolaib (remMMa 4);
nosToMy (n1eMma 1) TpeyrosbHHK [ U MPAMOYTO/JbHUK J paBHOCOCTABIEHDI.
anee, mocTpoum oTpe3ok A,B,, napannensuuit AB, TakuM 06pasoM, uro
npsMOyronbHEK A B, B,A,, noMeyerHs undpoi I/, paBHOBEIHK TPEyroun-
Huky 2. Torma TpeyroabHHK 2 u npaMOYroabHHK /I paBHOCOCTABMEHLI.

4

As
A4

A7
Az
Af

77
__

/M/A
DB

.

Puc. 29. Puc. 30.

A

3aTeM MBl TOCTPOHMM MNpAMOYronbHUK [[I, paBHOCOCTaBJAGHHBIH C Tpe-
yroapuukoM 3, u T. n. [locrpoennnie npawoyroneuuku [, {1, I,

COCTaBASIOT BMECTe OJHH NPAMOYTONbHUK (3alITPHXOBAHHEH Ha puc. 30),
KOTODHIA MO MOCTPOEHHIO PaBHOCOCTaBIEH ¢ HCXOAHBIM MHOTOYTOMbHHKOM,

Temeps ywe HETPYHHO I0Ka3aTh YOOMAHYTYIO Ha cTp. 148 Teopemy.

Teopema boliau—~TepBuna. /Jga mHo20y204bHUKG, UMEND-
WX pasHsle NAowaoll, PABHOCOCHQABAEHEL,

Ooxasatenncrtro., CornacHo nemMme 5, KawAbt U3 MHOTOYFO/b-
HHUKOB DAaBHOCOCTAB/IeH C HEKOTOPEIM NPAMOYroabHHKOM. [lonydenHsie
IBa NMPAMOYrOJAbHHKA MMEIOT OLHHAKOBYIO NAOMALL H, CJIEIO0BATEBHO,
pasHococTaBneds (nemmMa 4). Takum o6pasowm (nemma 1), KBa HCXOHHIX
MHOTOYTONbHHKA PaBHOCOCTABJEHH!,

B KkauecTBe MPOCTOro caencTBHs Teopemul Doitsn —[epruna Ml mo-
KaweM clepyioulee NpenoxeHue:

Teopema: JJsa MHO20Y2086HUK G, UMEOWUX paSHbe NA0HA0L,
PABHOOONOAH e MbL.

HDokasaTeanbcTBO. [lycTs A H B — 1Ba MHOrOyronsHuKa, HMe-
IOUIMX ONUHAKOBYW Miouiasb. BosbMeM 1Ba ONMHAKOBBLIX KBaApaTa Ha-
CTOMBKO GOMBLIMX Pa3MePOB, 4YTOOH BHYTPH HHX MOXHO OHIIO pacmo-
n0%uTh Guryps A u B. Boipesas m3 omHoro ksaxpata ¢urypy A, a
U3 Hpyroro — gurypy B, uMeouy T4KYI0 Xe MIouiafb, Mbl [MOAYUUM
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ase pasHomenukue ¢urypel C u D (3amrtpuxoBaHHeie Ha puc. 31).
Hs pasencrsa naowazned duryp C u D BhiTekaeT HX PaBHOCOCTAB-
nendocTh (B cuay teopemsl Doligu —epanna). Takum 06pasom, Guryps
C u D MOxHO pa3pe3aTh Ha NOMapHO paBHEle YacTH, & 9TO H 03HAUaeT
PABHONONONHAGMOCTb MHOTOYTONBHHKOB A u B.

2.2. Teopema Xansurepa —[mopa. Jloxkasaudnle BBILIE TEOPEME
[OK43HBAWT, YTO MOHSTHA DPaBHOBENHKOCTH, DPaBHOCOCTAB/IEHHOCTH H

4

D
/7 7 7 /
5

il

= 2 = Z% B
£
b. (4

Puc. 31.

PaBHOLOMONHAEMOCTH [/t MHOTOYTONBHUKOB PaBHOCHIbHE. JTO OTKPH-
BaeT DPSA BOSMOWHOCTEH /s LaibHeHlIero mccienoraunua. B yactiocry,
BO3SHMKAeT HHTEPeCHHIl BOMPOC: HENMb3A JIH HANOMUThH KaKHe-TO AOnoJj-
HHTEJbHBIE YC/HOBUS HA HHCJIO H/IM PaclojioweHHe Tex uacrteif, H3 Ko-
TOPHX COCTaBJAAIOTCS PaBHOBENHKWE MHOTOYIOMBHHKU? 3aMeuaTesabHbIH
pesynbTaT TaKOTO POna GBI NOMY-
yed B 1951 roxy wBefuapckHMH Ma-
tematukamMu . Xaxsurepom u
I1.T n50 p o M. OHU yCTAHOBHIH, YTO
B reopeme boltau — lepBuna MoxHO
elle JONOJHHTENbHO NMOTPeGoBaTh,
Puc. 39. yTO6H YacTH, HAa KOTOpPHE pa3pesan
OLMH M3 [BYX DABHOBENHKHX MHO-
TOYTOJNbHHKOB, ¥ paBHEIE MM YaCTH BTODOT'O MHOTOYTOJAbHUKA UMeAl
COOmeemcemeeHno napasiessroie cmopors. ta nepsmit B3TAAX 3TOT
pe3y/abTaT KaweTcs HeNpaBAOMOAOGHHIM: TPYAHO [OBEPHTH, 4YTO KBa
paBHBIX TPEYTONLHHKAE, TOBEPHYTHX HAPYT OTHOCHTENBHO HPYra Ha Mpo-
H3BOJABHLIH yron (puc. 32), Bcerma MOWHO pasGuTb HA DABHHIE UYaCTH
C COOTBETCTBEHHO MapaanelbHbIMU cTOpoHamu., Tem He MeHee Takoe
pasbueHHe CyWECTBYeT M HE TONbKO H/Afl TPEYrOJAbHHKOB, HO H LN
HPOU3BOJBHBIX DABHOBENIMKHX MHOTOYTOJBHHKOB.
Ing Toro 4yTOOH MOSCHHTH COXepwaHue 3TOH TeopeMbl H MONYYHTh
Gonee TouHy ee QOPMYNHPOBKY, Mbl 0OpaTUMCH CHOBA K JIOKa3aTelb-
¢ty Teopemnl Do#ign — epsuna, uanoxendomy suille. [Ipu noxasartenb-
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cTBe NeMMbl 3 (puc. 27) Mbl pa3fuinm napamtenorpamM ABCD Ha He-
ckoneko uactefl (momewenmmix nudpamu I, 2, 3,...), U3 KOTOpHX
0Ka3a/710Ch BO3MOXHEIM COCTaBHTb napannenorpamm ABEF. VI3 puc. 27
BHIHO, 4TO [/ COCTaBieHud mnapaanenorpamva ABEF pocratouso
BOCMO/Ib30BATbC napassessHol Ml neperocamu t) yactelt, B vactHocTH,
PaBHOCOCTAB/IEHHOCTD JIBYX apanisienorpaMMoB, H300pakeHHEIX Ha PUC. 8,
yCTaHABIHMBAGTCA ¢ IOMOLLBIO NMapa/ienbHOro nepeHoca.

Hna ycTadoBneHHA DAaBHOCOCTABJAEHHOCTH (UTYp, H306paxCeHHBIX HA
puc. 9 mam 10, yxe HemOCTaTOYHO OAHHX [apajilelbHbHX TEPEHOCOB,
OIHAKO JerKO NOKa3aTh PaBHOCOCTABJIEHHOCTb 3THX GUIYD, NOJAb3YSChH,
K POMe MapanienbHLIX TEPEHOCOB, ClLe HeHMpAAbHb MU CUMMEMPUAML ?).
JeiicTBuTeNbHO, 3aMEHHB (¢ MOMOILBI0 LEHTPAIbHON CHMMETPHH OTHO-
cutenbio touxu O) tpeyroabHuk BOD tpeyronsuukom COE (puc. 9),
MBl noayunm mnapamienorpamM ADEC, kotopsifi 3aTeM ¢ NOMOUIBIO MTd-
panienbHOrO mepeHoca MOXHO COBMECTHTD ¢ mapamienorpammom KLMN,
AHanoruyHo nOKa3LIBAETCS DAaBHOCOCTABNEHHOCTh (QHUTYD, H306paxceH-
Heix Ha puc. 10. [IpH mokasaTenbCTBe JeMMBl 2 MBI TaKXKe I0Jb30Ba-
Auch LeHTpadpHOH cummeTpme# (puc. 23).

BosnukaeTr ecTecTBEHHBI! BOMNPOC: HeNMb3s MM N0Ka3aTh PABHOCOCTAR-
JAEHHOCTb [IBYX /JIOOBIX PaBHOBENIHKHX MHOTOYTONbHHKOB, He MONb3YACh
MOBOPOTOM COCTaBHBIX 4YacTeff, T. €. NPHMEHRsT TOJBKO LeHTDajbHLHE
CHMMETPHM H napajiefbHne nepeHocH? Kak noxasanm Xamsurep u
I'niop, OTBEeT Ha 3TOT BONPOC NONOKHUTeneH Donee TouHo, Oymem
TOBOPHTh, YTO [IBa MHOTOYTOJNbHHKA S-pasHococmasiens:, ecldn HX
PaBHOCOCTABIEHHOCTh MOWHO YCTaHOBHTb C IOMOIILBIO 00HUX ROABKO
NAPARREABHOLX NEPEHOCOS U feHmpasbHbolx cummempuii. Unaye rosops,
IBa MHOTOYTOJbHMKA S-DPABHOCOCTAB/IEHBl, €CHH OLHH H3 HHX MOXHO
pa3bHThL Ha KOHeuyHoe uHcnao Hacredt My, My, My, ..., a npyro#t —
Ha Takoe xe uHeno wacte#t M, M, M_, ..., npuieM MHOTOYroJb-

HHKH M| H M; MONAyyaloTCs APYr H3 APyra ¢ [NOMOLLBIO Mapanjiens-
HOrO MEpPeH0Ca WM LeHTPabHON CHMMETPHH; TO Ke CIIPaBedNHBO ANd
My u M;, g My u M; 7 1. . OkxasplBaercd, 4YTO CHpaBemiHBa
caenywouas

Teopema XanBurepa—Ianwpa. Jobue 0sa sH0o20y2015-
HiuKa, umenuile pagrsie niowadl, S84810MmMcs S-pa8HoCOCHABAeHHbLMIL,

Us Teopemnl Xansurepa —[nopa u BHTEKaeT, UTO paBHOsesluKle
MHO20Y20bHUKL 8CE20Q MOXMCHO pQ30UMb HQ MHO20Y204bHbLIE HACHIL
C COOMBEHCMBEHHO RAPAALCABHOMI CMOPOHAMI;, HKOCTATOUYHO 3ame-
THTb, YTO €CAH [ABa MHOTOYTO/bHHKA flIONy4yaloTcd HAPYr M3 Apyra
¢ MOMOUIBI0 Mapajie/lbHOTO MEepeH0ca H/IH LEHTPaJbHOH CHMMETDHH,
TO HX CTOPOHH COOTBETCTBEHHO MapajienbHH.

1) OnpepeseHne NapaJjefbHOro nepeHoca cM. Ha cTp. 54 xu. IV 29M,
2) OmpejeeHye HEHTPANbHON CHMMETPHH cM. Ha cTP. b4 k. IV 2OM,
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3aMeTHM, 4YTO AOKA3aTENbCTBO TeopeMnl Xazxpurepa—-[mopa mMo-
weT ObTh NOPOBENEHO COBEPILIEHHO TAaK Xe, KaK U JLOKa3aTelbCTBO
TeopeMul Dofism —epsuna. Mbl yxe BuXenu Beuue, YTO NMPH IOKasa-
TeNbCTBE JeMM 2 H 3 MOWHO OGOMTHCL TONBKO Tapa/iielbHbIMH Iepe-
HOCAMH W UEHTpanbHEIMM CHMMeTpHsIMH. HanpoTus, B mokasateibcTBe
neMMbl 4 HCmOab3yeTcd NOBOPOT QUIYPH Ha HeKOTOPHIH yron. Onxuaxo,
3aMeHdd 3TO HOK23aTeNbCTBO APYTHM, MOWHO YCTAHOBHTh JeMMy 4,
TaK¥Ke NOJAb3YACh TONbKO Mapas/elbHbIMA 11€PEHOCAMH ¥ LEHTPaTbHBIMU
cuMMmetpuamu. Tak xe O06GCTOMT [eM0 H C OCTaJbHEIMH JeMMaMH,
4YTO ¥ JlaeT JOKa3aTenbCTBO TeopeMunt Xapnsurepa—[awopa., [Hera-
A4 JOKa3aTeldbCTB YHMTATeNb MOXeT HaliTH B HAa3BAHHOH BhILle KHUTE
B. I'. Boaraxckoro.

2.3. PaBHOCOCTaB/IEHHOCTh MHOTOYrOJbHHUKOB U FPYINbl ABHMKEHHI.
JanbHeluine OTHOCAIIMECH CIOLA pPe3yNbTAaTh CB3AHH C TOHATHEM
epynne. OsusCenuil., 3aMeTHM NPEXIE BCEro, YTO COBOKYNHOCMb 8Cex
NAPAALEALHBX NEPEHOCO8 U UEHMPAABHHLY CUMMempUll SAE6ASemcs
epynnoll Oguxcenud; Ty Tpynny Mel o603HayuM udepes S. IleitcTsu-
TeJIbHO, €C/IH Kawioe M3 xBMmwenH#t d u d’ ABnsiercsd napajnnenbHbIM
NepeHoCcoOM UM LEHTpaibHON cuMMeTpueH, TO uX npousBepenue dd’,
a Takxe ofpaTHoe IBHWKeHHe d~1 gBAAIOTCA NapasAeNbHBIMH [EPEHO-
CaMH HIY LEeHTpanbHuiMp cumMmertpusamu. Cosoxynunocms gcex Osuscer il
naockocmy maxsce, OUYEBUIHO, s8afemcs 2pynnofl Osuxcenuli. ITy
rpynny Mel 0603HaumyM uyepes D.

Tlyctp Teneps G—HekoTOpas rpynna nsumwenudl, a A u A’ — asa
MHOTOyronbHuKa. Ilpennonoxnm, 4ro Qurypy A HaM ymanoch pas6uThb

na Takue uactu My, M,, ..., M, a durypy A’ —mna taxue gactu My,

My, ..., Mg, 4TOo 3TH YacTH MONYYAOTCA APYTL M3 APYyra C HOMOILLIO
oBHWeHu#, npuHanlewawux rpynne G (r. e. B rpymne G

HMeeTcs ABHKeHHe gy, lepeBoAdulee MHOTOYyroavHuK M; B My, umeetcs

IBMXeHUe g, neperoxsumee M, B M;, 1 T. A.). B3toM cnyvyae MHOTO-
yronbaukn A u A’ uassiBaiorcs G-pagHococmagaenrnomu. Hanpumep,
ecnu B KadectBe rpynnel G paccMaTphBaeTcs rpynna S, TO Mbl 0oly-
yaeM NOHATHE S-paBHOCOCTABIEHHOCTH, PACCMOTPEHHOE BhIIe; ecaH
paccMaTpuBaercs rpymma [D, TO MBI flonyyaeM OOBIYHOE [OHSTHE PaBHO-
COCTaBMEHHOCTH (D-paBHOCOCTAaBAEHHOCTR). Beskie gBa MHOrOyronbHuka
oxuHakoBOM mioumtaxu D-paBHococTaBiensl (reopema bBoltau —Tepnuua)
u nawxe S-paBHococTaBiennl (reopema Xamsurepa—I'niopa). BooBute
we nouaTHe (-PABHOCOCTABAEHHOCTH MOXKHO DPAcCMaTPHBATh A4 ji0Gof
rpynnsl gemkenuit G. Hanpumep, uMeeT MeCcTO NpemJOXKEHHE, aHano-
TuyHoe JemMme 1: ecan A u C—08a MHO20y2008HUKE, KaXCOb U3 KO-
mopoix G-pasnococmasaer ¢ muoeoyeosvruxom B, mo A u C mawce
G-pasrococmassers. (IIpy KoKazaTenbCTBEe STOH JeMMbl CYLLECTBEHHBIM
dBnsercd To, 4to G ecTh rpynmna JABHXeHuH, a He MPOH3BOJbHAA
COBOKYMHOCTb JBHXEHHH.)







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































